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Modelling the time flow of a HDA
-

# A discrete space X" called the 0-skeleton, and whose
elements are called states
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Modelling the time flow of a HDA
-

# A discrete space X" called the 0-skeleton, and whose
elements are called states

» Foreach («,) € X° x XY, a topological space P, 3 X
of non-constant execution paths from o to

® For each triple (a, 3,7) € X! x X? x XY, a continuous
associative map

ki PogX X Pg X — Py X

called the composition law
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Modelling the time flow of a HDA

A discrete space X called the 0-skeleton, and whose
elements are called states

For each («, 8) € X x XY, a topological space P, 3 X
of non-constant execution paths from o to

For each triple (o, 5,v) € X" x XY x X°, a continuous
associative map

ki PogX X Pg X — Py X

called the composition law
Notations : z € P, g X implies a = s(z), 8 = t(x)

-
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Modelling the time flow of a HDA
-

# A discrete space X" called the 0-skeleton, and whose
elements are called states

» Foreach («,) € X° x XY, a topological space P, 3 X
of non-constant execution paths from o to

® For each triple (a, 3,7) € X! x X? x XY, a continuous
associative map

ki PogX X Pg X — Py X

called the composition law
® Notations : z € P, 3. X Implies a = s(z), 8 = t(z)
® PX =|],3PapX Is called the path space

o -
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Morphism of flows f : X — Y

o .

o Asetmap f: X — YU



Morphism of flows f : X — Y

o .

o Asetmap f: X — YU
# A continuous map Pf : PX — PY such that
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Morphism of flows f : X — Y

o .

o Asetmap f: X — YU

# A continuous map Pf : PX — PY such that
s f(s(z)) = s(f(z))
s f(t(z)) =t(f(z))
s flzxy)=fz)=* f(y)



Morphism of flows f : X — Y

o .

o Asetmap f: X — YU

# A continuous map Pf : PX — PY such that
s f(s(z)) = s(f(z))
s f(t(z)) =t(f(z))
s flzxy)=fz)=* f(y)

The corresponding category is denoted by Flow

o -
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Why no identity morphisms ?
-

A flow is exactly a small categories enriched over the
category of (compactly generated) topological spaces
without identity morphisms

=

o -
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Why no identity morphisms ?
-

A flow is exactly a small categories enriched over the

category of (compactly generated) topological spaces
without identity morphisms

=

The branching space functor P~ : Flow — Top defined by
P~ X =PX/(x =x*y)

i X' —PX
r=1i(s(x)) *xx ~i(s(x))
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Why no identity morphisms ?

o .

A flow is exactly a small categories enriched over the
category of (compactly generated) topological spaces
without identity morphisms

The branching space functor P~ : Flow — Top defined by
P~ X =PX/(x =x*y)

i X' —PX
r=1i(s(x)) *xx ~i(s(x))

The branching space P~ X is discrete, and therefore not
very interesting...

o -

T-homotopnv and Refinement of Observation — n. 5/73



Fundamental examples of flows

-

# The globe Glob(Z) of the
topological space 7

s Glob(Z) ={0,1}
. s PGlob(Z) = Z
®» S = 6, t=1
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Fundamental examples of flows

o .

# The globe Glob(Z) of the
topological space 7

s Glob(Z )_{6 1}

X > PGlOb(Z)
o S = O, t =

we o If Z = {+}, Glob(Z) = T

IS called the directed seg-
ment

"> ||

o -
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Deforming the time flow of a HDA
- -

® The flow 9, defined by
x (0C ) = {0,1,2,3},

R 1 Py10C o = {U},

Py ,0C o = {V1,

Po,saﬁz ={W},

P3,0C o = {X}

Figure 1. Two
non-concurrent
processes

o -
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.

Deforming the time flow of a HDA

0 U

[N

Figure 2: Two
concurrent  pro-
cesses

® The flow 9C', defined by
(0C4)° = {0,1,2,3},
P0,135>2 ={U},
Py ,9C s = {V1,
Py30C o = {W},
P320C o = {X}

® Glob(S") —=p¢, and

]

Glob(D!) —> (7,
q(SY) ={UxV,W x X}

T-homotopv and Refinement of Observa

=

ion—=Dn. 7/-



Weak S-homotopy equivalence
-

# |t does not matter for ED(),QE)Q to be homeomorphic to

D! or only homotopy equivalent to D', or even only
weakly homotopy equivalent to D'. The only thing that

matters is that the topological space Pg,gﬁg be weakly
contractible.

