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Introduction

The idea of extending Linear Logic (LL) with differential constructs has been
considered by Girard at a very early stage of the design of this system and
this option appears at various places in the conclusion of [Gir86], entitled Two
years of linear logic: selection from the garbage collector. In Section V.2 The
quantitative attempt of that conclusion, the idea of a syntactic Taylor expansion
is explicitly mentioned as a syntactic counterpart of the quantitative semantics
of the lambda-calculus [Gir88]. However it is contemplated there as a reduc-
tion process rather than as a transformation on terms. In Section V.5 The
exponentials, the idea of reducing lambda-calculus substitution to a more ele-
mentary linear operation explicitly viewed as differentiation is presented as one
of the basic intuitions behind the exponential of LL. A possible connection of
this idea with Krivine’s Machine [Kri85, Kri07] and its linear head reduction
mechanism [DR99] is explicitly mentioned. In this mechanism, also considered
by De Bruijn and called mini-reduction in [DB87], it is only the head occurrence
of a variable which is substituted during reduction.

LL is based on the distinction of particular proofs among all proofs, that
are linear wrt. their hypotheses. The word linear has here two deeply related
meanings that LL identifies.

e An algebraic meaning: a linear morphism is a function which preserves
sums, linear combinations, joins, unions, ... (depending on the context).
In most denotational models of LL, linear proofs are interpreted as func-
tions which are linear in that sense.

e An operational meaning: a proof is linear wrt. an hypothesis if the cor-
responding argument is used exactly once (neither erased nor replicated)
during cut-elimination.



LL has an essential logical rule, called dereliction. It allows to turn a linear
proof into a non linear one, or, more precisely, to forget the linearity of a proof,
exactly as one can forget that a function is linear in order to consider it as a
polynomial map, or as a smooth map and apply to it non-linear operations.
Differentiation is in some sense the converse of dereliction, as it turns a non
linear morphism (proof) into a linear one. A posteriori, we can think that there
were at least two deep reasons not to take this operation into account at an
early stage of the development of LL.

e First, differentiation seems incompatible with totality which is a deno-
tational analogue of normalization, a property usually considered as an
essential feature of any reasonable logical system. Indeed, turning a non-
linear proof into a linear one necessarily leads to a loss of information and
to the production of partial linear proofs. This is typically what happens
when one takes the derivative of a constant proof, which must yield the
zero proof: the whole constant value of the proof is lost in this process
and cannot be retrieved from its result.

e Second, it seems incompatible with determinism because, when one lin-
earizes a proof obtained by contracting two linear inputs of a proof, one
has to choose between these two inputs, and there is no canonical way of
doing so: we take the non-deterministic superposition of the two possi-
bilities. Syntactically, this means that one must accept the possibility of
adding proofs of the same formula, which is standard in mathematics, but
hard to accept as a primitive logical operation on proofs, and incompatible
with many denotational models, as the coherence space semantics!.

The failure of totality is compatible with most mathematical interpretations of
proofs and with most denotational models of LL: Scott domains (or more pre-
cisely, prime algebraic complete lattices, see [Hut93, Win04]), coherence spaces,
games, hypercoherence spaces etc. Moreover, computer scientists are acquainted
with the use of syntactic partial objects (fix-point operators in programming
languages, Bohm trees of the lambda-calculus etc.) and various modern proof
formalisms, such as Girard’s Ludics, also incorporate partiality for enlarging the
world of “proof-objects” so as to allow the simultaneous existence of “proofs”
and “counter-proofs” in order to obtain a rich duality theory on top of which a
notion of totality discriminating “real” proof-objects from partial ones can be
developed.

The observation that the differential extension of LL is the mirror image
of the structural (and dereliction) rules of linear logic encouraged us to study
this extension more deeply. It became necessary to admit an intrinsic non-
determinism and partiality in logic (these two extensions being related: failure
is the neutral element of non-determinism), but the benefit was a new viewpoint
on the exponentials, related to the Taylor Formula of Calculus.

In LL, the exponential is usually thought of as the modality of replicable
informations. Linear functions are not allowed to copy their arguments and are

LAlthough it is present, in a tamed version, in the additive rules of linear logic.



therefore very limited in terms of computational expressive power, the expo-
nential allows to define non linear functions which can replicate and erase their
arguments and are therefore much more powerful. This replication and erasure
capabilities seems to result from the presence of the contraction and weakening
rules LL, but this is not the case: the really infinite rule of LL is promotion
which makes a proof replicable an arbitrary number of times. This fact could
not be observed in LL because promotion is the only rule of LL which allows to
introduce the “!” modality: without promotion, it is impossible to build a proof
object that can be cut eg. on a contraction rule.

Differential LL (DiLL) has the same connectives as ordinary LL, and two new
rules to introduce the “!” modality: co-weakening and co-dereliction. The first
of these rules allows to introduce an empty proof of type !A and the second
one allows to turn a proof of type A into a proof of type A, without making it
replicable in sharp contrast with the promotion rule. The last new rule, called
co-contraction, allows to merge two proofs of type A for creating a new proof of
type !A. It is similar to the tensor rule of ordinary LL with the difference that
the two proofs glued together by a co-contraction must have the same type and
cannot be separated anymore deterministically whereas the two proofs glued
by a tensor can be separated again by cutting the resulting proof against a
par rule. This changes the viewpoint on the exponential, which become the
connectives of communication and not of replication: this new viewpoint is
illustrated in [EL10b, EL10a].

DiLL has therefore a finite fragment which contains the standard “?” rules
(weakening, contraction and dereliction) as well as the new “!” ones (co-weakening,
co-contraction and co-dereliction), but not the promotion rule. Cut elimination
in this system generates sums of proofs, and therefore it is natural to endow
proofs with a vector space (or module) structure over a field (or more generally
over a semi-ring?). This fragment has the following pleasant properties:

e It enjoys strong normalization, even in the untyped case, as long as one
considers only proof-nets which satisfy a correctness criterion similar to
the standard Danos-Regnier criterion for multiplicative LL (MLL).

e All proofs are linear combinations of “simple proofs” which do not contain
linear combinations: this is possible because all the syntactic constructions
of this fragment are multilinear. So proofs are similar to polynomials, and
simple proofs to monomials. This algebraic analogy is strongly suggested
by the denotational models of DilLL.

Moreover, it is possible to transform any instance of the promotion rule, applied
to a sub-proof 7, into an infinite linear combination of proofs containing copies
of 7: this is the Taylor expansion of promotion. This operation can be applied
hereditarily to all instances of the promotion rule in a proof, giving rise to an
infinite linear combinations of promotion-free DiLL simple proofs with positive
rational coefficients.

2This general setting covers also “qualitative” situations sum of proofs is idempotent.



Content. We start with a short syntactic presentation of DiLL, first in a proof-
net formalism and then in a lambda-calculus formalism, and we summarize some
results, giving bibliographical references.

The paper is essentially devoted to the denotational semantics of DiLL, be-
cause this system arose from denotational models and they remain our main
source of inspiration. We present a general categorical setting which is a se-
mantic framework for the finitary fragment of DiLL, that we call an exponential
structure. It consists of an additive x-autonomous category C together with an
operation which maps any object X to an object !X equipped with a structure
of ®-bialgebra (representing the structural and co-structural rules) as well as a
“dereliction” morphism in C(!1X, X) and a “co-dereliction” morphism C(X,!X).
The important point here is that the operations X — !X is not assumed to
be functorial. Using this simple structure, we define in particular morphisms
Ox €C(IX ® X,!X) and 9x € C(!X,!X ® X).

An element of C(!X,Y) can be considered as a non-linear morphism from
X to Y (some kind of analytical or smooth functions), but these morphisms
cannot be composed. It is nevertheless possible to say when such a morphism
is polynomial, and these particular morphisms can be composed, giving rise to
a cartesian category.

By composition in C with dx € C(!X ® X,!X), any element f of C(!X,Y)
can be differentiated, giving rise to an element [’ of C(!X ® X,Y’) which is its
derivative3. This operation can be performed again, giving rise to f” € C(!X ®
X ® X,Y) and, due to the commutativity of co-contraction, this morphism is
symmetric in its two last linear parameters. Conversely, on can wonder under
which circumstances a morphism g € C(!X ® X,Y") whose derivative ¢’ € C(!X®
X ® X,Y) is symmetric, is the derivative of a morphism f € C(!X,Y). Inspired
by the usual proof of Poincaré’s Lemma, we show that such an anti-derivative is
available as soon as Id;x +(9x 9x) € C(!X,!X) is an isomorphism. We briefly
describe a syntactic version of anti-derivatives in a promotion-free differential
lambda-calculus.

To conclude with these general categorical considerations, we consider the
case where the operation X +— !X is functorial. We recall the standard notion
of Seely category (sometimes called new-Seely) and explain in which case such a
category is a model of differential linear logic. The requirement is twofold: the
underlying cartesian x-autonomous category has to be additive, and there must
be a natural co-dereliction morphism from X to !X (where !_is the exponential
comonad associated with the Seely category structure). We list the axioms
that this structure must satisfy, whose categorical phrasing is mainly borrowed
to [BCS06, Fio07] and describe the induced exponential structure.

The end of the paper is devoted to concrete models of DiLL. We briefly
review the relational model, which is based on the %-autonomous category of
sets and relations (with the usual cartesian product of sets as tensor product)
because it underlies most denotational models of (differential) linear logic. Then

30r differential, or jacobian: it can be seen as an element of C(!X, X —o Y) where X — Y’
is the object of morphisms from X to Y in C, that is, of linear morphisms from X to Y, and
the operation f +— f’ satisfies all the properties of differentiation.



we describe the finiteness space model which was one of our main motivations
for introducing DiLL. We provide a thorough description of this model, insisting
on various aspects which were not covered by our initial presentation in [Ehr05]
such as linear boundedness (whose relevance in this semantic setting has been
pointed out by Tasson in [Tas09b, Tas09a]), or the fact that function spaces in
the Kleisli category admit an intrinsic description. We conclude with a short
section which explains the two approaches to compute the interpretation of a
DiLL net in a model.

Some aspects of DiLL are only alluded to in this presentation, the most
significant one being certainly the Taylor expansion formula and its connection
with linear head reduction. On this topic, we refer to [ER08, ER06, Ehr10].

1 DilL

This section is devoted to a compact presentation of the logical system DilL
and of associated lambda-calculi.

1.1 Coefficients

In this paper, a set of coefficients k is needed. This set must be a commutative
semi-ring possessing a multiplicative unit 1 (we say that k is a unitary semi-
ring). In Section 6, k will be assumed to be a field but this assumption is not
needed before. At some point, we’ll need the property that, in k, each natural
number has an inverse. Let us be more precise about this point.

We say that a € k has an inverse in k if there exists ¢’ € k such that
aa’ = a’a = 1. When it exists, this inverse is unique and will be denoted as % or

nX
a”'. Givenn € Nand a € k, we can definen-a asa + --- + a € k. We say that
natural numbers are invertible in k if n - 1 is invertible in k, for each n € NT.
When k is a field, this means that it is a field of characteristic 0. When the
inverse of n - 1 exists in k, it will be simply denoted as %

The set of non-negative rational numbers and the (completed) set of non-
negative real numbers are typical examples of commutative unitary semi-rings
where natural numbers are invertible.

Another extremely simple though quite important example is the following:
let B = {0, 1} with addition defined by 1+1 = 1 and multiplication defined in the
obvious way. Then, in B, n-1 = 1 for each n € N* and hence natural numbers are
invertible. This particular semi-ring underlies the qualitative approach, where
linear combinations are sets.

N is a typical example of a commutative unitary semi-ring where natural
numbers do not have inverses.

We recall that a k-module is a set E equipped with a structure of commuta-
tive monoid (denoted additively) together with a scalar multiplication (denoted



by simple juxtaposition) k x E' — E such that the following equations hold

Ou=0 (a+bu=au+bu
lu=u a(bu) = (ab)u
a0=0 a(u+v)=au+av

When k is a field, a k-module is called a k-vector space.
An N-module is a commutative monoid, a Z-module is an abelian group, a
B-module is a semi-lattice.

1.2 Formulas

The formulas of differential linear logic are those of usual linear logic, obeying
the following syntax, given a set of atomic formulas «, 3,... with or without
subscripts or superscripts. For each atomic formula «, we also introduce the
negated atomic formula a.

e If o is an atom, then o and @ are formulas.
e If A and B are formulas, then sois A® B and A% B.
e If A and B are formulas, then so is A @ B and A & B.

e If A is a formula, then so are !A and ?7A.

