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f » Geometry of time flows T

» Time flow, weak S-homotopy, weak dihomotopy,
weak quasidihomotopy, branching homology,
merging homology, underlying homotopy type

#» CCS (Calculus of the Communicating Systems)
L
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# Bisimulation, weak flow
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Time flows up to homotobpv — D ¢



The causal structure of a time flow

- .

# A good notion of homotopy must preserve initial states,
final states, non-deterministic branching and merging
areas, and more generally the causal structure

INITIAL S AL STATE

< Full 2-dimensional globe
Glob(D?)

Tree-like time flow

| | o Allowed contraction of
# Forbidden contraction the achronal segment

L of the directed segment J

Time flows up to homotopv —D. -
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The Swiss Flag example
r o

(1,1)

DEADLOCK _
S V\B VA

VA S == B
e 7 -/--1___LIvVELOCK
PA //
/

PB ......

(0,0) PA PB VB VA T1

Two ressources A and B used by at most one process
at the same time

PA: take A, V A: release A, PB: take B, V B: release B

Shaded area represents impossible states
corresponding to mutual exclusion J

Time flows up to homotopv — D. ¢



Flow and weak S-homotopy

f # Flow = small category without identities enriched over T
Top (compactly generated topological space)

s set XU of states of X = the objects
s space P, 3.X of non-constant execution paths from
a to 3 of XU = the morphisms from « to 3

s Strictly associative composition of execution paths:
the composition law * : P, g X x Pg X — P, X

s f:X —Y consistsofasetmap ’: X" — YY" and
a continuous map Pf : PX — PY compatible with s,
t and x

® X loopless iff P, X = @ for every o

® f:X — Y weak S-homotopy iff f¥ bijection and Pf
L weak homotopy equivalence J

Time flows up to homotopv — nD. ¢



A good theory of directed homotopy

s

o———@

NOT EQUIVALENT TO
o

# The functoriality

X — {non-constant execution paths of X'}

#® EXxpressive enough to contain all examples of

concurrency

# Weak S-homotopy does not identify the directed
segment and the point

L # The path space functor X — PX = [ |, 3 Pa,sX

=

-

Time flows up to homotopv — D. ¢



Globe of a topological space

-

# The globe Glob(Z7) of
the topological space

7
. s Glob(2)? ={0,1}
s PGlob(Z) = Z
s 5=0
Z % |0,1] s t=1

‘GlOb(Z)’ = (27 O) _ 6, (27 1) _ /1\ ®» NO Composable

non-constant

(the underlying space of execution paths

Glob(Z) for Z + @
ob(Z) 79) # The directed seg-

ment Glob({x}) = T

o -

Time flows up to homotopv — D.



Weak S-homotopy model category

fTheorem. There exists exactly one model structut®f, Fib, W)T
on Flow such that

® Fib={f:X — Ys.t.Pf Serre fibratior}
® W = {weak S-homotogy(= R : {0,1} — {0} € Cof)

It is cofibrantly generated, proper, simplicial, not cedulnot
topological. Every flow is fibrant.

19" = {Glob(S"1) — Glob(D"),n > 0} U {C, R} | with
C:2— {0}, R:{0,1} — {0} (generating cofibrations)

J9 = {Glob(D" x {0}) — Glob(D" x [0,1]),n > 0}
(generating trivial cofibrations)

o

-

Time flows up to homotopv — D. §



Realizing posets as flows

=

(P, <) poset

let

s F(PV=P

o P,gF(P)={uqp}Iffa<p

s P, gl (P)=0iffa>p

F(P) loopless

F : {poset+strictly increasing map} — Flow

F(P) also denoted by P
< represents observable time ordering

-

Time flows up to homotopv — D ¢



Localizing w.r.t. generating T-homotopy

f’ {6<T}—>{6<2<T},U|—>V*W T
0 ‘ 7
0 - 2 u i

#® A representative set of finite bounded posets (P
bounded implying 0 = min P # max P = 1)

® |T={Q(P,CcP)st 11 and0— 0and1+— 1}|with
bottom element 0 and top element 1

# How to prove the existence of the Bousfield localization
of the weak S-homotopy model category structure with
respect to 7 (using Bousfield-Friedlander localization
L or a notion of quasi-cellular model category ?) J

Time flows up to homotopnv — p. 1(



Dihomotopy and quasidihomotopy
B o

# f weak S-homotopy equivalence iff Q(f) iIsomorphism
of Flow,,[cell(.J9')~1]

# f weak dihomotopy equivalence iff Q(f) isomorphism
of Flow,, f[cell(7 U J9)~1]

#® [ weak quasidihomotopy equivalence iff f 7-local
equivalence, i.e. iff Q(f) isomorphism of