-
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Weak S-homotopy equivalence
-

# |t does not matter for ED(),QE)Q to be homeomorphic to

D! or only homotopy equivalent to D', or even only
weakly homotopy equivalent to D'. The only thing that

matters is that the topological space Pg,gﬁg be weakly
contractible.

# A morphism of flows f: X — Y Is a weak
S-homotopy equivalence if

s fU: XY — YV bijection of sets
s Pf:PX — PY weak homotopy equivalence

-
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Weak S-homotopy equivalence
-

# |t does not matter for IED(),QE)Q to be homeomorphic to

D! or only homotopy equivalent to D', or even only
weakly homotopy equivalent to D'. The only thing that

matters is that the topological space PQ,QE')Q be weakly
contractible.

#® A morphism of flows f: X — Y Iis a weak
S-homotopy equivalence if

s fU: XY — YV bijection of sets
s Pf:PX — PY weak homotopy equivalence

# Concurrent execution paths cannot be distinguished by
observation
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The weak S-homotopy model structure

fTheorem. There exists exactly one Quillen model category T
structure on Flow such that
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The weak S-homotopy model structure

fTheorem. There exists exactly one Quillen model category T
structure on Flow such that

# the weak equivalences are the weak S-homotopy
equivalences
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The weak S-homotopy model structure

fTheorem. There exists exactly one Quillen model category T
structure on Flow such that

# the weak equivalences are the weak S-homotopy
equivalences

# thefibrations f : X — Y are the morphisms of flows such
that Pf : PX — PY Is a Serre fibration of topological
spaces
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The weak S-homotopy model structure

fTheorem. There exists exactly one Quillen model category T
structure on Flow such that

# the weak equivalences are the weak S-homotopy
equivalences

# thefibrations f : X — Y are the morphisms of flows such
that Pf : PX — PY Is a Serre fibration of topological
spaces

This model structure is cofibrantly generated

o -
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Generating cofibrations

o .

#® The set of generating cofibrations is
19" = {Globh(S"™ 1) — Glob(D"),n > 0} U {C, R}

with ¢ : o — {0}, R: {0,1} — {0}
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Generating cofibrations

o .

#® The set of generating cofibrations is
19" = {Globh(S"™ 1) — Glob(D"),n > 0} U {C, R}

with C: o — {0}, R: {0,1} — {0}
#® The set of generating trivial cofibrations is

J9 = {Glob(D" x {0}) — Glob(D" x [0,1]),n > 0}

o -
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The cofibrant replacement functor ()

o .

# Factoring the canonical morphism o — X as a
composite
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The cofibrant replacement functor ()

o .

# Factoring the canonical morphism o — X as a
composite

2

2 Q(X) X

® o — Q(X)Is atransfinite composition of pushouts of
morphisms of

{Glob(S™ 1) — Glob(D"),n > 0} U {C, R} with
C:o9— {0}, R:{0,1} — {0}
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The cofibrant replacement functor ()

o .

# Factoring the canonical morphism o — X as a
composite

2

2 Q(X) X

® o — Q(X)Is atransfinite composition of pushouts of
morphisms of

{Glob(S™ 1) — Glob(D"),n > 0} U {C, R} with
C:o9— {0}, R:{0,1} — {0}

® ()Is a functor
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The cofibrant replacement functor ()

-

9

°

-

Factoring the canonical morphism o — X as a
composite

2

2 Q(X) X

@ — Q(X) Is a transfinite composition of pushouts of
morphisms of

{Glob(S™ 1) — Glob(D"),n > 0} U {C, R} with
C:o9— {0}, R:{0,1} — {0}

() IS a functor

The cofibrant replacement Q(X) of a flow X Is the
closest computer scientific interpretation of X

-
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Full n-dimensional cube

-

® 1 processes running concurrently

o -
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Full n-dimensional cube

o .