As usual, one defines the linear negation of a formula by induction: a = @,
al=a, (A@B)" =AL 3B BL (A% B)" = AL @B+, (A® B)" = A+ & BL,
(A& B)t = At @ BL, (14)" = 24+ and (?A)" = 1AL, So that AL = A for
any formula A.

We assume to be given a countable set of names N.

1.3 Inductive definition of pre-nets

We use the standard formalism of interaction nets: see [Laf90] for basic defini-
tions and see [dF09] for a completely rigorous presentation of the corresponding
notions and operations. Our presentation here is semi-formal, in order to avoid
endless discussions on minor details. Our definition is by induction because of
promotion boxes.

1.3.1 Simple pre-nets. A simple pre-net is an interaction nets made of the
following cells:




called (from left to right) par, tensor, weakening, dereliction, contraction, co-
weakening, co-dereliction and co-contraction. Such a cell has one main port
(located downward on the picture above) and from 0 to 2 auxiliary ports (located
upward).

The last ingredient for building simple pre-nets is the promotion boz:

lq

Y

q1 dm

where 7 is a pre-net (which cannot be assumed to be simple) whose free ports
are ¢,qi,-.--,qm- The port indicated by the small triangle is the principal port
of the box, the other ones are the auxiliary ports. Such a box will also be called
a promotion r-box to insist on the pre-net that it contains.

Remark 1 For many purposes, it is sound to consider promotion boxes as
ordinary cells (the principal port of the box becomes the principal port of the
corresponding cell), with the peculiarity that they are labeled by pre-nets instead
as mere logical symbols such as ®, % etc. This viewpoint is compatible with all
typing and logical rules given in Section 1.4 and Section 1.5 as well as with all
rewriting rules of Section 1.6, but the two last ones.

A simple pre-nets is a graph made of such cells as well as of free ports (which
are pairwise distinct elements of A') related through wires. In our pictures, the
free ports will always be located downward.

Here is an example of a simple pre-net whose interface is {p, ¢}:

In this example, the box contains a simple pre-net made of 2 cells and has 3
free ports.

1.3.2 Pre-nets. Let I be a finite subsets of A'. A pre-net with interface I
is a formal linear combination, with coefficients in k, of simple nets which have
all I as interface. In particular, for each I, there is a pre-net 0 with interface I.

This ends the inductive definition of simple pre-nets and of pre-nets.



1.3.3 Extended syntax. Given two simple pre-net r and s, we denote as
[r, s] the pre-net obtained by juxtaposing r and s, relating by wires the identical
names of their interface (so that the interface of [r, s] is the symmetric difference
of the interfaces of r and s). This operation is commutative, but not associative
in general. It is obviously associative when the pre-nets involved have pairwise
disjoint interfaces.

We generalize this operation to the case where r and s are not simple by
bilinearity: if r = Y., a;r; and s = 1 bj SJ (Where the r;’s and the s;’s are
simple), then [r, s] denotes the pre-net t i[ri, S5

Remark 2 Do well notice that a promotion box which contains a pre-net r =
Z?:l a;r; cannot be identified with the linear combination of the boxes which
contain the simple pre-nets r; (with coefficients a;). Promotion is not a linear
operation, and actually, it is the only non-linear operation of LL.

1.4 Typing rules

1.4.1 Typing simple pre-nets. Let r be a simple pre-net.

Formally, a wire of r is a set made of two distinct ports (which can be
principal or auxiliary ports of cells or of promotion boxes, or free ports of r). A
wire {p, ¢} has two possible orientations: (p,q) and (g, p), and an oriented wire
is a wire equipped with one of its two orientations. If w is an oriented wire, we
use wt for the same wire equipped with the opposite orientation.

A type assignment of r is a mapping 7 from the oriented wires of r to LL
formulas such that 7(wl) = 7(w)". Let I be the interface of r (the set of all
free ports of r), then 7 induces a mapping from I to LL formulas since each
element p of I is the endpoint of exactly one oriented wire w of r: we map p to
7(w). We denote this function as 7 as well.

We say that 7 is a correct type assignment for r if it satisfies the following
constraints, for each cell occurring in 7:

AYYB AYYB AY ?AYY?A AY !AYY!A

% &Y ? ? ? ! ! !

A%’B*/ A®B+ ?A+ ?A+ ?A+ !A+ !A+ !A+

meaning for instance that, if the auxiliary wires of a par cell are typed by A
and B, then its main wire must be types by A% B (with orientations stipulated
by the arrows above).

As to boxes, the typing constraint is as follows:



S

A 24, |74,

1A 24, Y74,

meaning that the pre-net s must be typed, with a typed interface as pictured
above (with types A, 7A;,...7A,) and then the main and auxiliary oriented
wires of the box are typed as pictured above.

We write a typed pre-net as a pair (r, 7) if we want to insists on the associated
type assignment 7, or simply as r if we prefer to keep it implicit.

1.4.2 Typing general pre-nets. A pre-net r = 2?21 a;r; with interface
I = {p1,...,pn} (where the r;’s are simple and have the same interface I) is
typed with a typed interface p1 : A1,...,pn @ Ay if each r; is a typed pre-net
which has this same typed interface I.

1.5 From the sequent calculus to nets: correspondence
seen as a proof system

We give now deduction rules for building logically correct typed pre-nets, also
called nets in the sequel.

Observe that, from each of the following rules, one can extract a sequent
calculus rule. In the rules below, ® and ¥ stand for finite maps from names
to formulas (which are assumed to have disjoint domains); such a function is
just a family of formulas, that is, the main ingredient of an LL sequent. As
an example, with the rule (cocontr) below, we associate the following sequent
calculus rule of co-contraction:

F30A FIAD
3,14, 0

and we can do the same for all the rules below. Therefore, we can also consider
this list of rules as a presentation of the DiLL sequent calculus.

1.5.1 Correctness of simple pre-nets.
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(der) (coder)
P o
7A 1A
J/ (I) \{/ (coweak)
- (weak)
r ' 1A
RN
TA; 7A, J/A ( )
prom
|
24 Voa, %A

where, in this last rule, the premise means that r is a correct typed pre-net with
typed interface (p1 : A1, ...,pn: 74, p: A).

1.5.2 Correctness of pre-nets. If r1,...,r; are correct simple typed pre-
nets with typed interface (p1 : A1,...,pn : Ap) and if aq,...,ar € k, then
air1+- - -+agry is a correct typed pre-net with typed interface (p; : A1,...,pn :
Ay).

1.6 Reduction rules

We present now the cut-elimination rules of DiLL. The basic reduction relation
is denoted as ~+! and it is a relation from simple pre-nets to pre-nets. When
r ~»1 1’ in most cases r is a simple pre-net made of two cells whose principal
ports are connected by a wire: this is the general notion of redex in interaction
nets, see [Laf90]. To be more precise, considering boxes as cells as explained in

Remark 1, this true for all the rules presented here, but the two last ones.

11
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The two next reduction rules are of a different nature as they involve non
principal ports of cells and boxes. They are necessary to interpret the S-
reduction and the differential S-reduction of the differential A-calculus in DiLL.

T S 1 T |

| | T LY

r vl',,. J
V=<1~ %.|L<F

VY

This last rule is nothing but a syntactic rephrasing of the chain rule of calculus,
in a setting where composition of maps is defined using boxes, according to
Girard’s encoding of the lambda-calculus in proof-nets [Gir87], which is the
same as the definition of composition in the Kleisli category of the comonad
“” see [Mel09].

These rules can be applied anywhere in a simple pre-net, defining a reduction
relation ~+! from simple pre-nets to pre-nets (we use systematically the extended
syntax of Section 1.3.3, so that when r ~+!' r/, r is a simple pre-net and ' is a
sum of a finite number of simple pre-nets). This means more precisely that if
r ~1 7’ (and hence r and 7’ have the same interface), and if s is an arbitrary
simple pre-net, we stipulate that [r, s] ~! [1/, s].

Since boxes can contain non simple pre-nets, the relation ~+! does not allow
to reduce inside boxes. For this purpose, we define a relation ~+» from pre-nets
to pre-nets by the following rules.

o If r~1y/ orr =1/, then r ~» r'.

o If r =" ayr; and ' = Y1 | a;r} where the r;’s and the the r}’s are
not necessarily simple, and if r; ~ 7} for all ¢, then r ~ 7.

e If r and 7’ are pre-nets such that r ~» r’ (with same interface ¢, q1,...,qn)
and s is a promotion r-box (see Section 1.3.1) of principal port ¢ and
auxiliary ports qi, ..., ¢, and similarly for s’, then s~ s'.

One checks easily that, if 7 ~» 7’ and r is typead in the sense of Section 1.4,
then so is 7/, with the same typed interface. And if r is a typed logically correct
pre-net (in the sense of Section 1.5), then so is /.

13



This reduction relation has good confluence? and termination properties,
possibly under some assumptions on the semi-ring of coefficients k. For conflu-
ence, we can refer to [Tra09] and for normalization we refer to [Pag09, PT11] for
a combinatorial approach, and to [Gim11] for an approach based on reducibil-
ity which can be generalized to higher order LL. We also refer to [Vau07] for
considerations on the influence of the properties of k on the confluence and
normalization of such calculi.

1.7 Differential lambda-calculi

Various lambda-calculi have been proposed, as possible extensions of the ordi-
nary lambda-calculus with constructions corresponding to the above differential
and co-structural rules of differential linear logic. We present here briefly our
original syntax of [ER03], simplified by Vaux in [Vau05].

We assume given a countable set of variables x,y,... with or without sub-
scripts or superscripts. A simple term is either

e a variable z

e or an abstraction Ax s where x is a variable and s is a simple term

e or an ordinary application (s) u where s is a simple terms and u is a term
e or a differential application Ds -t where s and t are simple terms.

A term is a finite linear combination of simple terms with coefficients in k.
Substitution of a term u for a variable x in a simple term s, denoted as s [u/z]
is defined as usual, whereas differential (or linear) substitution of a simple term
for a variable in another simple term, denoted as % - t, is defined as follows:

@-t— t ifx=y 6/\ys't_)\ §-t
dr |0 otherwise Oz ~ Y o
ODu - s ou Os

d(s)u , (0s D ou
In order to extend the syntax to arbirary terms, we stipulate that construc-
tions are linear, but ordinary application which is not linear in the argument.
This means that when we write e.g. (s1 + s2) u, what we actually intend is
(s1) u+ (s2) u. Similarly, substitution s [u/z] is linear in s and not in u, whereas
differential substitution % -t is linear in both s and ¢. There are two reduction
rules:

(\rs)u B s[uf/z] DAxs) t8Aw <gi ~t)

4To be precise, this requires to consider pre-nets up to a natural and semantically perfectly
justified equivalence relation, see [Tra09].

14



which have of course to be closed under arbitrary contexts. The resulting cal-
culus can be proved to be Church-Rosser using fairly standard techniques (Tait
- Martin-Lof), to have good normalization properties in the typed case etc,
see [ER03, Vau05]. To be more precise, Church-Rosser holds only up to the
least congruence on terms which identifies D(Ds - t1) - t2 and D(Ds - t2) - t1, a
syntactic version of Schwarz Lemma: terms are always considered up to this
congruence that we can call symmetry of derivatives.

1.7.1 Resource calculus. Differential application can be iterated: given
simple terms s,t1,...,t,, we define D"s - (t1,...,t,) = D(---Ds t1--+) - tp;
the order on the terms tq,...,t, does not matter, by symmetry of derivatives.
The resource calculus is another syntax for the differential lambda-calculus, in
which the combination (D™s - (t1,...,,)) u is considered as one single operation
denoted e.g. as s[t1, ..., t,, u*] where the superscript co is here to remind that
u can be arbitrarily replicated during reduction, unlike the ¢;’s (in this syntactic
construct, s as well as the ¢;’s are simple whereas  is not).

This version of the calculus, studied in particular by Tranquilli in [Trall] and
Pagani [PT09], and also used for instance in [BCEM11], has very good properties
as well. Tt is formally close to Boudol’s lambda-calculus with resources [Bou93,
BCL99], with the difference that the operational semantics of Boudol’s calculus
is given as a rewriting strategy whereas in the differential version of the resource
lambda-calculus, redexes can be reduced everywhere in terms. This means in
particular that the differential resource lambda-calculus contains the ordinary
lambda-calculus as a subsystem.

