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Modelling concurrency with geometry

- N

#» By topological models:
s Space of states
s set of privileged continuous paths playing the role
of execution paths (d-space, stream, local pospace)
# By categorical models:
s set of states
s space of execution paths modelled by topological
spaces or w-groupoids (flow, w-category)
# By combinatorial models:
s set of states

s A n-transition is a labelled n-cube (labelled
precubical set or any variant)
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Cattani-Sassone formalism

f # The concurrent execution of n actions from a state s to T
a state s’ modelled by a multiset ¢ of n actions and a
triple (s, o, s") satisfying the following axioms:
CSALl (s,{u},s’) and (s,{u’}, s") two transitions from a
state s to a state s’ and u(u) = p(u') implies v = o’
(1 being the labelling map)
CSA2 (s,01 U o9, s") atransition implies there exist two
unique states vy and 1 such that
(s,01,11) # (s,09,19) are two transitions and
(v1,09,5") and (19,01, s") are two transitions

CSA3 (s,01Uo2Uo03,5"), (s,01,11), (V1,02 U03,s),

(v1,02,12), (v2,03,5"), (5,01 U0o2,1v3), (19,03,5"),
(s,01,v)) and (vq, o9, v4) transitions imply vy = 1/}

L and vy = 4 J
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Combinatorial model category

f #» A locally presentable category T

s Axiomatized by a set of axioms in first-order logic
of the form (Vx)¢(x) = (Ily ¥ (x,y)) with ¢(x) and
Y(z,y) conjunctions of atomic formulas

® A class of cofibrations Cof, a class of fibrations Fib,
and a class of weak equivalences W

s (Cof N W, Fib) and (Cof, Fib N W) are two small
weak factorization systems (cof(7),inj(/)) and
(cof(J),inj(J)), I Is the set of generating
cofibrations, J Is the set of generating trivial
cofibrations

s W contains all isomorphisms, is closed under
retracts, and satisfies the two-out-of-three

L properties J
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Topological category

-

Topological functor £ : C — D; the paradigm of such a
functor is the forgetful functor Top — Set from the

category of general topological spaces to the category
of sets

A topological category C Is a category which is
topological over a product of the category of sets

(Rosicky) Such a category is axiomatized by a
universal strict Horn theory without equality:
(Vz)o(x) = ¥(z) where ¢ and ) are conjunctions of
atomic formulas without equalities in first-order logic
(the class of axioms may be a proper class)

Every topological category axiomatized by a set of
axioms is locally presentable

|
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Multisets are topological

- N

# A non-empty set of labels X

# A higher dimensional transition presystem consists of

a set of states S, a set of actions L, a labelling map

p: L — 3, asubsetof(J,.(S x L" x S), atuple

(o, u1,...,un,B) € S x L™ x Sforn > 1Iis called a

n-transition satisfying the Multiset Axiom

s For every permutation o, if (o, uy,...,uy,5) IS &
n-transition, then (a, ug (1), - - -, Ug(n), B) IS @
n-transition

# The category of higher dimensional transition

presystems is topological and locally finitely
presentable
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Cattani-Sassone transition system

- N

# Higher dimensional transition presystem satisfying

CSALl If (a,u, 8) and («, o/, B) are two transitions such that
p(u) = p(u), then u =’

CSA2 Forn > 2 and 1 < p < n, for every transition

(Q, Uty .. ey Up, B), there exists a unique state v such
that (o, u1,...,up,v) and (v, upy1,...,u,, 3) are
transitions

CSA3 If the nine tuples (o, u1, ..., un, 8), (o, u1, ..., up,v1),
(U1, Upt1s -y Uny B)y (V1 Uptd, - - o Upgqs V2),
(12, Uptgaly - s Un, B)y (UL, .oy Uptg, V),
(Vg Uptgaly - - Un, B), (a,u, ... up, v)) and
(U1, Up+1, - - -, Uptq, Vs) @re transitions, then vy = 14
and vy = 14

|
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The topological part of CSA3

- N

# The full subcategory of Cattani-Sassone transition
systems is not a reflective subcategory of the category
of higher dimensional transition presystems

® The Coherence axiom

o If (a,ur,... un, B), (a,ur,...,up,v1),
(1, Upt1s - o5 Un, B), (U, ... Uptq, v2) AN
(2, Uptg+1, - - - » Un, B) are transitions, then
(U1, Upt1s - - -5 Uptq, V2) IS @ transition

# Higher dimensional transition presystems satisfying
the Coherence axiom: a weak higher dimensional
transition system (weak HDTS)

o |
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Weak HDTS
-

# > anonempty set of labels

® Aweak HDTS X = (S,pu: L — X, T = (>, Tn) With set

of states S, set of actions L, labelling map p, set of
n-transitions 7,, C S x L™ x Swithn > 1

s Multiset axiom (o, uq, ..., uy, 8) € T implies
(@, Ug(1), - - > Ug(n), B) € T fOr every permutation o
s Coherence axiom if (a, uq,...,un, 3),
(o, uty ..., up, V1), (V1,Upt1, .-, Un, B),
(o, ut, ..., Uptq, v2) AN (12, Uptgt1, - - -, Un, 5) Delong
to T, then (vi, upt1,. .., Uprq,v2) €T