® 1 processes running concurrently

#® Let X and Y be two flows. There exists a unique flow
X ® Y such that

s (XeY)=X"xY"l
s PIX®Y)=PX xPY)U(X"xPY)U (PX x YY)
. dxyw=<§> s(y)), tx,y) = (t(z),t(y)),

(2,y) * (2,1) = (2% 2,y x 1)

o -
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9

9

Full n-dimensional cube

-

n Processes running concurrently

Let X and Y be two flows. There exists a unique flow
X ® Y such that

s (XeY)=X"xY"l
s PIX®Y)=PX xPY)U(X"xPY)U (PX x YY)
s s(z,y) = (s § z),s(y)), t(z,y) = (t(x),t(y)),

(z,y) * (2,1) = (z* 2,y *x 1)
Let n > 1. The full n-cube

—

On__Q(J@w

-
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Full n-dimensional cube

-

n Processes running concurrently

Let X and Y be two flows. There exists a unique flow
X ® Y such that

s (XeY)=X"xY"l
s PIX®Y)=PX xPY)U(X"xPY)U (PX x YY)
s s(z,y) = (s § z),s(y)), t(z,y) = (t(x),t(y)),

(z,y) * (2,1) = (z* 2,y *x 1)
Let n > 1. The full n-cube

—

C = Q(T°%m

— ) )
Note: I ®" never cofibrantifn > 2

-
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Not enough identifications

o .

#® Full n-cube means » processes running concurrently

o -
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Not enough identifications

o .

#» Concurrent execution paths cannot be distinguished by
observation

#® Full n-cube means » processes running concurrently

o -
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o o

Not enough identifications

Full n-cube means » processes running concurrently T

Concurrent execution paths cannot be distinguished by
observation

Therefore for any m,n > 1, an and 8n must be
identified

-
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°

°

Full n-cube means » processes running concurrently

Not enough identifications

-

Concurrent execution paths cannot be distinguished by

o

T
10

hservation

— —
nerefore forany m,n > 1, C',,, and C,, must be

entified

(C)® = {01} £ (C,)° = {0, T} if m £ n

-
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°

°

Not enough identifications
-

Concurrent execution paths cannot be distinguished by
observation

Full n-cube means » processes running concurrently

Therefore for any m,n > 1, C and C must be
identified

o (C)={01)"#(Cn)0 = {01}  ifm #n

O and 5) not weakly S-homotopy equivalent if

m # n

T-homotonv and Refinement of Observation — n. 13/7



Full directed ball
-

#® Some hints given by E)m (m > 1):
s (C)°={0<T}y"is afinite bounded poset
P 8m loopless
s o, ¢ (an)O and o < § implies Pa,ﬁﬁm contractible

-
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Full directed ball
-

#® Some hints given by Bm (m > 1):
s (C)°={0<T}y"is afinite bounded poset
P an loopless
s o, ¢ (an)O and o < § implies Pa,ﬁﬁm contractible

# Afull directed ball D is a flow D such that:
s The 0-skeleton DV is a finite bounded poset

. Pa,ﬁl_ﬁ weakly contractible if o < 3

— .
s P,gD emptyifa> g

-
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Full directed ball
-

#® Some hints given by 5)777, (m > 1):
s (C)°={0<T}y"is afinite bounded poset
P 5m loopless
s o, ¢ (an)O and o < § implies Pa,ﬁﬁm contractible

# Afull directed ball D is a flow D such that:
s The 0-skeleton DV is a finite bounded poset

. Pa,ﬁl_ﬁ weakly contractible if o < 3
. Pa,51_5 empty if a >
o C,, is afull directed ball

o -
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From finite bounded posets to flows
B R

® A poset P is bounded if P ¢ [0,1] with 0 = min P,
T=maxPand0+#1

=

T-homotonVv and Refinement of Observation — n. 15/7



From finite bounded posets to flows
B R

® A poset P is bounded if P ¢ [0,1] with 0 = min P,
T=maxPand0+#1

#® The category of finite bounded posets is essentially
small

=

o -
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From finite bounded posets to flows
B R

