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Abstract

We propose a calculus of local equations over one-way measurement
patterns [1], which preserves interpretations, and allows the rewriting of
any pattern to a standard form where entanglement is done first, then
measurements, then local corrections. We infer from this that patterns
with no dependencies, or using only Pauli measurements, can only realise
unitaries belonging to the Clifford group.

1 Introduction

The one-way model centres on 1-qubit measurements as the main ingredient of
quantum computation [1, 2, 3], and is believed by physicists to lend itself to
easier implementations [4, 5, 6, 7, 8, 9]. During computations, measurements
and local corrections are allowed to depend on the outcomes of previous mea-
surements.

We first develop a notation for such classically correlated sequences of entan-
glements, measurements, and local corrections. Computations are organised in
patterns, and we give a careful treatment of the composition and tensor product
(parallel composition) of patterns. We show next that such pattern combina-
tions reflect the corresponding combinations of unitary operators. An easy proof
of universality follows.

So far, this constitutes mostly a work of clarification of what was already
known from the series of papers introducing and investigating the properties of
the one-way model [1, 2, 3]. However, we work here with an extended notion
of pattern, where inputs and outputs may overlap in any way one wants them
to, and this obtains more efficient - in the sense of using fewer qubits - imple-
mentations of unitaries. Specifically, our universal set consists of patterns using
only 2 qubits. From it we obtain a 3 qubits realisation of the R, rotations and
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a 14 qubit realisation for the controlled-U family: a significant reduction over
the known implementations.

However, the main point of this paper is to introduce alongside our notation,
a calculus of local equations over patterns that exploits the fact that 1-qubit
ry-measurements are closed under conjugation by Pauli operators. We show
that this calculus is sound in that it preserves the patterns interpretations.
Most importantly, we derive from it a simple algorithm by which any general
pattern can be put into a standard form where entanglement is done first, then
measurements, then corrections.

The consequences of the existence of such a procedure are far-reaching. First,
since entangling comes first, one can prepare the entire entangled state needed
during the computation right at the start: one never has to do “on the fly” en-
tanglements. Second, since local corrections come last, only the output qubits
will ever need corrections. Third, the rewriting of a pattern to standard form re-
veals parallelism in the pattern computation. In a general pattern, one is forced
to compute sequentially and obey strictly the command sequence, whereas after
standardisation, the dependency structure is relaxed, resulting in lower depth
complexity. Last, the existence of a standard form for any pattern also has
interesting corollaries beyond implementation and complexity matters, as it fol-
lows from it that patterns using no dependencies, or using only the restricted
class of Pauli measurements, can only realise a unitary belonging to the Clifford
group.

Acknowledgements: Elham Kashefi wishes to express her gratitude to Quentin
for letting her collaborate with his father, Vincent Danos, during their stay in
Canada. Prakash Panangaden wishes to express his gratitude to EPSRC for
supporting his stay in Oxford where this collaboration began.

2 Measurement Patterns

We first develop a notation for 1-qubit measurement based computations. The
basic commands one can use in a pattern are:

e 2-qubit entanglement operators F;;
e 1-qubit measurements M
e and 1-qubit Pauli corrections X, Z;

The indices i, j represent the qubits on which each of these operations apply,
and « is a parameter in [0, 27]. These three types of command will be refered to
as F/, M and C'. Sequences of such commands, together with two distinguished
—possibly overlapping— sets of qubits corresponding to inputs and outputs,
will be called measurement patterns, or simply patterns. These patterns can be
combined by composition and tensor product as we will see.

Importantly, corrections and measurements are allowed to depend on previ-
ous measurement outcomes. We shall prove later that patterns without those
classical dependencies can only realise unitaries that are in the Clifford group.
Thus dependencies are crucial if one wants to define a universal computing
model (that is to say, a model where all unitaries over ®"C? can be realised),
and it is also crucial to develop a notation that will handle these dependencies.
This is what we do now.



2.1 Commands

The entanglement commands are defined as F;; := AZ;;, while the correction
commands are the Pauli operators X, and Z,.

A 1-qubit measurement command, written M, is given by a pair of com-
plement orthogonal projections, on:

o) = (0 + 1)) (1)
o) = —=(10) — e 1)) (2)
@ . \/5

where the parameter « is called the angle of the measurement. Fora =0, a = 3,
one obtains the X and Y Pauli measurements. Operationally, measurements
will be understood as destructive measurements, consuming their qubit. The
outcome of a measurement done at qubit ¢ will be denoted by s; € Zs. Since
one only deals here with patterns where qubits are measured at most once (see
condition (D1) below), this is unambiguous. We take the specific convention
that s; = 0 if under the corresponding measurement the state collapses to |[+4),
and s; = 1 if to |—q).

Outcomes can be summed together resulting in expressions of the form s =
> icr 8i which we call signals, and where the summation is understood as being
done in Zy. We define the domain of a signal as the set of qubits it depends on.

As said, both corrections and measurements may depend on signals. De-
pendent corrections will be written X and Z7, and dependent measurements
will be written ‘[M?]*, where s and ¢ are signals. The meaning of dependen-
cies for corrections is straightforward: X? = Z? = I (no correction is applied),
while X! = X, and Z}! = Z,. In the case of dependent measurements, the
measurement angle will depend on s and ¢ as follows:

T 3)

so that, depending on the parities of s and ¢, one may have to modify the « to
one of —a, a + 7 and —a + m. These modifications correspond to conjugations
of measurements under X and Z:

X;MPX;, = M ° (4)
ZiMPZ; = MoF™ (5)

and so we will refer to them as the X and Z-actions. Note that these two actions
are commuting, since —a+ 7 = —a — 7 up to 27, and hence the order in which
one applies them doesn’t matter.! As we will see later, relations (4) and (5) are
key to the propagation of dependent corrections, and to obtaining patterns in
the standard entanglement, measurement, correction form. Since measurements
considered here are destructive ones, the above equations actually simplify to
M#X; = M;, and M8 Z; = M.

