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Abstract

A languageof formalproteins,the κ-calculus, is introduced.Interactions
aremodeledat thedomainlevel, bondsarerepresentedby meansof shared
names,andreactionsarerequiredto satisfyacausalityrequirementof mono-
tonicity.

An exampleof a simplifiedsignallingpathway is introducedto illustrate
how standardbiologicaleventscanbeexpressedin our proteinlanguage.A
morecomprehensiveexample,thelactoseoperon,is alsodeveloped,bringing
someconfidencein theformalismconsideredasamodelinglanguage.

Thena finer-grainedconcurrentmodel,themκ-calculus, is considered,
whereinteractionshave to be at mostbinary. We show how to embedthe
coarser-grainedlanguagein thelatter, apropertywhichwecall self-assembly.

Finally we show how thefiner-grainedlanguagecanitself beencodedin
π-calculus,astandardfoundationallanguagefor concurrency theory.

1 Introduction

Following independentproposalsfrom Fontana[11] andRegev [25], it is becom-
ing commonplaceto think of formalismsderived from processalgebrasandcon-
currency as beingpotentiallyusefulin theformal layoutandanalysisof biological
networksat themolecularlevel. We will first restatethegoalsof this relatively re-
centmovementof ideasbeforeexplaining thecontribution of this particularpaper.

Thecell is a billion moving piecesimplementinglife. Sugaris collected,pro-
cessedandusedasa power supply to gatherinformation. The betterthe cell is
fed, thebetterit computes.Signalsaredetected,collectedandcomparedandsome
decisionsaretaken.Thebetterthecell computes,thebetterit feedsontheenviron-
ment.Life needssugarto processinformationandalsodirely needsinformationto
processsugar. Onecould be left wonderingif this is perhapsthe meaningof life,
but meanwhiletheremustbea programminglessonto beunderstoodhere,

To begin with, computationin a cell is concurrentand asynchronous.Syn-
chronizationwhenit is neededÑfor instanceto detectthepresenceof significant
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amountsof two signalsat the sametimeÑ hasto be implemented.Second,the
systemssemanticsdependson probabilisticresponseandyet often remainsdeter-
ministic at the macroscopiclevel. Valuesmanipulatedaremostly continuous,yet
discretestatesandchoicescanbe implementedat variouslevels; behaviours are
obtainedthroughheavy useof feedbackmechanisms.Delaysareinvolved, some
computationstepsarepartly reversible,ratesof reactionsareinfluencedby global
parametersandperhapsasa consequence,local environmentscanbe createdby
meansof compartments.

Bio-computingis in radical departurefrom ordinary computationalmodels,
wherea sequenceof actionsis chosenonceandfor all, datais discrete,control is
eithercentralizedor at mostcoarselydistributed,following designprinciplesthat
seekto optimizeefficiency at fairly simpleandwell-definedtasks.

Consideringthe recentbreakthroughsin experimentalbiology, we maybe for
thefirst time in positionto understandwhat computational models are embedded
in the cell and to develop a symbolic biology that would be at the sametime a
manageabletheoreticalobjectanda plausibleidealization.

Someof this excitementhasalreadytranspiredin thedomainof Concurrency.
New processalgebrasdirectedat biological systemsarenow mushrooming,each
meantto treatoneaspectof thespecificitiesof bio-computing.Onehasreversible
CCS[6] giving meansto directly expressreversibility, stochasticπ-calculus[22,
23] equippedwith a quantitative contextual semanticsandthereforegiving access
to simulations,bio-ambientsand membrane-calculi[24, 3] for dealingwith the
dynamicsof variouscellularcompartments.We ourselvesproposedafirst version
of theκ-calculuswith thespecific purposeof representingproteininteractions[8].
Thepresentpaperworksa refinedversionof this samelanguage.

1.1 A calculus for proteins

Our languageidealizesprotein-proteininteractions,essentiallyasa particularre-
strictedkind of graph-rewriting operatingon graph-with-sitesnot unlike LafontÕs
interactionnets[19]. Bindingsareexplicit: a formal proteinis a nodewith afixed
numberof sites,a complex is a connectedgraphbuilt over suchnodes.

Biological reactionsaremodeledby two kinds of rewriting rules: monotonic
andantimonotonic.Theformerkind representscomplexations,that is to sayreac-
tionswherelow energy bondsareformedbetweenvariouscompounds.Thelatter
kind is symmetricto the first andrepresentsdecomplexation. From this respect,
reactionformatsaremorerestrictive thanthey werein theprecedingversionof the
language[8]. Yet, they arealsomoreexpressive, in that they allow non-linearre-
actionsandthusmake it possibleto representthe importantreactionsof synthesis
anddegradation. This is a significant rise in expressive power at a low syntactic
price.

We illustrate this gain in expressivity with a typical signal transductionpath-
way. A morecomprehensive formalizationeffort was donepreviously. Using a
simplified andmoreabstractrelative of κ-calculus,the vastnetwork of reactions
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controlling the mammaliancell cycle was formalized [5] after KohnÕs compila-
tion [18]. Take note that, in signal transductionsystems,synthesiscanbe taken
asan outputanddoesnÕt needto bemodeledin itself. In the cell cycle thingsare
different. Synthesisplaysa major role becausethechief regulatorsof thecell cy-
cle, calledthe cyclins, areinfluencingtheir own synthesisthrougha complicated
cascadeof interactions.Onereally hasto describeit insidethe model. In princi-
ple, this formalizationcould be recastin our presentlanguage,provided onehas
enoughdetail aboutdomain-level interactions. We choosehere,asa secondex-
ample,a simplerandwell documentedsystem,namelythe lactoseoperon.While
remainingtractablethe setof reactionsinvolved offers a selectionof mostof the
eventsonefindsin thebiggermammaliancell cycle control.

Both examplesserve well asa practicalproof of the expressivity of our new
versionof κ-calculusandthesecondputsto useits additionalexpressivity power.
Anotherdifferencewith the previous versionis that we work now with an alge-
braicnotationinsteadof keepingwith agraph-rewriting presentation.Thisprocess
algebraicnotationis closerto a multiset-basedcalculuswhich we proposedearlier
[7] andallows for a moreflexible andprecisesyntaxfor reactions.

As for any processalgebra,oncethe basicreactionsarein place,onecande-
rive the behaviour of any systemby meansof contextual rules. The possibility
of applying pattern-basedbasicreactionsin different contexts bringsan element
of predictionin the language.In this respectκ-calculusis not equivalent to a flat
andreaction-centricview of biological systems.Bringing a notion of contextual
quantitative operationalsemantics̀a la Gillespie [13] as Priami did for stochastic
π-calculus[22, 23] couldmakethisevenmoreevidentsinceunexpectedevolutions
of the systemwould be observed. But for now we donÕt have sucha quantitative
semanticsandthis interestingissueremainsto beexplored.

1.2 Self-assembly

As pleasinglysimpleandcloseto biological interactionsasour languagemaybe,
eventherestrictedreactionsit considerscannotplausiblybetakenasatomicevents.
Be that in biology, or in any otherdecentralizedcomputationalscenariofor that
matter, non-localgraph-rewriting takestime andmoreaccuratelyit takesconsen-
sus.To implementthis consensusis aproblem,which afterKlavins [17], wename
the self-assembly problem. In our specific case,the informal questionbecomes
whethergiven a higher level descriptionin κ-calculus,one can synthesizepro-
cesses,one for eachof the interactingproteins,so that in a purely decentralized
way and with binary synchronizationas the only meansof communication,the
proteinsaregoingto behave accordingto theoriginal higherlevel description.

The secondcontribution of this paperis to make rigoroussenseof the self-
assemblyquestionand solve it to the positive for our language.Thoughthe π-
calculusis aprocesslanguagethatis well suitedto aformalizationof self-assembly,
we introducean intermediatelanguage,the mκ-calculus,that allows for a more
readableformulationandsolutionof our problem.Thefiner-grainedview of pro-
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tein interactionthatmκ-calculusintroducesis interestingin its own right andone
might arguethat it is biologically moreplausible.Basicentitiesarecalledagents,
they have a state,maycreatenamesandcommunicateonly by binary interactions.
To encodea given higher level reaction,oneusesa family of binary interactions
indexed by theedgesof a directedacyclic graphspanningall thereactants.Sucha
graphis guaranteedto exist by themonotonicitycondition.Correctnessis obtained
throughthe definition of a simulationwhich follows this geometricconstruction.
Again, thenew rule formatcompareswell with thepreviousformat[8] in termsof
thesimplicity of thesimulation.

Now mκ-calculusis not far from a graphicnotation for π-calculusand we
provide an embeddingwitnessingthis in the concludingsection. By composing
the two encodings,one getsa distributed and non-deterministicimplementation
of κ-calculusinto any currentimplementationof π-calculus,for instanceNomadic
Pictor JoCaml[28, 10]. So it isnotonly thatthemodelweproposeis supportedby
a precisenotationandhasgooddescriptive capabilities,but it is alsoreducibleto
a protein-centricandpurely local languageof interactions,suchastheπ-calculus.
Thesearereferencepropertiesagainstwhich furthermodelsshouldbeevaluated.

1.3 Structure of the paper

Theopeningsectionis aninformal presentationof our language,andthenext sec-
tion definesthecalculusproperlyandzoomsin ontheparticularformatof reactions
oneis interestedin. Thenext sectiondevelopsasmallexampleof asignaltransduc-
tion pathway thatillustratesthesyntax,andthebiggerandwell-known exampleof
the lactoseoperon.Thenthepaperturnsto thematterof self-assembly. A section
is devotedto thepresentationof thelower level languageusedto statetheproblem
andthe next sectionpresentsthe actualembedding.The last sectionproposesan
embeddingof thelower level languageinto π-calculus.

2 A visual notation for κ

We begin with a pictorial introductionto our formal calculus. This presentation
could be madea formal model in its own right but we choosenot to do so,since
our working notation,presentedin the next section,will be differentandactually
basedonπ-calculusratherthanon graphs.

So what is it that we want to expressin our language?The short answeris
the combinatorics of the interaction between proteins. Proteinsareinvolved in a
network of reactionsimplementingvarioushigh-level taskssuchasthesugar-chain
repletingenergy stocks,thedetectionof externalsignals(stress,growth, death,. . . )
andthe triggering of the appropriatebehavioural modifications,the coordination
of internalsignalscontrolling thevariousphasesof thecell cycle, andsoon. The
mainpurposeof molecularbiology is to identify thesetasksandrelatethemto their
implementationat themolecularlevel.
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Going down in the detailsof protein interaction,one finds sub-components
commonlycalleddomains, thatdeterminewhich otherproteinsthey canbind and
subsequentlyinteractwith. Suchinteractionsmayresultin changesin thefolding
of theparticipatingproteinsandsuchchangescansometimesbememorized.There
arevariouswaysthis is biochemicallyimplemented,themostcommonbeingphos-
phorylation. A well-studiedproteincalledP53 is known to have no lessthan11
phosphorylationsitesandto beableto bind with 12 otherproteinsto form various
binarycomplexes resultingin anevenmoredauntingcombinatorialspace[18].

Dependingontheway proteinsarefoldedin space,thesedomainscanbeactive
or not,andthebehaviour of theproteinwill bedifferent.Thereforenotonly its free
domainsbut alsoits global folding determineswhata givenproteinassemblageis
capableof.

To abstractbothover domainsandfolding states,weusesites. Thesesitesmay
be bound or free, and free onesmay be visible or hidden. Thus, in our model,
bindingsare explicit and internal statesare expressedjust by sayingwhich free
sitesarevisible or not.

Proteins and Complexes. We draw proteinsasboxes,with sitesbeingwritten
on the boundary, and identified by distinct naturalnumbers,1, 2, 3, . . . , written
within thebox. SeeFigure1(a)for a pictureof a protein.
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2
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2

3

(a) (b)

Figure1: A proteinanda complex

Proteinsmaybeassembledinto protein complexes, or simplycomplexes.Com-
plexes aredrawn by connectingtwo-by-two boundsitesof proteins,thusbuilding
connectedgraphssuchas in Figure1(b), which representsa compoundmadeof
A, B, andC, whereA is connectedwith B andC. Biologically, a complex is a
bundleof proteinsconnectedtogetherby low energy bounds.

Otherexamplesof complexes areshown in Figure2.

Biological reactions. Collectionsof proteinsandcomplexesarecalledsolutions.
Solutionsevolve by meansof reactions,which occurwhena sub-solutionhasa
specialshape,calleda reactant. Whenthishappens,thereactantschangeandyield
a new sub-solution.Hereareexamplesof reactions:
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Figure2: Complexes
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Not every rewriting rule is biologically plausible. We will stipulatein the next
sectionwhich exact setof reactionswe areinterestedin, but we canalreadydis-
cussthis informally. Thecomplexation reactionabove will certainlybein this set,
but activation wonÕt. The rationalebehindour choiceis that activation obviously
needssomephysicalcontactto bemadeto take place.Sothereactionabove is not
anatomiceventÑwe arenot told thewholestory. By theway, whensuchactiva-
tions arefound in biological systems,usuallyonly oneof the product,called the
substrate will bemodifiedby thereaction,while theotheronecalledtheenzyme,
or thekinase,or thecatalyst,will be left unchanged.Thekinetic analysisof such
reactions,embodiedin theMichaelis-Mentenformula[27], explicitly mentionsthe
intermediatestatewherethe substrateandthe catalystareboundtogether. All in
all, it seemsvery reasonablenot to take thatkind of reactionasa primitive.

Roughly our languagewill be a languageof complexationsand decomplex-
ations,whereby decomplexation we meanthe reactioninverseto complexation
whena complex is dissociatedinto smallerparts. But therearetwo subtleissues
here. First, as said in the introduction, it would be too restrictive to only allow
linearreactions,that is to sayreactionswherebasiccomponentsarepreserved. To
expressthe importantreactionsof synthesisanddegradation,we will allow some
limited form of duplicationanderasingandrelax somewhat what would be a too
strict preservationprinciple.

