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1. Intr oduction

� A concurrentsystem
� A modelfor concurrency
� Equivalences- undirectedanddirected
� TheProblem
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A nonconcurrent system

processor
private

resources

Process

A processwith its own privateresources
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A concurrent system

Process1 Process2
: : :

ProcessN

Severalprocesseswith sharedresources

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 4/57



Example: Inter net database
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Example: dual coreprocessors

Intel (Q32005) AMD (Q32005)
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A concurrent system
Example:
2 processesusing2 sharedresourcesa andbwhich
canonly beusedby oneprocessata time

Notation:
Px - a processlocksresourcex
Vx - aprocessreleasesresourcex

Programof thefirst process:Pa Pb Vb Va

Programof thesecondprocess:Pb Pa Va Vb
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A model for concurrency
Concurrentsystemscanbemodeledby subspacesof
Rn togetherwith apartialorder.

Definition: A po-spaceis a topologicalspaceU with
apartialorder� which is aclosedsubsetof U � U.

Examples:

�

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 8/57



Pb

Pa

Va

Vb

Pa Pb Vb Va
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The Swiss�ag

Pb

Pa

Va

Vb

Pa Pb Vb Va
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The Swiss�ag

Pb

Pa

Va

Vb

Pa Pb Vb Va
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A sub-po-spaceof the Swiss�ag

Pb

Pa

Va

Vb

Pa Pb Vb Va
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Goal

Developa framework for concurrency where
equivalencesareaccountedfor.

Wewould likeequivalencesthatallow a
piece-by-pieceanalysisof po-spaces.

Idea: Usealgebraictopology.
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Undir ectedequivalences

Workingwith (undirected)spacesandcontinuous
maps,equivalencesaredefinedusinghomotopies.

Mapsareequivalentif thereis a homotopy between
them.

Spacesareequivalentif theremapsbetweenthem
whosecompositionsarehomotopicto theidentity
map.
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Undir ectedequivalences
Definition: Givencontinuousmapsf ; g : B ! C,

f

g
C

B

B

I
H

ahomotopy betweenf andg is acontinuousmap
H : B � I ! C restrictingto f andg. This is an
equivalencerelation.Write H : f '�! g.
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Undir ectedequivalences
Definition: SpacesB; C arehomotopy equivalentif
therearemapsf : B � C : g suchthat

g � f ' IdB andf � g ' IdC :

f

g

B C
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Dir ectedspaces
Definition:

� A po-spaceis a topologicalspaceU with apartial
order� which is aclosedsubsetof U � U.

� A directedmap(dimap)is acontinuousmap
f : U1 ! U2 betweenpo-spacessuchthat

x � y =) f (x) � f (y):

� Let PoSpc bethecategorywhoseobjectsare
po-spacesandmorphismsaredimaps.

Remark: Subspacesandproductsof po-spacesinherit
apo-spacestructure.
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Dir ectedequivalences
Definition:

� A directedhomotopy (dihomotopy) between
dimapsf ; g : B ! C is adimapH : B � ~I ! C
restrictingto f andg. Write H : f ! g.

f

g
C

B

B

I
H
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Dir ectedequivalences
Definition:

� Write f ' g if thereis achainof dihomotopies

f ! f 1  f 2 ! : : :  f n ! g:

� Po-SpacesB; C aredihomotopy equivalentif
therearedimapsf : B � C : g suchthat

g � f ' IdB andf � g ' IdC :
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The Problem

Recall: Wewantedto usedihomotopy equivalences
to provideequivalencesof concurrentsystems.

Howeverall of thefollowing spacesaredihomotopy
equivalent.

�

Thus,astrongernotionof equivalenceis needed.
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2. Using context

� A basicexample
� A solution
� Equivalencesusingcontext
� Non-equivalencesusingdirectedpaths
� Piece-by-pieceexample
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A basicexample
Question: Is thereanequivalencebetween~I � ~I
and~I ?

�

�

x

y

� ?
�

�

x0 y0

Ourguide: If thismapis anequivalence,thensois
themapobtainedby attachingpo-spacesto this
example.(Formally, wewantthesetof equivalences
to beclosedunderpushoutswith inclusions.)

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 21/57



Adding to the basicexample

�

�

�

�

a

b

a0

b0

Thereis noexecutionpathfrom a to b, while thereare
suchpathsfrom a0to b0.
Thus,thismapshouldnotbeanequivalence.
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A Solution
Insteadof workingwith justpo-spaceswork with
po-spacestogetherwith context.