Another point worth noticing is that the domain of the signals of a dependent
command, be it a measurement or a correction, represents the set of measure-
ments which one has to do before one can determine the actual value of the
command.

1Should one extend the basic model with other local corrections, which is perfectly possi-
ble, one would have to include in measurement dependencies their corresponding actions on
measurement angles.



We have completed our catalog of basic commands, including dependent
ones, and we turn now to the definition of measurement patterns.

2.2 Patterns

Definition 1 Patterns consists of three finite sets V', I, O, together with two
injective maps v : I — V and o : O — V and a finite sequence of commands
A, ... A applying to qubits in V' such that:

(DO0) no command depends on an outcome not yet measured;
(D1) no command acts on a qubit already measured;

(D2) a qubit i is measured if and only if i is not an output.

The set V is called the pattern computation space, and we write $y for the
associated quantum state space ®;cyC2. To ease notation, we will forget alto-
gether about the maps ¢ and o, and write simply I, O instead of +(I) and o(O).
Note however, that these maps are useful to define classical manipulations of
the quantum states, such as permutations of the qubits. The sets I, O will be
called respectively the pattern inputs and outputs, and we will write H7, and
9o for the associated quantum state spaces. The sequence A, ... A; will be
called the pattern command sequence, while the triple (V,I,0) will be called
the pattern type.

To run a pattern, one prepares the input qubits in some input state ) € 7y,
while the non-input qubits are all set in the |4) state, then the commands are
executed in sequence, and finally the result of the pattern computation is read
back from outputs as some ¢ € $Hp. Clearly, for this procedure to succeed, we
had to impose the (D0), (D1) and (D2) conditions. Indeed if (DO0) fails, then
at some point of the computation, one will want to execute a command which
depends on outcomes that are not known yet. Likewise, if (D1) fails, one will
try to apply a command on a qubit that has been consumed by a measurement
(recall that we use destructive measurements). Condition (D2) is there to make
sure that the final state belongs to the output space $o, i.e., that all non-output
qubits, and only them, will have been consumed by a measurement when the
computation ends.

Starting now we will write (D) for the conjunction of our three definiteness
conditions (D0), (D1) and (D2). Whether a given pattern verifies (D) or not
is statically verifiable on the pattern command sequence. Here is a concrete
example:

H = ({L 2}’ {1}5 {2}7X251M10E12)

with computation space {1, 2}, inputs {1}, and ouputs {2}. To run $), one first
prepares the first qubit in some input state v, and the second qubit in state
|+), then these are entangled to obtain AZj2(¢1 ® |+)2). Once this is done,
the first qubit is measured in the |+), |—) basis. Finally an X correction is
applied on the output qubit, if the measurement outcome was s; = 1. We will
do this calculation in detail later, and prove that this pattern implements the
Hadamard operator H.

In general, a given pattern may use auxiliary qubits which are neither inputs
nor outputs qubits. Usually one tries to use as few of them as possible, since
these participate to the space complexity of the computation.



A last thing to note, is that one does not require inputs and outputs to be
disjoint subsets of V. This seemingly innocuous additional flexibility is actually
quite useful to give parsimonious implementations of unitaries [10]. While the
restriction to disjoint inputs and outputs is unnecessary, it has been discussed
whether imposing it results in patterns which are easier to realise physically.
Recent work [11, 6, 7] however, seems to indicate it is not the case.

2.3 Pattern combination

We are interested now in how one can combine patterns into bigger ones.

The first way to combine patterns is by composing them. Two patterns 3,
and PBo may be composed if V1 N Vo = O1 = I,. Provided that 9B; has as many
outputs as P2 has inputs, by renaming the pattern qubits, one can always make
them composable.

Definition 2 The composite pattern PBoP1 is defined as:
*V2:V1UV2,1111, O:OQ,

— commands are concatenated.

The other way of combining patterns is to tensorise them. Two patterns 3; and
P2 may be tensorised if V1 NV, = @. Again one can always meet this condition
by renaming qubits in a way that these sets are made disjoint.

Definition 3 The tensor pattern Po @ P is defined as:
—V=WVuW, I=0LUIl, and O = Oy UQOs,
— commands are concatenated.

Unlike in the composition case, all unions involved here are disjoint. Therefore
commands from distinct patterns freely commute, since they apply to disjoint
qubits, and when we say that commands have to be concatenated, this is only
for definiteness.

It is routine to verify that the definiteness conditions (D) are preserved under
composition and tensor.

2.4 Standard patterns

One might want to subject patterns to a further condition:
(EMC) commands occur Es first, then Ms, then Cs.

This last condition (EMC) is of a completely different nature. Patterns not
respecting it will be called wild. Later on, we will introduce the measurement
calculus and show a simple rewriting procedure turning any given wild pat-
tern into an equivalent one which is in (EMC) form. We call this procedure
standardisation, and also say that a pattern meeting the (EMC) condition is
standard.

Before turning to this matter, we need a clean definition of what it means for
a pattern to implement or to realise a unitary operator, together with a proof
that the way one can combine patterns is reflected in their interpretations. This
is key to our proof of universality.



3 Running a pattern

Besides quantum states which are non-zero vectors in some $)y/, one needs a
classical state recording the outcomes of the successive measurements one does
in a pattern. So it is natural to define the computation state space as:

S = UV,W 57)‘/ X ng

where V', W range over finite sets. In other words a computation state is a pair
q, I', where ¢ is a quantum state and I" is a map from some W to the outcome
space Zs. We call this classical component I' an outcome map, and denote by
& the empty outcome map in Z? .

