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We present a calculus with dependent types, subtyping aadtund overload-
ing. Besides its theoretical interest this work is motiddby several practical needs
that range from the de nition of logic encodings, to proogsfalization and reuse,
and to object-oriented extension of the SML module system.

The theoretical study of this calculus is not straightfava\While con uence
is relatively easy to prove, subject reduction is much hard&e were not able
to add overloading to any existing system with dependentsygnd subtyping,
and prove subject reduction. This is why we also de ne herdwagroduct a
new subtyping system for dependent types that improvesiquewsystems and
enjoys several properties (notably the transitivity efiation property). The calculus
with overloading is then obtained as a conservative extensf this new system.
Another dif cult point is strong normalization, which is aenessary condition to
the decidability of subtyping and typing relations. Theccdis with overloading
is not strongly normalizing. However, we show that a reabbnaseful fragment
of the calculus enjoys this property, and that its strongnadization implies the
decidability of its subtyping and typing relations.

The article is divided into two parts: the rst three secsoprovide a general
overview of the systems and its motivations, and can be egaatately; the remaining
sections develop the formal study.

1. INTRODUCTION

Inthis article we show how to integrate in a unique logical systaegtiifferent features:
( rst order) dependenttypes, subtyping, and late-bound overloadlifegrst describe each
of these features and in the next section we illustrate the motivadfoms work.

Dependent types.
Dependent types are types depending on terms. A classical example is givaaysy ar
Consider for example the arrays of characters. In programming languagresishnot
a type “ " but rather a family of types , .-, Where
denotes the type of the character arrays of lengtiConsider then the function
1
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- - that maps a string into the array of its characters. Its domain type is
but its codomain typdepend®n the length of the string the function is applied to.
More precisely, - is a function that maps a stringinto an array of type
length . By dependent types it is possible to express the type of this umas
follows:

length

In words, the typing judgment above expresses that is a function that,
when applied to a string, returns a result of type length(s) ( is a binder for the
term variable ).

So dependent types allow to express a relationship between the inputinétéoh and
the typeof its output. Dependent types are at the basis of many computer appl&ation
notably automatic proof-checking —e.g., [HHP93, CAES]— (since they offer the
power of rst order-logic), or rich module systems —e.g., [MQ85, 84— (a module can
export functions whose type is de ned in the module itself, sotyipe of the result of a
transformation of modules may depend on the module —on its type dectapatrt— the
transformation is applied to).

Subtyping.
Subtyping is a binary relation over types. The introduction of ayqihg relation in a
language greatly enhancesits exibility. Intuitively, a typés a subtype of a type (noted
) if all expressions of type can be used in every context where an expression of type

is expected (for example, integer can be considered a subtype of real and abiyyzes
of string). The advantage of such a relation is that the code originaitien for a given
type can be reused for its subtypes (e.g. the function _ _ can be applied to
characters as well). This is obtained by adding to the typing rulesubsumptiorrule
of [Car88]:

Subsumption

that states that an expression that has tyjetyped by every super-type of, as well.

Late-bound overloading.

An overloaded function is a function that executes different code accorditigettype of
its arguments. A typical example is the functiothat, in several programming languages,
performs arithmetic sum if applied to two numbers and concatenation ifezpf two
strings. Thus can be thought of as the union of two different functions, arithmeitino s
and string concatenation. More generally, every overloaded function t®w$ia set of
functions, one for each possible combination of the types of its aegisn At type level this
can be expressed by typing overloaded functions by sets of arrows. dhogrfexample
we have:

In most programming languages selection of the code for an overloadedbiuell is
performed at compile time: a pre-processor replaces every call of an overloau#idifu
by the code that ts the type of the arguments. This discipline cdct@in is calledearly
binding In presence of subtyping the type of the arguments of a function maygeh
(notably decrease) during computation. Therefore delaying the code selexrtian-time
may affect the semantics of programs. In particular we are interestedaite dinding
discipline that delays the selection as much as possible so that the seledtiased on
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the best information about the type of the arguments. The interesstabf a discipline is
that, as shown in Section 2.2, it supports code reuse and incrementediproqg. This

last point is also witnessed by object-oriented programming whereg(spercial cases of)
late-bound overloaded functions are better knowmadti-methodsr generic functions
(see for example the languages Cecil [Cha92] and CLOS [DG87]).