6



Second,somereactionssuchasthe edge-flipping reactionbelow, seemto be
complexations,but really they arenot,becausethey lack monotonicity.
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edge!flipping reaction

What do we meanby this? If onelooks at the picture,oneseesthat although
both the reactantandproductof the reactionareconnected,someedgehasto be
erasedin the reactantbeforeone can reachthe product. Even if the total num-
ber of edgesis constant,theremustbe an intermediateunconnectedstateof the
compoundswhereanedgeis erased,e.g.:
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Thisphenomenonis aconsequenceof thefactthatourmodelhassitesasfirst-class
citizensin thesyntax.Sitesrepresentresourcesfor bindings,thereforebindingsare
constrainedby theavailability of sites,andthis constraintplaysan importantrole
in biological causalityaswe will seein theexamplepathway.

Speakingabout causality, monotonicity (that edgesare createdand none is
erasedduring a reaction)embodiesa causalityconstraint.For anything to happen
thingshave to bein contact.It is strongerthanthevirtual connectednesscondition
thatwe wereimposingin theearlierversionof κ-calculus.Therewe wereasking
that a temporarysupercomplex could be formedbetweenthe reactants.Our new
choicemakes thesetemporarycomplexes explicit, thereare either the left hand
sidefor a decomplexation or the right handsidefor a complexation. To seethat
thenew conditionis strictly strongerit is enoughto look at theactivationexample
above. It is virtually connectedsincethe left handsideis connectiblethroughthe
pairsof visible sites(A, i; B,h) and(A, j; C, k), but assaid,it doesnÕt satisfyour
new requirement.

This new conditionis alsonaturalwhenit comesto themicro-implementation
of κ-calculusin mκ-calculus,in that thecomplex will beactuallywalkeduponby
binary interactionsto eithercheckfor its existence(caseof a decomplexation) or
to build it (caseof a complexation).

We finally observe that in the above reactionswe have only representedthe
active sitesin theleft-handsides,namelythosesiteswhich aretestedandperhaps
modifiedby the rule. Themeaningof this is thatall theothersitesarekept intact
by the reaction. This convenientnotationis introducingsomeelementof pattern
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matchingor evaluationcontext in our operationalsemantics.While it seemsnot a
big dealfor thecomputerscientist,to ourknowledge,nodirectbiologicalmodeling
languageis usingeventhis simpleform of contextual operationalsemantics.

3 The κ-calculus

We now develop an algebraicnotationasa workablesyntaxfor our graphs-with-
sitesintroducedin theprevioussection.Onemightwonderwhy suchanalternative
notationis neededor evenuseful.

Onepoint in favor of this new notationis that it gives a precisedescriptionin
theclassicalstyleof π-calculus[20] andthis couldbea beginning leadingto nice
reasoningprinciples. Having the namecreator, ÒnewÓ,in the syntaxallows for
a cleansyntactictreatmentof edgecreationsin the right handsidesof reactions.
OnedoesnÕt haveto botherwith freshnessconditionswhendefining theoperational
semantics:namecreationandstructuralcongruencedo it themselves.

A side observation perhapsonly of interestfor Concurrency theoristsis that
of theordinarymaterialof processalgebras,we just usehereparallelcomposition
and namecreation,a pretty minimal algebraicsubset. Communicationis done
à la Join [12], by meansof reactions,but with an additional edgestructureon
messageswhich is imposedby reactions.A minor advantagethatcomeswith such
a traditional notation is that thereare tools specifically meantto manipulateπ-
like syntacticstructures,asin a languagerecentlyproposedby Cardelli, Gardner
andGhelli [4], which would provide naturalenvironmentsfor thedevelopmentof
modelsin κ.

A secondpoint is thathaving bothour targetintermediatelanguagemκ, laterto
becompiledin π-calculus,andthesourcelanguagedisplayedin thesamesyntactic
styleseasesthework of translatingonein theother.

A lastpoint is that oncethis new notationis in place,onemayconsidermore
advancednotions of rewriting, such as hypergraph rewriting or interactionnet
rewriting [19], andexplore this further. For instance,by askingwhethersuchad-
vancedrewritings aretranslatablein mκ, or in otherwordswhich of themmaybe
implementedby meansof binary interactions.Thoughwe donÕt do this here,this
seemsworth pursuing.

Of course,thereis a point againstthis syntax,namelythat it is not asintuitive
asthevisualonewe startedwith andthis is why we introducedthevisualnotation
first.

3.1 The syntax of κ

Thesyntaxof κ-calculusrelieson:

• a countablesetof protein names P, rangedover by A, B, C, . . .

• a countablesetof edge names E , rangedover by x, y, z, . . .
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• a signature map,written s, from P to naturalnumbersN.

For eachproteinnameA, s(A) is the numberof sitesof A, andfor any 1 ≤ i ≤
s(A), thepair (A, i) will accordinglybecalleda site of A.

Interfaces. An interface is a partial mapfrom N to E + {h, v} usually ranged
over by ρ, σ andsimilar symbols.Thedomainandrangeof aninterfaceρ will be
respectively denotedby dom(ρ) andran(ρ), andthesetof namesfreein ρ, written
fn(ρ), is obtainedasran(ρ) ∩ E . We will only ever dealwith interfaceswith finite
domain.Theemptyinterfacewill bedenoted∅.

A site (A, i) of A is saidto be visible in an interfaceρ if ρ(i) = v, hidden if
ρ(i) = h, free if it is visible or hiddenandbound if ρ(i) ∈ E . Any interfaceρ
uniquelydecomposesasa disjoint sumρ1 + ρ2 whereran(ρ1) ⊆ E , ran(ρ2) ⊆
{h, v}, ρ2 will becalledthefree interface of ρ. Interfacesareusedto depictpartial
statesof AÕs sites.Thestatedepictedby ρ maybeonly partial sincedom(ρ) may
not containthewholeof s(A).

We could have calledρ a stateinsteadof an interface. This choiceof termi-
nology is meantto insist on the fact that the interfaceis going to determinethe
interactioncapabilitiesof theproteinit is aninterfaceof.

Let ushave anexample.If A is suchthats(A) = 3 thenρ(1) = v, ρ(2) = h,
ρ(3) = x is a well-definedinterfacemapfor A, that declaressite 1 to be visible,
site 2 to be hiddenandsite 3 to be boundto somenamex. We will write simply
ρ = 1 + ø2 + 3x. Take notethat in this way of writing things,the operationÒ+ Ó
representsa disjoint sumandindeedall termsin thesumhave disjoint domains.

Proteins and Solutions. The syntaxgiven in Table1 definesa solution, which
canbeeithertheemptysolution,or a protein A(ρ) with A ∈ P andρ aninterface
with domains(A), or a group of solutionsS, S′, or a solutionprefixed by a new
nameconstructor(x)(S) with x ∈ E .

S := solution
0 emptysolution
A(ρ) protein
S,S group
(x)(S) new

Table1: Thesyntaxof κ-calculus

A convenientabbreviation will be to write (x1 · · · xn)(S) or even sometimes
(x̃)(S) insteadof (x1) · · · (xn)(S).

TheÒnewÓoperatoris abinder: in (x)(S), S is thescope of thebinder(x). One
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inductively definesthesetfn(S) of free names in a solutionS:

fn(0) = ∅
fn(A(ρ)) = fn(ρ)
fn(S,S′) = fn(S) ∪ fn(S′)

fn((x)(S)) = fn(S) \ {x}

An occurrenceof x in S is bound if it occursin a sub-solutionwhich is in the
scopeof a binder (x); a solutionS is closed if all occurrencesof namesin S are
boundor equivalently if fn(S) = ∅.

For instance,in

S = C(1x + 2), (x)(A(1x + 2 + 3), B(1 + 2x))

bothoccurrencesof x in A andB arebound,while theoccurrencein C is outside
thescopeof (x) andhenceis not boundin S. In particular, fn(S) = {x}, andS is
not closed.

3.2 Structural congruence

While our notationis certainly precise,it is also very rigid becauseit separates
solutionsthatwe donÕt want to distinguishfor any semanticreason.Thereforewe
introduceanequivalencerelationbetweensolutions,calledthestructural congru-
ence.

Definition 1 Structural congruence, written ≡, is the least equivalence closed
under syntactic constructions, containing α-equivalence (injective renaming of
bound variables), taking “,” to be associative (as the choice of symbol suggests)
and commutative, with 0 as neutral element, and satisfying the scope laws:

(x)(y)(S) ≡ (y)(x)(S),
(x)(S) ≡ S when x '∈ fn(S),

(x)(S), S′ ≡ (x)(S, S′) when x '∈ fn(S′).

Comingbackto theexampleabove, thereadermight wantto checkthat:

S ≡ (y)(C(1x + 2), A(1y + 2 + 3), B(1 + 2y)) = T,

andonecanobserve that fn(S) = fn(T). This propertyholdsin general,namely
free namesare invariant understructuralequivalence. This because,intuitively,
equivalentsolutionsdescribethesameunderlyingobject.

3.3 Graph-likeness

Sofar we have a languagethatcandescribemoregeneralobjectsthanjust graphs-
with-sites.For instanceonemaywrite:

(x)(A(1x)) or (x)(A(1x), A(1x), B(1x)).
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Thesemight be interestingto study and, as said, have a natural interpretation
as hypergraphs. Reactionsdefined on such terms would encodesomesort of
hypergraph-rewriting. But we arenot primarily interestedin themin this paper,
sinceourconcernis to homein onasimplenotationthatwill beexpressive enough
for representingbiological interaction,but no more.

Definition 2 (graph-likeness) A solution S is said to be graph-like if:
— free names occur at most twice in S;
— binders in S bind either zero or two occurrences.

If in addition free names occurs exactly twice in S, we say that S is strongly
graph-like.

Boundnamesaresupposedto representedges,andanedgehastwo endpoints,so
thesecondconditionspeaksfor itself. Thefirst conditionis just whatoneneedsto
copewith solutionswith freenames.

Wetake notethatwemustcheckat somepoint laterthatreactions,which have
yet to bedefinedproperly, preserve graph-likeness.

It is worth pointing out the relationshipbetweenour graph-with-sitesof the
precedingsectionandthealgebraicnotationdevelopedhere.Thefollowing trans-
lation uses,as intermediateconstructs,graphswheresomesitesare labeledby
names.

Definition 3 Let [[·]]g be the following function from graph-like solutions to graphs
with sites:

1. [[A(ρ)]]g is the graph with a single node labeled A, sites in {1, . . . , s(A)},
bound sites k being labeled by ρ(k), and free sites being in the state pre-
scribed by ρ;

2. [[S,S′]]g is the union graph of [[S]]g and [[S′]]g, with sites labeled with the same
name being connected by an edge, and their common name erased;

3. [[(x)(S)]]g is [[S]]g.

It is easyto seethat if two solutionsS, S′ areclosedandgraph-like, thenS ≡ S′

if andonly if [[S]]g = [[S′]]g. So that the meaningof the structuralequivalenceon
graph-like solutionsis clear: it is equivalentto denotingthesamegraph-with-sites.

Onecanalsoturn a graphinto a closedgraph-like solution. Informally, each
nodebecomesa protein in the solution and for eachedgea freshnameis put at
the edgeendson the appropriatesites,thenthe whole expressionis closedby as
many ÒnewÓoperatorsasthereareedges.Again it is easyto seethat this second
constructionis inverse,up to ≡, to theoneabove on closedgraph-like solutions.

Thus,our term calculusis really a textual notationfor graphsin the caseof
graph-like solutions.For instance,usingstructuralcongruenceonecandefinecon-
nectednessandcomplexes:
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• A(ρ) is connected;

• if S is connectedsois (x)(S);

• if S andS′ areconnectedandfn(S) ∩ fn(S′) '= ∅ thenS,S′ is connected;

• if S is connectedandS ≡ T thenT is connected.

A complex is then a closedconnectedgraph-like solution and it can be readily
proved thatS is a complex if andonly if [[S]]g is. This canbeseenin theexamples
of Figure2, which correspondto thefollowing terms:

(x)(A(1x + 2x + 3 + 4)),
(wxyz)(A(1x + 2y + 3), B(1z + 2 + 3y), C(1 + 2 + 3z + 4w),D(1w + 2x)),
(xy)(A(1 + 2 + 3x + 4y), B(1 + 2 + 3y + 4x)).

3.4 Biological reactions

To keeptrackof interfaces,we now constructthegrowth relation on partial inter-
faces. This relation is parameterizedby a set of names,written x̃ below, which
represent(a supersetof) edgesgrown out of a reaction. It is written ≤ andis de-
finedinductively by theclausesgiven in Table2.

x ∈ x̃
create

x̃ ( ı ≤ ıx

hvÐswitch
x̃ ( øı ≤ ı

vhÐswitch
x̃ ( ı ≤ øı

x̃ ∩ fn(ρ) = ∅
reflex

x̃ ( ρ ≤ ρ

x̃ ( ρ ≤ σ x̃ ( ρ′ ≤ σ′
sum

x̃ ( ρ + ρ′ ≤ σ + σ′

Table2: Thegrowth relation

Supposeonecanderive x̃ ( ρ ≤ σ, thenaccordingto the (switch) clauses,σ
maytogglefreesitesfrom visible to hidden,while accordingto the(create)clause,
σ may only bind sites that were formerly visible in ρ. This makes formal the
intuition thathiddensitesarenotaccessiblefor bindingandhaveto bemadevisible
in oneway or anotherto becomeavailable. It is thereforeimportantthat≤ is not
a transitive relation,despitethe notation! Else,from øı ≤ ı andı ≤ ıx onewould
deducetheunintendedøı ≤ ıx andgetaccessto hiddensites.

We alsoremarkthat:
Ñ dom(σ) = dom(ρ), that is bothσ andρ musthave thesamedomain,
Ñ sitesboundby ρ canÕt be freedby σ,
Ñ andcreatededgeshave to belongto x̃ andbeseparatedfrom namesusedby ρ
asspecified by the (reflex) clause.Typically, onehasy ( 1x + 2 ≤ 1x + 2y but
x̃ '( 1x + 2 ≤ 1x + 2x.
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A partial interfacewith rangein {h, v}, will be relatedto any other partial
interfacewith thesamedomain.

