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1. Intr oduction

A concurrensystem

A modelfor concurreng
Equialences undirectecanddirected
TheProblem
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A nonconcurrent system

Process

A processwith its own privateresources
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A concurrent system

Procesd Proces< Procesd\

N /
-

Severalprocessewith sharedesources
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Example: Inter net database
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Example: dual core processors

Intel (Q3 2005) AMD (Q32005)
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A concurrent system

Example:
2 processessing2 sharedesources andbwhich
canonly beusedby oneprocessatatime

Notation:
P X - aprocessocksresourcex
V X - aprocesseleasesesourcex

Programof thefirst process:Pa Pb Vb Va

Programof thesecondorocess:Pb Pa Va Vb
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A modelfor concurrency

Concurrensystemsanbe modeledoy subspacesf
R" togethemwith a partialorder

Definition: A po-spacas atopologicalspaceJ with
apartialorder whichis aclosedsubsebfU U.

Examples:
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Vb—

Va

Pa

Pa

| | |
B |
Pb Vb Va
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The Swiss ag

Pa Pb Vb Va
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The Swiss ag

Pa Pb Vb Va

Usinacontedt andmodelcataoriesto de ne directedhomotobies-p. 10/57



A sub-po-spacef the Swiss ag

Vb— /
Va—

Pa—

Pb—

Pa Pb Vb Va
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Goal

Developa framework for concurreng where
equvalencesareaccountedor.

We would like equvalencedhatallow a
piece-by-pieca@analysisof po-spaces.
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Goal

Developa framework for concurreng where
equvalencesareaccountedor.

We would like equvalencedhatallow a
piece-by-pieca@analysisof po-spaces.

ldea: Usealgebraidopology
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Undir ectedequivalences

Working with (undirectedspacesndcontinuous
maps.equvalencesaredefinedusinghomotopies.

Mapsareequvalentif thereis ahomotofy between
them.

Spaceareequvalentif theremapsbetweerthem

whosecompositionsaarehomotopicto theidentity
map.
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Undir ectedequivalences

Definition: Givencontinuougmapsf;g:B ! C,
B
% °
\ C
B

Usinacontext andmodelcateroriesto de ne directedhomotopies-n. 14/57



Undir ectedequivalences

Definition: Givencontinuougmapsf;g:B ! C,

B
7~ 9
\/lg H\l C
| >
B
ahomotopy betweerf andg is acontinuousnap
H:B | ! Crestrictingtof andg. Thisis an

equvalencerelation.WriteH :f | q@.
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Undir ectedequivalences

Definition: Space®; C arehomotoy equvalentif
therearemapsf : B C : g suchthat

0 f |d|3 andf g' |dC:
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Dir ectedspaces

Definition:

A po-spacas atopologicalspaceld with a partial
order whichisaclosedsubsebfU U.

A directedmap(dimap)is a continuousnap
f Uy ! U, betweerpo-spacesuchthat

x y=) fx) f(y):

Let PoSpc bethecateyory whoseobjectsare
po-spacesndmorphismsaredimaps.
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Dir ectedspaces

Definition:

A po-spacas atopologicalspaceld with a partial
order whichisaclosedsubsebfU U.

A directedmap(dimap)is a continuousnap
f Uy ! U, betweerpo-spacesuchthat

x y=) fx) f(y):

Let PoSpc bethecateyory whoseobjectsare
po-spacesndmorphismsaredimaps.

Remark: Subspaceandproductsof po-spacesmherit
a po-spacestructure.
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Dir ectedequivalences

Definition:
A directednomotoy (dihomotoly) between

dimapsf;g:B! CisadmapH :B ! C
restrictingtof andg. WriteH : f ! q.

B

g
CAE\// > C
| A A >
1=
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Dir ectedequivalences

Definition:
Writef ' g if thereis achainof dihomotopies

fr f, f! 0 fh! QO

Po-SpaceB ; C aredihomotoy equivalentif
therearedimapsf : B C : g suchthat

g f' Idg andf g' Id¢:

Usinacontext andmodelcateoriesto de ne directedhomotopies-p. 18/57



The Problem

Recall: We wantedto usedihomotopy equvalences
to provide equvalencesf concurrensystems.

However all of the following spacesiredihomotopy
equwvalent.

Thus,a strongemotionof equvalenceas needed.
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2. Using context

A basicexample

A solution

Equialencesisingcontext
Non-eguvalencesusingdirectedpaths
Plece-by-piecexample
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A basicexample

Question: Is thereanequvalencebetween™ [T
andl?

Ourguide: If thismapis anequvalencethensois
the mapobtainedoy attachingoo-spaceso this
example.(Formally, we wantthe setof equvalences
to beclosedunderpushoutswith inclusions.)
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Adding to the basicexample
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Adding to the basicexample
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Adding to the basicexample

b

Thereis no executionpathfrom a to b, while thereare

suchpathsfrom a’to b’
Thus,this mapshouldnotbeanequvalence.
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A Solution

nsteadof working with just po-spacesvork with
DO-spacesogethemwith context.