3.1 Commands as actions

We need a few notations. For any signal s and classical state I' € ZY, such
that the domain of s is included in W, we take sp to be the value of s given by
the outcome map I'. That is to say, if s = >, s;, then sp := >, I'(i) where the
sum is taken in Zy. Also if I' € ZY, and x € Zs, we define:

Ulz/i](i) = =, Tz/i](j) = T(j) for j # 1
which is a map in ngu{i}.
We may now see each of our commands as acting on the state space S:

Eyj

qal—‘ — /\ZZ]an

¢ 25 XirgT

T 25 zZigr
fmp)e .

q, r — <+ar |iqa F[O/Z]
e

QaF — <70¢F|1(LF[1/Z]

where ar = (=1)*Ta + tr7 following equation (3). Suppose ¢ € 9y, for the
above relations to be defined, one needs the indices i, 7 on which the various
command apply to be in V. One also needs I' to contain the domains of s and
t, so that sp and tr are well-defined. This will always be the case during the
run of a pattern because of condition (D).

All commands except measurements are deterministic and only modify the
quantum part of the state. The measurements actions on S are not determin-
istic, so that these are actually binary relations on S, and modify both the
quantum and classical parts of the state. The usual convention has it that when
one does a measurement the resulting state is renormalised, but we don’t adhere
to it here, the reason being that this way, the probability of reaching a given
state can be read off its norm, and the overall treatment is simpler.

We introduce an additional command called shifting:

S7 . .
¢ — ¢TIl +sp/i]

It consists in shifting the measurement outcome at ¢ by the amount sp. Note
that the Z-action leaves measurements globally invariant, in the sense that



[+atn)s |—atx) = |—a), [+ta). Thus changing « to o + 7 amounts to swapping
the outcomes of the measurements, and one has:

MP = SEOMET (6)

and shifting allows to dipose of the Z action of a measurement, resulting some-
times in convenient optimisations of standard forms.

3.2 Computation branches

Let 3 be a pattern with computation space V', inputs I, outputs O and com-
mand sequence A, ... A;. To run a pattern, one starts with some input state
q in 9, together with the empty outcome map @. The input state ¢ is then
tensorised with as many |+)s as there are non-inputs in V, so as to obtain a
state in the full space $y. Then commands in B are applied in sequence. We
can summarise the situation as follows:

)] ~ 90
2 prep g _AiAn VO
N XLy ———>= Oy XLy ———>= o X Ly

To make this precise, say there is a -branch from q € $H; to ¢’ € Ho, written
q —¢ ¢, if there is a sequence (¢;, ;) with 1 < i < n+ 1, such that:

@, l'1=q@|+...4),9
Gny1=q #0
and for all 4 <n: qi,l"i i> qi+1;Fi+1

thus —g is a binary relation on $r x $o. That it is a relation and not a map
reflects the fact that measurements a priori introduce non determinism in the
evolution of the quantum states.

Specifically, if k is the number of measurements in B (or equivalently the
number of non-outputs qubits), there are at most 2¥ branches in any given
computation, and therefore a given ¢ € §7 is in relation with at most 2% distinct
q' € $Ho. The probability of a branch is defined to be ||¢’[|%/]|q||? (¢ being always
assumed to be non zero). Indeed one has:

Yo P = el (7)

{d'la—xq'}

since any action is either a unitary, thus a norm-preserving action, or a measure-
ment which introduces a branching, and then if ¢ projects to qo and g1, under
some M, ||q]|* = ||qol|* + ||q1]|?; so that the relation above is always preserved.

Definition 4 One says the pattern 3 is deterministic if for all g € 91, ¢’ and
q" € Ho, whenever ¢ —g ¢ and ¢ —p ¢, then ¢ and ¢" only differ up to a
scalar.



Note that even when ‘B is deterministic, all branches might not be equally likely.
When B is deterministic, one defines a norm-preserving map Uy from 7 to Ho
by:

Upl) = |'|qq,'” ¢ (®)

Note that when ¢ —q ¢/, ¢’ # 0, so that the definition above always make sense.
Note also that because P is deterministic, this map depends on the choice of
q' only up to a global phase. One can further comment that since we took the
convention not to renormalise measurement results, we have to do here a global
renormalisation to define the pattern interpretation.

One says that a deterministic pattern P realises or implements Uy, or equiv-
alently that Uy is the interpretation of .

3.3 Short examples

First we give a quick example of a deterministic pattern that has branches with
different probabilities. Its type is V' = {1,2}, I = O = {1}, and its command
sequence is M5'. Therefore, starting with input ¢, one gets two branches:

(1+e7")q,2(0/2]

N [=

MQ
3(1—e™)q,2[1/2]

Thus this pattern is indeed deterministic, and implements the identity up to a
global phase, and yet the two branches have respective probabilities (1+cos «)/2
and (1 — cos «)/2, which are not equal in general.

There is an interesting variation on this first example. The pattern of inter-
est, call it T, has the same type with command sequence X;> MY FE;,. Again, T is
deterministic, and branches have different probabilities, as in the preceding ex-
ample, but now in addition these probabilities may depend on the input. The as-
sociated transformation is easier to describe as a cp-map, T'(p) := ApA*+ BpB*

with:
1 0 0 1
Y0

One has A*A + B*B = I, so T is indeed a completely positive and trace-
preserving linear map. In general, saying that ¥ is deterministic is equivalent
to saying that the associated cp-map T sends pure density operators to pure
ones, and it seems natural to call such cp-maps deterministic. In our example,
T is given by T(|¢)(]) = (,9)[0)(0], so T is indeed deterministic (in the
technical sense just defined), but clearly for no unitary U does one have T'(p) :=
UpU*. Although we will be mainly concerned with patterns realising unitary
embeddings, it is interesting to note that not all deterministic cp-maps are
actually liftings of unitary embeddings.