In this article we show how to make these three features coexist in aeifiigmalism
called . This formalism can be considered as the natural extension with latedboun
overloaded functions of  [AC96b] (a calculus with dependent types and subtyping)
or, equivalently, as the generalization to dependent types diCGL95] (a calculus with
late-bound overloaded functions and subtyping). From a strictly teahpoint of view
the main contribution of this work is the de nition of a type diglthe for late bound
overloaded functions in the presence of dependent types. A subordin&tbwtion is the
de nition of a set of subtyping rules that de nes the same typing retatis but enjoys
much better properties which, among other things, make it prone tosiaten

Our work is not just an “exercice de style” where we try to put togetheresdisparate
functionalities for the sake of attempt. The logical dif culties and cangional expres-
siveness of should be clear: computation depends on types, and possildyramic
types (because of late binding). Section 2 shows that, besides thesd mgiects,  an-
swers also some practical needs. In Section 3 we give an overview of the sysdém, by
describing how we arrived at its de nition. To that end we rst intradudependent types,
we then add subtyping, and nally extend the result by late-bound oaddd functions.
In Sections 4 and 5 we give the formal de nition of the system and sitisdyieta-theoretic
properties: con uence, soundness, and strong normalization. In Secties séudy some
properties that are particular to our subtyping deduction system faradkmt types, and
in Section 7 we study the decidability of . A conclusion ends our presentation.

In the section of overview we distinguish some text as “excursusésékexcursi discuss
some precise technical or practical points and can be skipped during theading.

2. MOTIVATIONS

There are three main motivations to our work. First and foremostn#esl of both
subtyping and overloading is quite felt in theorem proving, and #lesence makes logic
encodings much more dif cult. Second, the use of late-bound overlgaallows greater
code reuse, introducing in some sense an object-oriented style in aig@noaing. Last,
dependent types constitute a theoretical basis of the SML module sytsterafore our
work may be useful to give a theoretical basis to object-oriented extensiothe SML
module systems. Let us examine each motivation in more detail.

2.1. Logic encodings
The rst order dependent type theory [HHP93] (see Section 3.2 for a short for-

mal presentation) has been taken as a Logical Framework for the speci catiogioal
systems. For such a purpose, terms in this system are used to encod&éimlogic.
Pfenning [Pfe93] demonstrates that in the absence of subtyping the repteseof subsets
of logical formulae is very cumbersome. This can be illustrated by thevirig example,
which is adapted from the one in [Pfe93]. Consider the set of well-forfimenulae of the
propositional calculus characterized by the following abstract syntax:
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Here rangesoveratomic formulae. This de nition can be represented by theviokp
set of typing declarations:

Intuitively, is the set of all types. Thus, can beread as “ is a type”. An example
of formal encoding is

where is a context containing the set of declarations de ned above, an@re atomic
formulae.
Now consider the subset of de ned as:

There are several ways to represent One way is to introduce a predicate on say
, such that is true if and only if is a formula of . Another way is to
introduce a new type . Both ways are awkward and lead to inef cientimplementation
of proof search (see [Pfe93]). To overcome the problem, Pfenning profmegtend
with intersection types (see [BCDC83, CD80]) asubsorting The latter, denoted by ,
can be viewed as a restricted form of subtyping. Then, it is possililawe a much better
representation:

is a subsort of
is a subsort of

Instead of using subsorting and intersection types, in this articl@ragose to extend
with subtyping (denoted by ) and overloaded types (denoted by curly brackets). In the
resulting system, that we dub , the example above becomes:

is a subtype of
is a subtype of

Subtyping and overloading are respectively richer than subsorting sardéctions.
The difference between intersection and overloaded types is that a term b&ldhgs
intersection if and only if it belongs bothto and . While aterm in the overloaded

The complete representation forincludes the following declarations:

where is true if and only if is an atomic formula.
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type is the union of two distinct subterms, one belonging tpthe other to .
Note however that is de ned only when both and are arrow types. In this
case the overloading approach is somewhat more expressive since elifimédrm of an
intersection type (of arrow types) can be considered as a special case of aadedtierm
formed by a union of equal subterms.