1.7.2 The finite calculus. If, in the resource calculus above, one restricts
one’s attention to the terms where, in all ordinary applications the arguments
are null term, that is, null combinations of simple terms, then one gets a calculus
which is stable under reduction and where all terms are strongly normalizing.
This calculus can be presented as follows. Any variable z is a term. If x is
a variable and s is a simple term then Ax s is a simple term. If S is a finite
multiset (also called bunch in the sequel) of simple terms then (s) S is a simple
term. In that calculus it is natural to perform several beta-reductions in one
step, and one gets
Ows) S 8 {Efeen slsi/x1y. .y sn/xn] if degsg'v =n
0 otherwise

where d = deg, s is the number of occurrences of  in s (which is a simple term),
x1,...,2q are the occurrences of = in s and the multiset S is [s1,.. ., Sn].

Again, this calculus enjoys confluence. It can be used as target language
for hereditarily Taylor expanding lambda-terms as explained in [ER08, ER06,
Ehr10].

This operation consists in replacing, in a differential lambda-term, any or-
dinary application (s) ¢ by the infinite sum Y ° ;& (D"s - (¢,...,t)) 0 (one has
to assume that natural numbers are invertible in k, see Section 1.1). More pre-
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cisely, it is a transformation ¢ — ¢* from resource terms to resource terms which
is defined as follows:

*

=z
\zt)" =z (t7)
* = 1 n * * * % *
(D™t - (815---,8n))8) :ZH(D TP (517, sn T8N, ,8%))0
p=0

so that the natural target language of this translation is the finite resource
calculus described above: resource terms are translated to (generally infinite)
linear combinations of finite resource terms with coeflicients in the considered
semi-ring where division by positive natural numbers must be possible.

In [ER08, ER06] we studied the behaviour of this expansion with respect
to differential S-reduction in the case where the expanded terms come from
the lambda-calculus (that is, do not contain differential applications; this is the
uniform case), and we exhibited tight connections between this operation and
Krivine’s machine, an implementation of linear head reduction. In [Ehrl0] we
introduced a setting for dealing with the Taylor expansion in the non uniform
case, endowing finite resource terms with a finiteness space structure (see Sec-
tion 6 for a definition of this concept) whose purpose is to prevent coefficients
to become infinite during the reduction.

2 Categorical models of promotion-free differ-
ential LL

The notion of categorical model for this logical system is quite easy to define. A
model consists of a x-autonomous category C together with a further exponential
structure.

2.1 x-autonomous category

A monoidal category is a category C (where we denote the composition of
morphisms by simple juxtaposition: if f € C(X,Y) and g € C(Y,Z), then
g f € C(X, 7)) together with a bifunctor ® : C2 — C, an object 1 € C and nat-
ural isomorphisms Ax 1 1@ X — X, px : X ®1 > X, axyvz: (XQY)®Z —
X ® (Y ® Z) and these isomorphisms are required to satisfy coherence commu-
tative diagrams that we do not recall here (see [MacT71]).

The monoidal category C is enriched over k-modules if each homset C(X,Y)
has a structure of k-module (see Section 1.1) and composition, as well as the
bifunctor ®, are bilinear with respect to this structure.

A symmetric monoidal category is a monoidal category together with a nat-
ural isomorphism ox y : X®Y — Y ®X which has also to satisfy commutations
(again, see [Mac71]).

A symmetric monoidal closed category (SMCC for short) is a symmetric
monoidal category C such that, for each object X, the functor Y — X ® Y has
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a right adjoint Y — (X — Y). Let X, Y and Z be objects of C, we have a
linear evaluation morphism ev € C((X — Z) ® X, Z), and, given a morphism
feC(Y®X,Z), we have a morphism A(f) € C(Y, X — Z). Monoidal closeness
boils down to the following three equations:

ev (A(f) @ Idx) = f
A(f) h=A(f (h®Idx)) where h € C(Y',Y)
)\(ev) = IdX—oZ

In particular, we have a morphism nx = A(evo) € C(X, (X —o Z) —o Z) which
is natural in X.

Last, a x-autonomous category is an SMCC C together with an object L
such that the canonical natural morphism nx : X — (X — L) — 1) is an
isomorphism.

Therefore, in a x-autonomous category C, there is a contravariant functor
X — X1 = (X —o 1) which is actually an equivalence of categories between C
and C°P. Through this isomorphism, we can define another symmetric monoidal
category structure on C whose binary operation (the “co-tensor product” or

par) is defined by X Y = (X ® YL)l so that we have in particular X —o
Y = X1 ®Y up to a natural isomorphism).

In a cartesian x-autonomous category C, we denote a terminal object as
T and a cartesian product (also known as direct product) as &. Then C is
cocartesian with initial object 0 = T+ and cocartesian product (also known

as direct sum) X Y = (Xt & Yl)L There is then a natural morphism
txy : X @Y — X & Y which results from the universal properties of the
cartesian and of the cocartesian products; there is also a canonical morphism
to:0—TT.

If C is a cartesian *-autonomous category which is enriched over k-modules,
then the morphisms ¢x y and ¢o are all isomorphisms, so that 0 and T coincide,
as well as @ and &. In that case, we use the notation 0 for the terminal object
and @ for the cartesian product.

Remark 3 Models of differential linear logic can be axiomatized without as-
suming the x-autonomous to be cartesian, but this assumption makes things
much easier and does not seem really problematic: it is fulfilled for free in most
concrete situations.

2.2 Exponential structure

An exponential structure is a cartesian x-autonomous category C which is en-
riched over k-modules and equipped with an operation

X = (X, cx,wx,dx,Cx,Wx,dx)

where !X is an object of C and
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cx X 21X eIX cx: I X®!IX -1X
wy !X —1 wy:1—=1X
XmX—>X HXX—HX

are morphisms called contraction, co-contraction, weakening, co-weakening, dere-
liction and co-dereliction (from left to right and top to bottom) such that
(IX,ex,wx,Cx,Wx) is a ®-bialgebra in C. This first condition means that
(IX,cx,wx) is a ®-comonoid, that (IX,Cx,Wx) is a ®-monoid and that the
following diagrams are commutative

cx ®cx

IX 91X 22 (1X ®1X) @ (IX @ X)

.| _—
/

1X o3

Cx 1

Cx ®cx

X 21X L25(1X 9 1X) @ (IX @ 1X)

where 093 is the isomorphism which transposes the two central components of
the 4-fold tensor product. Concerning dx (which could be called “creation”)
and dx (“annihilation”), we require the following diagrams to commute

0 \ X dx @Wx +Wx ®@dx \ 1X
% ‘{
1 X ®!X
X dx X dx
0 \ X dx ®wx +wx ®@dx \ X
e —
1 * X®!X

where we identify X with 1 ® X and with X ® 1 (the isomorphisms Ax and px
are kept implicit). The last commutation that we require is

X 4
-
XAd/X

This simple set of categorical axioms is sufficient to interpret the reduction
rules of the (promotion-free) differential linear logic and lambda-calculus.
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2.2.1 Commutativity. We say that the exponential structure C is cocom-
mutative if the diagram

IX — 2> 1X !X

K gl/
X®!X

commutes for each object X, and that it is commutative if the diagram

cx

X®!lX 1X
=
X®!lX

commutes for each object X. If both diagrams are commutative for each object
X, we say that C is bi-commutative.

2.2.2 Notations. We can compose cx maps in order to define a map c% :
IX — (1X)®" for each n € N, for instance we can set ¢§ = wx and ¢t =
(c% ®!X) cx; the resulting morphisms does not depend on the choices that we
make in this definition, because of the associativity of cx. Dually one defines
T (1IX)®" 51X

We also introduce the contraction-dereliction map dx = (Idix ® dx) cx :
X - !X ® X as well as the dual co-contraction-co-dereliction map Ox =
tx (Idix ®dy) : ' X ®X — !X. The intended meaning of this morphism is that,
if f:1X — Y is a regular morphism from X to Y, then f 0x : I X ® X = Y
represents the derivative of f, which can also be seen as a morphism f’: !X —
(X —Y): take f' = \(f Ox).

These two morphisms are related by the following commutation.

Lemma 4 We have 0x Ox = ldixgx +(0x @ Idx) 093 (0x @ Idx).

The proof is a simple computation based on the above categorical axioms.

We introduce next iterated versions of these morphisms: 9% : !X — X ®
X@" by 9% = Id;x and 8}“ = (0% ® Idx) 0x. One defines similarly 5; :
X ® X®" — 1X. We also introduce the morphisms d% : !X — X®" and
dy : X®" 51X defined by d% = (wx ®Idxen) 9% and dy = Jy (Wx @Idxen)

-0 — —
so that in particular dg( =wy, dﬁ( =dx,dy =wx and dy =dx

2.2.3 Interpretation of the untyped finite resource lambda-calculus.
A reflexive object in an exponential structure C is a triple (U, app,lam) where
UeC,app € C(UNU — U) and lam € C({U — U, U) satisfy app lam = Id: this
is just the standard definition of a reflexive object in a cartesian closed category,
with the restriction however that app and lam are linear (they are morphism in
the linear category C)... and that there is no cartesian closed category around.
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By induction on the pure resource term t and a sequence of variables &
adapted to ¢t (meaning that Z is repetition-free and contains all the free variables
of t), we define [t]¥ € C((\U)®",U) by induction on ¢ as follows.

Assume first that ¢ is the variable z; (for i € {1,...,n}), then we set [t]* =
WU®(i71) ®dy ®WU®(n7i) U = 1®(-1) QU ® 19(n—1) ~ U.

Next assume that t = Az s, then we have [s]%* € C((\U)®" @ U, U). Hence
A([s]%%) € C(('U)®™,1U — U) and we set [t]” = lam X([s]"*) e C(('U)®"™, U).

Last assume that ¢t = (s) S where S = sy --- s} is a bunch. We have [s;]% €

C(()®",U) fori = 1,...,n and hence d¥; ([s1]°®---®[sx]7) : ((!U)@m)@€ - U

and we set [S]F = d¥ ([s1)F @ -+ @ [sx)%) o (c&)®" where o is the obvious
isomorphism resulting from the symmetric monoidal structure of C. On the
other hand we have app [s]” € C(({U)®",\U — U) and hence we set [t]” =
ev ((app [s]%) ® [S)F) o’ cp®™ € C((U)®",U). Categorical computations show
that the interpretation of terms is invariant under differential beta-reduction.
The interpretation of the simply typed finite resource calculus is completely
similar, and involves several objects instead of only one reflexive object.

2.2.4 Taylor exponential structures. Let C be an exponential structure
and let f € C(!X,Y). The condition f dx = 0 means intuitively that the deriva-
tive of f is uniformly equal to 0, and hence, according to standard intuitions
on differentiation, f should be a constant map. In other words we should have
f = f wx wx (the converse implication is clearly true). This property can be
stated in a more general way as follows: let f1, fo : !X — Y, then

fi0x =fa0x = fi+ (faWx wx) = fo+ (fi Wx wx)

and does not seem to be derivable from the other axioms of bi-commutative
exponential structures.
We say that the exponential structure C is Taylor if it satisfies this condition.

Remark 5 There is a dual condition which reads as follows: if f1, fo : Y — X
then

Ox f1 =0x fa = fi+ (Wx wx f2) = fo+ (Wx wx f1)
Its intuitive meaning is that, given f : Y — !X, to be considered as a generalized

point of !X if 0x f =0, then f is the constant function whose value is the unit
of the bia-algebra ! X. In other words, the kernel of Oy is generated by this unit.

From now on and until the end of Section 2.2, we assume that, in k, natural
numbers are invertible, see Section 1.1 for the definition of this notion.
For n € N, let T% € C(!X,!X) be defined by

n En L %
=0
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Lemma 6 Assume that C is bi-commutative and Taylor. For any n > 0, we

have 7 B
T& Ox = 0x (T}_l ®Idx) .

Proof. This results from
- = = L em=1
dy d% 9x =ndx ((dy dy ') @ldy)
which comes from the basic equations of exponential structures. O
Remember that a commutative monoid M is cancellative if, in M, one has

ut+v=u+tv=>u=1.

Proposition 7 Assume that C is bi-commutative and Taylor and that each

homset C(X,Y) is a cancellative monoid. Let n € N and let fi1, fo : 1 X =Y. If

O = f 0% then fi+ (fa T%) = fo+ (f1 T%).

In particular, if f 8;?‘1 = 0 (that is, the (n 4 1)-th derivative of f is uniformly
equal to 0), then f = f T%, meaning that f is equal to its Taylor expansion of
rank n.