For our final example, we return to the pattern ), already defined above.
Let us consider for a start the pattern with same space {1, 2}, and same inputs
and outputs I = {1}, O = {2}, as §, but shorter command sequence M} E}».
Starting with input ¢ = (a|0) + b|1))|+), one has two computation branches,



branching at M}:

(al0) + b|1))[+), @ =2 2(al00) + al01) + b]10) — b[11)),
MO 3((a+0)[0) + (a —b)[1)), 2[0/1]

3((a=0)|0) + (a +0)[1)), 2[1/1]

and since |la + b||* + [|a — b]|*> = 2(]|al|® + [|b]|?), both transitions happen with
equal probabilities % Both branches end up with non proportional outputs, so
the pattern is not deterministic. However, if one applies the local correction X,
on either of the branches ends, both outputs will be made to coincide. If we
choose to let the correction bear on the second branch, we obtain the pattern
9, already defined. We have just proved H = Ug, that is to say $) realises the
Hadamard operator.

3.4 Composing, Tensoring and Interpretation

With our definitions in place, we first infer that pattern combinations correspond
to combinations of their interpretations. From this an easy structured argument
for universality will follow.

Recall that two patterns 1, P2 may be combined by composition provided
1 has as many outputs as Lo has inputs. Suppose this is the case, and suppose
further that 31 and Bs respectively realise some unitaries U; and Uy, then the
composite pattern PBoP; realises UsUs.

Indeed, the two diagrams representing branches in 3, and ‘Bs:

G, e > 90, Ly > 90,
p1 P2
1, ><Z2‘Z - 9y, ><Z2‘Z - 9o, X Z;/l\ol N1, XZQZ - 9y, XZQZ = 90, XZXZ\OZ

can be pasted together, since O; = Iy, and $Ho, = H,. But then, it is enough
to notice 1) that preparation steps py in Po commute with all actions in P,
since they apply on disjoint sets of qubits, and 2) that no action taken in
depends on the measurements outcomes in ;. It follows that the pasted dia-
gram describes the same branches as does the one associated to the composite
PBaPi.

A similar argument applies to the case of a tensor combination, and one has
that PBs ® P realises Uy @ U;.

The same holds even for non-deterministic patterns considered as imple-
menting cp-maps. But we will not be concerned with this generalised setting in
this paper.

4 Universality

Define the two following patterns on V = {1, 2}:

3(0&) = XSIMfaElg (9)
/\3 = E12 (10)



with I = {1}, O = {2} in the first pattern, and I = O = {1,2} in the second.
Note that the second pattern does have overlapping inputs and outputs.

Proposition 5 The patterns J(«) and A3 are universal.

First, we claim J(a) and A3 respectively realise J(a) and AZ, with:

1 eia
J(Oé) = % <1 _eia)

We have already seen in our example that J(0) = $ implements H = J(0),
thus we already know this in the particular case where e = 0. The general case
follows by the same kind of computation.? The case of AZ is obvious.

Second, we know that these unitaries form a universal set for @"C? [10]. There-
fore, from the preceding section, we infer that combining the corresponding
patterns will generate patterns realising any unitary in ®"C2. O

These patterns are indeed among the simplest possible. As a consequence,
in the section devoted to examples, we will find that our implementations have
often little space complexity.

Remarkably, in our set of generators, one finds a single measurement and a
single dependency, which occurs in the correction phase of J(«a). Clearly one
needs at least one measurement, since patterns without measurements can only
implement unitaries in the Clifford group. It is also true that dependencies
are needed for universality, but we have to wait for the development of the
measurement calculus in the next section to give a proof of this fact.

5 The measurement calculus

We turn to the next important matter of the paper, namely standardisation.
The idea is quite simple. It is enough to provide local pattern rewrite rules
pushing E's to the beginning of the pattern, and Cs to the end.

5.1 The equations

A first set of equations give means to propagate local Pauli corrections through
the entangling operator F;;. Because F;; = FEj;, there are only two cases to
consider:

E;X; = X;ZIE; (11)

These equations are easy to verify and are natural since E;; belongs to the
Clifford group, and therefore maps under conjugation the Pauli group to itself.

2Equivalently, this follows from J(a) = HP(a), with P(a) = <(1) e?o‘) and:

XSV M Eia = X5' MY P(a)1 E12 = HP(a)1.

10



A second set of equations give means to push corrections through measure-
ments acting on the same qubit. Again there are two cases:

MPPXT = M (13)
Mprzy = M) (14)

These equations follow easily from equations (4) and (5). They express the fact
that the measurements M are closed under conjugation by the Pauli group,
very much like equations (11) and (12) express the fact that the Pauli group is
closed under conjugation by the entanglements E;;.

Define the following convenient abbreviations:

(M) = (M), (M) = (MY, My = O[M,
M? = MZ-O, sz = Mf
Particular cases of the equations above are:

MIXP = MY

%

MYXE = (MY = MY = MYz

The first equation, follows from —0 = 0, so the X action on M}’ is trivial; the
middle equation, second row, is because —7 is equal 5 + m modulo 27, and

therefore the X and Z actions coincide on M. So we obtain the following:
P = My (15)
) = oMY (16)

which we will use later to prove that patterns with measurements of the form
M?* and MY may only realise unitaries in the Clifford group.

5.2 The rewrite rules

We now define a set of rewrite rules, obtained by directing the equations above:
Eij ZZS = 77 Eij EZ
= Mt MX

(M) X7
MepEzr = TTHMP MZ

t

‘[
to which we need to add the free commutation rules, obtained when commands
operate on disjoint sets of qubits:

where k represent the qubits acted upon by command A, and are supposed to
be distinct from ¢ and j.

Condition (D) is easily seen to be preserved under rewriting.

Under rewriting, the computation space, inputs and outputs remain the
same, and so are the entanglement commands. Measurements might be mod-
ified, but there is still the same number of them, and they are still acting on
the same qubits. The only induced modifications concern local corrections and
dependencies. We also take due note that these equations only propagate de-
pendencies. If there was none at the start, none will be created in the rewriting
process.

11



5.3 Standardisation

Write B = P, respectively P =* P, if both patterns have the same type, and
one obtains B’’s command sequence from PB’s one by applying one, respectively
any number, of the rules above. Say B is standard if for no ', B = P'.