# Note: the Coherence axiom is automatically satisfied in
a cube

o |
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The categoryWHDT'S

X=Op:L—-%T=J,>Tn) and

X' = (S L' =357 =, Tp)

A map of weak HDTS [ : X — X’ consists of
s asetmap fo: 5 — 9

s amap f € (Set|%)(u, 1)
such that if (a, uq,...,uy, 8) IS a transition, then

(fola), f(u1), ..., f(un), fo(B)) is a transition

The forgetful functor w : WHDTS — Set{s/V> :
w(X) = (S, (' (x))ex) is concrete topological

WHDTS is locally finitely presentable

|
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The categoryHDT'S
-

HDTS : weak HDTS satisfying CSA1 and CSA2
s HDTS locally finitely presentable, but not
topological

s HDTS full reflective subcategory of WHDT'S
The pure n-transition Cy,[z1, . .., x,]%*

s Set of states S ={[, F'}

s Setofactions L ={(z1,1),...,(xn,n)}

s Labelling map u(x;, i) = x;

o T ={(I,(250),0(1))s. -, (T (m), 0(n)), )}

The n-cube Cy|x1, ..., zy] IS the reflection of

Cplz1, ..., 2|t 27 states since {(z1,1),...,(zp,n)}
contains n elements J
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HDTS as a small-orthogonality class

B

# Every HDTS is orthogonal to the set of maps
Cplat, ..., a,)%" — Cylay, ..., a,] forn > 0 and
A1, ...,0n € 2

# Every HDTS is orthogonal to the set of maps
C1 [f] uacl[x] 1 [f] — [:IZ‘} forx € X

#® Every weak HDTS orthogonal to the set of maps
Cplat, ... a,)%" — Cplaq, ..., a,] forn > 0 and
ai,...,ap € 2 satisfles CSA2

#® Every weak HDTS orthogonal to the set of maps
Chlz| Upcy o Crlz] — Chlz] for z € X satisfies CSAL

# HDTS is a small-orthogonality class

|
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Homotopy theory of weak HDTS

- N

# A cofibration of weak HDTS is a map inducing an
Injection on the set of actions

#® There exists a left determined model category
structure on WHDT'S with respect to the class of
cofibrations

s l.e. the smallest localizer with respect to the
cofibrations is the class of weak equivalences of a
model category structure

s A left proper combinatorial model category
s All objects are cofibrant
#® Note there exists a left determined model structure as

well w.r.t. the class of monomorphisms but the class of
weak equivalences is not convenient for concurrency
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Construction of this model structure

- N

#® The proof uses Olschok’s paper generalizing Cisinski’s
techniques from toposes to locally presentable
categories

#® The segment object V' = ({0}, pr; : X x {0,1} —
2,{0} X (U1 (2 {0,13)") x {0})
s Note: V does not satisfy CSAL
s V Is exponentiable

s Themap 1uU1 — 1 factors as a composite
1141 — V — 1 where the left-hand map is a
cofibration and the right-hand map a trivial fibration
o (X/ L] X/) L x ) x Cyl(X) — Cyl(X’) and
XUy Cyl(X) — Cyl(X') are cofibrations for every
L cofibration X — X’ with Cyl(—) .=V x — J
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Cubical transition system ()
-

#® A cubical transition system is a weak HDTS which is
union of its subcubes

# A cubical transition system is not necessarily a colimit
of cubes

X

® . ,denoted by 1«1, Is not a colimit of cubes:
—

Tot= lig(Cl z] + 2 — Cqlz]) with x = (9, {z}, D)

® . with pu(x1) = p(ze) = x 1S a colimit of cubes
—

|

Towards A Homotopy Theory Of Higher Dimensional Transit®®ystems — p. 15



Cubical transition system (lI)
- -

# The full subcategory CTS is locally finitely presentable,
coreflective, not concretely coreflective and not
topological

# [tis also a small-injectivity class w.r.t.

s the maps = C C|z] for x € X; all actions are used in

a transition
o Cploy,... x|t c Cplay, ..., 2,] forn >0 and
x1,...,T, € 2; all higher dimensional transitions

have faces (note: in CTS, a square may have more
than 4 edges...)

o |
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Homotopy theory iIn CT'S
-

A cofibration of cubical transition systems is a map
iInducing an injection on the set of actions

There exists a left determined model category
structure on CT'S with respect to the class of
cofibrations

s l.e. the smallest localizer with respect to the
cofibrations is the class of weak equivalences of a
model category structure

s A left proper combinatorial model category

The adjunction CTS = WHDTS is a Quillen
adjunction

A monomorphism (resp. cofibration) of CTS is not
necessarily a cofibration (monomorphism) J
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Descent theorem for Olschok’s structure