Definition: Choosea po-spaceA (calledthe context).
This choicewill dependntheattachmentsnewants
to consider

Considelpo-space8 togethemwith adimap

Ig : A! B andconsidemorphismswhichare
dimapssuchthat

f(ig(a)) = Ic(a) foralla2 A

Ig(A) Ic(A)
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A #PoSpc

Definition: Givenapospace, let A # PoSpc be
the catgyory whose

objectsaredimapsg :A! B,
morphismsaredimapsf : B! C suchthat

f B— C
YA\
Y N
B > C
f
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Equivalencesusing context

Definition:

A dihomotopy betweerf;g: B! Cinthe
context of A isadihomotolyH : f ! grelA.
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Equivalencesusing context

Definition:
Writef ' g if thereis achainof dihomotopies
fr f, f! 0 fh! 0

g :A! B;ic:A! C aredihomotoy
equwvalentif therearedimaps

: - suchthatg f ' Idg
/9\ andf g' Id¢:

Bk —
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Example

LetA = fx;ygwithx .
Thenpo-spacesinderthecontect A arejust po-spaces

with two markedpoints,oneof whichis afterthe
other

In this cateyory _

X

adihomotoly equvalencesincethereis no dimapin
thereversedirection.
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Example of an equivalence

In the samecontext (of two markedpoints)thedimaps

4 (tt) t 4

<

(X;y) 7! max(Xx; y))

X X

give adihomotopy equvalence.
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Another equivalence

T [Mwith asquaraemovedandtwo markedpoints
y y

X X

Is dihomotoy equvalentto its boundary
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Context for the Swiss ag

Let A = fa;b;c;dg. Thentheinclusion
b

A

a a

IS adihomotoy equvalencean the contet of thefour
markedpoints.
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Sketch of the proof
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Dir ectedpaths

Definition: Letx;y 2 thepo-space.

A dipathisadimapl'! B.

Dipathsaredihnomotoy equvalentif they areso
In the context of their endpoints.

Let~1(B)(X; y) bethesetof dihomotopy
equvalenceclasse®f dipathsfrom x toy.
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Dipaths in equivalent spaces

Notation: Givenacontext A andpo-space8 ; C
togethemwithig : A! Bandic:A! C,ifx2A
denoteiB(X) by XB andic(x) by Xc.

Proposition: Givenadimapf : B! C respecting
thecontet andx; y 2 A thereis aninducedmap
~1(F)(Xy) i ~1(B)(Xg;yB) ! ~1(C)(Xc:Ye):

If f Isadihomotoly equvalencethenit is an
Isomorphism.
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Example

In the contet of its four endpoints

theleft handpo-spaces not dihomotoy equvalent
tor.
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Another example

Recallthatthereis a dihomotoy equvalence

However thereis no dihomotoy equvalence

> 0 0
X - Xﬁ

y
Equvalencedepend®n the context!
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Compound examples

We would lik e to find equvalentpo-spaceso the
following examplesby analyzingthem
piece-by-piece.
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Equivalencesof pieces
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Equivalencesof pieces

a b c a b c

a b c a b c
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Patching the piecestogether
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Patching the piecestogether
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Secondexample
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Secondexample
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3. Modeling systemswith loops

(joint work with Kris Worytkiewicz)

Local po-spaces
Model cataories

Equivalencedor concurrensystemsvhich may
have loops
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A more generalmodel

We would like to modelexecutionloopssuchas

>

Thesecannotbe modeledby po-spaces.

Howeverthey canbe modeledby local po-spaces
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Local po-spaces

Definition:

An orderatlasis aopencover of po-spacesvith
compatiblepartialorders.

A local po-spaces atopologicalspaceaogether
with anequvalenceclassof orderatlases.

A morphismof local po-spacess a continuous
mapwhich respectsheorders.

Usinacontext andmodelcateoriesto de ne directedhomotopies-n. 42/57



Equivalencesof local po-spaces

Justaswith po-spacesye candefinelocal po-spaces
undersomecontect A, andwe considemorphisms
which respecthe context.

We canalsodefinedihomotoy equvalencesising
contect exactly the sameway aswith po-spaces.
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Enter somemachinery

A powerful framework for studyingegquvalencess
givenby modelcateories

Definition:

A modelcategory is a catgyory (with all smalllimits
andcolimits) andwith threedistinguisheclasse ®f
morphismsweakeguvalencesgcofibrations,and
fibrationssatisfyingfour simpleaxioms.

Thestructureof amodelcateyory allows oneto apply
the machineryof homotoly theory
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Model categoryaxioms

\[0}
M1.
M2.
MS3.
M4.