Flow,,[cell(A(7) U J9)~1] where
MT) = {(A® Aln]) Uagoam) (B@OIA[n]) — (BRAln|)}

WithA—Be7andn >0

o {weak S-homotopy} c {weak dihomotopy} C
L {weak quasidihomotopy} J

Time flows up to homotopnv — p. 1°



Branching and merging spaces
- o

® P X :=PX/(x=xx*y) (branching space functor) :
space of germs of non-constant execution paths
beginning in the same way

® PTX =PX/(y=zx*y) =P X% (merging space
functor) where X°P is the opposite flow

Theorem. There exists a weak S-homotopy equivalence
f: X — YsuchthatP~X =~ S? 1 {0} andP~Y = {0} UR.

Theorem. For all weak S-homotopy equivalencés X — Y, the
mapsP~Q(f) : P~Q(X) — P~Q(Y) and

PTQ(f) : PTQ(X) — PTQ(Y) are weak homotopy equivalences
of topological spaces.

o -

Time flows up to homotonv — p. 1



Branching homology
B o

e Letn>—1|H  (X):=H, ( Sing ]P—Q(X)$X0)
(s(z) = s(z*y))

#® H_(X) contains the non-deterministic branchings of
dimension n forn > 1

® H;(X) Isthe free abelian group generated by the final
states of X

-~
/ -
/ _ -
/ -~
/ //
y 27
Vs
A =

Time flows up to homotonv — p. 1:



Merging homology
- o

s Letn>—1Hf  (X):= H, ( SingPHQ(X)—~X")
(t(y) =tz *y))

® H1(X) contains the non-deterministic mergings of
dimension n forn > 1

® Hy (X) isthe free abelian group generated by the initial
states of X

o -

Time flows up to homotopv — p. 1«



Underlying homotopy type of a flow
-

The underlying homotopy type | X | of a flow X T

o Write o — Q(X) as a transfinite composition of
pushouts of C': & — {0}, R:{0,1} — {0}, and of
Glob(S™ 1) — Glob(D") withn > 0

# Replace this transfinite composition by a transfinite
composition of pushouts of C': & — {0},

R:{0,1} — {0} and of |Glob(S"™1)| — |Glob(D")| with
n >0 (with |Glob(Z)| = Z x [0,1]/((2,0) = 0, (z,1) = 1) if
7 + @)

o One obtains g — |X|
® | —|: Flow — Ho(Top)

o -

Time flows up to homotopnv — p. 1!



About dihomotopy

fTheorem. Dihomotopy preserves the branching and mergingT
homologies, and the underlying homotopy type.

Theorem. There does not exist any model structurekdow
(cofibrantly generated or not) such that the class of weak
equivalences is exactly the class of weak dihomotopy
equivalences.

Theorem. For any model structure (cofibrantly generated or not)

on Flow such that)({0 < 1}) — Q{0 < 2 < 1}) is a weak
equivalencethere exists @ushout of? : {0, 1} — {0} which is a
weak equivalence.

There is a good notion of fibrant objects and a cocylinder
functor for the full dihomotopy relation

o -

Time flows up to homotopnv — p. 1¢



Homotopy continuous flow

-

S-homotopy

Homotopy continuous flow = Indefinitely divisible up to

Q{0 < 1})

-

X homotopy continuous if and only if X — 1 satisfies the
right lifting property with respect to the set of maps J% U T

o

-

Time flows up to homotonv — p. 1°



Whitehead’s theorem for dihomotopy

E

flows such that the inclusion functBilow

heorem. There exists aongruence-s, on the morphisms of
homotopy (:ontinuousC Flow

cofibrant

Induces the=quivalence of categories

homotopy continuou
Fl cofibrant

~p FIOW[(ST)_l]

-

whereS+ is the class of weak dihomotopy equivalences.

-

Time flows up to homotopnv — p. 1¢



Path functor for dihomotopy
E

heorem. There exists a functdPaths : Flow — Flow

(Idx,Idx)

Paths X — X X X
€ cof (JI'UT) € inj(J9'uT)

(f.9)

\
X e Patht Y Y xY

H right dihomotopy from f to g : reflexive and symmetric

Congruence ~4 = transitive closure of right dihomotopy

o -

Time flows up to homotopv — p. 1¢



About quasidihomotopy

fTheorem. There exist pushouts &f: {0,1} — {0} which are T
weak guasidihnomotopy equivalences.