® A poset P is bounded if P ¢ [0,1] with 0 = min P,
T=maxPand0+#1

#® The category of finite bounded posets is essentially
small

=

#® Choose a small full subcategory of representatives P

o -
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From finite bounded posets to flows
B - o

® A poset P is bounded if P ¢ [0,1] with 0 = min P,
T=maxPand0+#1

#® The category of finite bounded posets is essentially
small

#® Choose a small full subcategory of representatives P

# Each finite bounded poset P is a flow with
s PV=PpP
s PogP ={usptifa<pecP
s PogP=cifa>pBecP
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From finite bounded posets to flows
B - o

® A poset P is bounded if P ¢ [0,1] with 0 = min P,
T=maxPand0+#1

#® The category of finite bounded posets is essentially
small

#® Choose a small full subcategory of representatives P

# Each finite bounded poset P is a flow with
s PV=PpP
s PogP ={usptifa<pecP
s PogP=cifa>pBecP

® This defines a functor P — Flow

o -
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Generating T-homotopy equivalences

f #® Consider the setof f: P, — P, such that T
r f(ﬁ) =0
s fH=1

s [ one-to-one
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Generating T-homotopy equivalences

o .

#® Consider the setof f: P, — P, such that
s f(0)=0
s f(0) =

s f one-to-one
# The set of generating T-homotopy equivalences

T =1{Q(f) : Q(P1) — Q(I2)}
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Generating T-homotopy equivalences

o .

#® Consider the set of f : P, — P, such that
s f(0)=0
s ()=

s f one-to-one
#® The set of generating T-nomotopy equivalences

T =1{Q(f) : Q(P1) — Q(I2)}

#® The transfinite compositions of pushouts of elements

of {Q(f) : Q(P1) — Q(P2)}
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Generating T-homotopy equivalences

o .

#® Consider the set of f : P, — P, such that
s f(0)=0
s ()=

s f one-to-one
#® The set of generating T-nomotopy equivalences

T =1{Q(f) : Q(P1) — Q(I2)}

#® The transfinite compositions of pushouts of elements
of {Q(f) : Q(F1) — Q(1%)}

® |[sitareasonable definition of T-homotopy ?

o -

T-homotonv and Refinement of Observation — n. 16/-



The simplest T-homotopy equivalence

o o U 1 .




The simplest T-homotopy equivalence
B U 1 o

.o
o

,o
o
o

® U—VxW
o {0<1}—{0<2<1}

# T-homotopy equivalences model invariance by
refinement of observation

o -
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Known dihomotopy invariants

o .

Only three so far...

#® The branching homology H_ (X)) of a flow X

*

# The merging homology H.(X) of a flow X

o -
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Known dihomotopy invariants

o .

Only three so far...

#® The branching homology H_ (X)) of a flow X
# The merging homology H(X) of a flow X

#® The underlying homotopy type | X| of a flow X

o -
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Known dihomotopy invariants

o .

Only three so far...

#® The branching homology H_ (X)) of a flow X
# The merging homology H.(X) of a flow X

# The underlying homotopy type | X| of a flow X

Very poor invariant, but very useful anyway, for instance to
try new definitions of T-homotopy equivalences...

o -
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Branching homology

-

® letn> —1
P~ X :=PX/(x =xxy)

Hy o\ (X) = H,, ( SingP~Q(X)—"~X")




Branching homology

-

® letn> -1
P~ X :=PX/(x =xxy)

Hy o\ (X) = H,, ( SingP~Q(X)—"~X")

#® H_(X) contains the non-deterministic branchings of
dimension n for n > 1

o -
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Branching homology

Letn > —1
P~ X :=PX/(x =xxy)

Hy o\ (X) = H,, ( SingP~Q(X)—"~X")

H_ (X) contains the non-deterministic branchings of

n

dimension n forn > 1

Hj (X) Is the free group generated by the final states
of X

-
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Branching homology

® letn> —1
P~ X :=PX/(x =xxy)

Hy o\ (X) = H,, ( SingP~Q(X)—"~X")

#® H_(X) contains the non-deterministic branchings of

n

dimension n forn > 1

o H; (X) Isthe free group generated by the final states
of X

Theorem. H_ sends weak S-homotopy equivalences and
T-homotopy equivalences into iIsomorphisms of groups

o -
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About the branching homology

o .