Proof. By induction on n. For m = 0, this is simply the hypothesis that C
is Taylor. Assume now that f; 57;:2 = fo 57;;2 and let us prove that f; +
(f2 T = fo+ (fr TH™).

We have f; Ox (5;?_1 ®Idy) = f2 Ox (5;?_1 ®Idx). By monoidal closeness,
we have \(f1 Ox) 5?;1 = A(f2 Ox) 5}“ and hence, by inductive hypothesis,

we have
A(f1 9x) + (A(f2 9x) Tx) = A(f2 0x) + (A(f1 Ox) T%)
that is
A(f1 0x) + (\(f2 9x (T% ®1dx))) = A(f2 9x) + (A(f1 x (Tk ®ldx)))
and hence
(f1 9x) + (f2 Ox (T% @ 1dx)) = (f2 9x) + (f1 Ox (T ®ldx))
so applying Lemma 6, we get
(fr+ fT5) 9x = (fo+ ATK™) Ox -
Applying the hypothesis that C is Taylor, we get
At LT 4 (o + AT Wx wx = fo+ ATE T + (A + TR Wx wx

and since T}H Wy Wy = Wy wy we get fi + ng}*'1 +(fi+ f2) Wx wx =
fot+ AT+ (fo+ f1) Wx wy and so, applying the cancellativeness hypothesis,
we get finally

fit LT = fot+ AT

as required. O
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Remark 8 The cancellativeness hypothesis does not apply in cases where k =
B. In these cases, we can obtain the same property under the hypothesis that
Idix +wyx wx = Idix which holds, for instance, in Rel.

2.2.5 The category of polynomials. We assume that C is such that Propo-

sition 7 holds. We say that f € C(!1X,Y) is polynomial if there exists n € N

such that f 5;“ = 0, and we call degree of f the least such n. The morphism

dx € C(1X, X) is polynomial of degree 1.
Let f € C(!1X,Y) and g € C(!Y, Z) be polynomial of degree m and n respec-
tively. We define the composite g o f € C(!X, Z) as follows

—~1 i i
gszzﬁgdyf@’ Cx -
i=0

Since dx EZX =0 for i # 1, we get dx o g = g. Next observe that g o dx =
g T% = g by Proposition 7. One can prove that g o f is polynomial of degree
< mmn, that is (g o f) 5}” = 0 by a straightforward (though boring) categorical
computation using the basic axioms of exponential structures. Using the same
axioms, one shows that this notion of composition is associative, so that we have
defined a category of polynomial morphisms.

2.2.6 Weak functoriality of the exponential. We do not require the
operation X +— !X to be functorial, but some weak form of functoriality can be
derived from the above categorical axioms. Let f € C(X,Y). By induction on
n, we define a family of morphisms f™ : 1X — X as follows: f° =wyx wyx and

fn—i-l 25)( (fn®f) 8X~

Proposition 9 Let f € C(X,Y) and g € C(Y,Z) and let n,p € N. Then

0 otherwise.

Proof. Simple calculation using the diagram commutations which define an ex-
ponential structure. g

So for each n € N we can define !, f = ZZ:O %fq :1X — X, and we have
g Wnf = (g f). So f — 1,f is a quasifunctor, but not a functor as it does
not map Idx to Idix, but to the idempotent morphism T?% : !X — ! X.

In many concrete models, this sequence (!, f)nen converges in a sense which
depends of course on the model. The limit is then denoted as !f and the oper-
ation defined in that way turns out often to be a true functor equipped with a
comonad structure.
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2.3 Computing anti-derivatives.

We say that an exponential structure C has anti-derivatives if it is bi-commutative
and if the morphism Jx = Idx +(0x dx) : !X — !X is an isomorphism, and in
that case we set Ix = J )_(1. We assume to be given an exponential structure C
which has anti-derivatives.

In the sequel, we use the following notation

Yx = (0x @Idx) 093 (Ox @Idx) : I XX - !X ® X

because this morphism will show up quite often.

Lemma 10 The following commutation holds

(Ix ®1dx) ¥x = ¥x (Ix ® Idx) (1)

Proof. Since Ix = (Idix +(0x Ox))~!, we have Iy ® Idx = ¢~ ! where ¢ =
Idixgx +((0x Ox)®Idx) by functoriality of ®. To prove (1), it suffices therefore
to prove that ¢ commutes with ¢x. For this, it suffices to show that (0x dx)®
Idx commutes with ¥ x. We have

(Ox 0x) ®1dx) x = ((0x Ox Ox) ®1dx) 023 (Ox ® Idx)
but remember that Ox Ox = Idixex +¥x by Lemma 4, and hence
(Ox Ox) ®1dx) ¥x = ¥x + ((Ox x) ® Idx) 023 (Ox ® Idx)

But 0x (Ox ® Idx) o3 = Ox (0x ® Idx) by commutativity of the bialgebra
!X and by definition of dx. Therefore 0x ¥x = 0x ((0x Ox) ® Idx). So we
can write

((5){ Ox)®@ldx) ¥x
=x + (0x ®Idx) ((Ox Ox) @ Idx ®Idx) 023 (Ox ® Idx)
=Yx + (0x @ 1dx) ((Ox 0x) ® o) (9x ® Idx)

A similar, and completely symmetric computation, using this time the cocom-
mutativity of the bialgebra !X, leads to

Yx ((Ox Ox) ®@Idx) = ¢¥x + (Ox ® Idx) ((0x 9x) ® 0) (Ox @ Idx)
and we are done. O

We can now prove a completely categorical version of Poincaré’s Lemma.

Proposition 11 Let f : IX®X — Y be such that the differential f (Ox ®1dx) :
IX® X ®X =Y satisfies

f(Ox ®ldx) 023 = f (Ox @ Idx).

Then there exists g : 'X — Y such that g Ox = f; in other words, g is an
“anti-derivative” of f.
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Proof. One sets
9=fx®ldx) ox . (2)

Then we have

(Ix ® Idx) Ox Ox

(Ix @ 1dx) (Idixgx +¥x)

(Ix ®@ldx) + f (Ix ®ldx) ¢¥x
(Ix ®ldx) + f ¢¥x (Ix ® Idx)

95)(

f
f
f
f

by Lemma 10. But
fivx =f(0x ®1dx) 093 (Ox ® Idx)
= f (0x ®1dy) (0x ® Idx) by our hypothesis on f
= f((0x 0x) ® Idx) .

So we get
g0x = f (Ix®Idx) + f ((0x Ox Ix) ®Idx)
=f (((Idgx +(3X ax)) Ix) ® Idx)
=f
since Iy is the inverse of Id;x +(9x Ox). O

2.3.1 Comments. Let us give some intuition about our axiom on Ix. Given
f !X — Y seen as a “regular function” (analytical, smooth...) from X to
Y, the basic idea is that the morphism f Ix : !X — Y stands for the regular
function g defined by

1
M@:Ajﬁ@ﬁ

assuming of course that this integral makes sense. Then g 0y : 1 X @ X = Y
represents the differential Dg of ¢, a regular function X x X — Y which maps
(z,y) to Dg(z) -y and is linear in y. Applying the ordinary rules of differential
calculus, and the fact that differentiation commutes with integration, we get

Dy(a) -y = | D (t) - ).

The morphism h = g x Jdx : !X — Y corresponds therefore to the regular
function from X to Y such that

h(:n):/o t(Df(tx).x)dt:/O tdfc(lttx)dt:f(x)—/o F(tx)dt,

integrating by parts. In other words, we have seen that

fIx 0x 0x =f—(fIx)
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that is

fIx (Id[X -‘v-(ax ax)) =f
this is why our first axiom on Iy is that Iy (Idix +(0x 0x)) = Id;x. To explain
why we also require (Id;x +(0x 0x)) Ix = Idix, observe that | = f dx Ox :
!X — Y corresponds to the regular function X — Y defined by i(z) = Df(x) -z
and hence [ Ix corresponds to the regular function m : X — Y given by

1
m(z) = / (Df(tz) - (tz))dt = h(zx)
0
by linearity of the differential. So we have

fox ox Ix = f—(f Ix)
that is
f ddix +(0x 0x)) Ix = f
and this is why we also assume that (Id;x +(9x 9x)) Ix = Idix.
A quite natural feature of this axiomatization of anti-derivatives is the fact
that it is a mere property of C and not an additional structure: to have anti-

derivatives, the exponential structure must be bi-commutative and such that
Idix +(0x Ox) has an inverse.

2.3.2 The fundamental theorem of calculus. This is the statement
according to which one can use anti-derivatives for computing integrals: if

f.9 : R = R are such that ¢’ = f, then [’ f(t)dt = g(b) — g(a). In the
present setting, it boils down to a simple categorical equation.

Proposition 12 Let C be an exponential structure which has anti-derivatives
and is Taylor. Then

5){ (IX ®Idx) Ox +wx wy =Idix .
Proof. Let f1 = O0x (Ix ®Idx) Ox : !X — X and let fo =1d;x. We have
f19x =0x (Ix ®Idx) Ox Ox
:5)( (IX ®Idx) Jréx (IX ®Idx) (5){ ®Idx) 0923 (8)( ®Idx)

= 5){ (IX ®Idx) +5X (5}( ®Idx) 023 (Ox ® Idx) (IX & Idx)
by Lemma 10

= EX (IX ®Idx) +5X (5){ ® Idx) (Ox ®1dx) (Ix ®Idx)
by commutativity of co-contraction

= 0x ((Idix +(0x 9x)) ®@ldx) (Ix ® Idx)

= 5){ since Ix = (Id!X +(5X 8)())71

=f20x .
Since C is Taylor, we have therefore fi 4+ (f2 Wx wx) = fa+ (fi Wx wx ), which
is exactly the announced equation since f; wyxy = 0. O
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Remark 13 We give now an intuitive interpretation of this property. Let f :
!X — Y, considered as a regular function X — Y. Then f 0x (Ix ® Idx) dx :
!X — Y represents the regular function g : X — Y given by

1 1 T
g(:c):/o Df(tz)~:cdt:/0 dfc(sz ) gt

so that g(x) = f(z) — f(0) by the Fundamental Theorem of Calculus. In other
words g(x) + f(0) = f(z), that is f (Ox (Ix ® Idx) Ox +Wx wx) = f.

3 Computing anti-derivatives in the resource cal-
culus

We make now a first attempt at introducing anti-derivatives in the syntax. For
this purpose, we consider finite linear combinations of finite resource terms (see
Section 1.7.2) as polynomials, and with this respect, it seems natural to formally
compute the anti-derivative of such a term, as one does for polynomials. This
is the purpose of this short section.

We assume that, in k, natural numbers have inverses.

As with ordinary polynomials, we define first the anti-derivative of a mono-
mial, that is, of a simple resource term. Remember that, for ordinary one
variable polynomials, the anti-derivative of X% is ﬁX d+1. the definition is
completely similar here. Let t € A' be a simple resource term and let z be a

variable. We set

1
I, (t) = ——t.
®) deg,t+1

We extend this operation by linearity to all elements u € k(A"), that is we set
Iw(“) = ZtGA ut[w(t)~
For d € N, let Al = {t € A | deg,t = d} be the set of all simple resource

terms of degree d in the variable z. The elements of k(A&d)) are said to be
homogeneous of degree d in .
With these notations, we can write

— 1
Iw(u)zzﬁ Z ugt

d=0 real®

Intuitively, I, (u) stands for the integral fol u(7x) dr which is the basic ingredient
in the proof above of Poincaré’s Lemma.
Let u € k(A) which is linear in the variable h, in other words u € k(AS)).

Let A/ be a variable which does not occur free in u, we assume that
ou W Ou[h'/h]

oz ox h
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which is our symmetry hypothesis on u (see the hypothesis in the statement of
Proposition 11). In other words, for any d € N, we have

o, ot [W /h)
S w2 =y G 2, 3
teAlD O teAl® O

Mimicking (2), we set

v =Iy(u) [z/h]
and we prove that
v
. h=u. 4
5 = (4)

Choose h' as above, we contend that 22-h/ = u [h' /h] which of course implies (4).
We have indeed

o ., = 1 otlz/h] .,
ox h_zd—i—l Z b ox h

d=0 teal?
- g ﬁ P ((gi - h’) le/h] + [h’/h])
_ idil e ((Wh) [/ 1] +t[h’/h]> by (3)

QL
g
™ £

— 1 ot[h' /h
= teal® v
= 1
= Z -— wg (dt [W' /h] +t[h'/h]) since 9s -z =ds for all s € A
d+1 A~ Ox
= teA;

= u[W/h]

and we are done. This result can easily be extended to infinite linear combina-
tions of finite resource terms and one can check that anti-derivatives preserve
the finiteness properties developed in [Ehrl0]. The problem of defining anti-
derivatives in a setting where promotion is available as a syntactic construction
remains open.