Theorem. Quasidihomotopy preserves the initial and final states

Open question. Characterizing the weak dihomotopy
equivalences as the subclass of that of weak quasidihomotop
equivalences preserving branching and merging homolamels
underlying homotopy type.

o -

Time flows up to homotopv — p. 2(



Quasidihomotopy and pushout ofR
f # lIdentifying B = D In T

N

a*b

\/

corresponding to the sequential execution of a and b

# Underlying homotopy type not preserved: S! not
contractible

» P and P, contractible: the identification B = D not
L observable from outside J

Time flows up to homotopv — p. 2°



Not a qguasidihnomotopy
B - | o

# l|dentifying B = D In
/ \
\ b*a//7

corresponding to the concurrent execution of a and b

# After the identification B = D, two possible actions
between Aand B=D ifa # b

o -

Time flows up to homotopv — p. 2
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Some remarks

=

Quasidihomotopy behaves like dihomotopy except in
non-observable areas of the time flow : the same
phenomena happen with the higher dimensional maps
of A(T)

Quasidihomotopy is an observational equivalence

The Bousfield localization functor (which does exist)
erases the non-observable areas

An observational equivalence does not necessarily
preserve the underlying homotopy type

-

Time flows up to homotopv — p. 2:



f #» Geometry of time flows

o

Part |

>

CCS (Calculus of the Communicating Systems)
o Very Short Course about CCS (VSC)

» Semantics of process algebra using CCS
precubical sets (modification of Fahrenberg’s
Goubault’s and Worytkiewicz’s constructions)

o Semantics of process algebra using CCS flows
Bisimulation, weak flow

’ -

Time flows up to homotopv — p. 2«



-

[IVSC] A CCS-like language
-

(channel, port) names: a,b.c, ...

co-names: @, b.,¢,... (@ = a)

silent action: 7 (synchronized action of ¢ and @, b and b, etc...)
actions, prefixes. y ::=a,a, 1

P, Q) ::= nil idle action,
u. P prefix,
P+ Q non-deterministic choice,
P|@Q concurrent execution with synchronization,
(va)P restriction to a local use of q,
rec(x)P(x) recursion, z guarded variable in P(z)
PL0Q P behaves like () after executing

-

Time flows up to homotopv — p. 2!



[IVSC] Operational semantics of CCS
A -

a.P 5 P
PL P u+#aa

Res
(va)P 5 (va)P’
Ko Kooy
sumi— L = P sumz— @ ¢
P+QL5 P P+Q 5 Q
), Kooy
Parl P— P Par?2 Q=0
PlQ % PR PIQ % PG
P a P/ a /
Com — T’Q — ¢
PIQ 5 P

P(rec(z)P(z)) = P’
rec(z)P(z) = P’

o -

Time flows up to homotopv — p. 2¢

Rec



[VSC] Examples of CCS processes

fLabeIIed precubical sets decorated by CCS terms: the T
decoration does not belong to the structure of labelled
precubical set

a.b.nil + b.a.nil a.nil|b.nil
/ \ / \
b.mvil a.nil nal|b.nil a.nil|nil
\ / \ /
nl nil|nil
a.nil|a.nil

\
/

rec(z)P(z) 5 rec(x)P(z) = ...

\]

nil|a.nil a.nil|nil

(va)a.nil|a.nil = nil|nil

/
N

o -

Time flows up to homotopv — p. 2

nil|nil



CCS precubical set

¥ ={a,b,c,...}U{a,b,c, ...} U{r} with@ = a (set of
labels)

Put an arbitrary total ordering (X, <) : label for the
concurrent execution of a and b = label for the
concurrent execution of b and a

Precubical set of labels > defined by

s (IX)o =10} (the empty word)

e forn>1, (%), ={(ar,...,ap) €X X ... x ¥ a1 <
.Lapandi#j=a; #a;}

o M ar,...,an) =0 a1,...,an) = (a1,...,@,...,ap)
CCS precubical set: object of (JPSet | (13)
Two opposite faces are labelled in the same way J

Time flows up to homotopv — p. 2¢



Example of CCS2-cubes

Figure 1: Concurrent execution of ¢ and b with a # b
and a <0

L ® If b = a, then the 2-cube cannot be filled out J

Time flows up to homotopv — p. 2¢



CCS n-coskeleton
-

f ® lLet/: K —!3 be aCCS precubical set. A CCSn-shell

of K'isa2(n+1)-uple («,...,20 ;,21,... 2} ) of
CCS n-cubes of K suchthatforany 1 <i < j <n+1,

one has o¢ f — af i forany o, 8 € {0,1} and such

that /(2Y) = ¢(x}) forany 1 <i < n + 1.