Because all our equations are sound, one has that whenever 8 =* ', and
both patterns are deterministic, then Up = Ugy.

One can show by a standard rewriting theory argument, that for all ‘B3, there
exists a unique standard 3’ such that P8 =* P’, and moreover 3’ satisfies the
(EMC) condition. Reaching the standard form takes at most quadratic time in
the number of commands in ‘B. Details are given in the appendix.

5.4 Signal shifting

One can extend the calculus to include the shifting command S!. This allows
one to dispose of dependencies induced by the Z-action, and obtain sometimes
standard patterns with smaller depth complexity, as we will see in the next
section devoted to examples.

) = SR (17)
X3St = sixsltte/ed (18)

s qt t 7slt+si/si]
Z:S; = SiZ; (19)
t[MJ{Jz]sSZ - SZ“ tir+si/s:) [Mfz]s[rJrsi/si] (20)

where s[t/s;] denotes the substitution of s; with ¢ in s, s, ¢ being signals. The
first additional rewrite rule was already introduced as equation (6), while the
other ones are merely propagating the signal shift. Clearly also, one can dispose
of S! when it hits the end of the pattern command sequence. We will refer to
this new set of rules as =g.

6 Examples

In this section we develop some examples illustrating both pattern composition,
pattern standardisation, and signal shifting. We compare our implementations
with the implementations given in the reference paper [3]. To combine patterns
one needs to rename their qubits as we already noticed. We use the following
concrete notation: if P is a pattern over {1,...,n}, and f is an injection, we
write B(f(1),..., f(n)) for the same pattern with qubits renamed according to
f. We also write 2 o 3 for pattern composition to ease reading.

Teleportation.

Consider the composite pattern J(53)(2,3) o J(a)(1,2) with computation space
{1,2,3}, inputs {1}, and outputs {3}. We run our standardisation procedure
S0 as to obtain an equivalent standard pattern:

- X352 My P B3 X3 M7 “Eyy
=px  X32My X5 Z5 M7 Eys By

=mx X3°Z3 [Mgﬁ]sleaE23E12

3(8)(2,3) 0 J(a)(1,2)

12



Let us call the pattern just obtained J(a, 3). If we take as a special case o =
6 =0, we get:
X32Z3 MG MY Egs Ero

and since we know that J(0) implements H and H? = I, we conclude that this
pattern implements the identity, or in other words it teleports qubit 1 to qubit
3. As it happens, this pattern obtained by self-composition, is the same as the
one given in the reference paper [3, p.14].

z-rotation.

Here is the reference implementation of an z-rotation [3, p.17], Ry («):
X32Z5 [My *)°* My Ex3Enro (21)

with type {1,2,3}, {1}, and {3}. There is a natural question which one might
call the recognition problem, namely how does one know this is implementing
R.(a) 7 Of course there is the brute force answer to that, which we applied
to compute our simpler patterns, and which consists in computing down all
the four possible branches generated by the measurements at qubits 1 and 2.
Another possibility is to use the stabiliser formalism as explained in the reference
paper [3]. Yet another possibility is to use pattern composition, as we did before,
and this is what we are going to do.

We know that R,(a) = J(a)H up to a global phase, hence the composite
pattern J(a)(2,3) o H(1,2) implements R, (a). Now we may standardise it:

J(@)(2,3)0H(1,2) = X352 My “Eo3 X5 MY E1p
=px  X32Z3 My X3 M{FEy3Ers
i]\/IX X352Z3sl [M;a]slMlmEggElQ

obtaining exactly the implementation above. Since our calculus is preserving
interpretations, we deduce that the implementation is correct.

z-rotation.

Now, we have a method here for synthesising further implementations. Let us
replay it with another rotation R,(«). Again we know that R,(a) = HRy(a)H
and we already know how to implement both components H and R, («).

So we start with the pattern $(4,5) o R, («)(2,3,4) 0 9H(1,2) and standardise

it:
(4a5) ( )(2’ )Of)(LQ):
(4, 5))(SSZ52 [M§]1+82M21E34E23X51MfE12 =px
9(4,5) X2 Z32 (Mg 2 M3 X5 Fsy Z5' My E103 =z
9(4,5) X5 237 (M52 Z35' My X3 MY E1234 =MX
N(4,5) X252 [MO‘]HSZZ:'?M%MEEEHM =Mz
XS4M4IE45XSJZ6251 [M§]1+82M21M1IE1234 = EX
X;“Z;”WZ’XZ“Z?“[Mgo‘]l"'s?MzszElgg% =X
X5 Z5? [MF]* Z32 5 [Mg]'+%2 My MY E12345 =Mz

X34 Z5 52 [ M) 51 [Mg]' 52 My MY Er9345

To ease reading Ea3E12 is shortened to Eia3, E12Ea3Esy to E1a3a, and ([ M1
is used as shorthand for *[M; “]*.
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Here for the first time, we see M Z rewritings, inducing the Z-action on
measurements. The obtained standardised pattern can therefore be rewritten
further using the extended calculus:

X5t Z52 52 [M7]*s= [Mg ' H2 My MY E2315 =5
X5S2+s4 Z5Sl+ss Mic [Mgt]l-’-sg MngE12345

obtaining again the pattern given in the reference paper [3, p.5].

However, just as in the case of the R, rotation, we also have R, (a) = HJ(«)
up to a global phase, hence the pattern $(2, 3)J(«)(1,2) also implements R, («),
and we may standardise it:

9(2,3) 0 J(a)(1,2) = X352 M3 Ea3 X5 My “En2
Spx  XDZ9MEXS My By
= MX X3SQZ§1M2$MfaE123

obtaining a 3 qubits standard pattern for the z-rotation, which is simpler than
the preceding one, because it is based on the J(«) generators. Since the z-
rotation R,(«) is the same as the phase operator:

P)= (5 o)

up to a global phase, we also obtain with the same pattern an implementation

of the phase operator. In particular, if = 5, using the extended calculus, we

get the following pattern for P(Z): X352 Z5 T Mg M} E1s.