4 Models of full differential linear logic

Until now, we have considered situations where the “!” operation is not required
to be functorial. Such “finitary” models allow to interpret the promotion-free
fragment of differential linear logic, or the finite resource lambda-calculus. In
the present section, we address the categorical structure required to interpret
full differential linear logic, including the promotion operation. The main ref-
erences for this section are [BCS06, Fio07], though many of the constructions
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and conditions presented here were already introduced in [Ehr02, Ehr05] where
we presented models of LL which were at the origine of the discovery of DiLL.

Such a model consists of a Seely category (in the sense of [Mel09], a notion
originally called “new-Seely category” in [Bie95]), that is

e a cartesian x-autonomous category C (the cartesian product of two objects
X and Y is denoted as X & Y and the terminal object is denoted as T);

e a comonad !_: C — C which is monoidal from (C, T, &) to (C,®, 1) (counit
denoted as dx : !X — X and called dereliction, comultiplication de-
noted as px : !X — !X and called digging, monoidality isomorphisms
mxy : XY - (X&Y), m : 1 — IT, often called Seely isomor-
phisms though they were noticed first by Girard, see [Gir87]) such that
the following diagram commutes (it expresses a coherence condition relat-
ing the isomorphism m and the natural transformation p)

X @l — > (X &Y)
PxX&Y
px @py X &Y) (5)
(i ba)

NX @Y —0 11X & 1Y)

This monoidal structure allows to define a lax monoidal structure on the functor
I_ from the monoidal category (C, ®, 1) to itself: this monoidal structure consists
of a morphism g : 1 — !1 and of a natural transformation pxy : !X ® Y —
(X ®Y) that we give now explicitly. We define iy as the following composition
of morphisms:

-1
my PT H(my o)

1 IT nT 1

and pxy as

!(m;}y)

IX @Y — s (X &Y) X (X &Y) —2> 11X @ 1Y)
I(dx ®dy)
(X®Y)
We assume moreover that the x-autonomous cartesian category C is enriched
over k-modules as explained in Section 2.1, but the functor !_ is not assumed to

preserve this structure. From now on we use only the notation & for denoting
the binary bi-product and 0 for denoting its unit.
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Using these ingredients, we can endow each object !X with a canonical struc-
ture of commutative bi-algebra. For the coalgebraic part, let Ax € C(X, X & X)
be the diagonal morphism associated with the cartesian product of X with itself.
Then we set cx = mXX IAx 11X = 1X®!X, and similarly we set wx = my ltx
where tx : X — 0 results from the fact that 0 is the terminal object. The alge-
braic structure is defined similarly, using the codiagonal Ax : X ® X — X and
the morphism tx : 0 — X. Checking that the required commutation hold is a
straightforward verification.

Let f,g € C(X,Y). It results from these definitions of cx, €y, wx and Wy
that the following diagrams commute

!X&) 'X4>'X

S TR NS

XX /21y oly

enforcing the idea that !_ really behaves like an exponential operation.
Due to these definitions, we have the following very useful commutations:

X Y ©1Y ety IX ®1Y
cx®YRY uxy 11X _Xewy IX®!Y
X XY olY (XQY) |wx J(ux,v (6)
023 ey 11— (X ®Y)

X olY 21X oV "M (X ev)e (X oY)

Using the definitions of cx and cx and the above axioms, we can also prove
the two following commutations.

cx PXx

X IX®lX  IX®lX Lx X
pr LPX@PX JPX@PX !CXT (7)
Y —S > IX@IX  NX elX il 11X @ 1X)

Observe that, until now, we are in a completely standard linear logic set-
ting, the only addition wrt. the usual situations being the C is enriched over
k-modules. We introduce now the only differential structure needed to inter-
pret differential linear logic: we assume to be given a co-dereliction natural
transformation dy : X — !X such that

X ax
et
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Using simply the naturality of dx and dx as well as the monoidality com-
mutation involving mx y and my, it is then easy to prove that

X = (!X7CX7WX7anEX7WX)dX)

defines an exponential structure on C, in the sense of Section 2.2.

Further commutations are required, involving the codereliction morphism.
They give rise in particular to a categorical version of the chain rule of calculus.
As observed by Fiore [Fio07], we need to have

Xoly 22 v ey
Lmdy l )
d
XY —25 (X ®Y)

It would be interesting to know if this condition can be reduced to a more
primitive one, involving dx and the isomorphism m (of course, one can replace
w1 by its expression in terms of m in the diagram above, be we would like to find
a simpler and more elegant commuting diagram).

Last we have to provide a commutation relating dy and px. We have of
course dix dx : X — 1X. Also, p1 : 1 — !1 and therefore Wy p; : 1 — !X,
Keeping implicit the isomorphism X ® 1 ~ X, we get (dx dx) ® (Wx 1) :
X > X @ 11X, and we require the following diagram to commute:

(H!X Hx)@(!Wx HI)L pr (10)
X @ IX —X > x

As an illustration of these axioms, let us argue that the chain rule holds.
Consider two morphisms g € C(!Y,Z) and f € C(!X,Y) (so that g : ¥V — Z
and f: X — Y in the Kleisli category of the comonad !, which is cartesian
closed, see [Mel09]). Their composition in the Klesili category, that we denote
ash=fog=fg¢g where ¢ =g py : Y — !Z, that we consider as a map
of one parameter (of type X) with values in type Z. The derivative of h is
h' =hdx :'X ® X — Z and, according to the usual chain rule of Calculus, we
should have b/ = f' (¢ ® ¢') (cx ® X). As easily seen, this boils down to the
commutation of the following diagram (given in [Fio07] as an axiom):

Ox Px

XX 1X nx
cx®X Dix
IX 91X ® X 2% 1x o1x 22 nx g1x
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The proof of this commutation is a rather tedious categorical computation based
essentially on Diagram (10) and Diagrams (7).

5 Relational semantics

We introduce now the simplest *-autonomous category equipped with an expo-
nential structure: the category of sets and relations.

Let Rel be the category whose objects are sets and where Rel(X,Y) =
P(X xY), identities being the diagonal relations and composition being defined
as follows: if R € Rel(X,Y) and S € Rel(Y, Z) then

SR={(a,c) e XxZ|3beY (a,b) € Rand (b,c) € S}.

Let x C X, weset Rz = {beY | (a,b) € R} CY which is the direct image of
by R. We also define ‘R = {(b,a) € Y x X | (a,b) € Y} which is the transpose
of R. Given x C X and 3’ C Y, we have

(Rr)Ny' =m(RN(zxy)) and (‘Ry)Nnz=m(RN(zxvy)). (11)

Observe that an isomorphism in Rel is a relation which is a bijection.

The symmetric monoidal structure is given by the tensor product X ® Y =
X x Y and the unit 1 is an arbitrary singleton. The neutrality, associativity
and symmetry isomorphisms are defined as the obvious corresponding bijections
(for instance, the symmetry isomorphism oxy € Rel(X ® Y,Y ® X) is given
by o(a,b) = (b,a)). This symmetric monoidal category is enriched over B-
modules (addition of morphisms being simply their union) and is closed, with
linear function space given by X — Y = X x Y, the natural bijection between
Rel(Z ® X,Y) and Rel(Z, X — Y) being induced by the cartesian product
associativity isomorphism. Last, one takes for 1 an arbitrary singleton, and
this turns Rel into a x-autonomous category. One denotes as x the unique
element of 1 and L.

This category is cartesian, with cartesian product of X and Y defined as
their disjoint union, and terminal object being the empty set.

Rel is also a Seely category (see Section 4), for a comonad !_ defined as
follows:

e !X is the set of all finite multisets of elements of X;

e if R € Rel(X,Y), then we set 'R = {([a1,...,an],[b1,...,ba]) | n €
N and Vi (a;,b;) € R};

dx e Rel(!X, X) isdx = {([a],a) | a € X};
o px ={(m1+--+mp,[mi,....,my]) | n € Nand my,...,m, € !X}

The monoidality isomorphism myy € Rel(!X ® Y, /(X & Y')) is the bijection
which maps ([a1, ..., a, [b1,...,b]) to[(1,a1),...,(1,a:),(2,b1),...,(2,b-)]. Last,
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we also provide a co-dereliction natural transformation dx € Rel(X,!X) which
is simply given by dx = {(a,[a]) | a € X}.

With these definitions, it is easy to see that cx = {(I +r,
wx = {([l,%x)}, cx = {((l,r),l+7) | ,r € X} and Wx = {(,
diagrams (8), (9) and (10) are easily seen to commute.

(L,r)) | l,r € X},
)}. The required

Anti-derivatives. This exponential structure is bi-commutative and can eas-
ily seen to be Taylor in the sense of 2.2.4. Moreover, it has anti-derivatives in the
sense of 2.3, simply because the morphism Jx = Idy +(0x 9x) : !X — !X co-
incides here with the identity. Indeed dx = {(I+]al, (l,a)) |l € !X and a € X},
dx = {((l,a),l +[a]) |l €'X and a € X} and therefore dx dx = {(l,1) |l €
!X and #I > 0}.

Concretely, saying that a morphism f € Rel(!X ® X,Y) satisfies the sym-
metry condition of Proposition 11 simply means that, given m € Mg, (X),
a,a’ € X and b € Y, one has ((m + [a],a'),b) € f & (m + [d/],a),b) € f. In
that case, the anti-derivative g € Rel(!X,Y") given by that proposition is simply

g ={(m+1al,b) [ ((m,a),b) € f}.

Other exponential structures. As observed by De Carvalho [dCO7], other
exponential structures are possible in this relational setting, for instance we
can define !X as the set of all finite sequences (a1, ...,a,) of elements of X.
The (co)weakening and (co)dereliction can be defined as above (for instance
dx = {({a),a) | a € X}). Given two finite sequences I, € !X, let Shuffle(l, )
be the set of all shuffles of the sequences [ and r (a shuffle of (a,...,an) and
(b1,...,by) is any sequence (c1, ..., Cmin) such that there are strictly increasing
functions ¢ : {1,...,m} = {1,...,n+m}and ¢ : {1,...,n} = {1,...,n+m}
with disjoint ranges and such that c,;) = a; and cy(;) = b; for each i, j). Then
contraction and co-contraction can be defined by

cx ={(,r),lr)|l,r !X} and cx ={(q,(, 7)) | g € Shuffle(l,r)}

where we denote as [r the concatenation of the sequences [ and r. In that
case, the bialgebra !X is cocomutative, but not commutative. This relational
bialgebra structure underlies the standard shuffle bialgebra, see eg. [Reu93].

6 Finiteness spaces

This model can be seen as an enrichment of the model of sets and relations of
Section 5. But it can also be described as a category of topological vector spaces
and linear continuous maps. From now on, k denotes an arbitrary field which
is always endowed with the discrete topology.

6.1 Linearly topologized vector spaces (ltvs)

We start with general definitions and properties about ltvs. The main refer-
ences for these topics are [Lef42] (where the notion is introduced) and [K6t69],
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chapters 10-13.

Let E be a k-vector space. A linear topology on E is a topology A such that
there is a filter £ of linear subspaces® of E with the following property: a subset
U of E is A-open iff for any x € U there exists V € £ such that x4+ V C U. One
says that such a filter £ generates the topology A. A k-ltvs is a k-vector space
equipped with a linear topology. Observe that E is Hausdorff iff (| £ = {0} (for
one, and hence any, generating filter £); from now on we assume always that
this is the case.

It is easy to check that addition F x E — FE and scalar multiplication
k x E — E are continuous, whatever be the linear topology A on E (remember
that k is endowed with the discrete topology, and as such, it is an ltvs).

Proposition 14 Let E be a k-ltvs. Any linear subspace U of E which is a
neighborhood of 0 is both open and closed. So E is totally disconnected (the only
subsets of E which are connected are the empty set and the one point sets).

Proof. Let L be a generating filter for the topology of E. First, let x € U and
let V€ L be such that V' C U, then we have x + V C U since U is a linear
subspace and hence U is open. Next let z € E\U. If y € UN (z + U) then
we have y — x € U and hence x € U since y € U and U is a linear subspace:
contradiction. Therefore U N (z + U) = @ and U is closed since U open. o

Observe also that a linear subspace U of an ltvs E is open iff it is a neigh-
borhood of 0 (if U is a neighborhood of 0, one can find an open linear subspace
V of E such that V C U but then z +V C U for all x € U since U is a linear
subspace). In other words, any linear subspace which contains an open linear
subspace is open.