# The CCS n-truncature functor
tr¢CS . (OPSet | 1Y) — (O77Set]!Y) has a right adjoint
cosk?“7 - (OPSet| 1Y) — (C°PSet|132) which freely
generates CCS p-cubes for all p > n

# Using the CCS labelling, and the fact that a precubical

set contains no degenerate cubes, the right adjoint is
well-behaved !

o -

Time flows up to homotopnv — p. 3(



Synchronized tensor product of cubes

- .

# Take two CCS cubes 7 : Om] —!¥ and ¢ : On| —!%

# Consider the CCS 1-dimensional precubical set 7
defined by

» Z() = D[m]() X D[n]o
e /1= (D[m]o X D[n]l) L (D[m]l X -
Olnlo)U{(z,y) € Om]1 x Olnj1, ((z) = £(y) }
» face maps defined in an obvious way
o (Om] —IY) ®, (O[n] —!) := cosk$“ (2)

& K@ L=l e op (O] —=19) @ (O] —12)

# ® (non-synchronized tensor product) closed monoidal
structure of [1°PSet

o -

Time flows up to homotopv — p. 3°



Denotational semantics of CCS ()

f o for every P, every state of (1| P| decorated, and the T
unique initial one decorated by P

® Ofnil] = 0)0] and Onil] = () 2 ()

(0 2= Ay nal] Of(va)P] ——O[P]
S I i
O[P] —0O[p.P] 'E\{a,a}) ——1%
o [P+ Q] =0O[P] ®OJQ] where @& binary coproduct in
the comma category {:}|Flow |73
o OlrPIQ] =1[P] @, T[]
® [frec(z)P(x)] = lim O[P"(nil)] (using
~ nil = P(nil) — P(P(nil)) — ...) o



Realizing precubical sets as flows

- .

K precubical set

O[n| n-cube, n > 0

() cofibrant replacement functor

Let

s (OO ={0}

s |Un||=QH{0<1}"),n>1

s |K|= " K,.|On|

# functor | — | : {precubical set} — Flow

© o o 0

# it has a right adjoint

Note: (Q necessary. Otherwise |0(][n]| = |[n]| for n > 3.

o -

Time flows up to homotopv — p. 3:



CCS flow

¥ ={a,b,c,...}U{a,b,c, ...} U{r} with@ = a (set of T
labels)

Flow of labels 73 defined by

s (7%)° = {0}

s P(7X) free associative discrete monoid without unit

generated by ¥ and the relations axb=bxaifa # b
andaxT=7*xcandax7=7x0a

CCS flow: object of Flow | (7X)

Two executions paths of the same connected
component of P, 3 X have same label

The realization of a CCS precubical set gives rise to a
CCS flow (there is a canonical map |!>%| —73) J

Time flows up to homotopv — p. 3



Examples of CCS2-cubes
B o

O
W00 T

Figure 2: Sequential Figure 3: Concurrent

executionof e and b execution of « and b

Not the realization of a \ith 4 £ b

CCS precubical set for
a+#b If b = @, then the 2-cube

L cannot be filled out J

Time flows up to homotopv — p. 3!



Synchronized tensor product of flows

- .

# The flow X ® Y defined by
s (X®Y)=X"xY"l
s PIX®Y)=(X"xPY)U (PX x YY) U (PX x PY)
o s(z,y) = (s(z),s(y)), tz,y) = ({(z), t(y)),
(z,y) * (2, y) = (xx 2",y x ¢/)
#® ® closed monoidal structure of Flow

X ®sY X®Y

l h \L
Tor—a*xa ab

(XU {7y, a name})— (7%)

Tar—T
Ta T = T * Tq

o 5 -

Time flows up to homotopv — p. 3¢

Ta ¥ Tp = Tp * Tq

Ta b =107,

Ta xb=0x 1,

© o o ©



Denotational semantics of CCS (l)

ﬁ, [nil] = {0} and [u.nil] = {0} -~ {0} -
{0} 222 1y il [[(VOL%H [P]
S .
[P] —%LP]] [(E\{a,a}) —= 1%

o [P+ Q]=[P]®][Q] where & binary coproduct in the
comma category {:}|[[1PSet | !>

® [PlQ] =[P]®s ]
® [rec(z)P(x)] = holim [P"(nil)]