General rotation.

The realisation of a general rotation based on the Euler decomposition of ro-
tations as Ry ()R (8)Rs: (), would results in a 7 qubits pattern. We get a 5
qubits implementation based on the J(«) decomposition [10]:

R(e,B,7) = J(0)J(=a)J(=B)J (=)

(The parameter angles are inverted to ease the reading of the computation
below.) The extended standardisation procedure yields:

J3(0)(4,5)3 (=) (3,4)I(=B)(2,3)I(—7)(1,2) =

XS MOEs X3 MO Esy X3 MP Eos X5 M E1y =px
XS MY Eys X33 MS Eay X33 MY X351 Z3* My Ergs = nrx
X3 MY By X3 Mg Esa X3 23! (M3 | M By =5xz
XS MOEys X5 M X352 75 732 [IME) M) Ergss = nixz
X54 ]\44(1)17}4r SsziQ S1 [Ma]sz [Mﬁ]sl M7E1234 =BxZ
XS4MEX”Z”Z‘5”1[ 0152 [MY]** M Erosas = mixz
X3 75202 [MY)]* [Mg)*2 [M"]SIM ! Bi23ss =5
X§2+S4zg1+53M0 [M3 ]Sz [Mg]sl M{YE12345

CNOT (AX).

This is our first example with two inputs and two outputs. We use here the
trivial pattern J with computation space {1}, inputs {1}, outputs {1}, and
empty command sequence, which implements the identity over $;.

14



One has AX = (I ® H)AZ(I ® H), so we get a pattern using 4 qubits over
{1,2,3,4}, with inputs {1, 2}, and outputs {1, 4}, where one notices that inputs
and outputs intersect on the control qubit {1}:

(3(1) @ h(3,4)) A3(1,3)(3(1) @ h(2,3)) = Xi° M EszaFr3X5° M3 Eos
By standardising;:
X23M§E34E13X§2M§E23 =EX
X2 Z7? M3 E3y X3 M3 E13Fa3 =EX

X3P Z32 22 My X3 MEEy3Fys By = aix
X2 Z32 232 M M3 Er3Ey3 Esy

Note that we are not using here the Ej234 abbreviation, because the underlying
structure of entanglement is not a chain. This pattern was already described
in Aliferis and Leung’s paper [12]. In their original presentation the authors
actually use an explicit identity pattern (using the teleportation pattern J(0,0)
presented above), but we know from the careful presentation of composition
that this is not necessary.

GHZ.

We present now a family of patterns preparing the GHZ entangled states [0 ...0)+
[1...1). One has:

and by combining the patterns for AZ and H, we obtain a pattern with com-
putation space {1,2,2,...,n,n'}, no inputs, outputs {1,2’,...,n’}, and the
following command sequence:

X ME B By 1y, - - - X52 M3 Eoy Ey

Under that form, the only apparent way to run the pattern is to execute all
commands in sequence. The situation changes completely, when we bring the
pattern to extended standard form:

Xt My Bt B 1y -« - X532 M3 E30 For3 X57 M5 Eogr Ena

X2t XSP M By By 1y, - - X370 M3 737 M3 E330 For3 Egor 019

X X5 M B By —1ym, - - - X357 °2 [MZ] M3 E330 Eor3 Eogr E2

X,,SJL .. X3S/3X25/25”’71 [Mg] A [M;]MQmEnn/E(nfl)/n . E33/E2/3E22/E12
Xpptoototon  XBTSXRME . M§MS Enn Eqy—1ym - - . Esy EysFoy Eng

AR

All measurements are now independent of each other, it is therefore possible
after the entanglement phase, to do all of them in one round, and in a subsequent
round to do all local corrections. In other words, the obtained pattern has
constant depth complexity 2.

Controlled-U.

This final example presents another instance where standardisation obtains a
low depth complexity. For any 1-qubit unitary U, one has the following decom-
position of AU in terms of the generators J(«a) [10]:

—n—5-8 —B4d—m

AUy = JOJE JQIE ™ I 2 0y 2 IO NZye 2 I3 Ty 2 J9 AZis
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with o = a + w. By translating each J operator to its corresponding
pattern, we get the following wild pattern for AU:

XgBM%EBCXEAMga’EABX,? MYE; X5 M P~ By
XM Epi X0 Mg Egn Xy MOEgEap X3 M. * By

m+5+8 B=d+m

X50M, 2 Bae X5e My 2 Eea X3 MPEpeEap X3 My 2 Eap

In order to run the wild form of the pattern one needs to follow the pattern
commands in sequence. The situation changes completely after extended stan-
dardisation:
Sit+Sgt+sSetsctsSa ySitsntsft+satse ys SA+Se+se
Zk g Xk] XCB’YZCA .
M%MZQ/MJQ [Mi*ﬁ*“]SthSerSdJer [Mhi]ngrseJrstrsa [M;]SerSdJer
o T 4648 B—i+

MYIM F ] My et (M MM,
EpcEABEjLEijEniEghn EpgEapEef EgeEeq By EapEap

Now the order between measurements is relaxed, as one sees in figure 1, which
describes the dependency structure of the standard pattern above. Specifically,
all measurements can be completed in 7 rounds. This justifies our earlier claim
that standardisation lowers depth complexity, and reveals inherent parallelism
in a pattern.

Figure 1: The dependency graph for the standard AU pattern.

7 The no dependency theorems

From standardisation we can also infer results related to dependencies. We start
with a simple observation which is a direct consequence of standardisation.

Lemma 6 Let P be a pattern implementing some unitary U, and suppose B ’s
command sequence has measurements only of the M* and MY kind, then U has
a standard implementation, having only independent measurements, all being of
the M* and MY kind (therefore of depth complexity at most 2).