C hasall smalllimits andsmallcolimits

2 outof 3
retracts

lifting property
factorization
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A modelfor concurrent systems

TheoremB-Worytkiewicz]:
Thecataory of local po-spacesindera contect A
embedsnto a modelcataory suchthat

theweakeqguvalencesarethedihomotogy
equwvalencesel A,

the cofibrationsarethe monomorphismsand

pushoutf weakequwvalencewith cofibrations
areweakequwvalences
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Sheares,Simplicial presheaes

Definition:

Thecateyory of preshemesSet-°F %sP¢™ hasas
objectscontravariantfunctorsfrom LoP ospc to
Set andhasasmorphismaatural
transformations
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Sheares,Simplicial presheaes
Definition:

Thecateyory of preshemesSet-°F %sP¢™ hasas
objectscontravariantfunctorsfrom LoP ospc to
Set andhasasmorphismaatural
transformations

Similarly thereis a category of simplicial
presheaessSet-oP ospc™
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Sheares,Simplicial presheaes

Definition:

The cateyory of preshemesSet-°P %5P¢™ hasas
objectscontravariantfunctorsfrom LoP ospc to
Set andhasasmorphismaatural
transformations

Similarly thereis a category of simplicial

presheaessSet-oP ospc™

Thereis a Yonedaembedding
LoP ospc | SetloPospc™ | gSgtloP ospe™
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Sheares,Simplicial presheaes

Definition:

Thecateyory of preshemesSet-°F %sP¢™ hasas
objectscontravariantfunctorsfrom LoP ospc to
Set andhasasmorphismaatural
transformations

Similarly thereis a category of simplicial
presheaessSet-oP ospc™

Thereis a Yonedaembedding
LoP ospc | SetloPospc™ | gSgtloP ospe™

ThesheaesShv(LoP ospc) arethepresheges
which arecompatiblewith thetopology
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Sketch of the proof

Theorem([Jardine]:
Let C beasmallcategory with a Grothendieck

topology ThensSet®" the category of simplicial
presheageson C hasa (proper simplicial) model
structurein which

the cofibrationsarethe monomorphismsand

theweakequvalencesarethelocal weak
equwvalences.

Furthermoreif the GrothendieckoposShv(C) has
enoughpointsthenthelocal weakequvalencesare
the stalkwiseeqguvalences.
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Grothendiecktopology

Proposition[B-W]. LoP ospc hasa Grothendieck
topologygivenby opendirectedcovers
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Enough points
Let Z bealocal po-spaceDefinition: Thecataory
of directedétalebundlesover Z has

objects:dimapsk ! Z whicharelocal
homeomorphisms

morphismsmapsk; ! E», suchthat
El > E2

N\

7 commutes
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Enough points
Let Z bealocal po-spaceDefinition: Thecataory
of directedétalebundlesover Z has

objects:dimapsk ! Z whicharelocal
homeomorphisms

morphismsmapsk; ! E», suchthat
El > E2

N\

7 commutes

Theorem[B-W]: Thereis aneguvalencebetween
Shv(Z) andEtale (2).
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Enough points
Let Z bealocal po-spaceDefinition: Thecataory
of directedétalebundlesover Z has

objects:dimapsk ! Z whicharelocal
homeomorphisms

morphismsmapsk; ! E», suchthat
El > E2

N\

7 commutes

Theorem[B-W]: Thereis aneguvalencebetween
Shv(Z) andEtale (2).

Corollary: Shv(LoP ospc) hasenoughpoints.
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Stalkwise equivalences

Usingtheabove results,it follows from Jardines
theoremthatsSet-°F °sP¢™ hasa modelstructurein
which theweakequvalencesarethe stalkwise

equwvalences.
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Stalkwise equivalences

Usingtheabove results,it follows from Jardines

theoremthatsSet-°F °sP¢™ hasa modelstructurein
which theweakequvalencesarethe stalkwise
equwvalences.

Proposition[B-W]: The stalkwiseequwvalences
comingfrom LoP ospc aretheisomorphisms.
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Adding context

Givencontext A 2 LoP ospc thereis ainduced
modelstructureon

A # SSG'[LOP ospc®P

Finally onecanlocalizewith respecto the
dihomotoly equwvalencesel A to obtainthemain
theorem.
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4. Summary

It would beusefulto have arobustnotion of
equvalencein modelsof concurreng.

To allow a piece-by-piecanalysiswe would like
equvalenceghatremainequvalencesvenatfter
additionsaremadeto the model.

Using context providessuchequwvalences.
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Summary

Usingpo-spacedpcal po-spaces;ontect, and
modelcatgjories,we have agoodmathematical
framework for studyingconcurrensystems.

In particular usingequwvalencesthis framawvork
shouldallow for a piece-by-piecanalysisof
concurrensystems.
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Futur e Work

Theoretical: Considenrall possiblecontextsin asingle
framework. (Staytunedfor Kris' talk!)

Practical: Usethecurrenttheoreticaframenork for
analyzingreal-world examples.
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Non-discrete context

Takel” Tandl I
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Non-discrete context

Takel” Tandl I

andgluethemtogetheralongtheyellow lines.
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