#® The cofibrant replacement functor necessary for
obtaining a dihomotopy invariant

o -
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About the branching homology
B -

# The cofibrant replacement functor necessary for
obtaining a dihomotopy invariant

#® There exists a weak S-homotopy equivalence of flows
f: X — Y such that P~ X Iis homotopy equivalent to
S? LU {0} and such that P~Y is homotopy equivalent to

10,1}

o -
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About the branching homology

o .

# The cofibrant replacement functor necessary for
obtaining a dihomotopy invariant

#® There exists a weak S-homotopy equivalence of flows
f: X — Y such that P~ X Iis homotopy equivalent to
S? LU {0} and such that P~Y is homotopy equivalent to

{0,1}
# The augmentation is necessary for obtaining a
dihomotopy invariant

o -
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About the branching homology
-

The cofibrant replacement functor necessary for
obtaining a dihomotopy invariant

There exists a weak S-homotopy equivalence of flows
f: X — Y such that P~ X Iis homotopy equivalent to
S? LU {0} and such that P~Y is homotopy equivalent to

{0,1}
The augmentation Is necessary for obtaining a
dihomotopy invariant

The functor X — Hy(P~Q(X)) Is invariant with respect
to weak S-homotopy, but not with respect to
T-homotopy equivalences

-
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1-dimensional branching

3

[0.3] i

o o T T 2 T



1-dimensional branching

o 3 .

[0.3] i

o o T T 2 T

XY ={0,1,2,3}, Po1 X = {[0,1]}, Py 2X = {[1,2]},
PosX = {[0,3]}, PooX = {[0,2]} and P,3X = @ otherwise
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1-dimensional branching

o 3 .

[0.3] i

o o T T 2 T

XY ={0,1,2,3}, Po1 X = {[0,1]}, Py 2X = {[1,2]},
]P)()73X — {[0, 3]}, IP)()’QX — {[O, 2]} and PaﬁX = & otherwise
Py X ={]0,1],[0,3]}, PT X ={[1,2]}, P; X =P, X = @.

H,(X)=0forn > 2, H (X) = Z (generated by
0,3] —1[0,1)), and H; (X) = Z & Z (generated by the final
states 2 and 3)

o -
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2-dimensional branching

/




2-dimensional branching

/

H =0forn>2



2-dimensional branching

H, =0forn > 2 H; = Z, the generating branching being
the one corresponding to the alternate sum (A) — (F) + (1)

o -
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2-dimensional branching

H, =0forn > 2 H; = Z, the generating branching being
the one corresponding to the alternate sum (A) — (F) + (1)
Hy =7 @ Z @ Z, the generators being the final states of the
three squares (C'), (G) and (L)

o -
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2-dimensional branching

H, =0forn > 2 H; = Z, the generating branching being
the one corresponding to the alternate sum (A) — (F) + (1)
Hy =7 @ Z @ Z, the generators being the final states of the
three squares (C), (G) and (L) If « is the common initial
state of (A), (F) and (1), then P, = S!

o -
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Invariance of branching homology

-

The key point : proving that for every finite bounded poset
P, the (cofibrant) topological space P Q(P) contractible

A
7&
0 1
Yy

B

Figure 3: The simplest example of fi nite bounded
posets for which P not cofi brant

o -
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Some calculations (1)



Some calculations (1)

The colimit gives IP%Q(P) (Q(P) Is not written)
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Some calculations (1)

The colimit gives IP%Q(P) (Q(P) Is not written)
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Some calculations (1)

The colimit gives IP%Q(P) (Q(P) Is not written)
Reedy cofibrant diagram, therefore holim = lim

10} x {0} 10} x {0}

N, T

(0} {0} (0}
. .
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Some calculations (I1)

-

The associativity of the composition law is a problem for
more complicated diagrams. Example:

P={0<A<B<1}.

-

o -
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Some calculations (I1)

-

The associativity of the composition law is a problem for
more complicated diagrams. Example:

P = {0 < A < B < 1}. The diagram calculates P~ Q(P).