6.1.1 Cauchy completeness. A netin E is a family (x4)4ep of elements of
E indexed by a directed poset D. The net (z4)qep converges to x € E if, for any
neighborhood U of 0, there exists d € D such that Ve e De>d =z, —z € U.
Because F is Hausdorff, a net converges to at most one point. As usual, one
can check that a subset U of E is open iff, for any net (x4)qe p which converges
to a point x € U, there exists d € D such that Vee De>d =z, € U.

A net (z4)aep is Cauchy if, for any neighborhood U of 0, there exists d € D
such that Ve, e’ € D e,e’ > d = x.—x € U. This latter statement is equivalent
toVee De>d=x,—xq€U.

One says that E is complete if any Cauchy net in E converges.

6.1.2 Linear boundedness. Let E be an ltvs and let U be an open linear
subspace of E. Let my : E — E/U be the canonical projection. This map is
of course linear, and its kernel is U which is a neighborhood of 0. This means

5This is the main feature of this notion: basic neighborhoods are linear subspaces, and this
makes these topological vector spaces quite different from the ones we are used to, which are
locally convex and based on the usual topology of R or C. They are nevertheless very well
behaved.
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that, endowing F/U with the discrete topology, my is continuous. Hence the
quotient topology on E/U is the discrete topology.

We say that a subspace B of E is linearly bounded if 7y (B) is finite dimen-
sional, for all linear open subspace or E. In other words, for any linear open
subspace U, there is a finite dimensional subspace A of E such that B C U + A.

Proposition 15 Any finite dimensional subspace of an ltvs E is linearly bounded.
Let By and Bs be subspaces of E. If By C By and Bs is linearly bounded, so is
Biy. If By and By are linearly bounded, so is By + Bs.

A collection of subspaces of a vector space F' having these properties is called a
linear bornology on F.

An ltvs E is locally linearly bounded if it has a linear open subspace which
is linearly bounded.

6.1.3 Linear and multilinear maps. Let E;,...,E, and F be k-ltvs’s.
An n-multilinear function f : E; x --- x E, — F is hypocontinuous if, for
any 7 € {1,...,n}, any linear open subspace V' C F' and any linearly bounded
subspaces B; C Ey,...,B;-1 C E;_1, Biy1 € Eiy1,...,B, C E,, there exists an
open linear subspace U C E; such that f(ByX-+-xB;_1 xUXB;y1 XX By,) C
V.

We denote by (Ey,...,E,) — F the k-vector space of all such multilinear
maps. Given linearly bounded subspaces B,..., B, of E1,..., E, respectively
and given a linear open subspace V of F', we define

ann(Bl,...,Bn,V):{fE(El,...,En)ﬂF|f(B1><~-~><Bn)QV}.

This is a linear subspace of (E1,...,E,) — F and by Proposition 15 these
subspaces form a filter which defines a linear topology on (Fy,...,E,) — F
and this topology is Hausdorff. Indeed, if f € (Ey,...,E,) — F is # 0, then
take x; € E; such that f(x1,...,2,) # 0. Since F' is Hausdorff, there is a linear
neighborhood V of 0 in F such that f(z1,...,2,) ¢ V. Let B; = kz;; this is a
linearly bounded subspace of E; and f(By X -+- X B,) € V.

In the case n = 1 (and E = Ej), the corresponding maps f : E — F
are simply called linear, and they are continuous. The corresponding function
space is denoted as £ — F'. If F' =k, then the corresponding maps are called
(multi)linear (hypo)continuous forms. If furthermore n = 1 the corresponding
function space is denoted as E’ and is called topological dual of E.

Proposition 16 Let f: Ey X --- X E, — F be multilinear and hypocontinuous
and let B; C E; be linearly bounded subspaces for i = 1,...,n. Then f(B; X
-+ X By) is a linearly bounded subspace of F'.

Proof. Let V be an open linear subspace of F. Let U; be an open linear subspace
of Fy such that f(Uy x By X -+ x B,) C V. Let Ay be a finite dimensional
subspace of E; such that By C U; + Ay, we have f(By X -+- X By,) CV+ f(A; x
By x -+ x By). Since A; is bounded, one can find similarly a finite dimensional
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subspace A of By such that f(A; xBax---xBy) CV4f(A1x Ay x Byx---XBy,)
and hence (since V4+V =V) we get f(B1 X - x Bp) CV+ f(A; X Ag X B3 X
-+« X By). Continuing this process, we find finite dimensional subspaces A; of
E;fori=1,...,nsuch that f(By x---x B,) CV + f(A; x--- x A,) and we
conclude that f(B; x -+ x By,) is linearly bounded since f(A4; x --- x A,) is
finite dimensional. o

It is tempting to think that (multi)linear (hypo)continuous maps could be
characterized as those which preserve linear boundedness. This cannot be the
case: think of a linear map f : F — F where F is finite dimensional. Such a
map preserves linear boundedness (any subspace of F is linearly bounded) but
has no reason to be continuous.

It should also be noticed that multilinear maps which are continuous wrt. the
product topology are hypocontinuous. The converse holds when the source ltvs’s
are locally linearly bounded, but not when they are more general spaces.

6.2 Finiteness spaces and the related ltvs’s

We restrict now our attention to particular ltvs’s which can be described in a
simple combinatorial way. This material is mainly borrowed to [Ehr05], with
a viewpoint improved thanks to the work of Tasson [Tas09b, Tas09a], and we
provide also additional considerations and results.

6.2.1 Basic definitions. Let I be a set. Given F C P(I), we define F+ C
P(I) by
Fr={u CI|VueFuni is finite}.
We have F C G = G+ C F+, F C F** and therefore F&++ = FL.
A finiteness space is a pair X = (| X|,F(X)) where |X| is a set and F(X) C
P(|X|) satisfies F(X) = F(X)"". The following properties follow easily from
the definition

e if u C |X]| is finite then u € F(X)
e if u,v € F(X) then uUwv € F(X)
o if u Cve F(X), then u € F(X).

Let us prove for instance the second statement. Let v’ € F(X)™, then (uUv)N
u = (unu')U(vNa') is finite since both sets u N v’ and v N v’ are finite by
our hypothesis that u,v € F(X). Since this holds for all v’ € F(X)", we have
wUv e F(X)" = F(X).

A strong isomorphism® between two finiteness spaces X and Y is a bijection
@ :|X| = |Y]| such that, for all u C |X]|, one has u € F(X) iff p(u) € F(Y).

6This would coincide with the categorical notion of isomorphism if we were using morphisms
which are defined as relations. With linear continuous maps (between the associated ltvs’s) as
morphisms, the present notion of isomorphism is a particular case of the standard categorical
one: we can have more linear homeomorphisms from k(X) to k(Y) than those which are
generated by such finiteness-preserving bijections between webs.
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Let X be a finiteness space. We define a k-vector space k(X) as the set of
all families = € kX! such that the set |z| = {a € | X| | z, # 0} belongs to F(X).

Given v/ € F(X)", we define a linear subspace of k(X) by
V(u') ={z e k(X) | |z|nu = 0}.

Observe first that Vu/, v’ € F(X)" o/ Cv' < V(') C V().

Since, given u/,v/ € F(X)", we have V(u/ Uv') = V(u/) N V(v'), the set
{V() | v' € F(X)"} is a filter of linear subspaces of k(X). Moreover observe
that (), cp(x)+ V(u') = {0} (because Va € |X| {a} € F(X)™"), and therefore this

filter defines an Hausdorff linear topology on k(X), that we call the canonical
topology of k(X).

Proposition 17 For any finiteness space X, the ltvs k(X)) is Cauchy-complete.

Proof. Let (x(d))qep be a Cauchy net. Let ¢ € | X|. By taking v’ = {a} in the
definition of a Cauchy net, we see that there exist z, € k and d, € D such that
Ve > d, x(€)q = Tq-

We prove first that

Vu' € F(X)'3d € DVe > dVa e v/ z(e)q = 4. (12)

Let v/ € F(X)". Let d° € D be such that z(e) — z(d®) € V(u) for all ¢ > d°.
Let a € v/ and let d, > d° be such that z(e), = x, for all e > d,. Let e > d°.
Let ¢/ > e,d,. We have z, = x(e'), since ¢/ > d, and z(e’), = z(e), since
e, >d° and a € v. Tt follows that Va € v/ x, = z(e),.

From this we deduce now that z € k(X). Let v’ € F(X)". Let d € D be
such that Ve > dVa € v x(e)q = z,. Then |z|Nw' = |z(d)| N is finite, so
|z| € F(X)™" = F(X), that is = € k(X).

Now Condition (12) expresses exactly that limgep 2(d) = = and hence the
net ((d))gep converges. O

A natural question is whether F(X) is always metrizable. We provide a
necessary and sufficient condition under which this is the case.

Proposition 18 A finiteness space X is metrizable iff there exists a sequence
(W, )nen of elements of F(X)™ which is monotone (n < m = v/, C u’,) and
such that Vo' € F(X)" In e N o/ Cul,.

Proof. Let first (u/,)nen be a sequence of elements of F(X)™ which satisfies the
condition stated above. Given z,y € k(X), we define

0 ife=y
d(z,y) =< 2™ if x # y and n is the least integer
such that u), Nz —y| #0.
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Indeed, if © # y, then |x — y| # 0 and hence, taking a € |z — y|, we can find
n € N such that {a} C u},. This function d is easily seen to be an ultrametric
distance (that is d(x, z) < max(d(x,y),d(y, z))) and it generates the canonical
topology of k(X). Indeed we have

d(z,y) <27 iff z—yeV(u,).

and hence By-» = V(u},), where B is be the open ball centered at 0 and of
radius €.

Conversely, assume that k(X) is metrizable and let d be a distance defining
the canonical topology of k(X). For each n € N, Bs-» is a neighborhood
of 0 and hence there exist v/, € F(X)" such that V(v}) C By-n. Let u), =
vhU---Uv), € F(X). Then V(u/,) C V(v),) C By—n. Now let v/ € F(X)", then
V(u') is a neighborhood of 0 and hence there exists n such that By-» C V(u'),
which implies V(u},) C V(u') and hence v’ C ul,. O

It follows that there are non-metrizable Itvs’s associated with finiteness
spaces. We give an example of this situation in Proposition 19, using expo-
nential constructions that will be introduced in Section 6.2.3 (but the proof can
be understood without reading this section before).

Proposition 19 The ltvs k(!1?1) is not metrizable

Proof. Let X =171, so that |X| = Mg, (N) and a subset u for | X| belongs to
F(X) iff 3n € N u C Mg, ({0,...,n}). The proof is a typical Cantor diagonal
reasoning.

Let (ul,)nen be a sequence of elements of F(X)". Let n € N, we have

pX

{p[n] | p € N} € Mgan({0,...,n}) where p[n] = [m] and hence u,, N {p[n] |
p € N} is finite. Therefore we can find a function f : N — N such that
Vn € N f(n)[n] ¢ u,. Let o' = {f(n)[n] | n € N}. Then v’ € F(X)" since,
for any n € N, v’ N Mg, ({0,...,n}) = {f()[] | ¢ € [0,n]} is finite. But for all
n € N we have f(n)[n] € u'\ u), and so v’ Z u),.

By Proposition 18, this shows that k(!?1) is not metrizable. o

This is a very interesting phenomenon which reveals a relation between the
topological complexity of the interpretation of a type and its functional com-
plexity (alternation of exponentials).

6.2.2 Linearly bounded subspaces. Let X be a finiteness space. We are
interested in characterizing the linearly bounded subspaces of k(X).

Given u C |X]|, let D(u) = {z € k(X) | Domz C u}. This is a linear
subspace of k(X).

Let u € F(X). We prove that D(u) is linearly bounded. Let «’ in F(X)".
Observe that V(u') = D(|X|\ v’). We have therefore D(u) C V(u') + D(uNw'),
and since w N v is finite, the space D(u N u') is finite dimensional. Let U
be an open subspace of U, let «/ C F(X)" be such that V(u') C U. Then
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D(u) CU 4 D(unu'). Hence D(u) is linearly bounded. We show now that this
condition is actually sufficient.

Proposition 20 A linear subspace B of k(X) is linearly bounded iff there exists
u € F(X) such that B C D(u).