Whenwriting down biological reactions,it is of greatconvenienceto address
only thepartof proteinsthatarechangedor checkedduringthereaction,ratherthan
specifyingthewholeinterface.Sowe defineA(ρ) to bea pre-protein if σ is a par-
tial interfaceof A, namelydom(σ) ⊆ s(A). Similarly we definepre-solutionsas
combinationsof pre-proteins,obtainedasin Table1. Thatsaid,we canextendthe
growth relationto groupsof pre-proteinsasshown in Table3. Take notethat this

nil
x̃ ( 0 ≤ 0

x̃ ( S ≤ T x̃ ( ρ ≤ σ dom(σ) ⊆ s(A)
group

x̃ ( S, A(ρ) ≤ T, A(σ)

x̃ ( S ≤ T fn(σ) ⊆ x̃ dom(σ) = s(A)
synth

x̃ ( S ≤ T, A(σ)

Table3: Extendedgrowth relation

definition only appliesto pre-solutionswithout any ÒnewÓ.Growing meanscreat-
ing edgesandpossiblycreatingproteinsaswell, asin the(synth)clause.Observe
that this clauserequiresthenewly createdproteinA to have a complete interface,
that is an interfaceσ suchthat dom(σ) = s(A) andalsoasksthat all edgesin A
arenew, andhencehave their namesin x̃.

Lemma 1 Let L, R be two pre-solutions such that x̃ ( L ≤ R, then fn(L) =
fn(R) \ x̃ and fn(R) ⊆ fn(L) + x̃.

Proof: A first easyinduction on the growth relation shows the analogstatement
for interfaces,that is if x̃ ( ρ ≤ σ, thenfn(ρ) = fn(σ) \ x̃, andfurther fn(σ) ⊆
fn(ρ) + x̃ and then a secondinduction shows that this is preserved by the pre-
solutionextension.!

Thepurposeof the(synth)clause,aswe will seebelow, is to expresssynthesis
mechanismsandby usingthedualrelation≥, to expressdegradationaswell.

Definition 4 Let L, R be two pre-solutions,

• L → (x̃)R is said to be a monotonicreactionif:
— x̃ ( L ≤ R,
— both L and (x̃)R are graph-like,
— and R is connected.

• (x̃)L → R is said to be an anti-monotonicreactionif:
— its dual R → (x̃)L is monotonic.

A reaction which is either monotonic or antimonotonic is called a biological reac-
tion and L and R are referred to respectively as its reactantsand products.
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A direct consequenceof the lemmaabove is that free namesare preserved,
i.e., fn(L) = fn((x̃)R), in biological reactions.So it makessenseto refer to these
commonfree namesasthe free namesof the reactionr, denotedby fn(r). Actu-
ally, the growth conditionalone,x̃ ( L ≤ R, makessurethat thesecommonfree
namesareusedto connectthe same sitesin the reactantsandthe products.1 As a
consequence,edges,which arecreatedin a monotonicreaction,or deletedin an
antimonotonicone,have to besyntacticallybound.

Justto recapthis basic principle:
Ñ boundnamescorrespondto created(resp.deleted)edges,
Ñ freenamescorrespondto edgesleft intact.

Reactionsaresyntacticallyreversiblesothatonecoulddefineonly monotonic
reactionsandembedreversibility in the definition of the transitionsystembelow.
But it seemsmoreintuitive to have bothkindsof reactionsdirectly in thesyntax.

Thechoiceof a monotonicformat for reactionsembodiesour postulateabout
proteininteraction.This is in accordancewith the detaileddescriptionsthat biol-
ogistsgive of their systemsandit alsomesheswith what is taken to beanatomic
stepin the kinetic analysisof biochemicalreactions.Of course,onecould argue
thateven thesereactionsarestill not atomicenoughandthat,at a lower level, bi-
ology is blind andreactionshave to be decomposedasbinary interactions.And
indeedthis is the problemwhich we addressin section6. By the way, we could
have constrainedthereactionsfurtherby askingthatthereactantsandproductsare
strongly graph-like. Actually noneof theexamplesdevelopedin thenext section,
devotedto biological systems,is seriouslyusingtheadditionalexpressivity which
our choiceallows. Yet,whenwe explorethematterof self-assembly, this will turn
out to betheright choice.

Relaxing the format. We couldalsohave consideredlessconstrainedreactions
suchasthefollowing:

(x)(A(1x + 2), B(1x + 2), C(1)) → (z)(A(1 + 2), B(1 + 2z), C(1z))

which is mixing monotonicfeatures,theedgez betweenB andC is created,and
antimonotonicones,theedgex betweenA andB is deleted.At a higherlevel of
granularity, suchreactionscould be takenasbasicaswell, asthey canbedecom-
posedasa monotonicreactionfollowedby anantimonotonicone:

A(1x + 2), B(1x + 2), C(1) → (z)(A(1x + 2), B(1x + 2z), C(1z))
(x)(A(1x + 2), B(1x + 2z), C(1z)) → A(1 + 2), B(1 + 2z), C(1z)

1 The notion of same may dependon the derivation of L ≤ R in the presenceof synthesis.If
thereareenoughsymmetriesin L andR, therecouldbemany derivations.Hereis anexample:

x, y " A(1 + 2) ≤ A(1x + 2), A(1y + 2̄), B(1x), C(1y)

which might bederived in two ways,dependingon which of theAs on theright is synthesized.The
correspondingmonotonicreactionwhenappliedto A(1 + 2) will give differentresults.Thus,to be
completelyaccurateandget rid of this ambiguity, as would be in order for an implementationfor
instance,onewould incorporatethederivationof L ≤ R in thedefinition of thereaction.
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Becausethe intermediateproductwhich this decompositionis makingexplicit is
connected,it seemsreasonableto considerthesequenceasa synchronouscompo-
sition. Thecaseof thefollowing Òedge-flippingÓreaction,asweknow from section
2, is different:

(y)(A(1x + 2y), B(1x + 2), C(1y)) → (z)(A(1x + 2), B(1x + 2z), C(1z))

SincethereisnÕt a freesite for C to bind with B, onecannotperforma similar de-
composition.This reactioncanonly bedecomposedasanantimonotonicreaction
anda monotonicone:

(y)(A(1x + 2y), B(1x + 2), C(1y)) → A(1x + 2), B(1x + 2), C(1)
A(1x + 2), B(1x + 2), C(1) → (z)(A(1x + 2), B(1x + 2z), C(1z))

Now, thereis no intermediateconnectedproduct,andthusno guaranteethat these
two reactionswill actuallybeappliedin a sequence.Suchasynchronisationneeds
a specific controlmechanism.

3.5 Biological transition systems

A renaming r is a finite partial injection on E + {h, v}, which is the identity on
{h, v} andmapsE into E .

Definition 5 (matching) Given a monotonic reaction L → (x̃)R, with:
— L = A1(ρ1), . . . , An(ρn)
— and R = A1(σ1), . . . , Am(σm),
one says that a pair of solutions S, T matchesL → (x̃)R, written S, T |= L →
(x̃)R, if there exists a renaming r and partial interfaces ξ1, . . . , ξm such that:

1. for all i, r(x̃) ∩ fn(ξi) = ∅,

2. S = A1(r ◦ ρ1 + ξ1), . . . , An(r ◦ ρn + ξn)
and T = (r(x̃))(A1(r ◦ σ1 + ξ1), . . . , Am(r ◦ σm + ξm)).

Matching is dened by symmetry for antimonotonic rules, that is S, T |= (x̃)L → R
if and only if T, S |= R → (x̃)L.

The first condition makessurethat noneof the creatednamesis usedby the in-
terfacesextensionsξis.2 The secondcondition is merelysayingthat undersuch
renamingandextensions,L andR instantiateto S andT.

It is worthmentioningthat,sinceS, T aresolutions,all theinterfacesr◦ρi + ξi,
r ◦ σi + ξi have to becompleteones,andtherefore:

dom(r) ⊇ ∪ifn(σi) ⊇ ∪ifn(ρi)

2This would result otherwisein a non graph-like T sincecreatednamesare boundand (x̃)R
beinggraph-like they mustappearexactly twice, so if ξi usesoneof ther(x̃) therewill be at least
threeoccurrencesof a samenamein T. So onedoesnÕt really have to askthis whendealingonly
with graph-like solutions,but it seemsclearerto do soandprove just below thatour formatgiven in
definition 4 respectsgraph-likeness.
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with thesecondinclusiongiven by monotonicity.
A moreabstractandequivalentview of matchingis possible.Derivations,as

definedin Tables2 and3, canthemselvesbe renamedby injective renamingand
extendedby picking larger interfacesin (reflex) clauses.This definesan Òinstan-
ciationÓpreorderbetweenderivationsandS, (ỹ)T can thenbe defined to match
(x̃)L → R if both ỹ ( S ≤ T andx̃ ( L ≤ R canbederived in sucha way that the
derivation of theformer is below thatof the latter, accordingto this preorder. The
first conditionin thedefinition above is takencareof by the(reflex) clause,while
thesecondoneis automaticallysatisfied,becauseof thepreorder.

Lemma 2 Let L → (x̃)R be a monotonic reaction and S, T a pair of matching
solutions, then 1) occurrences of free names are in bijection between S and T; 2)
S is graph-like if and only if T is.

Proof: Supposefirst S is graph-like and considera namex occurring in T. If
x '∈ fn(T), thenx ∈ r(x̃), andby thefirst condition:x '∈ ∪ifn(ξi), so that its only
occurrencescomefrom R along the partial injection r, andsince(x̃)R is graph-
like, this meansr−1(x) hasexactly two occurrencesin R, andthereforealsotwo
occurrencesin T, as it should. If elsex ∈ fn(T), thennoneof its occurrencesis
created,i.e., introducedby the (create)clauseor the (synth)clause(becausethis
clauseasksthat all namesintroducedare in x̃), in the derivation of x̃ ( L ≤ R,
thereforeall mustbeinheritedfrom the(reflex) clauseor providedby aninterface
extensionξi, andin bothcasesthesameoccurrencesexist in S andnot more,since
namescannotbedeletedin a monotonicreaction.

Supposeconverselythat T is graph-like andx occursin S. Thenx ∈ fn(S),
sinceno nameis boundin S, andoccurrencesof x areeitherprovidedby a (reflex)
clauseor an interfaceextensionξi, in both casesthe sameoccurrencesexist in
T andnot more,sinceotheroccurrenceswould have to be createdandany name
createdin a monotonicreactionis bound.!

We observe thattheargumentdoesnÕt usetheconnectednessassumptiononR,
which is therefor completelydifferentreasonsexplainedat lengthin thepreceding
section.

Examples of matching. Hereis a matchon a monotonicreactionwith r(x) =
u, ξ1 = 3z, ξ2 = ø2:

A(1 + 2), B(1) → (x)(A(1x + 2), B(1x))

A(1 + 2 + 3z), B(1 + 2) → (u)(A(1u + 2 + 3z), B(1u + 2))

A somewhatsubtlerexample,wherer mustdealwith both thefreeandthebound
variable,r(u) = x, r(x) = y, ξ1 = ø3, ξ2 = ∅:

A(1 + 2u), B(1 + 2u) → (x)(A(1x + 2u), B(1x + 2u))

A(1 + 2x + 3), B(1 + 2x) → (y)(A(1y + 2x + 3), B(1y + 2x)))
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Noticealsothat while ξi andr maynot overlapon boundnames,they maydo so
on freenamesasin thefollowing match:

A(1x + 2), B(1) → (z)(A(1x + 2z), B(1z))
A(1x + 2 + 3x), B(1) → (z)(A(1u + 2z + 3x), B(1z))

wherer(x) = x = ξ1(3).

Definition 6 Let R be a set of biological reactions, the associated R -systemis the
pair (S ,→), where S is the set of solutions and →, called the transitionrelation,
is the least binary relation over S such that:

S,T |= L → (x̃)R ∈ R
mon

S → T

S,T |= (x̃)L → R ∈ R
antimon

S → T

S → Tnew
(x)(S) → (x)(T)

S → T group
S,S′ → T,S′

S ≡ S′ S′ → T′ T′ ≡ Tstruct
S → T

Contextual rules allow to focus on the reactingpartsof the system. With this
definition, we may give an exampleof what goeswrong when one violates the
side-conditionin the(create)clause:

mon
A(1y + 2) → A(1y + 2y)

group
A(1y + 2), B(1y) → A(1y + 2y), B(1y)

resultingin a non graph-like right handside. If everythingwas doneproperly in
thedefinition of reactionsoneshouldbeableto extendlemma2 andshow that the
exampleabove never happenswith properreactions.

Proposition 3 Suppose S → T then 1) occurrences of free names are in bijection
between S and T; 2) S is graph-like if and only if T is.

Proof: The basic casecorrespondsto lemma2 so it remainsto prove that the
threecontextual rules preserve our property. The (new) rule clearly does,since
(x)S is graph-like iff S is andx occurstwice or not at all in S. The (struct) rule
alsodoessinceboth the propertiesof beinggraph-like andof beinga free name
occurrenceareinvariantsof structuralequivalence,asnoticedearlier. Finally there
is the(group)rule,which obviously preservesbothconditions.!

So our reactionsand the accompanying transition systemspreserve graph-
likeness,and it makessenseto restrict to graph-like solutionswhich is what we
aregoingto do from now on.
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4 Formal biological systems

With a well-definedlanguageof idealizedproteininteractions,the next thing one
needsis someexamplesto measurehow well thelanguageperformsin thedescrip-
tion of typical biologicalsystems.

The first example is all about protein-proteininteractionand our language
passesthat expressivity testwith no problem. The secondexampleis richer and
thesimplemodelwe obtainedis meantasanassessmentof whatour languagein
thepresentstagecando andhow well it cando it. Furthermodelingpracticewill
refinethepictureandgive a bettersenseof which extensionsarethemostneeded.

4.1 Signals

Thefirststepsof thesignalcascadetriggeredby thegrowth factorEGF aredetailed
enoughthatwe cangive a minutedescriptionof what is goingon: a dimeric form
EGF2 of thegrowth factorEGF bindstwo receptorsEGFR (alsoknown asRTK);
the receptorscross-phosphorylate eachother throughtheir tyrosinekinasesites;
oncethis is doneeachcanactivatea secondbinding siteandthenbind anadapter
proteinSHC andactivateit. Thesignalgoesthenfurtherdown andpassesthrough
many otherproteins,but we stopour descriptionhere.