Furthermore in Pfenning's system, decidability is obtained by de rdngsorting over
“sorts”, which are re nements of types. Sorts cannot appear in labelsatfstractions
so, as Pfenning points out, it is impossible to write functionghwdomains limited via
subsorting. To overcome this weakness, Aspinall and Compagnonidtasted
([AC96b], see also Section 3.3.2), an extension ofwith subtyping, which does not have
such a drawback. However cannot express Pfenning's examples as it contains neither
intersection types nor overloaded types. Here we de ne . Since it has subtyping
(but de ned differently from [AC96b]) it does not have the weaknesdeb® subsorting
approach and thanks to overloading it can express Pfenning's examples.

Pfenning's study is developed within the proof environment Elf,raplementation of
Edinburgh LF. Other groups studying dependent type theory basefigystems found the
need of using subtyping, as well. All the motivating examples ardaird the Pfenning's
one. An early work can be found in [Coq92] in the ALT group. LEGO, Caigd Nuprl
groups are studying implementations of abstract algebra, and all of theenphaposed
extensions of type theory by some sort of subtyping: ZhaoHui[Luo96] has studied a
“coercive subtyping” extension for LEGO; in the Nuprl group Jasaokiy [Hic95] has
combined object-calculus and dependent types and proposed a form of agliigped on
the inheritance mechanism of objects; Courantin the Coq group is mgpdki an extension
of the Calculus of Construction by subtyping:  [Cou97]. More references to recent
work are discussed in Section 6.3.

The interestin this area is mainly due to the scale. As said by ZhaoH{iLLa©6]: “the
lack of useful subtyping mechanisms in dependent type theories [.h]indtictive types
and the associated proof development systems is one of the obstacless apfflications
to large-scale formal development”.

What we propose is to add not only subtyping but also late-boundaading. In fact
the association of these two features allows incremental and modular progrgmwhose
utility to large-scale problems has been widely demonstrated by objexited languages.

2.2. Program (proof) specialization

Consider again the typesand de ned in the previous section. Since , then
Bool Bool 2 Hence, a decision functionfor propositional logic, which is
of type Bool, is also a decision function for formulae (i.e., itis of type Bool).

So subtypingis a rstingredient for code reusing since it allows¢e on arguments of
type evenif has been written for arguments of type However, subtyping provides
a limited form of reusing: it just makes some code more polymorphAicreakthrough
for code reusing (brought forward by object-oriented languages) is spdeialization.
Consider again the decision functionlt is well known that such a functionis NP-hard.
However, by the speci c structure of , it is possible to construct a polynomial decision
function for . A clever way to de ne a general decision function is then use

The subtyping rule for arrow types [Car88] states that if and then
(see [Cas95] for a detailed discussion).
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for  formulae and otherwise. A natural way to obtain it is to de ne our decision
function as an overloaded function formed by the two termasid . In the notation we
use in this work an overloaded function composed by the teram&l  is written as
So . The type of s the union of the types of the composing terms, that
is Bool Bool . The (overloaded) function automatically chooses the
appropriate sub-term to execute (i.e., either ) according to the type of its argument
(that is, according to the form of the formula to decide) . The use efldatding ensures
that the most ef cient function will be always selected even in the case thattist speci ¢
form of the formula is not, or cannot be, statically determined. The igseleased from
writing branch selection code. What he has to do is just to declare thepsadpistructure.