Write P’ for the standard pattern associated to . By equations (15) and (16),
the X-actions can be eliminated from P’, and then Z-actions can be eliminated
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by using the extended calculus. The final pattern still implements U, has no
longer any dependent measurements, and has therefore depth complexity at
most 2. O

Theorem 1 Let U be a unitary operator, then U is in the Clifford group iff
there exists a pattern P implementing U, having measurements only of the M™

and MY kind.

The “only if” direction is easy, since we have seen in the example section, stan-
dard patterns for AX, H and P(5) which had only M* and MY measurements.
Hence any Clifford operator can be implemented by a combination of these pat-
terns. By the lemma above, we know we can actually choose these patterns to
be standard.

For the “if” direction, we prove that U belongs to the normaliser of the Pauli
group, and hence by definition to the Clifford group. In order to do so we use
the standard form of P written as P’ = Cyp My Eq which still implements U,
and has only M* and MY measurements.

Let 7 be an input qubit, and consider the pattern B = PC;, where C; is
either X; or Z;. Clearly B” implements UC;. First, one has:

Cgp/ Msp/ Egp/ C; i%c qu Mgp/ C/Esp/

for some non-dependent sequence of corrections C’, which, up to free commu-
tations can be written uniquely as C(,C"”, where Cf, applies on output qubits,
and therefore commutes to Mg/, and C” applies on non-output qubits (which
are therefore all measured in Mg). So, by commuting C¢, both through Mg
and C'yp (up to a global phase), one gets:

Cgp/ Mgp/ C/Esp/ =* Cszp/Mgp/C”Esp/

Using equations (15), (16), and the extended calculus to eliminate the remaining
Z-actions, one gets:
quC’” iRIC,S Squ

for some product S =[] ey S jl of constant shiftings, applying to some subset
J of the non-output qubits. So:

CququyC”Egp/ =* CqugrSMs;Q/EgQ/
=* C/OCSC‘B'M‘B’E‘B’

where C7, is a further constant correction obtained by shifting C'ys with S. This
proves that " also implements C,C{U, and therefore UC; = C,CHU which
completes the proof, since Cf,C{ is a non dependent correction. O

The only if part of this theorem already appears in previous work [3, p.18].

We can further prove that dependencies are crucial for the universality of
the model. Observe first that if a pattern has no measurements, and hence no
dependencies, then it follows from (D2) that V' = O, i.e., all qubits are outputs.
Therefore computation steps involve only X, Z and AZ, and it is not surprising
that they compute a unitary which is in the Clifford group. The general ar-
gument essentially consists in showing that when there are measurements, but
still no dependencies, then the measurements are playing no part in the result.
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Theorem 2 Let P be a pattern implementing some unitary U, and suppose
P’s command sequence doesn’t have any dependencies, then U is in the Clifford
group.

Write P’ for the standard pattern associated to 3. Since rewriting is sound,
B’ still implements U, and since rewriting never creates any dependency, it still
has no dependencies. In particular, the corrections one finds at the end of ',
call them C, bear no dependencies. Erasing them off ', results in a pattern
B which is still standard, still deterministic, and implementing U’ := C*U.

Now how does the pattern P” run on some input ¢ ? First ¢ @ |+ ...+)
goes by the entanglement phase to some 1 € Hy, and is then subjected to a
sequence of independent 1-qubit measurements. Pick a basis B spanning the
Hilbert space generated by the non-output qubits $ . o and associated to this
sequence of measurements.

Since Hv = Ho @ Hvo and Hv.o = Bg,eB(ds], where [¢p] is the linear
subspace generated by ¢y, by distributivity, ¢ uniquely decomposes as:

1/} = Z¢bel§ ¢b @ xp

where ¢, ranges over B, and x, € $o. Now since P” is deterministic, there
exists an x, and scalars A\, such that x; = Ayxz. Therefore 1 can be written
' ® x, for some ¢’. It follows in particular that the output of the computation
will still be « (up to a scalar), no matter what the actual measurements are.
One can therefore choose them to be all of the M? kind, and by the preceding
theorem U’ is in the Clifford group, and so is U = CU’, since C is a Pauli
operator. O

From this section, we conclude in particular that any universal set of patterns
has to include dependencies (by the preceding theorem), and also needs to use

™

measurements M where o # 0 modulo § (by the theorem before). This is

indeed the case for the universal set J(«) and A3.

8 Conclusion

We presented a calculus for 1-qubit measurement based quantum computing.
We have seen that pattern combinations allow for a structured proof of uni-
versality, which also results in parsimonious implementations. We have shown
further that our calculus defines a quadratic-time standardisation algorithm
transforming any pattern to a standard form where entanglement is done first,
then measurements, then local corrections. And finally, we have inferred from
this procedure that patterns with no dependencies, or using only Pauli mea-
surements, may only implement unitaries in the Clifford group.

One could well wonder whether these ideas extend to other measurement
based models, perhaps based on different families of entanglement operators,
more general measurements and other types of local corrections. We think they
are. Preliminary investigations show that both the notation and the calculus can
be extended to some comprehensive version of the teleportation model based on
2-qubit measurements [13], which is embeddable in the one-way model in a very
strong sense. Likewise, a variation of the measurement calculus was obtained
for an approximately universal 1-qubit measurement based model using only
Pauli measurements [14].
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We also feel that the methods explored here can be stretched further and
made to be relevant to the study of error propagation and error correcting,
but this demands using mixed states, and as a preliminary step to set up the
interpretation of patterns as cp-maps.