To keepthings readablewe will renameour protagonistsasS the signal, R
the receptorand A the adapterand after the biological descriptionchoosethem
of respective arities2, 3, and2. The particularsite (R, 2) standsfor the receptor
tyrosinekinasesite.Hereis theformal rendering:

Signal-ReceptorInteraction
r1 : S(1),S(1) → (x)(S(1x),S(1x))
r2 : S(2),R(1) → (x)(S(2x),R(1x))

RTK Cascade
r3 : S(1x + 2y),S(1x + 2z),R(1y),R(1z + ø2) →

S(1x + 2y),S(1x + 2z),R(1y),R(1z + 2)
r4 : R(2 + ø3) → R(2 + 3)
r5 : R(3),A(1) → (x)(R(3x),A(1x))
r6 : R(2 + 3x),A(1x + ø2) → R(2 + 3x),A(1x + 2)

Thekey constraintis thatthedormantcapacityof the(R, 2) sitecanonly bewoken
up by reaction3, andonly thenis the4Ð6cascadepossible.With thereactionsone
canrun a minimal interestingsystem,asshown in Table4, startingin a quiescent
statewhere2 is hiddenin R, elsethereceptorwould beactive right away, and2 is
hiddenaswell in A, elseA would alreadybeactive.

Naturecould perhapshave chosena simpler designby letting the signal be
itself anactivator(akinase)andnot resortingto thereceptorfor activation. Indeed,
in thesolutionabove thereceptorhasto bein ÒsuspendedstateÓuntil its activation
capability is triggeredby the signal. Whetherthereis an otherconstrainton the
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S(1 + 2), S(1 + 2), R(1 + ø2 + ø3), R(1 + ø2 + ø3), A(1 + ø2)
→ (x)(S(1x + 2), S(1x + 2)), R(1 + ø2 + ø3), R(1 + ø2 + ø3), A(1 + ø2) (r1)
→ (xy)(S(1x + 2), S(1x + 2y ), R(1y + ø2 + ø3)), R(1 + ø2 + ø3), A(1 + ø2) (r2)
→ (xyz)(S(1x + 2z), S(1x + 2y ), R(1y + ø2 + ø3), R(1z + ø2 + ø3)), A(1 + ø2) (r2)
→ (xyz)(S(1x + 2z), S(1x + 2y ), R(1y + 2 + ø3), R(1z + ø2 + ø3)), A(1 + ø2) (r3)
→ (xyz)(S(1x + 2z), S(1x + 2y ), R(1y + 2 + 3), R(1z + ø2 + ø3)), A(1 + ø2) (r4)
→ (xyzu)(S(1x + 2z), S(1x + 2y ), R(1y + 2 + 3u ), R(1z + ø2 + ø3), A(1u + ø2)) (r5)
→ (xyzu)(S(1x + 2z), S(1x + 2y ), R(1y + 2 + 3u ), R(1z + ø2 + ø3), A(1u + 2)) (r6)

Table4: A run of theRTK cascade.

designthatmakesthis solutionreasonableor it is just a matterof chance,wedonÕt
know. Be thatasit may, oneseesthatthecalculusexpressesthecausalityinvolved
in thetransductionin a preciseyet naturalway.

4.2 The lactose operon

LetÕs turn now to a more comprehensive example. EscherichiaColi, oneof the
moststudiedorganisms,hasglucose(Glu) as the input of an importantmetabolic
pathway, glycolysis, leadingto the productionof pyruvic acid andeventually of
ATP which is themajorenergy currency in thecell. SometimesthereisnÕt enough
glucoseandE. Coli hasto feedon alternative food. If lactose(Lac) is around,E.
Coli cantrigger thesynthesisof:

• galactosidase(GAL) which canturn lactoseinto glucose,

• andof a permease(PER) thathelpsthebiggerlactoseenterthecell.

Thenlactoseflows in andthecell is backinto business.Yet thereis needto control
whenthis happensandwhenonemay switch backto the ordinarybehaviour and
feedagaindirectly on glucose.Thedescriptionof themolecularlevel implemen-
tation of the control was oneof the major discoveriesof early molecularbiology
[21]. For us this will betheoccasionto review sometypical molecularevents,test
theexpressivenessof our language,anddiscusssomepossibleextensions.

Molecular Control. But first we have to describethe molecularcontrol in bio-
logical terms.Thoughassaid,this particularsystemhasbeenstudieda lot, some
questionsarestill openandherewe will behappy with a somewhatsimplifiedde-
scription. Thereadercuriousto learnmoremayrefer to KimballÕs Biology Pages
[16].

An operon is a sequenceof geneswhich aretranscribedcollectively, together
with a repressorprotein that canblock the transcriptionof the genes. The Lac-
operon containsthegenescodingrespectively for GAL andPER andits repressor
proteinwasaptlynamedREP. This is thedevice thecell wantsto turnon to handle
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lactoseandoff if thereis enoughglucose.Upstreamof this operon,therearethree
small regionson theDNA:
Ñ a sitewheresomecomplex CAP·cAMP canbind andhave a positive influence
on theoperontranscription,
Ñ the promotersite whereRNAp the transcriptionmachinerybinds, and then
opensthe DNA helix andproceedsdown onestrandbeginning the transcription
process,
Ñ andoverlappingwith thepromoter, theso-calledoperatorsite,whereREP can
bind andthereforeprevent therecruitmentof RNAp, blocking thetranscriptionof
thewholeoperonandthereforethesynthesisof theassociatedproteins.

In theabsenceof Lac, REP bindsto DNA andswitchesoff theoperon.Like-
wise,in abundantpresenceof Glu, theproductionof cAMP is inhibited, therefore
the complex CAP·cAMP doesnÕt bind, so againour operonis off. To turn it on,
theremustbealow-level of Glu, so thatCAP·cAMP binds.But this is notenough,
onealsoneedsa certainamountof Lac andenoughof GAL sothatsomeaLac is
produced.This isomericform of lactosebindsto REP, changesthe shapeof the
repressorandpriesit out from the DNA, thereforeactivating the operon.Upon a
suddenchangefrom glucoseto lactosein the environment,E. Coli will produce
GAL until it reaches2% of its mass,which is enormousconsideringthat water
accountsalreadyfor 70%of the total mass.Nothing is moreimportantthanfood,
it seems.

Formalization. Sincewe have mentionedall the different moleculesinvolved,
we may now turn to the reactions.Thesearepresentedin the direction in which
they make the bestsensewith respectto the overall intendedbehaviour, but they
areall in factreversible.To easereading,sitesaregiven explicit namesandto keep
thingsshortwe donÕt write theobvious synthesisreactionfor REP andCAP, nor
thedegradationreactionsof all theparticipatingproducts.

OperonSynthesis
r0a : UP(rep-s+ rnap-sx + cap-sy),RNAp(up-sx + syn1+ syn2) →

(zu)(UP(rep-s+ rnap-sx + cap-sy),RNAp(up-sx + syn1z + syn2u),
GAL(lac-s+ sz),PER(lac-s+ su))

r0b : (yz)(RNAp(syn1y + syn2z),GAL(lac-s+ sy),PER(lac-s+ sz)) →
RNAp(syn1+ syn2),GAL(lac-s+ s),PER(lac-s+ s)

The basicswitching mechanismis expressedin 0a: synthesisbegins only if the
repressoris absentandthe auxiliary CAP is present.To shortenthe reaction,we
actuallyonly testthat somethingis boundto the cap-ssite (andthereforereaction
0a is graph-like but not stronglyso,becausey occursonly onceon eachside). If
therewereotherproductscompetingwith CAP, thenonewouldhave to bespecific
aboutwho is bindingat cap-s. Both reactions0aÐ0bcouldbecomposedin a single
not monotonicreactionof the ÒgoodÓkind (seethe discussionaboutrelaxingthe
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formatin theprecedingsection).

OperonControl
r1 : UP(rnap-s+ rep-s),REP(up-s) → (x)(UP(rnap-s+ rep-sx),REP(up-sx))
r2 : UP(rnap-s+ rep-s),RNAp(up-s) → (x)(UP(rep-s+ rnap-sx),RNAp(up-sx))
r3 : UP(cap-s),CAP(up-s+ camp-sx), cAMP(cap-sx) →

(z)(UP(cap-sz),CAP(up-sz + camp-sx), cAMP(cap-sx))

WhetherCAP bindsor not is independentof theoccupancy stateof theothersites
of UP. On the otherhand,REP andRNAp arehiding eachotherÕs sitesin 1Ð2,
andthereforearemutuallyexclusive.

Regulations
r4 : CAP(camp-s), cAMP(cap-s) → (x)(CAP(camp-sx), cAMP(cap-sx))
r5a : REP(up-s+ alac-s), aLac(rep-s) → (x)(REP(up-s+ alac-sx), aLac(rep-sx))
r5b : UP(rep-sx),REP(up-sx + alac-s), aLac(rep-s) →

(y)(UP(rep-sx),REP(up-sx + alac-sy), aLac(rep-sy))
r5c : (x)(UP(rep-sx),REP(up-sx + alac-sy), aLac(rep-sy)) →

UP(rep-s),REP(up-s+ alac-sy), aLac(rep-sy)

In mostdescriptionsaLac is saidto beableto complex with REP, even afterREP
haslandedonDNA, andthenpry it out from theDNA. This is expressedby means
of the complexation andsubsequentdecomplexation 5bÐ5c.Be it in this way or
directly by reaction5a,REP is madeinert by thehiding of its binding capability
up-s.

PERandGAL activity
r6 : PER(lac-s),Lac(per-s + in) → (x)(PER(lac-sx),Lac(per-sx + in))
r7 : (x)(PER(lac-sx),Lac(per-sx)) → PER(lac-s),Lac(per-s)
r8 : GAL(lac-s),Lac(in + gal-s) → (x)(GAL(lac-sx),Lac(in + gal-sx))
r9a : (x)(GAL(lac-sx + loaded),Lac(gal-sx)) → GAL(lac-s+ loaded)
r9b : GAL(loaded) → GAL(loaded),Glu(s),Gal(rep-s)
r9c : GAL(loaded) → GAL(loaded), aLac(rep-s)

Reaction6 hastheeffect thatLac is now insidethecell. We encodethis by using
thesite in asa state.With a first-classnotion of membrane,written m[. . .] below,
we couldreplace6 and8 with:

PER:a membrane-variant
r′6 : m[PER(lac-s)],Lac(per-s) → m[(x)(PER(lac-sx),Lac(per-sx))]
r′8 : GAL(lac-s),Lac(gal-s) → (x)(GAL(lac-sx),Lac(gal-sx))

andhave a directaccountof whatPER is doing.Extendingκ-calculuswith mem-
branesseemsagoodidea,andwearelooking forwardto adaptexisting membrane
calculi [1, 3] to do this.

Thethreereactions9aÐ9caredecomposingtheactionof thebeta-galactosidase
enzyme.Our monotonicityprinciple forcesa bit of gymnasticshere,aswe have
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to introducetheintermediateandsomewhatimaginarystateGAL(loaded) wherethe
enzymeis loadedwith its metabolitebut hasnot yet decidedwhat to do with it,
either two smallersugarsGlu and Gal3 as in 9b or an isomeric form as in 9c.
Perhapsa moredirectsolutionwould beto write thealternative reactions:

r′9a : (x)(GAL(lac-sx),Lac(per-s + gal-sx)) → GAL(lac-s),Glu(s),Gal(s)
r′9b : (x)(GAL(lac-sx),Lac(per-s + gal-sx)) → GAL(lac-s), aLac(rep-s)

andconsiderthatsugarsandmetabolitesarenot takeninto accountin monotonicity
constraints. This is a very mild adaptationof our languagesinceit amountsto
addinga new inferencerule for thegrowth relationwhich appliesonly whenM is
a metabolite:

x̃ ( S ≤ T fn(ρ) = ∅ dom(ρ) = s(M )
metab

x̃ ( S,M (ρ) ≤ T

This makesgoodsensein that thesesmall moleculeshave a very differentsetof
bio-chemicalinteractionsthanthelargerproteins.

The readermight wonderwhat hasbecomeof the mechanismby which Glu
reducesthecAMP-level. This mechanismis not known andit is evena matterof
discussionwhetherthe whole ÒcAMP modelÓis correct[15]. This points out a
shortcomingof our languageif onewantsto useit to build actualmodels:unless
oneis given the explicit molecularmechanism,oneis not ableto incorporatethe
knowledgein themodel.

5 Themκ-calculus

We turn to the issueof implementingthe κ-calculus,and discussa distributed
implementationbasedon agentsexchangingchannelnamesduring rendez-vous
communications.We first presentmκ-calculus, a finer-grainedlanguagewhich
describesa lessidealizedformal biology.

5.1 Agents and Solutions.

Sinceonewantsto decentralizetheκ-systemsit is naturalto put moreintelligence
in theagents.Indeedthesyntaxof mκ-calculusis thesameasfor κ-calculusdis-
cussedin Section3, exceptthatour basiccomponents,which we now call agents,
havemoreinformationat theirdisposal.Eachsiteis given an additionalstateto the
effect thattheagentcanlog whatÕsup on thisconnection.To emphasizetheprocess
natureof mκ-calculus,their restrictedform of reactionswill becalledinteractions.

As namesfor agentswe keepthesamesetof names,namelyP, andthesame
definition of signatureaswe hadin κ. In additionto the edgenamesE , we need

3Oneshouldnot confusethesugargalactoseGal andthe proteinGAL. As a rule, in this exam-
ple, we useuppercasefor proteinsandcapitalizedlowercasefor metabolites.This is following the
biologicaltradition.
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a countablesetG of group names rangedover by r, r′, . . . to beusedlater asthe
meansto build transientcooperative structuresin our low-level systems.Edgeand
groupnamesaresupposedto bedisjoint.

An extended interface, is afinite mapfrom N to (E + G + {h, v}) × N, ranged
over by θ andsimilar symbols.Theintegerpartof θ(i) is referredto asa log.

An agent is apairwrittenA(θ) with A ∈ P andθ anextendedinterfacedefined
on s(A).

Extendedinterfacesarewritten with the samelightweight notationusedpre-
viously in κ, e.g., if s(A) = 3, andθ(1) = x, 1, θ(2) = r, 5 andθ(3) = h, 0,
thenonemay simply write A(1x,1 + 2r,5 + ø30). We will alsoindulgesometimes
in not writing a log whenit is 0, so that for instanceC(1x,4 + 2r + 3) will stand
for C(1x,4 + 2r,0 + 30). A convenientconsequenceof this notationalabuseis that
κ-proteinsbecomea particularcaseof mκ-agents.