Theorem. (not yet !) For every closed terifi of CCS, the flows
0| P]| and || P] are weakly S-homotopy equivalent. J



Part Il

f » Geometry of time flows T

o

# CCS (Calculus of the Communicating Systems)
<

X

o

# Bisimulation, weak flow
o Cubical bisimulation and Bousfield bisimulation
L s Segal flow and Rezk model category J

Time flows up to homotopv — p. 3¢



Introducing a notion of bisimulation

-

® lLeta,bc X witha+#banda#b; [abnil] and [b.a.nil]
are not weakly S-homotopy equivalent

# Butthey are weakly dihomotopy equivalent, since there
exists a zig-zag of cofibrations which are also weak
dihomotopy equivalences between them

# Quasidihomotopy preserves the geometrical part of
the causal structure, not the syntactical part

/\
axb=>bxa
\ :

-

Time flows up to homotopv — p. 3¢



L..

IVSC] CCS bisimulation

P and @ two closed terms of CCS T

() simulates P if there exists a binary relation ‘R on the
set of closed terms of CCS called a simulation relation
such that

s (PQ)eER

s V(R,S)eRVueXLVRE R3S E S and
(R',S")eR

s Intuitively, every 1-dimensional path of P is a
1-dimensional path of @)

P and @ bisimilar if there exists a binary relation called
a bisimulation relation such that P simulates ) and )
simulates P

a.b.nil and b.a.nil not bisimilar if a # b J

Time flows up to homotopnv — D. 4(



Bisimulation of flows

f #® Let P be a nonempty set of cofibrant flows which a T
unique initial state 0 ; let £x : X —»?Z and ¢y : Y —?%
be two CCS flows ; assume {7} CP

® Y P-simulates X (with R) if there exists R ¢ X" x YU
(the simulation relation) such that:

o acX'=3cY’ (a,8) ER
s Y(a,pf) e R,VC € P,Vf:C — X with f(0) = «
implies 3¢ : ¢ — Y with ¢(0) = 3 and
Vo € CO, (f(a:),g(a:)) cRand/lxof=/lyog
® X and Y are P-bisimilar if there exists R ¢ X% x Y

(the bisimulation relation) such that X P-simulates Y
with R°? and Y P-simulates X with R

o -

Time flows up to homotopnv — p. 4°



s

Partial results about bisimulation

P-bisimulation is an equivalence relation ; two weakly T
S-homotopy equivalent flows are P-bisimilar ; two
P-bisimilar flows have same initial states

{7}-bisimulation coincides with CCS bisimulation ;
la.b.nil] and [[b.a.nil] are not P-bisimilar

P ={Q({0 < 1}"),n > 1} : cubical bisimulation

P the set of domains and codomains of the maps of
J9Y U A(T) : Bousfield bisimulation

Two precubical flows are cubical bisimilar iff they are
Bousfield bisimilar ??

la.b.nil + a.b.nil] and [a.b.nil] are Bousfield bisimilar
and not weakly quasidihomotopy equivalent

-

Time flows up to homotopv — p. 4



Quasidihomotopy and precubical flows

f # Describing the quasidinomotopy equivalences T
between precubical flows in terms of dihomotopy and

some elementary transformations.
# l|dentifying B =D In

/\
\/

IS a weak quasidihomotopy equivalence between
precubical flows which is not a weak dihomotopy J

L equivalence.

Time flows up to homotopv — p. 4



Segal flow

f ® The prenerve functor N77¢ : Flow — A% Top T

associating a flow with a presimplicial topological
space

Theorem. There exists a model category structure (Bezk
model structurpon A% Top such that the fibrant objects are
exactly the Reedy fibrant presimplicial spaces s.t. the |3egps
are weak homotopy equivalences. This model category idaell
X andY weakly S-homotopy equivalent N (X)) and

NPe(Y') weakly equivalent.

# A Segal flow M Is a fibrant object of this model
category ; its set of states is (/M)
# Bousfield-localization w.r.t NP ¢(P;) C NPT¢(P,)

o -

Time flows up to homotopv — p. 4«



Work In progress about Segal flow

=

# Constructing the branching and merging homology
theories

# Constructing the underlying homotopy type functor
# How to prove that HF (NP¢(X)) = HF(X),
INPre(X)| ~ | X| for any strict flow X ?

# These guestions are very important for (at least) two
reasons:
» To get the “good” notion of Segal flow

» To understand what happens in the Bousfield
localization of the Rezk model category structure
by the NP™¢(Py) C NP¢(P;)

® Bisimulation and weak flow

-

Time flows up to homotopv — p. 4!
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