Proof. Assume that B is linearly bounded. Let u = |J,p |7|, so that B C D(u),

we prove that u € F(X). Let v/ € F(X)". Let A be a finite dimensional
subspace of F such that B C V(u') + A. Let Ag be a finite generating subset of
A and let ug = ey, [yl € F(X). Then z € A= 2] C uo (that is A C D(uo)).

Let x € B, we write x = x1 + x5 where z7 € V(u') and 25 € A. We have
|z| C |x1| U |22| and hence v’ N |z| C (v’ N |z1]|) U (v’ N |22]) € w Nug since
v’ N |xz1| = 0. Since this holds for all z € B, we have ' Nu C ' Nug so v’ Nu
is finite and hence u € F(X) O

From this, we deduce easily a very simple characterization of locally linearly
bounded spaces.

Proposition 21 The ltvs k(X) is locally linearly bounded iff there exist u €
F(X) and v € F(X)l such that uUu' = |X]|.

Proof. Assume first that we have v € F(X) and v/ € F(X)" such that u U
u’ = |X|. Then V(u') is a neighborhood of 0 and we have V(u') C D(u) since
zeV)=|z|nu =0 = |z| Cu.

Conversely, let U be a linearly bounded neighborhood of 0. Let u’ € F(X )L
be such that V(u') C U and let u € F(X) be such that U C D(u). Let 2 € k(X)
be such that |z| = {a}. If z € U, then a € u. If © ¢ U then = ¢ V(u’), and this
means that a € u'. O

When this condition holds, k(X is metrizable: given an enumeration ay, as, . ..
of |X|, set u/, = v/ U{ay,...,an} € F(X)". Then, given any v’ € F(X)", we
know that v’ U w is finite and hence we can find n such that v C wu/, since
wUu =|X]|.

Let Fin(k) be the category whose objects are the finiteness spaces and such
that Fin(k)(X,Y") is the set of all continuous linear maps k(X ) — k(Y.

6.2.3 Constructions of finiteness spaces. We give a number of construc-
tions on finiteness spaces which allow to interpret differential linear logic, start-
ing with the most important one, which is the linear function space.

The most striking features of these constructions can be summarized by the
two following statements.

e In spite of the fact that these constructions are algebraic in nature (tensor
product, linear function space, topological dual etc), they are entirely
performed on the webs of the finiteness spaces and do not involve the
scalar coefficients in their definition. This means in particular that they
do not depend on the choice of the field, and this is quite surprising.
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e On the other hand, though these constructions are performed on the webs,
they do not really depend on them, in the following sense. Defining an in-
trinsic finiteness space as a k-1tvs which is linearly homeomorphic to k(X
for some finiteness space X, all these constructions can be transferred to
the category of intrinsic finiteness spaces and continuous and linear maps.

Let X and Y be finiteness spaces. Let X — Y be the finiteness space such
that |[X — Y| =|X| x |Y| and

F(X - Y)={uxv|ucF(X)and o € F(Yt)}"
={w C|X|x|Y]|VueFX)V € F(Y)" wn (ux v') is finite}

Let w € F(X —Y), u € F(X) and v/ € F(X)". It follows from (11) that
wu € F(Y) and that fwv’ € F(X)".

Let M € k(X — Y). If z € k(X) and b € |Y], then |M|{b} € F(X)" and
hence the sum Zae\)ﬂ Mg pz, is finite. Therefore we can define Mz € kYl by
Mz = (3 ,¢)x| MabTa)be|y|. Since [Mz| C [M||z|, we have Mz € k(Y) and
hence the function M defined by J\/Z(x) = Mz is a linear map k(X) — k(Y).
Moreover, M is continuous. Indeed, for any v € F(Y)" we have V({M|v') C
]\/J\*I(V(v’)) and hence J\//T’l(V(v’)) is open since |M|v" € F(X)".

Given finiteness spaces Z1, Z,, we define immediately the finiteness space
Z1 X Z2 as Z1 X Zg = (Zl —0 Zgl)l, so that |Z1 ®ZQ‘ = |Z1| X |Z2| One
of the most pleasant features of the theory of finiteness spaces is the following
property (see [Ehr05]) which has been considerably generalized in [TV10].

Proposition 22 Letw C |Z1|x|Z2|. One hasw € F(Z1 ® Zs) iff mi(w) € F(Z;)
fori=1,2.

Coming back to linear function spaces, this means in particular that, given
w C | X| x |Y], one has w € F(X —o Y)" iff there are u € F(X) and v/ € F(Y)*
such that w C u x v/, from which we derive a simple characterization of the
topology of linear function spaces.

Proposition 23 The function 0xy : M — M is a linear homeomorphism from
k(X —-Y) to k(X) — k(Y), equipped with the topology of uniform convergence
on linearly bounded subspaces.

Proof. The proof that fx y is a linear isomorphism can be found in [Ehr05].
We prove that this linear isomorphism is an homeomorphism. Let B C k(X)
be a bounded subspace and V' C k(Y) is an open subspace. Let u € F(X)
be such that B C D(u) and let v/ € F(Y)" be such that V(v/) € V. Then
ux v € F(X —o Y)" and hence V(u x v') C k(X —o V) is an open subspace.
Let M € V(u xv'), x € B and b € v/, we have (Mx), = 0 since |z| C u,
which shows that 0x y(M)(B) C V and hence fx y is continuous. Let now
W C k(X —Y) be an open subspace. Let w € F(X —o Y)L be such that
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V(w) € W. By Proposition 22, there are u € F(X) and v/ € F(Y)" such that
w C u x v/, and hence V(u x v') C W. Then, given M € V(u x v'), we have
Ox,y(M)(D(U)) C V(V’), which shows that §x y (W) is an open linear subspace
of k(X) — k(Y). ]

The tensor product X ® Y defined above is characterized by a standard
universal property. Given vectors * € k(X) and y € k(Y), then z ® y €
kI X®Y| defined by (z ® Y)(a,p) = Talp is clearly an element of k(X ® Y') since
lr@y| = |z| x |y] € F(X®Y). The map 7 : k(X) xk{(Y) - k(X ®Y) is
obviously bilinear, let us check that it is hypocontinuous. Let W be an open
linear subspace of k(X ® Y) and let w’ € F(X ® Y)" be such that V(w') C W.
Let B C k(X) be a linearly bounded subspace and let v € F(X) be such that
B C D(u). Since w € F(X — Y1) we have v/ = wu € F(Y)L. Let x € B and
y € V(v'), we have |z| C v and hence ma(|z @ y|Nw) C ma((u X |y|) Nw) =
(wu) N |y| = @ by definition of V(v'). Therefore z @ y € V(w’) C W. Similarly,
taking a linearly bounded subspace C' of k(Y), we show that there is an open
linear subspace U of k(X) such that 7(U x C) C W. So the map 7 is bilinear
and hypocontinuous.

Proposition 24 Let Z be a finiteness space and let f : k(X) x k(Y) — k(Z)
be bilinear and hypocontinuous. There exists exactly one continuous linear map
KX ®Y)— k(Z) such that f = for.

Proof. We define a matrix M e kIXI*IYIxIZ] 1y Map.c = f(€asep) and we show
first that |[M| € F(X ® Y — Z). Solet u € F(X), v € F(Y) and w’ € F(Z)"; we
must show that |M|N(uxvxw’) is finite. Let v’ € F(Y)" be such that f(D(u)x
V(v')) C V(w') and let o' € F(X)" be such that f(V(u/) x D(v)) C V(w'). Let
(a,byc) € IM|N(uxvxw), since f(eq,ep)e # 0 we have f(eq,ep) ¢ V(w'),
and hence we must have (ey, ep) ¢ D(u) x V(v') and (eq, ep) ¢ V(u') x D(v) and
therefore e, ¢ V(u'), that is a € v/, and similarly b € v (since we know that
a € uwand b € v, that is e, € D(u) and e, € D(v)). Since D(u) and D(v) are
linearly bounded, so is f(D(u) x D(v)) by Proposition 16 and hence there exists
w € F(Z) such that f(D(u) x D(v)) C D(w). Therefore f(eq,e;) € D(w) and
hence ¢ € w. We have shown that |[M|N (u x v x w') C (uNu') x (vNv') x
(wNw') and hence |M|N (u x v x w’) is finite, so M € k(X ®Y — Z). Let
f = M, it is a linear and continuous map from k(X ®Y) to k(Z). We have
flea ® ep) = f(eq,ep) for each (a,b) € | X| x [Y|. Let 2 € F(X) and y € k(Y),
by separate continuity of f we have f(z,y) = f(Zae\)q :caea,zbem Ypep) =
Z(a,b)€|X|><|Y\ waybf(eayeb) = Z(a,b)e|X\><|Y| xaybf(ea ® eb) = f(x ® y)7 by
continuity of f. Uniqueness of the continuous linear map f results from the fact
that necessarily f(eq ® ) = f(€q, ). |

Then one proves easily that the category Fin(k) equipped with this tensor
product (whose neutral object is 1, which satisfies obviously k(1) = k) is #-
autonomous, the object of morphisms from X to Y being X — Y and the
dualizing object being | = 1 (indeed, the finiteness spaces X — L and X' are
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obviously strongly isomorphic). This monoidal category is also enriched over
k-vector spaces.

Countable products and coproducts are available as well. Let (X;);er be a
countable family of finiteness spaces. The finiteness space X = &ie 7 X; is given
by | X| = U,;e; [Xi| and F(X) = {w C | X| | Vi € I w; € F(X;)} where w; = {a €
|X;| | (i,a) € w}. It is easy to check that F(X)" = {w’ C |X|| Vi € I w} €
F(X,;)" and w] = 0 for almost all i} and it follows that F(X)™" = F(X). It is
clear that k(&7,.; Xi) = [[;c; k(X;) up to a straightforward strong isomorphism
and that &, ; X; together with projections 7; : k(&z,o; Xi) — k(X)) defined in
the obvious way, is the cartesian product of the X;’s. Thankf to k-autonomy, the
coproduct of the Xj’s is given by @@, ; X; = (&ieI Xf‘) and k(@,; X;) C
[1;c; k(X;) is the space of all families (x;);c; of vectors such that z; = 0 for
almost all i € I. Of course, the canonical linear topology on k(&z;.; X;) is the
product topology, but the canonical topology on k(P,.; X;) is much finer: it
is generated by all products [],.; Vi where V; is a linear neighborhood of 0 in
k(X;). For finite families of objects, products and coproducts coincide.

Let X be a finiteness space. We define !X by |!X| = Mg, (| X]) and F(1X) =
{A C'X] | Upealm| € F(X)} and it can be proved that indeed F(!X) =
F(IX)™" (again, sce [TV10] for more general results of this kind). Given z €
k(X) and m € [IX], we set 2™ = [] ¢y i e k (this is a finite product
since |m| is a finite set), so that o' = (z™)menx| € k(IX) by definition of
F(1X). Let M € k(!X —Y), it is not hard to see that one defines a map
Fun(M) : k(X)) — k(Y by setting Fun(M)(x) = (Zme\le vabzm>b€‘y|; all
these sums are indeed finite, see [Ehr05] for more details. When the field k is
infinite, the map M — Fun(M) is injective.

In [Ehr05], it is also proven that !_ is a functor. Given M € k(X — Y) one
defines IM € k(!X — 1Y) by setting, for m € |!X| and p € |IY]|, (IM)m,p =
> oreLimp) [P] M" where L(m,p) = {r € Mga.(|X|x|Y]) | > beyr(a,b) =
m(a) and Zae\X| r(a,b) = p(b)} (so that r € L(m,p) = #m = #r = #p) and

(2] = [Toepy % € N*. This operation is functorial: !Td = Id and

ac|x| T
IMIN = (M N), and we also have Fun(!M)(z) = M o' = (Mx)‘ When k is
infinite, this latter equation completely characterizes !M, by injectivity of the
operation Fun(_) in that case. This functor has a comonad structure, of which
we recall here only the counit dx € k(!X — X)) given by (dx)m,a = Om,[q] (di;
is the Kronecker’s symbol which takes value 1 if ¢ = j and 0 otherwise).