Solutionsarebuilt as in Section3. The ÒnewÓoperatoris now binding both
kindsof names,E andG, andtheaccompanying notionof freenamesis extendedto
includegroupnames.Structuralcongruenceis unchangedandin particularscope
extrusion S, (x)(S′) ≡ (x)(S,S′) appliesboth for x in E andG, with the usual
side-conditionthatx '∈ fn(S).

Thelogs,that is theadditionalinformationon sites,canbeforgottenby means
of thefollowing projection map:

(ıx,n)− = ıx (ır,n)− = (ıv,n)− = ıv (ıh,n)− = ıh

This projectionextendsin theobviousway to interfaces,agentsandsolutions.

5.2 Interactions.

In mκ-calculusat most two agents mayinteractat a time.

Definition 7 Let L, R be two pre-solutions, L → R is said to be an interactionif:
— both L and R consist of at most two agents,
— fn(L) ⊇ fn(R),
— L does not contain any “new” on group names.

No specific conditionis demandedfor thegroupnames,exceptthatfreenames
of the right handsidealsooccur in the left handside,andthat the left handside
doesnÕt restrictthem.This lattertechnicalproviso is thereonly to ensurethatinter-
actionscanbe translatedin π-calculus.Sincegroupnameshave no specific con-
straintsuchasgraph-likeness,it is very unlikely thatonecanexpressin π-calculus
an interactionsuchas(r)(A(1r)) → A(1) which amountsto testingwhetherone
is theonly agentknowing a namein a solution.

Definition 8 An mκ-interaction L → R is said to be monotonic(resp. antimono-
tonic) if its projection (L)− → (R)− is a monotonic (resp. antomonotonic) κ-
reaction.
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Generalinteractions,asdefinedabove, could alsobe translatedto π. But, oneis
really concernedin this studywith monotonicor antimonotonicinteractions,and
actuallya restrictedclassof them,which areusedto translateκ in mκ. So wesup-
posethereafterthatall interactionsaremonotonicor antimonotonic,andconsider
only mκ-solutionswhich aregraph-like in the specific sensethat they project to
graph-like κ-solutions. Recall from section3 that thesegraph-like solutionsare
stableundermonotonicreactions,sothattheseassumptionsaresensible.

Herearetwo examplesof interactions:

A(1x + 2), B(1r + 2x) → A(1x,1 + 2r), B(1r + 2x,1)
A(1 + 2r), B(1 + 2r + 3r,2) → (x)(A(1x + 2r), B(1x + 2r,1 + 3r,2))

The first interactionis both monotonicand antimonotonic,only logs and states
namesarechanged,andthereforeit projectsto anidenticalκ-reaction.

Sincethe groupnamesin G areforgottenby the projectionin κ, reactantsin
monotonicandantimonotonicinteractionshave to begraph-like only with respect
to edgenamesin E . Thesecondreactionis monotonicalthoughr ∈ G occursmore
thantwiceontheright. In thenext section,groupnameswill beusedto distinguish
concurrentinstancesof a reaction,sonot for representingedges.

Renamingshave to respectthetwo kindsof names,that is they have to sendE
to E andG to G. That said,the notionsof matchingandtransitionsystemextend
easily.

6 From κ-calculus tomκ-calculus

To decomposeaκ-reactionin themκ-calculus,wefollow aprotocolthatgradually
recruitsreactantsandconstructsthe productsby meansof only binary andunary
interactions.Thisprotocolconsistsof afirstphaseof recruitment andasubsequent
phaseof completion.

Recruitmentbegins with a signalsentby a specific agentcalledthe initiator.
Thenonesendsandpropagatestwo kinds of signals:downward signalsto recruit
thenecessaryreactants,andupward signalsto reportsuccessbackto the initiator.
At theendof this first phase,the initiator knows that theglobalκ-reactioncanbe
completed,andin thecompletionphase,this informationis propagatedto theother
reactants.

To ship the various signalsaround,we needsomestatically predetermined
structurewhich we now define togetherwith someuseful notationpertainingto
thewaysin which thesesignalsmayor maynot propagate.

6.1 Scenarios

Definition 9 (Micro-scenario) Let r = L → (x̃)R be a monotonic κ-reaction, a
micro-scenariofor r is a triple (Fr ,Tr , init ) such that:
— Fr is (isomorphic to) an acyclic orientation of [[R]]g, called a flow graph;
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— Tr is a tree spanning Fr;
— init , also written init (Fr ), is the common root of Fr and Tr;
— and init belongs to [[L]]g (up to the isomorphism above) if L '= 0.

We recall that for a solutionS, [[S]]g denotesthe associatedgraph-with-sites(the
[[.]]g notationwas definedin section3).

Without lossof generality, we assumethatFr is an orientedgraph-with-sites
with integers asnodesandthatscenariosfor differentκ-reactionsarechosensoas
to usedisjoint setof nodes.This way agentswill identify which globalκ-reaction
they take part in, andwhat role they have in it, assoonasthey arerecruitedand
handeda nodeof Fr .

Suchmicro-scenariosalways exist. Any connectedgraphadmitsan acyclic
orientationwhichcanbeobtained,for instance,by choosinganarbitraryroot,con-
structinga depth-first treespanningthe graph,anddirectingall remainingedges
accordingto the treeordering[9]. Thus,[[R]]g beingconnectedby monotonicity,
therealwaysis a micro-scenariofor any givenκ-reaction:any nodeof [[L]]g canbe
chosenastheroot andonecouldevenassumeTr to bedepth-first.

Therecould be loops in [[R]]g, that is edgesfrom a nodeto itself. So to be
completelyprecise,oneshouldsaythatFr is anorientation[[R]]g which is acyclic
exceptfor theseloops.To escapenotationaltrouble,onemayaswell supposethat
[[R]]g doesnÕt have loops. The techniquesdescribedhereadaptvery easily to this
case,sinceloopsarepurely local to a node.

Onecanthink of Fr asa mapover sitesandwrite accordingly:

Fr (a, i) = b, j if (a, i), (b, j) areconnectedin Fr ,
Fr (a, i) = ⊥ if a, i is freein Fr .

Consideredasa map,Fr is a partial involution, andwe write F!
r for its inverse

which, of course,correspondsto the reverseorientationof the underlyingundi-
rectedgraph[[R]]g. This inverseF!

r is a scenarioonly in thespecialcasewhenFr

hasonly onesink. The sameconsiderationsapply to Tr andwe will alsousethe
mapnotationin this case.OnemaydecomposeFr uniquelyasTr + T c

r . WeÕll use
this notationlaterfor thecomplementof Tr .

SinceFr is aninvolution, which hasnofixed points(no sitecanbind to itself),
boundedsitesin [[R]]g arenaturallypartitionedbetweeninput andoutput sites. A
site is anoutputif it belongsto thedomainof Fr , andan input if it belongsto its
range. In otherwords,a site (a, i) is an output if Fr (a, i) '= ⊥ andan input if
F!

r (a, i) '= ⊥.

Definition 10 (signal ordering) Dene a binary relation over sites, written /, as
the smallest transitive relation such that:

Fr (a, i) = (b, j) ⇒ (a, i) / (b, j)
(a, i) input, (a, j) output ⇒ (a, i) / (a, j)
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SinceFr is acyclic, ≺ is a (strict) finite partialorderon sites.Thesameordercan
bedefinedfrom Tr , andthey coincideif andonly if Tr is depth-first.

Definition 11 (input/output interfaces) For n ∈ N, a ∈ Fr and x̃ a tuple indexed
over the set of inputs (resp. outputs) of a and with values in E , we dene the input
(resp. output) interfaces:

INx̃,n
a :=

∑

{i | F!
r (a,i) $= ⊥}

ixi,n

OUTx̃,n
a :=

∑

{i | Fr (a,i) $= ⊥}

ixi,n

Theseinterfacesdescribestatesof a whereall inputs(resp.outputs)have thesame
log; they thereforehave disjoint domains,andtheir unionis alsoa partial interface
for a.

6.2 The monotonic protocol

A proteinwith nameA is translatedasan agentof the samenamebut with one
moreauxiliary site,written ∗:

[[A(ρ)]]m = A(∗ + ρ).

Thatspecialsite∗ is usedto log what little additionalinformationoneneeds,that
is therole of A in a givenreaction(that is which nodeit correspondsto in Fr ) and
a groupnameidentifying uniquelythecurrentattemptedhigh-level reaction.This
translationextendsto κ-solutionsandlikewise,if S is aκ-solution,we write [[S]]m
to denoteits translation.

Thepurposeof this subsectionis now to extendthis translationto κ-reactions:
given a κ-reactionr, onewantsto defineanassociatedfamily, [[r]]m, of mκ-inter-
actionscapableof simulatingr in a sensethat will be madeprecisebelow. This
family dependson the choiceof a micro-scenariofor r. By no meansis therea
uniquesolutionto theself-assembly, andwecoulddo with morethanoneinitiator
(as in [8]), without a spanningtree, etc. Even in the restrictedkind of micro-
scenariosthatwe areconsidering,thereis roomfor differentchoices.

That said,we supposenow that a choiceof a micro-scenariohasbeenmade
andproceedto the definition of [[r]]m. Sucha definition will dependon whether
the reactionof interestis monotonicor antimonotonic.We give below a detailed
accountof the monotoniccase,andonly sketch the antimonotoniccasewhich is
much simpler. The next subsectionwill discussfurther the antimonotoniccase
andvariouspropertiesof the translation,while the lastonesketchesa correctness
argument.

Interactionsin [[r]]m aredivided into recruitmentsshown in Table5 and6, and
completionsshown in Table7. To easereadingwehavesystematicallyabbreviated
A(∗r,a + θ) as Ar,a(θ) and also madeuseof the notation for input and output
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interfacesintroducedabove. On top of the inferencerule the defining conditions
for theinteractionaregiven.

A perfunctoryglanceat theseTablesshowsthatall interactionsinvolve at most
two agents,as recommendedin definition 7, that at most oneedgeis createdat
a time andthat the option of usingreactantsandproductswhich arenot strongly
graph-like is useda lot. We let thereaderverify that therestof theconditionsare
satisfied as well, and that theseinteractions,which we aregoing now to review
closely, arein factall monotonicin thesenseof definition 8.

a = init (Fr )
init

A(σ) → (r)(Ar,a(σ′))

Tr (a, i) = (b, j), x ∈ fn(r)
FC1

Ar,a(IN
ỹ,1
a + ix), B(jx + σ) → Ar,a(IN

ỹ,1
a + ix,1), Br,b(jx,1 + σ′)

Tr (a, i) = (b, j), x '∈ fn(r), b ∈ L
FC2

Ar,a(IN
ỹ,1
a + i), B(j + σ) → (x)(Ar,a(IN

ỹ,1
a + ix,1), Br,b(jx,1 + σ′))

Tr (a, i) = (b, j), x '∈ fn(r), b '∈ L
FC3

Ar,a(IN
ỹ,1
a + i) → (x)(Ar,a(IN

ỹ,1
a + ix,1), Br,b(jx,1 + σ))

Table5: Initiation andfirst contacts.

T c
r (a, i) = (b, j), x ∈ fn(r)

LC1

Ar,a(IN
ỹ,1
a + ix), Br,b(jx) → Ar,a(IN

ỹ,1
a + ix,1), Br,b(jx,1)

T c
r (a, i) = (b, j), x '∈ fn(r)

LC2

Ar,a(IN
ỹ,1
a + i), Br,b(j) → (x)(Ar,a(IN

ỹ,1
a + ix,1), Br,b(jx,1))

Fr (a, i) = (b, j)
R

Ar,a(ix,1), Br,b(jx,1 + OUT
ỹ,2
b ) → Ar,a(ix,2), Br,b(jx,2 + OUT

ỹ,2
b )

Table6: Latercontactsandresponses.

Initiation (init). The initial reactionis possiblefor any quiescentagentbearing
the correctname,it is the momentwhenthe namer for the currentattemptof a
reactionis created.It is understoodin the notation,taken hereandin the sequel,
thata andb have respective namesA andB in theflow graph.

Take note that the namemapfrom nodesto namesin P is not injective. In
the limit case,not unheardof in biology, therecould be a complicatedreaction
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a = init (Fr ),
shift

Ar,a(OUT
ỹ,2
a ) → Ar,a(OUT

ỹ,3
a )

a = init (Fr ), Fr (a, i) = (b, j)
i-ppg

Ar,a(ix,3), Br,b(jx,2) → Ar,a(ix,4), Br,b(jx,3)

a '= init (Fr ), Fr (a, i) = (b, j)
ppg

Ar,a(IN
ỹ,3
a + ix,2), Br,b(jx,2) → Ar,a(IN

ỹ,3
a + ix,3), Br,b(jx,3)

a = init (Fr )
i-exit

Ar,a(OUT
x̃,4
a ) → A(ox̃

a)

a '= init (Fr )
exit

Ar,a(IN
ỹ,3
a + OUT

z̃,3
a ) → A(ιỹa + oz̃

a)

Table7: Completions.

involving only copiesof oneandthe sameprotein. This is indeedwhy rolesare
needed.4

During initiation, one also verifies and modifies the initiator free interface.
Specifically, σ andσ′ have as commondomainthe free sitesof init in Fr , and
respectively maptheseto thevaluesspecifiedby L andR. Takenotethatonly sites
which arefree in R (hencefree in L aswell, by monotonicity)aretestedandper-
hapsmodified at this stage. Siteswhich are free in L andboundin R (henceall
visible in L) aretakencareof in stepsFC2 andLC2 (seebelow).

First contacts (FC1, FC2, FC3). The next threeinteractionsare the rst con-
tacts. If Tr (a, i) = (b, j), thentherearethreeformsof first contactwhich we can
list herein increasingorderof creativity:
Ñ theedge(a, i; b, j) mayalreadyexist in L;
Ñ it mayhave to becreatedwhile theotherendexists in L;
Ñ finally boththeedgeandtheotherendmayhave to becreated.
In all threecases,thenewly contactedagent,namedB, ishandedarole b, which it
logson its special∗ site,andthecontactis loggedwith a1 on bothsides.5

4This importantfact was overlooked in the shortversion[8] of the presentpaper, resultingin a
self-assemblywhich was only correctwhenall participantsin the reactionhadstaticallydifferent
names. Rolesallow to handlethe generalcaseby dynamicallyallocatingdifferent namesfor all
reactants.First contactsareÒloggedÓandthereforearetakenat mostoncefor eachreactionattempt.
As a consequence,the allocationof rolesis injective over the setof agentsparticipatingin a same
attempt.