Note that this could be done in an incremental way. We could

have rst de ned just with the decision function and decided only later to
consider the -formulae.

By declaring we can use for -formulae all code written for -formulae. By
specializing , every code that uses is specialized as well. Thus all

codefor isautomatically specialized (and, thus, reused) for However, this situation is
more complex than the one we present in this article, since it requir to bedynamically
extensiblgwhence the use of “ ”). This is discussed in Section 2.1 of [CGL93]. In this
article we focus on the logical aspects of the system and we do not illedhis issue that
looks more related to implementation.

2.3. Extension of the SML module system

In the SML module system [MTH90] a module may export both sonpedyand the
operations de ned for these types. Thustyygeof the operation components of a module—
and, thus, the type of the module itself—may depend owv#haeof the type components
of the module. Since we are in presence of types that depend on values, tras: a cl
sical approach to characterize the SML module system is to use rst order diepien
types [MQ86, MH88, Ler94, HL94].

Modules are handled bfgnctors Functors are functions that transform modules into
other modules and that are subtype polymorphic (intuitively, aturde ned for modules
that export some given components works also on modules that expmgtammponents).
Functors can be considered as modules parametrized by some other modules.tfi@ne
criticisms to the SML module system is that although it has subgyptris not possible
to perform code reuse and specialization as done in “object-oriented prognginnin
order to make it possible, Aponte and Castagna de ned in [AC96a] an Ertenf the
SML module system with late-bound overloaded functors. The stasiiatgm is the one
of Leroy [Ler94], and the addition of late-bound overloaded functomallto choose the
most speci ¢ transformation of a module according to its type. Thelréswa module
programming language whose style is very similar to the one of CuB&e the “generic
functions” (“generic functors” in this case) operate on modules ratherghanbjects, and
their behavior can be incrementally specialized as long as new modules tyges(ses,
in the SML terminology) are de ned. The idea can be illustrated by tHewkang example.

Consider a dictionary module parameterized by a tree modulef type

The type of such a functor is a rst order dependent type:
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Tree.Dict()

the dependency is necessary since the type of the result depends onpghef tihe
elements of) the argumenof the functor (we stress this dependency by writing Djgt(If

a signature for ordered trees is available, and then, by subtyping,
it is possible to feed by ordered trees to make new dictionaries. It is also possible
to de ne a new functor :  OrdTree.Dict(), that provides an optimal search

operation by keeping the ordered tree balanced. However all the code thetesil
will continue to produce inef cient code for ordered trees.

The solution is to overload the functor by the more ef cient code for or-
dered trees (in [AC96a] this is performed by the command

), so that the functor will execute two different pieces of code according
to whether the argument module implements a or an . In other words, the
will be an overloaded functor of type Tree.Dict(), OrdTree.Dict() An
outline of the code of this example can be found in Appendix A.2. rRore details the
reader can refer to [AC96a].

One of the problems with this system is to prove its type sourgind$e standard
technique for type soundness is to prove the subject reduction pyg@petuctions preserve
types). Unfortunately the subject reduction property does not holddimy's system and,
therefore, it does not hold for the [AC96a] system either. While Lavag able to prove
the soundness of his system by semantic tools (he uses a transfaticn $ystem with
dependent types, second-order existential types, atypes [Ler94]), his proof does not
extend to overloaded functors whose theoretical bases are not establisheds a rst
step towards establishing these bases and proving soundness of khia {#{964a].

3. INFORMAL DESCRIPTION

In this section we give an intuitive description of our system . At the risk of some
redundancy, we prefer to defer the formal de nition of to Section 4 and show here,
step by step, the path that leads to the de nition of the whole systemweSstart by
de ning dependent types, that is the system ( 3.2). Then, we introduce subtyping
for dependent types, that is the system . Even if owes a lot to the Aspinall and
Compagnonisystem ,weshowthat doesnot tourpurposes since, because of its
formalization, it is not prone to extension and is needed (3.3). Finally, we introduce
overloading for the previous system, yielding the system ( 3.4). We conclude this
section by several examples, and by summarizing all the technical resultslth&tshown
in the rest of the paper.