-

0.4 EPA 1 P54 xPan
/ N s \f
P51 5 5

Not Reedy cofibrant: P X Py7UPG

Lone to-one.

0.B X IP) T Pﬁ,/l\ Nnot

-
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Some calculations (I1)

-

The associativity of the composition law is a problem for
more complicated diagrams. Example:

P = {0 < A < B < 1}. The diagram calculates P~ Q(P).

-

>< IPAB X IP)
0,4 % IEDAl Pﬁ,A XPaB

Reedy cofibrant:
LIPE)\,A X PA,T uPG’AXEDA,BXPB”l\ PG,B X PB,T — ]P)ﬁ,/l\ one-to-one. J
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Merging homology
-

® letn> -1
PTX =PX/(y =x*y)

HY (X):= H, ( Sing IP’+Q(X)—t>XO)

# HT(X) contains the non-deterministic mergings of
dimension n for n > 1

o -
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H."(X) contains the non-deterministic mergings of
dimension n for n > 1

H; (X) is the free group generated by the initial states
of X
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Merging homology

® letn> -1
PTX =PX/(y =x*y)

HY (X):= H, ( Sing IP’+Q(X)—t>XO)

® HT(X) contains the non-deterministic mergings of
dimension n forn > 1

® H; (X) is the free group generated by the initial states
of X

Theorem. H sends weak S-homotopy equivalences and
T-homotopy equivalences into iIsomorphisms of groups

o -
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Underlying homotopy type of a flow
-

The underlying homotopy type | X| of a flow X

-
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Underlying homotopy type of a flow
-

The underlying homotopy type | X| of a flow X

=

® Write o — Q(X) as a transfinite composition of
pushouts of C': & — {0}, R:{0,1} — {0}, and of
Glob(S" 1) — Glob(D") with n > 0
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® Write o — Q(X) as a transfinite composition of
pushouts of C': & — {0}, R: {0,1} — {0}, and of
Glob(S" 1) — Glob(D") with n > 0

#® Replace this transfinite composition by a transfinite
composition of pushouts of C : & — {0},
R:{0,1} — {0} and of |Glob(S"™1)| — |Glob(D")|
with n > 0 (with X7 = |Glob(2)| If Z # ©)
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Underlying homotopy type of a flow
-

The underlying homotopy type | X| of a flow X

=

® Write o — Q(X) as a transfinite composition of
pushouts of C': & — {0}, R:{0,1} — {0}, and of
Glob(S" 1) — Glob(D") with n > 0

#® Replace this transfinite composition by a transfinite
composition of pushouts of C : & — {0},

R:{0,1} — {0} and of |Glob(S"™1)| — |Glob(D")|
with n > 0 (with X7 = |Glob(Z)| if Z # @)

#® One obtains o — | X|
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Underlying homotopy type of a flow
-

The underlying homotopy type | X| of a flow X

=

® Write o — Q(X) as a transfinite composition of
pushouts of C': & — {0}, R:{0,1} — {0}, and of
Glob(S" 1) — Glob(D") with n > 0

#® Replace this transfinite composition by a transfinite
composition of pushouts of C : & — {0},
R:{0,1} — {0} and of |Glob(S""1)| — |Glob(D")|
with n > 0 (with X7 = |Glob(2)| If Z # ©)

#® One obtains o — | X|

Theorem. X — | X| from Flow to Ho(Top) sends weak
S-homotopy equivalences and T-homotopy equivalences into
Isomorphisms

o -

T-homotonv and Refinement of Observation = n. 27/-



Some calculations (I11)

-

Calculating the underlying homotopy type of the flow X
(supposed cofibrant, and U, VV and W nonempty)

T

0 2 1

=

o -
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Some calculations (I11)

-

Calculating the underlying homotopy type of the flow X
(supposed cofibrant, and U, VV and W nonempty)

W
T
0 2 1

Flow characterized by a cofibration « : U x V — W

o -
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Some calculations (I11)

-

Calculating the underlying homotopy type of the flow X
(supposed cofibrant, and U, VV and W nonempty)