The bijection |I(X & V)| — |'!X ® Y| which maps the element ¢ € [[(X & Y|
to the pair (m,p) € ['X ®!Y| defined by m(a) = ¢(1,a) and p(b) = ¢(2,b)
is a strong isomorphism of finiteness spaces. We also have a strong isomor-
phism from !T to 1. These strong ismorphisms induce natural isomorphisms
mxy € Fin(k)(IX @ Y, (X &Y)) and m; € Fin(k)(1,!T) which induce the
functor !_ with a monoidality structure from (Fin(k),&, T) to (Fin(k),®,1),
satisfying moreover the coherence diagram (5): to summarize, equipped with
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the structure described above, Fin(k) is a Seely category, that is, a categorical
model of classical linear logic.

Applying the general recipe of Section 4, we get the contraction natural
transformation cx : !X — !X ® !X and the weakening morphism wy : !X — 1.
We check that (Wx)m« = 0, and that (cx)m,(p,q) = Om.prq- We also get
the co-contraction natural transformation ¢y : !X ® !X — !X and the co-
weakening morphism Wy : 1 — !X. And we check that (Wx )., = Om,)), and

that (€)= (75") Imara where (1) = Tlaeyy) sramomtal s € N* s
a generalized binomial coefficient.

We also have a co-dereliction natural transformation dx : X — !X given by
(dX)a,m = 6m,[a), Which is easily seen to satisfy the conditions (8), (9) and (10)
of Section 4, so that Fin(k) is a model of full differential linear logic.

6.2.4 An intrinsic presentation of function spaces. We have seen that
a morphism from X to Y of the linear category Fin(k) can be seen both as
an element of k(X —Y) and as a continuous linear function from k(X) to
k(Y). A morphism from X to Y in the Kleisli category Fin,(k) is an element of
k(IX —Y). Given M € k(!X — Y), we have seen that we can define a function
Fun(M) : k(X) — K(Y) by Fun(M)(x) = M @' = (% cjix) Mo ™ociv.
Moreover, the correspondence M — Fun(M) is functorial. We provide here an
intrinsic characterization of these functions.

Let E and F be ltvs’s. Let us say that a function f : E — F is polynomial”
if there is n € N and hypocontinuous i-linear maps f; : E* — F (fori =0,...,n)
such that

f@)=fot file)+-+ fulz,.. @)

A polynomial map f of the form f(z) = f.(x,...,z), where f, is an n-linear
hypocontinuous function, is said to be homogeneous of degree n (this condition
implies of course Vt € k f(tx) = t"f(x), and when k is infinite, a polynomial
function is homogeneous iff it satisfies this latter condition).

Let Polk(E, F) be the k-vector space of polynomial functions from E to
F. This space can be endowed with the linear topology of uniform convergence
on all linearly bounded subspaces, which admits the following generating fil-
ter base of open neighborhoods of 0: the basic opens are the linear subspaces
ann(B,V) = {f € Polx(E,F) | f(B) C V}, where B is a linearly bounded
subspace of F and V is a linear open subspace of F. Let Poly(F, F) be the
completion® of that ltvs.

Theorem 25 Assume that k is infinite. For any finiteness spaces X and Y,

"When restricted to the exponential structure Fin(k), this notion coincides with the one
of Section 2.2.5.

8The completion of an ltvs E is a pair (E, h) where Eisa complete ltvs and h : £ — E
is a linear and continuous map uniquely defined by the following universal property: for any
complete ltvs F' and any linear continuous map f : E — F there is an unique linear and
continuous map f : E — F such that f o h = f. Using standard techniques, one can prove
that any ltvs admits a completion, which is unique up to unique isomorphism.
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the ltvs kK(1X —o Y) is linearly homeomorphic to Poly(k(X),k(Y)).

Proof. Let h : k(X)™ — k(Y) be an hypocontinuous n-linear function of ma-
trix M € k(X ® - ®X —Y), so that f(z1,...,2,) = M(z1 ®@ -+ ® xy).
Remember that, using contraction and dereliction, we have defined in 2.2.2
the morphism d% € k(!X - X ®---® X). Then we have N = M d% €
k(X —-Y), and it is easy to see that Fun(N)(z) = h(z,...,x). In that
way, we see that any polynomial map from k(X) to k(Y) is an element of
k(1X — Y); we have an inclusion Poly (k(X),k(Y)) C k(!X — Y'). Conversely,
let (m,b) € |!X — Y| with m = [ay,...,a,]). The map f : k(X)" — k de-
fined by f(z(1),...,2(n)) = (1)a, ...x(n)y, is multilinear and hypocontin-
uous. Hence the same holds for the map = — f(z)e, from k(X)" to k(Y).
Therefore we have k('X=YD C Poly (k(X),k(Y)). Hence Poly (k(X),k(Y)) is
a dense subspace of k(!X — Y). To show that k(!X — Y) is the completion
of Poly (k(X),k(Y)) it suffices to show that the above defined linear topology
on that space (uniform convergence on all linearly bounded subspaces) is the
restriction of the topology of k(!X — Y').

Let B C k(X) be a linearly bounded subspace and let V' C k(Y") be linear
open. Let v/ € F(Y)" be such that V(v/) C V. By Proposition 20, |B| =
U{lz] | = € B} € F(X), so Man(|B|) € F(IX). Let M € V(Man(|B]) X
V') C k(1X — Y, then ]\/Z(x)b = 0 for each z € B and b € v'. So we have
V(Mg (|B]) x v') NPolk(k(X),k(Y)) C ann(B, V).

Conversely let U € F(1X) and v € F(Y)", then we have u = Umer Im| €
F(X) and hence the subspace B C k(X)) of all vectors which vanish outside v is
linearly bounded. Let M € k(!X —o Y) be such that the map M : k(X) — k(Y)
is polynomial and belongs to ann(B,V(v')). Then for any m = [a1,...,a,] €
Men(u) and b € v/ we have M, ;, = 0 because this scalar is the coefficient of
the monomial f?(al) ...&M@) in the polynomial P € k[¢1, ..., €] such that
P(z1,...,2,) = J/\/[\(ac)b where z € k(X) is such that z, = z; if @ = a; and
zq = 0if a ¢ |m|, and P = 0 because ]/\/I\(B) C V(v') by assumption (we also
use the fact that k is infinite). Hence M € V(U x v') and we have shown that
ann(B,V(v")) C V(U x v') NPoli(k(X),k(Y)), proving that this latter set is a
neighborhood of 0 in the space of polynomials. a

The Taylor formula proved in [Ehr05] for the morphisms of this Kleisli cate-
gory shows that actually any morphism is the sum of a converging series whose
n-th term is an homogeneous polynomial of degree n.

As an example, take E = k[¢] ~ k(!1 — 1). The corresponding topology on
E is the discrete topology. A typical example of generalized polynomial map
is the function ¢ : E — k which maps a polynomial P to P(P(0)), in other
words, @(zg + 1€ + - + 2,E") = 29 + 120 + -+ + xpx]. Considered as a
generalized polynomial of infinitely many variables xg, 1, ..., we see that ¢ is
not of bounded degree, and so it is not polynomial. Nevertheless, it corresponds
to a very simple and finite computation on polynomials.
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6.2.5 Anti-derivatives. Just as Rel, the Fin(k) exponential structure is
bi-commutative and Taylor in the sense of Section 2.2.4. Moreover, if k is of
characteristic 0 (meaning that Vn € Nn1 =0 = n = 0) it has anti-derivatives
in the sense of 2.3, because the morphism Jy = Idx +(0x 9x) : !X — !X
satisfies (Jx)p,q = (#p + 1)d, 4 for all p,q € |'X| and hence is an isomorphism
whose inverse Ix is given by (Ix)pq = ﬁép,q.

7 Interpreting DiLL proofs

There are basically two approaches for interpreting nets or pre-nets in such
categorical models. Let C be a model of DiLL in the sense of Section 4. The
first thing to do is to interpret the formulas of LL as objects of C, which is an
obvious step, once an object [a] of C has been chosen for each atomic formula
a, and the object [a]J‘ has been assigned to the negated atom @: in that way,
an object [A] of C is associated with each formula A and we have [A+] = [A]".

7.1 General approach

The abstract and most general approach does not allow to interpret all (typed)
pre-nets, but only those which are correct in the sense of Section 1.5. To be
more precise, we can interpret in C correctness deduction trees, because, with
each of the rules of Section 1.5, one can easily associate categorical constructions
of Section 4. Using the categorical axioms of that section, one can prove then
that this interpretation does not depend on the correctness deduction tree, but
only on the underlying pre-net. One proves moreover that the interpretation
is invariant under the reduction rules of Section 1.6. To a net r with typed
interface I = (py : A1,...,pn @ A,), one associates in that way an element [r]!

of C(1,[A1] - BB[A,]).

7.2 Experiences

The other approach applies to Rel, and to the models based on that semantics
(such as the model of finiteness spaces, in the case where k = B, which has not
been dealt with in the present paper since B is not a field, but which is quite
easy, see [Ehr05]).

This approach dates back to [Gir87] where an assignment of semantic tokens
(elements of webs of coherence spaces) was called an experience. It is easy to
adapt it to the current DILL setting. Observe first that [A ® B] = [A® B| =
[A] x [B] and that [!A] = [?A4] = Mg, ([A]) so that [A1] = [A].

Let r be a simple pre-net given together with a correct type assignment 7 (see
Section 1.4). An ezperience for (r,T) is a mapping e which, with each oriented
wire w of r, associates an element of [7(w)] in such a way that e(w') = e(w),
and the following local constraints are satisfied:
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A7§’B\~/ A®B\# ?A\# ?A\# 7A\# !A\# !A\# !A\#
(a,b) (a,b) I [a] l+m ] [a] l+m

where each oriented wire is decorated with its type (assigned by 7) and by its
semantic token (assigned by e).

Given a typed simple pre-net r and a type assignment 7 which is correct for
r and induces the typed interface I = (p1 : A1,...,pn : Ay), we define [(r,7)]L,
as the set of all tuples (a1,...,a,) € [A1] X --- X [A,] such that there is an
experience e for (r,7) with e(w;) = a; where w; is the oriented wire of r whose
endpoint is p;.

Given a typed pre-net s = {(r1,71),..., (Th, 7h)} with typed interface I =

(p1: A1,...,pn + Ay) (remember that we have taken k = B so a pre-net is a
finite set of simple pre-nets), we set [s]L, = [(r1, 1)L, U~ U [(rn, 70)]4-

Concerning boxes such as

S

A 24, | 74,

1A 24, Y74,

m
mi mp

where s is a typed pre-net with typed interface I = (p: A,p1 : A1, ...,pn: TA,)
the assignment of semantic tokens given by the figure above is correct if there
is a k € N and k tuples (a/,m?,...,mi) € [s]§, for j = 1,...,k such that
m=l[al,...,a* and m; =ml + -+ mF fori=1,...,n.

A simple inspection of cases shows that this semantics with typed pre-nets
is invariant under the reduction rules of Section 1.6.

7.3 Comments

Of course, for typed pre-nets which are correct in the sense of Section 1.5, the
general approach and the experience method give the same results, but the
interesting point is that the experience method applies in Rel to all typed pre-
nets, not only to the correct ones.

It is then quite interesting to understand how syntactic properties of pre-
nets are related to semantic properties of their relational interpretation based
on experiences. For instance, Girard showed directly in [Gir87] that, when an
LL pre-net satisfies the acyclicity criterion (which implies that it is logically
correct), then its relational interpretation® is a clique of the coherence space

9This is not a completely precise statement because the coherence space semantics and the
relational semantics disagree on the interpretation of the exponentials: some tokens of the
relational semantics are discarded by the coherence space semantics.

45



model.

More interestingly, one can try to characterize syntactically semantic prop-
erties of the interpretation of pre-nets in Rel. The first result of this kind is
due to Rétoré [Ret97]: he proved that a typed pre-net whose relational interpre-
tation is a clique is logically correct (this result was obtained in multiplicative
LL). More results have been obtained by Pagani: extending this results to the
exponentials [Pag06], he has introduced wisible acyclicity a weaker notion of
correctness for pre-nets. He also obtained similar results for DiLL, with respect
this time to the finiteness space semantics.

Conclusion

This already too long article was not intended to provide an encyclopedic in-
troduction to differential linear logic: many aspects have not been dealt with,
or have simply been alluded to. It was only intended to highlight some aspects,
insisting more on semantics than on syntax. The reason for this choice of pre-
sentation is that we do not know yet which aspects of the theory will show
useful, or relevant to other topics. Our main motivation for developing this
theory is not its usefulness, but the fact that it is extremely natural and that,
once discovered the differential extension of LL, it was almost impossible not
to “play with it”. We also believe that it provides a radically new viewpoint
on the exponentials of LL and we are convinced that applications will show up
naturally.
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