5 The treeTr spansFr , and thereforeit selectsamongall predecessorsof a given b different
from init, its parent, that is the only a suchthatTr (a, i) = (b, j) for somei andj. This parentis
responsiblehere,in therecruitmentphase,for contactingfirst (someagentof name)B andhandhim
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As in the initiation case,first contactsare the occasionto verify andmodify
thefreeinterfaceof thenewly contactedagent.In thecaseof FC1 andFC2, σ and
σ′ have ascommondomainthefreesitesof b in Fr , andrespectively maptheseto
thevaluesspecifiedby L andR. Thecaseof nodecreation,FC3, is different.One
takesσ to betheinterfacedefinedon s(B) \ {j} mappingsitesboundin R to v (to
allow for laterbinding)andsitesfreein R to thevaluesspecifiedby R.

Later contacts (LC1, LC2). Thencomethetwo later contacts (notneededwhen
Fr is a tree). Indeed,if Fr (a, i) = (b, j) andTr (a, i) = ⊥, therecan only be
two forms of contacts,sincethe otherendof the edgemusthave beencontacted
already, which meansin particularthat it alreadyexists. Upona later contactone
doesnÕt needto checkthefreeinterfaces,neitherdoesoneneedto passover a role,
becausethis hasbeentakencareof by thefirst contact,andit is enoughto just log
thecontact,againwith a 1 on bothsides.

A noteworthy point is that eachcontact,first or later, is demandingthat the
inputs of the contactingagenthave log 1. This imposesa constrainton the way
signalsmaypropagatewhich wewill discusslater. Let usjust sayfor now thatthis
constraintwould betoo strongif theflow graphwerenot acyclic.

A remarkof lesserimportanceis that this setof contactinteractionsbehaves
correctlyalsoin thecasewhereFr hasparalleledges(edgeswith thesamesource
andtarget).At mostoneof any groupof paralleledgeswill belongto thespanning
treeandwill bedealtwith in afirstcontactinteraction,theotherswill bedealtwith
by a latercontact.No specialworkaroundis neededhere.

Response (R). Finally thelast typeof interactionin therecruitmentphaseis the
response which pushesa signalupwardsbackto the initiator. This is only when
all successorsin Fr have alreadyresponded.Sucha stepcanbe freely taken by
leaves of Tr , oncetheyÕre contacted,sinceleaves have no successorsandtherefore
theconditionon the logsof their outputinterface,is vacuouslysatisfied. Again it
is importantthat theflow graphbeacyclic, elseonewould have no chanceto fire
any of theseresponses.

Phase shift (shift). Thesecondphasebeginswith thephase-shift interaction.At
thatvery moment,the initiator knows thateverythinghasgonewell, andtheright
handsideR hasbeencorrectlybuilt.

Propagation and Exit (i-ppg, ppg, i-exit, exit). The global reactionis over
andit is enoughto completetheprocessby sendingdown a successsignal,mate-
rializedby the log 3, which will let all otheragentsrecruitedin thereactionknow
that thereactionhassucceeded.Sothesignalis sentdownwardsto theleaves and

over the role b. WeÕll show later an exampleof what kind of failure canhappenwhenall contacts
concurfreely.
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whenan agenthasreceived the signalat all inputsandpassedit at all outputs,it
finally mayexit asynchronouslyandprojectagainto a quiescentκ-like agent.

Becauseof the assymmetrybetweenthe initiator and the other agents,one
needstwo differentpropagationandexit rules,but they arereally of thesamekind.

6.3 Discussion

Antimonotonicreactionshave a connectedleft handsideandthereforethe corre-
spondingrecruitmentis muchsimpler. It consistsof checkingthat the neighbor-
hoodof the initiator indeedcontainsthe left handside. Sincenothing is created,
nodeor edge,one only needsinit, FC1, LC1 and R, before the phaseshift, all
of which project to an identity reactionin κ. Dually to monotonicreactions,all
deletions,will be performedafter the phaseshift, if onereachesit. This is easily
implementedusingthesameflow graphandwedonÕt give theexplicit interactions.
Yet,wedo take notethat,in antimonotonicreactions,noactualchangeis donethis
sideof thephaseshift to theunderlyingκ-solution.

ÀFromthis discussionone also seesthat compositereactions,that is to say
the reactionswhich onecandecomposeasa monotonicreactionfollowed by an
antimonotonicone(which we discussedearlierat the endof subsection3.4), can
easilybeimplementedaswell. Thissideof thephaseshift onedoesthemonotonic
partof thejob, andbeyondonedoestherest.This substantiatestheclaim thatone
could take themasbasicaswell: they areaseasyto dealwith in mκ asare the
monotonicandantimonotonicones.

The spanning tree. We have alreadyobserved that the spanningtreeservesas
a way of imposinga ÒparentalpriorityÓbetweenthe contacts. Only the parent
accordingtoTr is allowedto wakeachild andrecruitit, while all theotherreactants
have to usea furthercontactinteraction.

If we donÕt do this, somestrangeself-deadlocksmay happen. For instance,
startingwith thefollowing κ-reactionandsolution:

t = A(1x + 2), B(1x + 2), C(1 + 2) →
(yz)(A(1x + 2y), B(1x + 2z), C(1y + 2z))

T = (xyz)(A(1x + 2), B(1x + 2), C(1 + 2), C(1 + 2))

andsupposingthereis no priority betweencontacts,thenA andB might recruit
distinct Cs in T, and so, in somesense,the recruitmentdefeatsitself all alone.
Having thetreeto sortoutwho is doingthefirst contact,andwho is not,solvesthe
question.

Depth-first. Supposenow the spanningtreeis depth-first, andsomeagentA is
contactedfor thefirst time,thenAÕs predecessorsin Fr areAÕspredecessorsin Tr ,
hencethey arealreadyrecruitedandconnectedto A. Therefore,if wefollow thein-
tuition thatconnectedcommunicationis instantaneous, becauseit is thesymbolic
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counterpartof interactionbetweencomponentsthatwerealreadybroughtin phys-
ical contact,thenthe only interactionswheresomewaiting is needed,andmaybe
sometimeoutif onethinksabouta time-consciousimplementation,areof theFC2

kind. They correspondbiologically to collisions in the solution,a processwhich
indeedtakestime.

Collisions. By theway, we take notethat theonly non-deterministicstepsin our
collection of interactionsare preciselyof the FC2 and init kind. All the others
aredeterministicin the sensethat given the interactionandany oneof the react-
ing agents,therecan be at most one other agentsuchthat the pair matchesthe
interaction.Thesearealsotheonly interactionswheretheblind searchmechanism
embodiedin theinteractionscanfail.

Observable interactions. To concludethis seriesof remarkson thedecomposi-
tion, we notethat few interactionsareactuallyobservablein thehigherlanguage:
FC2, FC3, LC2 whereall the creative work is doneandinit andFC1 wherefree
interfacesmightbemodified.All otherinteractionsprojectto identicalκ-reactions,
they areonly modifying thelogsand,semantically, only serve thepurposeof prop-
agatinginformation.

6.4 Simulation and correctness

Thereafterandfor therestof thesection,we supposewe dealwith anmκ system
obtainedby the translationwe just defined. We will still write →∗ for both as-
sociatedtransitionsystems.The notionswe manipulatebelow make no sensein
generalin mκ andareonly meaningfulfor thoseparticulartranslatedsystems.

An importantinvariant that our setof interactionsrespectsis that, at any mo-
ment, the setof agentsbearinga given group namer will be connected.These
connectedsub-solutionsareall disjoint, becauseinitial reactionsgeneratea new
groupnamethat uniquely identifiesthe ÒsessionÓonebegins,anduponfirst con-
tactonecommitsoneselfto only participatein thecurrentsession(seeinteractions
FC1, FC2 andFC3) andthereafteronly interactwith agentsin the samesession
(seeall otherbinary interactions).We logically call thesedisjoint connectedsetof
agentsgroups. Agentsnot belongingto any groupwerecalledquiescent.

Eachgroupinvolvesagentscurrentlyattemptingsomeinstanceof aκ-reaction.
This reactionmayor maynot succeed.We saya groupis monotonicor antimono-
tonic, dependingon whethertheassociatedκ-reactiononeis trying to completeis
a monotonicor anantimonotonicone.

Whenever a high-level reactionhasa matchin a solution,thenthefiring of the
reactioncanbesimulatedin thecorrespondinglow-level solution.

Proposition 4 Let S, T be κ-solutions: if S →∗ T then [[S]]m →∗ [[T]]m.

Proof: (Sketch) It is enoughto prove it for a one-steptransition, that is for the
applicationof someκ-reactionr = L → (x̃)(R). SinceS canmake a one-step
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transitionto T, theremustbeacorrespondingκ-matching,andthereforeR is, up to
renamingandextension,asub-solutionin T. By composingthis inclusionwith the
isomorphismbetweenFr and[[R]]g wefind who is theinitiator in thereactionand
fire theinit rule with it. This createsa uniqueidentifier for theattemptedreaction,
sayr. Now, it is up to us to define the order in which to fire all the interactions,
sincethecorrectnessstatementdemandsnothingmore.

A possibility is to grow R by using only contactinteractionsto begin with.
Thereare only two things to take careof. First, for a non-deterministiccontact
FC2 betweenA andB, onehasto useagaintheembeddingabove to guesswhich
agentB, agentA hasto createan edgeto. Second,onehasto contactsitesnot
just in any order, but in a way consistentwith the constraintson inputsasked for
in thecontactinteractions.Theseconstraintsamountto askingthatat any time the
r-groupbeupward-closedwith respectto thesignalordering≺ (seedefinition 10).
Sucha growth constraintis alwayssatisfiablebecauseof acyclicity (actually it is
satisfiableif andonly if theflow graphis acyclic). This somewhatsubtlepoint can
beproved eitherdirectly, or by usinga depth-first Tr . In thelattercasewe already
noticedthatall ancestorsof anagentarerecruitedbeforetheagentitself is, sothat
anupward-closedgrowth is obtainedby alwaysperformingall latercontactsLC1,
LC2, betweenan agentand its ancestorsimmediatelyafter recruitinghim. (One
seeswell thattheseconstraintsonly operatewhentheflow graphis not a tree.)

Oncethe contactsareall done,all edgeshave both their endswith log 1, and
it remainsto move up the responseback to the initiator by using the response
interaction.This time onehasto findadownward-closedway to proceed,which is
possiblefor thesamereason.

Whenthevarioussignalshavereachedtheinitiator, therecruitmentis over, and
onecantrigger thephaseshift andthesubsequentinteractions.!

We observe thateachhigh-level stepgeneratesa numberof smallstepswhich
is 3er + nr + 1, whereer is thenumberof edgesin theright handsideR of r, and
nr thenumberof nodes.Sothesimulationstayslinearin thesizeof R.

This first result saysvery little in termsof correctnessand one would also
want to know that the low-level mκ-systemdoesnÕt generateany solutionsthe
projectionsof which would beunreachablefrom thehigherlevel solution.

Definition 12 Given κ-solutions S and T such that [[S]]m →∗ T, one denes the
cleanupof T, written Tc, as the mκ-solution obtained by:
— completion of groups which are past the phase shift (see Table 7),
— projection of antimonotonic groups which are pre-phase-shift (see section 5.1),
— deletions in the monotonic groups which are pre-phase-shift (see discussion
below), and
— erasure of all the auxiliary ∗ sites.

Completionsarealwayspossiblebecausepastthe phaseshift, onecanÕt fail. An-
timonotonicgroupsonly have to beprojected,sinceantimonotonicrecruitmentis
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purecheckingandnothingchangesexceptthe logs. Finally, in monotonicgroups
onehasto deleteany edgesandproteinsthatwereaddedin thecreative stepsFC2,
FC3 andLC2 (theonly oneswith a ÒnewÓon theproductsside).

Thecorrectnessof oursolutionof theself-assemblyquestioncanthenbestated
asfollows.

Theorem 5 Let S be a κ-solution: if [[S]]m →∗ T then S →∗ Tc.

Proof: (Sketch)Oneproves first by inductionon all possibleinteractionsthat this
side of the phaseshift, a group hasits siteswith log 1 (resp.2) forming an ≺-
upward-closed(resp.≺-downward-closed)connectedsubsetof all thegroupsites.
An immediateconsequenceis that, when the phaseshift happens(just beforeit
happens,to beprecise),all thelogsof thegroupboundedsitesaresetat 2, andthe
groupis, up to renamingandextensions,equalto R. Indeed,theonly downward-
closedsubsetof sitesof Fr that containsall the initiator sites, is the set of all
sites.This is a consequenceof thedefinition of ≺. Now theresponseinteractions
are pairing the sitestogetherexactly as they are in Fr . And all responseshave
happened,elsesomelogswould still besetstrictly below 2. Therefore,a reaction
attemptsucceedsif and only if it reachesthe phaseshift, and at that point it is
alwayscompletable.If it doesnot reachthe phaseshift, it canbe cleanedup as
explainedabove. !

Wehave seenthatthedecompositionis asimulationandnever makesany mis-
takes. It is now time to discussin which sensethe decompositioncanfail, or in
otherwordswhatkind of furthernotionof correctnessonecouldtry to reachfor.

A first casewhen deadlockmay happenis when κ-reactionsare competing
with anotheron the samereactants.In this case,the conflicting reactions,which
canbe occurrencesof the samereaction,canbe initiated concurrentlyin mκ and
run out of resourcesresultingin a deadlock.