Finally, there is also a compelling reading of dependencies as classical com-
munications, while local corrections can be thought of as local quantum op-
erations in a multipartite scenario. Along this reading, standardisation pushes
non-local operations to the beginning of a distributed computation, and it seems
the measurement calculus could prove useful in the area of quantum protocols.
To push this idea further, one needs first to lay down a proper definition of a
distributed version of the measurement calculus, which is it what we did in a
recent paper [15].
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9 Appendix

We prove here that standardisation has indeed the properties quoted in the
body of the paper. First, we need a lemma:

Lemma 7 (Termination) For all B, there exists finitely many B’ such that
B =P

Suppose ‘B has command sequence A, ...A;. Set e < n to be the number
of E commands in 3. As we noted earlier, this number is invariant under =.
Moreover E' commands in 8 can be ordered by increasing depth, and this order,
written <pg, is also invariant, since FE commutations are forbidden explicitely
in the free commutation rules.

Define the following depth function d on E and C' commands in ‘J:

i A=y,
d(Al)_{ni if A, =

Define further the following binary sequence of length e, dg(3)(i) is the depth
of the F-command of rank i according to <pg. By construction this sequence is
strictly increasing. Define finally the measure m(B) := (dg(B), dc(P)) with:

dc(%) = ZCemd(C)

We claim the measure we just defined decreases lexicographically under rewrit-
ing, in other words B = P’ implies d(P) > d(P’), where < is the lexicographic
ordering on Net1,

To clarify these definitions, let us have an example. Suppose B’s command
sequence is of the form EXZE, then e = 2, dg(P) = (0,3), and m(P) =
(0,3,3). Now, if one considers the rewrite EEX = EXZEFE, the measure of the
left hand side is (1,2,2), while the measure of the right hand side, as said, is
(0,3,3), and indeed (1,2,2) > (0,3, 3).

Let us now consider all cases starting with an EC rewrite. Suppose the F
command under rewrite has depth d and rank ¢ in the order <g. Then all Es
of smaller rank have same depth in the right hand side, while F has now depth
d—1 and still rank 7. So the right handside has a strictly smaller measure. Note
that when C' = X, because of the creation of a Z (see the example above), the
last element of m () may increase, and for the same reason all elements of index
j > in dg(P) may increase. This is why we are working with a lexicographical
ordering.
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Suppose now one does an M C' rewrite, then deo () strictly decreases, since
one correction is absorbed, while all £ commands have equal or smaller depths.
Again the measure strictly decreases.

Next, suppose one does an EA rewrite, and the £ command under rewrite
has depth d and rank . Then it has depth d — 1 in the right hand side, and all
other E' commands have invariant depths, since we forbade the case when A is
itself an F. It follows that the measure strictly decreases.

Finally, upon an AC rewrite, all £ commands have invariant depth, except
possibly one which has smaller depth in the case A = F, and d¢(B) decreases
strictly because we forbade the case where A = C'. Again the claim follows.

So all rewrites decrease our ordinal measure, and therefore all sequences of
rewrites are finite, and since the system is finitely branching (there are no more
than n possible single step rewrites on a given sequence of length n), we get the
statement of the theorem. O

It is not to difficult to strengthen the result above, by showing that the
longest possible rewriting of P is quadratic in n, where n is the length of J3’s
command sequence.

Say B is standard if for no P', P = P'.

Proposition 8 (Standardisation) For all B, there exists a unique standard
B, such that P =* P, and P’ satisfies the (EMC) condition.

Since the rewriting system is terminating, confluence follows from local con-
fluence (meaning whenever two rewrite rules can be applied, one can rewrite
further both transforms to a same third expression). Then, uniqueness of the
standard form is an easy consequence (actually, for terminating rewriting sys-
tems, unicity of standard forms and confluence are equivalent). Looking for
critical pairs, that is occurrences of three successive commands where two rules
can be applied simultaneously, one finds that there are only two types: E;; M, C},
with 4, j and £ all distinct, and E;; M C; with k and [ distinct. In both cases
local confluence is easily verified.

Suppose now P’ does not satisfy (EMC). Then, either there is a pattern
EA with A not of type E, or there is a pattern AC with A not of type C. In
the former case, ¥ and A must operate on overlapping qubits, else one may
apply a free commutation rule, and A may not be a C since in this case one
may apply an EC rewrite. The only remaining case is when A is of type M,
overlapping E’s qubits, but this is what condition (D1) forbids, and since (D1)
is preserved under rewriting, this contradicts the assumption. The latter case
is even simpler. O

9.1 Discussion

We have shown that under rewriting any pattern can be put in (EMC) form,
which is what we wanted. We actually proved more, namely that the standard
form obtained is unique.

However, one has to be a bit careful about the significance of this additional
piece of information. Note first that unicity is obtained because we dropped
the CC' free commutations, and all FE commutations, thus having a very rigid
notion of command sequence. One cannot put them back as rewrite rules, since
they obviously ruin termination and uniqueness of standard forms.
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A reasonable thing to do, would be to take this set of equations as generating
an equivalence relation on command sequences, call it =, and hope to strengthen
the results obtained so far, by proving that all reachable standard forms are
equivalent.

But this is too naive a strategy, since F12X; X, = E19X, X, and:

B XiXt =* XiZ5XLZUE,
=  X;Z!Z5X!Ey,

obtaining an expression which is not symmetric in 1 and 2. To conclude, one
has to extend = to include the additional equivalence X{Z} = Z{ X}, which
fortunately is sound since these two operators are equal up to a global phase.
We conjecture that this enriched equivalence is preserved.

A remark is that the arguments given in this appendix are quite abstracted
from the actual quantum operators involved, and will continue to hold in many
variants of the model. Specifically, suppose one has three types of commands,
Er, My, and C;, where I, J are finite sets of integers, and ¢ is an integer, and
one has the following rewrite schemes:

E]Ci = (HZCl)E[
M[Ci = M]

with ¢ € I, and the obvious generalisations of free commutation rules, then
one can show standardisation following the exact same arguments, provided of
course, each instance of these schemes has a unique associated rewrite (else one
loses confluence in general). The 2-qubit calculus developed for teleportation
based quantum computing [13] is another instance of this abstract situation.
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