3.1. A brief introduction to dependent type theory
Types are used to classify terms, but with dependent types we have segmpésaand
terms are not completely distinct. For example in Section 1 we descrilgetuifttion
- - where the type of the result depended on the input of the functiois. Th

was expressed by a type of the form . We have also seelype families
such as the family of arrays of characters . Type families can
be considered as mappings from terms to types; for example the abowe ddirays of
characters corresponds to the map . Since we use to classify types then

this mapping can be “typed” by the “kind”
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Type families can be expressed bynotation. So for example

denotes the type family described right above. Byeduction then
is the type of the arrays of characters of size 3, that is

More generally, we are considering a dependent type system where termasaieed
by types and types (or, more generally, type families) are classi ed bgskiTypes are
either atomic types (e.g., ), applications of type families (if they have the kinyl or

-types of form (that are used to type-abstractions). In particular,-types are
the generalization of arrow types of simply-typedalculus: is the special case
of where does not appear free in.

From the point of view of the formula-as-type analogy, the intrcttbn of dependent
types brings signi cant progress with respect to simply typed lambdeutad. In the
latter case, only propositional formulae can be represented by types,depiémdent types
make rst order quanti cation representable as well. As a result, manyckigystems can
be encoded in systems based on dependent types, as done in LF, the Hdlrdmioal
Framework [HHP93].

3.2. Dependent types: the system
The system [HHP93]isthe pure rstorder dependenttype system (a differentoarsi
of the systemis called [Bar92]) . Itis the core of Edinburgh Logical Framework. Our
presentation of is mainly based on [HHP93]. There are four syntactic categories:

Terms
Types
Kinds
Contexts
1. A term (denoted by ) is either a term variable (denoted by ), an
abstraction or an application.
2. Atype (denoted by ) is either an atomic type (denoted by, a -type of
the form or a type application  or a type family
3. A kind is either the constant representing the collection of all types, or
which classi es type families (of the form where B lives in the kind ). Thus,the
general form of a kind is with
4. A context is an ordered list of typing assignments of the form, and of kinding
assignments of the form . If appears in then we say that Dom andwe
use to denote . If appears in then we say that Dom  and we use

Kind to denote .

The atomic types play the role of (dependent) type constdntgpical examples of type
constantsare , (alldeclared of kind ), and (of kind ). We

use (resp., ) to denote the substitution of for every free occurrence
of interm (resp.,intype ). -reduction, denoted by |, isthecompatible closure

In [Bar92] and [AC96b] the 's are called typevariables This may be misleading since althougls are
declared in contexts, they cannot be abstracted.
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Context Formation Typing
Dom
F-EMPTY _ T-VAR
Dom
F-TERM T-
Dom
F-TYPE T-APP
F- —_— T-CONV
Kinding
Dom
K-VAR
Kind
K-APP
K-
K-CONV
K-

FIG.1. The type system

(see [Bar84]) of the union of the following two notions of redocti

-conversion, denoted by is the equivalence relation generated fromeduction, that
is, the re exive, symmetric, and transitive closure of .4

The abstract syntax above de nes pre-terms, pre-types, pre-kinds, arwbimhexts,
namely possibly not well-formed terms, types, kinds, and contextsll-fdfmed terms,
types, kinds, and contexts are determined by the following fouretygs:

Since -reduction and -conversion areompatiblerelations, then they are de ned on terms, typasdkinds
(since in the last one both types and terms may occur).
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is a well-formed context
is a kind in context
type haskind in context
term  hastype in context

We write for an arbitrary judgment of the form or
The rules for deriving the judgments in are in Figure 1.