A secondcaseof deadlockis whena singledecomposedκ-reactiongetsstuck
in its searchspacein mκ. Imaginefor instancethe following κ-solution andκ-
reaction:

S = A(1 + 2), B(1 + 2x1), C1(1x1), B(1 + 2x2), C2(1x2 )
s = A(1 + 2), B(1 + 2x1), C1(1x1), B(1 + 2x2), C2(1x2 ) →

(y1y2)(A(1y1 + 2y2), B(1y1 + 2x1), C1(1x1), B(1y2 + 2x2), C2(1x2))

Accordingto thetranslation,andin essence,A hasto guess,with two instancesof
FC2, whichB it hasto bind to, on its firstsite,andwhichon its second.Sinceboth
Bs look exactly the sameasfar as A cantell in a local interaction,our seriesof
interactionscanvery well try to producethetwistedcomplex:

A(1y2 + 2y1), B(1y1 + 2x1), C1(1x1), B(1y2 + 2x2), C2(1x2)

SupposeA was the initiator, andit guessedwrongly giving role b1 to theB con-
nectedwith C2 andb2 to theotherB, then,fortunately, thegroupis stucksincethe
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newly recruitedBs will try to fire thefollowing FC1 interactions:

Br,b1(1y,1 + 2x), C1(1x) → Br,b1(1y,1 + 2x), Cr,c1
1 (1x)

Br,b2(1y,1 + 2x), C2(1x) → Br,b2(1y,1 + 2x), Cr,c2
2 (1x)

andnonewill succeed,sinceBr,b1 is connectedto C2 andconversely. Themistake
doesnÕt spreadfurther sinceboth agentsB canseethey arelocally not connected
with the Ci they shouldbe connectedwith, accordingto the role that A hasbe-
stoweduponthem.

To summarize,one hastwo sourcesof deadlocks,contentionsand guesses.
Thus,onecanthink of extending[[r]]m by addingsomepre-phase-shiftinteractions
thatwill invert thecontactandresponseinteractionsandgive to agrouptheability
to escapesuchdeadlocks.Thisseemsreasonableaslongasagentscantestwhether
they cantake a stepbackwardswithout inconsistencies.The invariantto preserve
hereis downward(resp.upward)closurefor thesiteswith log 2 (resp.1).

Considerthesimplerexampleof R, wherethereis nothingto reverseexceptthe
signalitself. Werecalltheplain forwardversionandwrite justbelow thebackward
dualone:

Ar,a(ix,1), Br,b(jx,1 + OUT
ỹ,2
b ) → Ar,a(ix,2), Br,b(jx,2 + OUT

ỹ,2
b )

Ar,a(IN
ỹ,1
a + ix,2), Br,b(jx,2) → Ar,a(IN

ỹ,1
a + ix,1), Br,b(jx,1)

Insteadof verifying that all outputsto B aresetat 2, onenow verifiesdually that
no inputof A hasbeensetat2 yet, i.e., thesignalhasnÕt gonefurther. Thisway the
key closureinvariantsareclearlypreserved.

Smarteragentsand smartermanagementof failures, for instancewith time-
outs,alarmsandalarmpropagation,or morebrutishmanagementwith checkpoints
andbackups,might be interestingin a richer time-consciousframework, e.g., in
robotics [17], distributed systemdesign,or transactionmodels[2]. Anyway, it
still remainsto beseenif onecanwrite down a correctsetof reversedinteractions
andwe havenÕt checked all thedetails.Sucha setwould somehow internalizethe
cleanupproceduredescribedabove, andescapedeadlocks,while keepingtheagent
reasonablydumbassuitsa formal biologicalmodel.

7 Frommκ-calculus to π-calculus

In thisfinal sectionwe begin with a brief introductionto π-calculus[20], andthen
detail the compilationof mκ-calculus. Our compilationis Òprotein-centricÓ,that
is to sayproteinsaretranslatedasprocesseswhosebehaviour is obtainedfrom all
the interactionsthey participateto. This is in line both with RegevÕs direct repre-
sentationsof variousbiological pathways[23, 26], andwith the secondencoding
providedin a precedingpaperdealingwith a multiset-basedversionof κ [7].
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7.1 The π-calculus

Theπ-calculususesthreecountablesets:

• names, N , rangedover by x, y, z, . . .

• agent names, rangedover by A, B, . . .

• variables X, Y , Z, . . .

As usual,weaddresstupleswith ũ andwrite {ũ} for thecorrespondingset.Weuse
a π-calculusextendedwith naturalnumberswherewe distinguishthreesyntactic
categories,values written u, matches written M , and processes written P . The
grammaris detailedbelow.

u := n | x | X values
M := [u = u] | M M matches
P := 0 | τ.P | x (X̃).P | x 〈ũ〉.P | P + P processes

P | P | M P ; P | (x)P | A(X̃)

Valuesarenaturalnumbers,names,andvariables.Variablesrepresentformal pa-
rameters,andsometimes,whenthecorrespondingparameteris a name,wesimply
usea nameratherthana variable. Matchesaresequencesof equalitiesbetween
values. A processcan be the inert process0, a processperformingan internal
move, an input x (X̃).P , an output x 〈ũ〉.P , a choice,a parallel composition,a
matchguardingtwo processes,a restrictedprocessof the form (x)P where(x) is
theÒnewÓoperatorthat limits thescopeof x to P , or an agentinvocationA(ũ), in
which casewe askfor a uniqueequationA(X̃) := P defining A. Restrictionsbind
names,that is (x) in (x)P bindsthenamex wherever it is free in P andlikewise,
input andagentdefinition bind variables,that is x (X̃).P andA(X̃) := P bind the
freeoccurrencesof thevariablesX̃ in P . Namesandvariablesthatarenot bound
arecalledfree asusualandwe write fn(P ) for thesetof suchnamesandvariables
in P aswedid in κ.

Table8 collectsthesemanticsof π-calculus,exceptfor thesymmetricformsof
rules(SUM) and(PAR) whichareomitted.Thesemanticsis describedasatransition
systemon syntacticprocesseswith transitionslabelledby certainactions. As can
beinferredfrom Table8, actions,written µ, areof threetypes:internal actionsτ ,
inputs x (Ỹ ) andoutputs (ỹ)x 〈ũ〉. When(ỹ) is not emptyin anoutputaction,one
saysit is a bounded output. This tuple of names̃y representsthe boundednames
that theprocessis exporting to thecontext. Boundedoutputs,(ỹ)x 〈ũ〉, generated
by thetransitionsabove all satisfy:1) ỹ ⊆ ũ and2) x '∈ ỹ. Onedefines:

fn(τ ) = ∅ bn(τ ) = ∅
fn(x (Ỹ )) = {x} bn(x (Ỹ )) = {Ỹ }
fn((ỹ)x 〈ũ〉) = {x} ∪ (N ∩ {ũ} ∩ {ỹ}c) bn((ỹ)x 〈ũ〉) = {ỹ}

Rules(PAR), (COM), (NEW) and(OPEN) all haveside-conditionscontrollingbounded
outputandinvolving fn(µ) andbn(µ). Specifically, theseconditionsensurethat1)
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(TAU)

τ.P
τ−→ P

(INP)

x (Ỹ ).P
x (Ỹ )−→ P

(OUT)

no variableoccursin ũ

x 〈ũ〉.P x 〈ũ〉−→ P

(NEW)

P
µ−→ Q x '∈ fn(µ)

(x)P
µ−→ (x)Q

(OPEN)

P
(ỹ)x 〈ũ〉−→ Q z '= x z ∈ ũ \ {ỹ}

(z)P
(zỹ)x 〈ũ〉−→ Q

(SUM)

P
µ−→ P ′

P + Q
µ−→ P ′

(PAR)

P
µ−→ P ′ bn(µ) ∩ fn(Q) = ∅

P | Q
µ−→ P ′ | Q

(MATCH)

P
µ−→ Q

[u = u] P ; R
µ−→ Q

(MISMATCH)

R
µ−→ Q u '= u′

[u = u′] P ; R
µ−→ Q

(COM)

P
(ỹ)x 〈ũ〉−→ P ′ Q

x (Ỹ )−→ Q′ {ỹ} ∩ fn(Q) = ∅

P | Q
τ−→ (ỹ)(P ′ | Q′{ũ/Ỹ })

(APP)

P{ũ/X̃} µ−→ Q

A(ũ)
µ−→ Q

Table8: Operationalsemanticsof theπ-calculus.

theexportedboundednamesdonÕt captureany variableswhenthey finally appear
in the right handsideof the conclusionof rule (COM), 2) onedoesnÕt sendon a
boundname.

Theserules are standard,except for (OUT) whereagentx 〈ũ〉.P may go to
stateP with a reductionlabeledx 〈ũ〉 only if it carriesvaluesthatarenumbersor
channels.Onecannotsenda variable.

7.2 The translation ofmκ-calculus

Thetranslationin π-calculus,written [[ · ]]π, isfirst definedon interfaces:

[[1u1,m1 + · · · + nun,mn ]]π = u1,m1, k1, . . . , un,mn, kn

with ki = 0 if ui ∈ {h, v}, ki = 1 if ui ∈ G, andki = 2 if ui ∈ E .
Interfacesareencodedastuples,the stateof eachsite correspondingto three

elementsin thetuple: thestateof thefirstsiteis encodedby thefirst threeelements,
thatof thesecondwith thenext three,andsoon.

Thereadermightwonderwhy oneneedsto encodeatypeinformationki in the
stateof site i. This technicalityreflectsthe fact that the mκ notion of matching
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implicitly checksthetype.For instanceif:

s = (x)(A(ix), B(jx)) → A(i), B(j)
S = A(ir), B(jr)

andr ∈ G, x ∈ E , thenthereisnÕt a matchbetweenS andthes left handside.To
prevent a matchin the translationin π-calculusof this situation,onewill dynam-
ically typecheckthenamescarriedby thecorrespondingprocessesA, B (inserting
matchesof the form [X3i+ 2 = ki] and [Y3j+ 2 = kj ] at suitableplaces,seethe
encodingbelow) and in order to do this, one hasto make this type information
availableto theprocesses.

Theencodingextendsnaturallyto solutions:

[[A(θ)]]π = A([[θ]]π)
[[S,T]]π = [[S]]π | [[T]]π
[[(x)(S)]]π = (x)([[S]]π)

whereA(X̃) is definedas:

A(X̃) :=
∑

A(θ)∈Lr ∈R 0

rA(θ) (X̃) +
∑

A∈R0→R∈R1

τ.(sR | A(X̃))

NotationA(θ) ∈L r meansthatA(θ) is a reactantin the interactionr. Likewise,
A ∈R r meansthat someproductof r hasnameA. The left andright sumsare
indexed by disjoint setsof interactions:R0 is thesubsetof interactionsin R with
nonemptyleft handsides,while R1 is thecomplementsubsetof interactionswith
emptyleft handsides.

To completethe definition of the translation,it remainsto define the parame-
terizedprocessesrA(θ) (X̃) andsR. In orderto do this conveniently, wefirst setup
somenew notations.

7.2.1 Filters

Given a partial extendedinterfaceθ, anda tupleof variablesX̃, [X̃ = θ] denotes
thefollowing sequenceof matches,for i ∈ dom(θ):
Ñ [X3i = h][X3i+ 1 = m][X3i+ 2 = 0], if θ(i) = h,m;
Ñ [X3i = v][X3i+ 1 = m][X3i+ 2 = 0], if θ(i) = v,m;
Ñ [X3i+ 1 = m][X3i+ 2 = 1], if θ(i) = r,m, andr ∈ G;
Ñ [X3i+ 1 = m][X3i+ 2 = 2], if θ(i) = x,m, andx ∈ E ;
Ñ [X3i = X3j ], if θ(i) = u,m, θ(j) = u, n, andu ∈ G + E .

Onehasto supposethatX̃ haslengthgreaterthan3× max {dom(θ)} + 2,
Thefilter matchescheckwhetheror not a proteinmay participatein an inter-

action.In particular, thematcheswill verify thatlogshave theright value,whether
a site is visible, hidden,carriesa groupname,or carriesanedgename,andlastly
(item 5) whethertwo occurrencesof a samenamein the interfacearethesamein
thetuple.
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Oneneedsalsoa binaryanalogof thisfirstfilter operator.
Given two partialextendedinterfaces,θ andψ, andtwo tuplesof variables,̃X

andỸ , of suitablelength,[X̃, Ỹ = θ, ψ] denotesthesequenceof matches[X3i =
Y3j], for all i ∈ dom(θ), j ∈ dom(ψ), suchthat θ(i) = u,m, ψ(j) = u, n, and
u ∈ G + E .

Thebinaryfilter operatorproducesaseriesof matchesthatcross-checkwhether
nameswhich areidenticalin θ andψ, arealsoidenticalinX̃ andỸ .

7.2.2 Updates

Finally, oneneedsto implementthe effect of an interactionon an extendedinter-
face,asspecifiedby thepartialextendedinterfacesin its products.

Given threepartialextendedinterfacesθ, ψ andθ′, a setof names̃x in E , such
that:
Ñ 1) fn(θ′) ⊆ fn(θ) ∪ fn(ψ) ∪ x̃,
Ñ 2) x̃ ∩ fn(θ) = x̃ ∩ fn(ψ) = ∅,
and two tuplesof variablesX̃ , Ỹ of appropriatelengths,one definesa tuple of
values, X̃ ← θ′, of thesamelengthasX̃, as follows:
Ñ X3i,X3i+ 1,X3i+ 2, if i '∈ dom(θ);
Ñ ε,m, 0, if θ′(i) = ε,m with ε ∈ {h, v};
Ñ x,m, 2, if θ′(i) = x,m andx ∈ x̃;
Ñ X3j ,m, τ if θ′(i) = u,m, θ(j) = u, n, with τ = 1 (2) if u ∈ G (E);
Ñ Y3j,m, τ if θ′(i) = u,m, ψ(j) = u, n, with τ = 1 (2) if u ∈ G (E);

Theinterfacesθ, ψ representinterfacesin theleft handsideof someinteraction,
while theinterfaceθ′ representthe interfaceof someagenton theright handside,
andx̃ standsfor creatededges.

This definition is a bit peculiar in that the last two clausesare ambiguous.
ThereisnÕt a uniquetuple satisfyingthem,because,for instance,onecould have
θ′(i) = u,m, θ(j) = u, n andθ(k) or ψ(k) = u, p. But it doesnÕt matterhow one
resolves this choice,sincewhenthereis ambiguity, all optionsleadto processes
behaving identically. The notationX̃ ← θ′ doesnÕt mention the other needed
parameters,θ, ψ, x̃, andỸ , but thesewill beclearfrom thecontext.

Note also that exactly the sitesthat are referredto in the interfaceθ′ of the
productaremodified(seefirst clause).