W
T
0 2 1

Flow characterized by a cofibration « : U x V — W

Glob(U x V) —— Glob(U) * Glob(V)

lelob(*)

Glob(W)

o -
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Some calculations (I11)

-

Calculating the underlying homotopy type of the flow X
(supposed cofibrant, and U, VV and W nonempty)

W
T
0 2 1

Flow characterized by a cofibration « : U x V — W
Y(UXV)—=%(U)*X(V)
%(W)
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Homotopy continuous flow

fTheorem. For any model structure (cofibrantly generated or not)T

on Flow such that Q({0 < 1}) — Q{0 < 2 < 1}) is a weak
equivalence, there exists a pushout of 2 : {0, 1} — {0} which is
a weak equivalence

o -
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Homotopy continuous flow

fTheorem. For any model structure (cofibrantly generated or not)T

on Flow such that Q({0 < 1}) — Q{0 < 2 < 1}) is a weak
equivalence, there exists a pushout of i : {0, 1} — {0} which'is
a weak equivalence

@ e ® e
]

A

o -
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Homotopy continuous flow

-

fTheorem. For any model structure (cofibrantly generated or not)

on Flow such that Q({0 < 1}) — Q{0 < 2 < 1}) is a weak
equivalence, there exists a pushout of 2 : {0, 1} — {0} which is
a weak equivalence

@ e ® e
]

A

There is anyway a good notion of fibrant objects for the full
dihomotopy relation

-
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Homotopy continuous flow: definition

- .

Homotopy continuous flow = Indefinitely divisible up to
S-homotopy
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S-homotopy

Q{0 < 1})

T-homotobpv an

Homotopy continuous flow = Indefinitely divisible up to
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Homotopy continuous flow: definition

-

S-homotopy

Q{0 < 1})

Q{0 <2 <1}

Homotopy continuous flow = Indefinitely divisible up to

1

B

X homotopy continuous if and only if X — 1 satisfies the
right lifting property with respect to the set of generating
T-homotopy equivalences

.

-
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Whitehead’s theorem for dihomotopy

fTheorem. There exist a congruence ~7 on the morphisms of T
flows and a class of morphisms S+ of Flow such that:

o -
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#® S5 contains the weak S-homotopy equivalences and the
morphisms with cofibrant domains which are transfinite
compositions of pushouts of generating T-homotopy
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flows and a class of morphisms S+ of Flow such that:

#® S5 contains the weak S-homotopy equivalences and the
morphisms with cofibrant domains which are transfinite
compositions of pushouts of generating T-homotopy
equivalences

# All morphisms of S preserve the branching and merging
homology theories and the underlying homotopy type
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Whitehead’s theorem for dihomotopy

fTheorem. There exist a congruence ~7 on the morphisms of T
flows and a class of morphisms S+ of Flow such that:

#® S5 contains the weak S-homotopy equivalences and the
morphisms with cofibrant domains which are transfinite
compositions of pushouts of generating T-homotopy
equivalences

# All morphisms of S preserve the branching and merging
homology theories and the underlying homotopy type

homotopy continuous

® The inclusion functor Flow . ot
the equivalence of categories

C Flow Induces

Flow iyt ™"/ ~r= Flow|(S7) "]

o -
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Path functor for dihomotopy

. .

heorem. There exists a functor Path7 : Flow — Flow

(Idx,Idx)

Paths+ X > X X X

€ cof (JI'UT) € inj(J9' U T)

o -
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Path functor for dihomotopy
E

heorem. There exists a functor Path7 : Flow — Flow

(Idx,Idx)

Paths+ X > X X X

€ inj(J9'uT)

€ cof (JI'UT)

(f.9)

\
X I Patht Y Y xY

H right dihomotopy from f to g : reflexive and symmetric

o -
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Path functor for dihomotopy
E

heorem. There exists a functor Path7 : Flow — Flow

(Idx,Idx)

Paths+ X > X X X

€ inj(J9'uT)

€ cof (JI'UT)

(f.9)

\
X I Patht Y Y xY

H right dihomotopy from f to g : reflexive and symmetric

Congruence ~4 = transitive closure of right dihomotopy

o -
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