- N

#® Let B be a combinatorial model category constructed
using a segment object V' and Olschok’s techniques
® Let A C B be a full subcategory which is
» coreflective

» a small cone-injectivity class such that each map of
each cone is a cofibration of B

s VeeAd
s the inclusion A C B preserves binary products

# THEN Olschok’s techniques apply and provide a left
proper left determined model category on B w.r.t. the
class of cofibrations between objects of A

o |
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The homotopy category ofCTS

- N

# The canonical map X — 1 functorially factors as a
composite

X — CSAl(X) — 1

with X — CSA;(X) transfinite composition of pushouts
of (4 [:E] Llacl[x] C1 [:E] — (1 [:E] for x € X and CSAl(X)
safisfying CSAl

# The homotopy category of CT'S Is equivalent to
CTS[CSAl_l}: In particular, two weakly equivalent

cubical transition systems satisfying CSA1 (e.g.
HDTS) are isomorphic

o Chlx|UC|x] — lig(cl ] < x — Cq|z]) Is not a weak
equivalence

o |
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o

°

Bousfield localization w.r.t. Cub

-

Cub(X) the colimits (and not the union) of the cubes of

X:

Cub(X) = lim Chlai, ..., an]

Cub(9) = Cub(z) = &
Cub(Chlz] U Ci[z]) = Cublim(Cyz] < z — Ci[a])

The Bousfield localization w.r.t. the class of maps f
such that Cub(f) is a weak equivalence exists

It Is equal to the Bousfield localization L (CTS) w.r.t.
the set of maps

S:{Cl[x}l_l()l[x}%hg(c*l[xﬂ X >Cl[$])’$62}
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The homotopy category ofL;(CTS)
- -

# For a cubical transition system X, let L(X) be the
cubical transition system obtained by replacing each
action v by its label pu(u) € ¥

s Thereis a canonical map X — Lg(X)
s Ls(Cifz] U Cy[]) =tat
s Infact, Lg(X) Is always fibrant in Lg(CTS)
# The cubical transition system Lg(X) satisfies CSA1l

s Two transitions («, u, 8) and (o, v, 8) with
pu(u) = p(v) are taken to (a, u(u), 8) = (a, u(v), B)

#® A map fis a weak equivalence of Lg(CTS) if and only
If Ls(f) IS an iIsomorphism

o |

Towards A Homotopy Theory Of Higher Dimensional Transit®ystems — p. 21



Paths In a cubical transition system
C -

A path is a cubical transition
c system of the form C.,, Uc,,

- Ue, Cm, Where the Cj,
are cubes and C,, Is a sub-
cube of the target of C,,,, and

of the source of Cy,,.,

a

® Amap f: X — Y isopenifitis injective w.r.t. the
inclusions {0,,} € P where P Is a path

# Two cubical transition systems X and Y are bisimilar if
there is a zig-zag of open maps X «— 1T — Y

L (Joyal-Nielsen-Winskel) J
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Bousfield localizing w.r.t. open maps

-

#® The class of open maps is accessible and (finitely) T
accessibly-embedded

# The Bousfield localization w.r.t. the class of open maps
exists (standard argument):

s there exists a regular cardinal X such that \-filtered
colimits are homotopy colimits; so any cubical
transition system local w.r.t. this set of generators
IS local w.r.t. to the whole class of open maps

s It suffices to localize w.r.t. a set of \-presentable
generators

® InL,,.,Ls(CTS), all open maps are weak

equivalences and two bisimilar cubical transition
systems are weakly equivalent

|
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The homotopy category ofL., ., Ls(CTS)

—ope

® There exists a fibrant replacement functor (—)7* such
that / Is a weak equivalence of L., Ls(CTS) if and

only if £/ is an isomorphism

s Take the image O by Lg of the previous set of
generators of open maps

s Every map X — 1 factors as a composite
X — Ly(X) — 1 with the left-hand map In
cell(O) and the right-hand map in inj(O)

s (-)/"=LpLg
# Conjecture: for two cubical transitions systems with

one-to-one labelling maps and satisfying CSA2,
weakly equivalent < bisimilar

o |
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Reachable cubical transition systems

- N

#® A reachable cubical transition system is an object of
the coslice category ({:}J CTS) such that every state «
IS reachable from ; by a finite sequence of 1-transitions
(v, wi, 1) WIth 0 <2 < n, ag =7 and a1 = @

# The category CTS, of reachable cubical transition
systems is

s a small cone-injectivity class of the coslice
category ({:}J CTS): the cone is the set of maps

s a coreflective full subcategory of ({i}| CTS)
s It is locally finitely presentable

o |
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Homotopy theory of CT'S,
-

A cofibration of reachable cubical transition systems is

a map inducing a one-to-one map between the set of
actions

There exists a left determined model structure w.r.t.
CTS,

The Bousfield localization w.r.t. the maps of S and the
open maps exists

Conjecture: for two cubical transitions systems with
one-to-one labelling maps and satisfying CSA2,
weakly equivalent < bisimilar

|
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