3.3. Adding subtypingto : the system
The addition of subtyping to an existing type system is usualljopered in a standard
two-step process. First, a subtyping relatioms de ned on the (well-formed) types of the
system. Then the subsumption rule is added to the typing rules (hed the conversion
rule is present it replaces it). We already said that the subsumptiostaiés that if a term
is typed by some type, then it is also typed by every super-type of Usually this rule
has the form we saw in the Introduction:

Subsumption

Note that, as the subtyping relation is de ned on (well-formed) typleen no kinding
judgment is required in this rule: if and are in subtyping relation, then they are
well-formed.

In this work, for reasons that we explain at length in the Section Ji&@2eed to de ne
subtyping in a different manner.

More precisely, we do not de ne the subtyping relation on thes types and do not
substitute the subsumption rule above for the T-CONV ruldeftrevious section. Instead,
we de ne the subtyping relation on the 's pre-typegthat may be not well-formed) and
replace T-CONV by the following subsumption rule

T-SUB

where is a shorthand for “ and ", This rule states exactly
the same property as the generic subsumption rule above. Howewartith extra kinding
premises that are made necessary by the fact that, heseje ned on all pre-types.

3.3.1. The subtyping relation

The subtyping relation on the pre-types arises from a subtypingaelah atomic types.
This relation for atomic types is declared in a contexdnd lifted up to all types by the
rules of Figure 2. More precisely, subtyping declarations occur in aegbntunder the
form of bounded kind assignment . In that case we say that Dom and
that isboundedn ;we also use to denote , and still useKind to denote .

In summary, the system is de ned by the rules in Figure 2 plus all the rules for
de ned in the previous section, but wheremay contain bounded kind assignments and
T-SUB is substituted for T-CONV?.

Since the rules in Figure 2 do not contain any kinding judgment, thenirtduced
subtyping relation is de ned on all pre-types. The restriction of tkiation to types (that
is, to well-kinded pre-types) has the usual general meaning: a term oéa tyige can be

We must also add an obvious formation rule for type contertstaining subtyping constraints (see Ap-
pendix A.1).



INFORMATION AND COMPUTATION 16§(1):1-67, (2001) 11

S-ApT

S-ApR

S-ApSL

S-ApSR

FIG. 2. subtyping rules

safely used wherever a term of a super-type is expected. Let us comment eathrtirig
from the simplest ones:

- The S- rule is the generalization of subtyping rule for arrow types. It istcarariant
on the domains and covariant on codomains. However, since the bouatilearican
appear free in the codomains, then the codomains are compared under thetasstivap

belongs to the domain common to both types, that is, the smaller one.

- The S- rule “subtypes” type families. Recall that type families are functionsnfr
terms to types. This rule states that two such functions are comparetivigain (As
a matter of fact this rule is useless in  and should be omitted: see the Excursus in
Section 4.4).

- The S-ApSL and S-ApSR rules state that subtyping is invariant thead reductions:
to deduce thata head redexis in a subtyping relation we must deduce it for its reductum.

- The S-ApR states that is re exive on atomic types. The re exivity is extended
pointwise to all possible applications of the atomic type.

- The S-ApT (combined with re exivity) performsthe transitive slare of the subtyping
declarations. Intuitively in order to prove that three S-ApT rules
topped by a S-ApR rule must be used. As for S-ApR the relation engbed pointwise to
possible applications.

Note that not all the assignments in a contexéqually contribute to the de nition of
subtyping. Only bounded kind assignments really matter, since they are used
by the rule S-ApT. Kinding assignments are handled by the rules Sand S- only

to ensure that for every subtyping rule the well-kindedness ofythes appearing in the
conclusion under a given context implies the well-kindedness of fiestgppearing in the
premises under the corresponding contexts.
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S -var

S -

S -

S -app
S -conv
S -trans

FIG. 3. subtyping rules

3.3.2. A different presentation of subtyping (comparison with [AC6b])

Apartfrom S- and S- , the remaining rules of  are quite technical and do not let the
reader to grasp the intuition of the subtyping relation. So we decmadd this section in
order to provide some intuition. However, this section is not neggge the development
of this work: it is not used for de ning and can be skipped at rst reading (as signaled
by the detour panel).