Definition: Chooseapo-spaceA (calledthecontext).
Thischoicewill dependon theattachmentsonewants
to consider.
Considerpo-spacesB togetherwith adimap
iB : A ! B andconsidermorphismswhichare
dimapssuchthat

f

f (i B (a)) = iC(a) for all a 2 A

iB (A) iC(A)

B C
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A # PoSpc
Definition: GivenapospaceA, let A # PoSpc be
thecategory whose

� objectsaredimaps�B : A ! B ,
� morphismsaredimapsf : B ! C suchthat

f � �B = �C

A

B C

i B i C

f
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Equivalencesusingcontext
Definition:

� A dihomotopy betweenf ; g : B ! C in the
context of A is adihomotopy H : f ! g rel A.

f

g
C

B

B

I
H
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Equivalencesusingcontext
Definition:

� Write f ' g if thereis achainof dihomotopies
f ! f 1  f 2 ! : : :  f n ! g:

� i B : A ! B ; iC : A ! C aredihomotopy
equivalentif therearedimaps

A

B C

i B i C

f

g

suchthatg � f ' IdB

andf � g ' IdC :
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Example
Let A = f x; yg with x � y.
Thenpo-spacesunderthecontext A arejustpo-spaces
with two markedpoints,oneof which is afterthe
other.

In this category

�

�

x

y

�

x = y
is not

adihomotopy equivalencesincethereis nodimapin
thereversedirection.
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Exampleof an equivalence

In thesamecontext (of two markedpoints)thedimaps

�

�

x

y

(x; y) 7! max(x; y)

(t; t)  t
�

�

x

y

giveadihomotopy equivalence.
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Another equivalence
~I � ~I with asquareremovedandtwo markedpoints

�

�

x

y

�

�

x

y

is dihomotopy equivalentto its boundary.
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Context for the Swiss�ag
Let A = f a;b;c;dg. Thentheinclusion

�

�

�

�

a

b

c d

�

�

�

�

a

b

c d

is adihomotopy equivalencein thecontext of thefour
markedpoints.
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Sketchof the proof

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 31/57



Sketchof the proof

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 31/57



Sketchof the proof

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 31/57



Sketchof the proof

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 31/57



Dir ectedpaths

Definition: Let x; y 2 thepo-spaceB.

� A dipathis adimap~I ! B .
� Dipathsaredihomotopy equivalentif they areso

in thecontext of theirendpoints.
� Let ~� 1(B )(x; y) bethesetof dihomotopy

equivalenceclassesof dipathsfrom x to y.
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Dipaths in equivalent spaces
Notation: Givenacontext A andpo-spacesB; C
togetherwith iB : A ! B andiC : A ! C, if x 2 A
denoteiB (X ) by xB andiC(x) by xC.

Proposition: Givenadimapf : B ! C respecting
thecontext andx; y 2 A thereis aninducedmap

~� 1(f )(x; y) : ~� 1(B )(xB ; yB ) ! ~� 1(C)(xC; yC):

If f is adihomotopy equivalencethenit is an
isomorphism.
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Example

In thecontext of its four endpoints

�

�

�

�

theleft handpo-spaceis notdihomotopy equivalent
to ~I .
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Another example
Recallthatthereis adihomotopy equivalence

�

�

x

y

�

�

x0

y0

However thereis nodihomotopy equivalence

�

�

x
y

�

�

x0 y0

Equivalencedependson thecontext!
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Compoundexamples

Wewould like to find equivalentpo-spacesto the
following examplesby analyzingthem
piece-by-piece.
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Equivalencesof pieces

a b c

� � �

a b c

� � �

a b c

a b c
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Equivalencesof pieces

a b c

� � �

a b c

� � �

a b c
� � �

a b c

� � �
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Patching the piecestogether

� � � � � �

a

b

c
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�

�

�

a

b

c
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Secondexample

� � � � � �

a b
c

Usingcontext andmodelcategoriesto de�ne directedhomotopies– p. 39/57



Secondexample

� � � � � � � � �

a b
c
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3. Modeling systemswith loops
(joint work with Kris Worytkiewicz)

� Localpo-spaces
� Model categories
� Equivalencesfor concurrentsystemswhichmay

have loops
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A moregeneralmodel

Wewould like to modelexecutionloopssuchas

� �

Thesecannotbemodeledby po-spaces.