7.2.3 The processes rA(θ) (X̃) and sR.

Below weassumethatevery binarymonotonicinteractionr, thatis any monotonic
interactionwith two reactants,hasa uniqueassociatednameυr . This namerep-
resentsthe capacityof the agentsto interactthroughtheir visible sites. We know
thesesitesexist by definition of monotonicinteractions.

Again for suchbinary mκ-interactions,we chooseoneagentto be translated
asa sender, andoneasa receiver. This, of course,is anartefact of the translation
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whichhasnocounterpartin mκ andonly comesfrom thefactthatthecommunica-
tion modelof π-calculusis asymmetric.In thespecific casewhereboth reactants
areexactly thesameagent,thenwegive to both thesumof thesendingandreceiv-
ing behaviours.

We now enumerateall casesof interactionsfollowing the total numberof
agentsinvolved,reactantsandproducts:thereare4 agentsinvolved in case1Ð2,3
in case3Ð4,andat most2 in case5Ð8.Eachtime thecorrespondingcontributions
rA(θ) (X̃) or sR to thebehaviour of thereactantsis given.

Case 1: r = A(θ), B(ψ) → (x̃)(A(θ′), B(ψ′)), we take A to assumetherole of
the senderon υr . Eachagentverifiesthat its own currentinterfaceis compatible
with theinteraction;thenagentA sendstwo new nameson thereactionchannel,z
for success,andz′ for reset,togetherwith its own interfacerepresentedbyX̃; the
otheragentB is in chargeof verifying whetherA andB areproperlyconnectedand
usesthematchingoperatorto do this.

rA(θ) (X̃) := [X̃ = θ]
(zz′)(υr 〈X̃, z, z′〉.
(z (x̃, Ỹ ).A(X̃ ← θ′) + z′ ().A(X̃)))

rB(ψ) (Ỹ ) := [Ỹ = ψ]
υr (Z̃, z, z′).[Z̃, Ỹ = θ, ψ]
(x̃)(z 〈x̃, Ỹ 〉.B(Ỹ ← ψ′)) ; z′ 〈〉.B(Ỹ )

If the connectionis asit shouldbe in r, thenB createsthe new edges̃x andsend
themon the successchannelto A. B alsosendsits own interface,in case(group)
namesthereinareneededto updatetheinterfaceof A. Thereforebothagentsupdate
their interfaces. If the connectiondoesnot matchwith r, thenB sendsthe reset
signalandbothagentsreturnto their precedingstate.

Case 2: r = (x̃)(A(θ), B(ψ)) → A(θ′), B(ψ′), by definition of an antimono-
tonic interaction,reactantsareconnected,andthereforethereexists i, j suchthat
θ(i) = x,m, ψ(j) = x, n andx ∈ E . We usethis namex asa channelthrough
which the interactionis triggeredandthereforein this casethereis no needof a
nameassociatedto the reactionandit is enoughto sendsomeinteger 7r8 coding
for thereaction.

rA(θ) (X̃) := [X̃ = θ]
(zz′)(X3i 〈7r8, X̃ , z, z′〉.
(z (Ỹ ).A(X̃ ← θ′) + z′ ().A(X̃)))

rB(ψ) (Ỹ ) := [Ỹ = ψ]
Y3j (n, Z̃, z, z′).[n = 7r8][Z̃, Ỹ = θ, ψ]
z 〈Ỹ 〉.B(Ỹ ← ψ′) ; z′ 〈〉.B(Ỹ )
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We observe that the binders(x̃)(·) in the left handsideof r arenot encoded
in π-calculus. By the third clauseof definition 7, thesenamesmay only be edge
namesin E , andsinceall mκ-solutionsaresupposedto begraph-like, thesenames
mayonly occurin theagentsA(θ) andB(ψ). Therefore,by definition of [[ ·]]π, they
only occurin A(X̃) andB(Ỹ ) andonedoesnÕt needto testwhetherthesenamesare
private.(Whichis fortunatesinceit seemsveryunlikely thatthis is possible.)Thus,
theedgesdeletionsperformedby r aremimicked in theprocessesby theerasings
doneby theupdatesX̃ ← θ′ andỸ ← ψ′. Whatis not mimicked is theerasureof
thebinderitself x̃. Thecorrectnessof [[ · ]]π will beestablishedup to this garbage
collection.

Case 3: r = (x̃)(A(θ), B(ψ)) → A(θ′), this caseis analogto case2 exceptthat
thesuccessfulcontinuationB(Ỹ ← ψ′) in rB(ψ) (Ỹ ) is replacedwith 0.

Case 4: r = A(θ) → (x̃)(A(θ′), B(ψ)). Sincethereis only oneagenton the
left, onedoesnÕt needa synchronisationanda τ move is enough.Recall that, by
the(synth)clause,theinterfaceψ is complete,so(thefirst clauseof thedefinition
of updatesnever appliesandtherefore)noneof theYj occurin B(Ỹ ← ψ), andthe
processdefinition below is well-defined:

rA(θ) (X̃) := [X̃ = θ] τ.(x̃)(A(X̃ ← θ′) | B(Ỹ ← ψ))

Case 5: r = A(θ) → (x̃)(A(θ′)), this caseis similar to theprecedingone:

rA(θ) (X̃) := [X̃ = θ] τ.(x̃)(A(X̃ ← θ′))

Case 6: r = (x̃)(A(θ′)) → A(θ), againthis caseis similar to theprecedingone:

rA(θ) (X̃) := [X̃ = θ] τ.(A(X̃ ← θ′))

Case 7: r = (x̃)(L) → 0, this caseis similar to case6 if there is only one
agentandcase3 if therearetwo of them;in bothcasesonejust hasto replacethe
successfulcontinuationA(X̃ ← θ′) with 0.

Case 8: r = 0 → R, in this casewe mustdefine theprocesssR. Therearetwo
subcases:either R = (x̃)(A(θ)) or R = (x̃)(A(θ), B(ψ)), whereθ and ψ are
complete.Accordingly, sR is definedas:

s(x̃)(A(θ)) := (x̃)(A(X̃ ← θ))
s(x̃)(A(θ),B(ψ)) := (x̃)(A(X̃ ← θ) | B(Ỹ ← ψ))
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7.3 Examples

In this subsection,we review threeexamplesillustrating variousaspectsof the
translationexplainedabove. Let usconsiderfirst thefollowing ÒswapÓinteraction:

s = A(1r), B(1s) → A(1s), B(1r)

with r, s ∈ G, ands(A) = s(B) = 1. This interactionsatisfiesdefinition 7 but it is
not monotonicor antimonotonicbecausenoneof the sidesis connected.We will
modifiy it to be monotonicjust below. As it is, therespective contributionsof s to
thebehaviour of theprocessesA andB are:

sA(1r) (X0,X1,X2) := [X1 = 0][X2 = 1](z0z1)
υs 〈X0,X1,X2, z0, z1〉.
(z1 (Y0, Y1, Y2).A(Y0, 0, 1) + z0 ().A(X0,X1,X2))

sB(1s) (Y0, Y1, Y2) := [Y1 = 0][Y2 = 1]
υs (X0,X1,X2, z0, z1).[∅]
(z1 〈Y0, Y1, Y2〉.B(X0, 0, 1) ; z0 〈〉.B(Y0, Y1, Y2))

No cross-checkis neededin thiscase,hencetheemptymatch[∅], but eachprocess
needsthenamecarriedby theother.

As said,by introducinga slight variationon this interaction:

s′ = A(1r + 2), B(1s + 2) → (x)(A(1s + 2x), B(1r + 2x))

with x ∈ E , r, s ∈ G, and s(A) = s(B) = 2, we obtain a monotonicmκ-
interaction.Thecorrespondingtermsin A andB now become:

[X1 = 0][X2 = 1][X3 = v][X4 = 0][X5 = 0](z0z1)
υs′ 〈X0, z0, z1〉.
(z1 (x, Y0).A(Y0, 0, 1, x, 0, 2) + z0 ().A(X0,X1,X2,X3,X4,X5))

[Y1 = 0][Y2 = 1][Y3 = v][Y4 = 0][Y5 = 0]
υs′ (X0, z0, z1).[∅]
((x)(z1 〈x, Y0〉.B(X0, 0, 1, x, 0, 2)) ; z0 〈〉.B(Y0, Y1, Y2, Y3, Y4, Y5))

We have slightly shortenedthe translationby only sendingrelevant names:x, Y0
from B to A andX0 from A to B, andnot the logs and type indications. This is
somethingwhich canalwaysbedone.

As a last example, let us illustrate the cross-checkingpart of the encoding.
Considerthefollowing antimonotonicÒunbindÓreaction:

r = (x)(A(1x,3), B(1x,3)) → A(1), B(1)
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wherex ∈ E , s(A) = s(B) = 1. Sendingtheonly relevantname,hereX0, as we
did in theprecedingexample,wefind thecorrespondingcontributionsin A andB:

[X1 = 3][X2 = 2](z0z1)
υr 〈X0, z0, z1〉.(z1 ().A(v, 0, 0) + z0 ().A(X0,X1,X2))

[Y1 = 3][Y2 = 2]
υr (X0, z0, z1).[X0 = Y0](z1 〈〉.B(v, 0, 0) ; z0 〈〉.B(Y0, Y1, Y2))

And here,in contrastwith thetwo precedingexamples,oneseesthatB hasto verify
whetherhis x is the sameasAÕs x, a taskwhich is performedby the cross-check
[X0 = Y0].

7.4 Observations and Correctness

To conclude,we statethecorrectnesspropertiesof our encoding.
Given a set of mκ-interactionsR, let us write A(θ) ↓R r if r is a binary

monotonic interactionin R, and A(θ) matchesone of the reactantsof r. This
observation relationextendsto arbitrarymκ-solutionsasfollows:

S,T ↓R r if S ↓R r or T ↓R r
(x)(S) ↓R r if S ↓R r

Suchobservationsareoftencalledbarbs.
Let uswrite P → Q to abbreviateP

τ−→ Q, anddenotethetransitive closure
of → by →!. We alsodefinebarbson theπ-calculusside:

P ↓ x := ∃QP
µ−→ Q

whereµ is an input or an output actionon a namex.
Finally, let ≡ be the usualleastcongruenceover π-calculusclosedunderre-

namingof boundvariables(α-equivalence),makingÒ| Óassociative andcommu-
tative with 0 asneutralelement,andsatisfyingthescopelaws:

(x)(y)P ≡ (y)(x)P,
(x)P ≡ P if x '∈ fn(P ),
(x)P | Q ≡ (x)(P | Q) if x '∈ fn(Q)

Recallthatυr is thenameassociatedto a binarymonotonicinteractionr.

Theorem 6 Let (S ,→) be an mκ-system, and S be a closed mκ-solution:

1. if [[S]]π ↓ x then x = υr for some binary monotonic interaction r;

2. S ↓R r if and only if [[S]]π ↓ υr;

3. if S → T then [[S]]π →∗≡ [[T]]π;
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4. if [[S]]π →∗ Q, then there exists T such that Q →∗≡ [[T]]π, and S →∗ T.

Proof: (Sketch)Onehasto supposethatS is closedin ordernot to observe theedge
names(seetheX3i, Y3j in case2). Thatsaid,points1, 2 areobvious.

Onealsohasto supposeS to be graph-like (which is the default assumption
sincetheendof section5) elseonehasproblemswith ÒnewsÓon theleft handside
(seethediscussionat theendof case2).

Points3 and4 areproved by establishingthatfor any Q suchthat[[S]]π →! Q,
therearethreepossiblekindsof transitions:eithera pair of processes(on a public
channelυr or aprivatechannelX3i) goingto anÒunstableÓstatewhereoneof them
cross-checksboth interfaces,or a successsignal(on a privatez channel)wherean
interactionis finalized,or a failuresignal(on a privatez′ channel)wherea pair of
processesrolls backto a previousstate.!

This theoremis morepowerful thanthecorrespondingresultfor theencoding
of κ-calculusinto mκ-calculus. Specifically, item 4 ensuresthat no deadlockis
introducedby theencodingof the rules. Besides,item 2 mesheswell with the in-
tuition that onecannotobserve an antimonotonicinteractionwhich is an internal
event. An easyconsequenceof all itemstogether, is the weakbarbedbisimilar-
ity [20] of S and[[S]]π.

8 Conclusion

We have presenteda coarse-grainedcalculusof proteinsand worked out a for-
malizationof the lactoseoperonillustrating theeaseandtheprecisionwith which
our languagecandescribeproteininteractionsandsimilar basiceventsof biolog-
ical systemssuchassynthesisandeven metabolitetransformation.The process-
algebraicnotationwhich we choose,with its explicit edgeresidualsandbuilt-in
treatmentof namegenerationseemselegant enoughif one comparesit with a
graph-basedformalism and in particularallows for a cleandefinition of the no-
tion of monotonicreaction.

As adynamicannotationlanguageκ mightbeusefulfor thedifferentpurposes
of archiving, playingandcomparingmodels.But beyondits representationalabili-
ties,κ alsohasanimportantstructuralpropertywhichwecalledself-assembly, and
we have madethis a theorem.Namelythat thereis a finer-grainedcalculuswith
only binary interactionsandvery limited additional local structurein which one
canencodethecoarser-grainedκ-reactions.Herethenotationalinvestmentreally
paysoff andlet thesimplicity of theencodingbeseenthroughthesyntax.

Yet, anddespiteits spartansyntax,thefiner-grainedcalculusmight still seem
to endow agentswith too much intelligenceto be biologically meaningful,and
onemight well wonderif our effort to explain the high-level reactionsby incor-
poratingthemin theproteinshasnot led uscontemplatingunrealisticallytalented
proteins. We donÕt think so. Oneway of understandingthe combinatorialpower
of the agents,which is not enormousanyway, is to seeit asa digital translation
of thecombinatoricsthat trueproteinshave, becausethey areembeddedin space.
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Forward engineeringof biological systemsfocuseson the analysisandconstruc-
tion of the basiccomponentsone can engineerin biological systems[14]. Our
self-assemblyresultseemsa valuablestepin understandinganother aspectof bio-
computingthatis how in aworld whereasynchrony is thenorm,by usinglow-level
binary synchronizationeventsasbuilding blocks,onecanengineerarbitrarysyn-
chronizations.
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