However they canbemodeledby localpo-spaces.
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Local po-spaces
Definition:

� An orderatlasis aopencoverof po-spaceswith
compatiblepartialorders.

� A localpo-spaceis a topologicalspacetogether
with anequivalenceclassof orderatlases.

� A morphismof localpo-spacesis acontinuous
mapwhich respectstheorders.
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Equivalencesof local po-spaces

Justaswith po-spaces,wecandefinelocalpo-spaces
undersomecontext A, andweconsidermorphisms
which respectthecontext.

Wecanalsodefinedihomotopy equivalencesusing
context exactly thesamewayaswith po-spaces.
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Enter somemachinery

A powerful framework for studyingequivalencesis
givenby modelcategories.

Definition:
A modelcategory is acategory (with all small limits
andcolimits)andwith threedistinguishedclassesof
morphisms:weakequivalences,cofibrations,and
fibrationssatisfyingfour simpleaxioms.

Thestructureof amodelcategory allowsoneto apply
themachineryof homotopy theory.
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Model categoryaxioms

M0. C hasall small limits andsmallcolimits
M1. 2 outof 3
M2. retracts
M3. lifting property
M4. factorization
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A model for concurrent systems

Theorem[B-Worytkiewicz]:
Thecategory of localpo-spacesunderacontext A
embedsinto amodelcategory suchthat

� theweakequivalencesarethedihomotopy
equivalencesrel A,

� thecofibrationsarethemonomorphisms,and
� pushoutsof weakequivalencewith cofibrations

areweakequivalences
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Sheaves,Simplicial presheaves
Definition:

� Thecategory of presheavesSetLoP ospcop
hasas

objectscontravariantfunctorsfrom LoP ospc to
Set andhasasmorphismsnatural
transformations

� Similarly thereis acategory of simplicial
presheavessSetLoP ospcop

� Thereis aYonedaembedding
LoP ospc ,! SetLoP ospcop

,! sSetLoP ospcop

� ThesheavesShv(LoP ospc) arethepresheaves
whicharecompatiblewith thetopology
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Sketchof the proof
Theorem[Jardine]:
Let C beasmallcategory with aGrothendieck
topology. ThensSetC

op

thecategory of simplicial
presheavesonC hasa (proper, simplicial)model
structurein which

� thecofibrationsarethemonomorphisms,and
� theweakequivalencesarethelocalweak

equivalences.

Furthermore,if theGrothendiecktoposShv(C) has
enoughpointsthenthelocalweakequivalencesare
thestalkwiseequivalences.
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Grothendiecktopology

Proposition[B-W]: LoP ospc hasaGrothendieck
topologygivenby opendirectedcovers.
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Enoughpoints
Let Z bea localpo-space.Definition: Thecategory
of directedétalebundlesover Z has

� objects:dimapsE ! Z whicharelocal
homeomorphisms

� morphisms:mapsE1 ! E2 suchthat
E1 E2

Z commutes

Theorem[B-W]: Thereis anequivalencebetween
Shv(Z) andEtale (Z).

Corollary: Shv(LoP ospc) hasenoughpoints.
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Stalkwiseequivalences

Usingtheabove results,it follows from Jardine's
theoremthatsSetLoP ospcop

hasamodelstructurein
which theweakequivalencesarethestalkwise
equivalences.

Proposition[B-W]: Thestalkwiseequivalences
comingfrom LoP ospc aretheisomorphisms.
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Adding context

Givencontext A 2 LoP ospc thereis a induced
modelstructureon

A # sSetLoP ospcop

Finally onecanlocalizewith respectto the
dihomotopy equivalencesrel A to obtainthemain
theorem.�
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4. Summary

� It wouldbeusefulto havea robustnotionof
equivalencein modelsof concurrency.

� To allow a piece-by-pieceanalysiswewould like
equivalencesthatremainequivalencesevenafter
additionsaremadeto themodel.

� Usingcontext providessuchequivalences.
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Summary

� Usingpo-spaces,localpo-spaces,context, and
modelcategories,wehave agoodmathematical
framework for studyingconcurrentsystems.

� In particular, usingequivalences,this framework
shouldallow for apiece-by-pieceanalysisof
concurrentsystems.
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Futur eWork

Theoretical: Considerall possiblecontexts in asingle
framework. (Staytunedfor Kris' talk!)

Practical: Usethecurrenttheoreticalframework for
analyzingreal-world examples.
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Non-discretecontext

Take ~I � ~I andI � ~I

andgluethemtogetheralongtheyellow lines.
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