In order to provide the reader with the intuition underlying sutitg, we describe a
set of subtyping rules different from the ones of . These rules de ne a subtyping
relation “equivalent” (in the sense we precise later on) to the one of. The rules are
shown in Figure 3. Apart from some minor differenBethese rules are those used by
David Aspinall and Adriana Compagnoni [AC96b] to de ne the system , that is one
of the best subtyping system for available in the literature. In order to differentiate
this second system from all the systems that are the contributiorisohiticle, we use
lowercase italicized names for rules and A scripts all over. We also use a different
symbol, , to denote the new relation. Let us comment the subtyping rules:

- TheS -varrule deduces the subtyping declarations contained in

- TheS - andS - havethe same meaning as the corresponding rules in

- The ruleS -appis a direct consequence of the interpretationSof  : if two
functions are pointwise related then the images of a same point are relatedl.as

There are some extra kinding judgments and the i$de here is more general than the one in [AC96b]. See
Footnote 10 for an example.
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- Finally the rulesS -convandS -transstate that is a pre-order, that is a re exive
and transitive relation.

The two sets of rules in Figures 2 and 3 de ne the same subtyping nelafiois is stated
by the following property proven in Section 6.3:

For every such that we have

(where by we mean that the judgment is provable)

Itis very important to notice that the property above says that thesetof rules de ne
the same relation on 's types ( is not de ned on pretypes), but it doest say that the
two sets of rules are completely equivalent, namely that it is possiblsg@ither of them
without any difference. In particular, while the rules of constitute the core rules of
this article, those of  are inadequate to the purposes of this work. Indeed, the rules in
Figure 2 satisfy two crucial properties that those in Figure 3 do not;

1. They do not use kinding judgments. This makes them prone tosgtenindeed,
recall that we want to extend this system with overloaded types. As wesdwlater, the
kinding of overloaded types depends on the subtyping relation. Sdntportant to have
the de nition of subtyping separated from the one of kinding sindbewise, we would
have a circularity that is very dif cult to handle.

2. They do not use the transitivity rule (which is admissiblerule, i.e., it is a conse-
quence of the other rulés This, intuitively, implies that the addition of new types and new
rules to this type system is likely to yieldcnservative extensiiithe explicit use of the
transitivity rule may cause a problem with conservativity since thiis does not satisfy the
subformula property). So we have extensions that do not interfighehe original theory,
independently from its de nition.

For these reasons, the de nitions of this article never use the milegure 3 and they can
(actually, must) be ignored. However, the reader can use them as a cue tetandé¢he
subtyping relation and draw intuition about it. But he must alsalvare that in case of
extension the equivalence of two set of rules may be lost.

The reader may be puzzled by the fact that of two sets of rules
de ning the same relation, one set is completely inadequate to cept@iposes that the
other ts. Apartfrom the factthat and do not de ne the same subtyping relation
( is notde ned for pretypes), this “anomaly” mainly concerns the pdgséxtensions of
the rules. The fact that two sets of rules de ne the same relation woisnply that this
holds for every possible extension of these sets. As a trivial exaopsider the system
formed just by the symmetry rule (that states thatif belongs to the relation then
belongs to it, too) and the system with no rules at all. The two damtusystems de ne
the same relation (the empty relation), but it is clear that every-symmetric extension of
these sets of rules will not de ne the same relation.

Given a set of deduction rules a (new) rule edmissibleif for every instance of the rule it is possible
to prove by the rules of that its premises imply its consequence. Furthermore, dleis derivable—or
derived—if the rule can be obtained by composing some rules of

Given a language and a notion of derivability on , atheory is a collection of sentences in with
the property that if then . A theory is anextensiornof a theory  if . is a
conservative extensiasf  if .
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If we do not consider extensions and we stick to the actual langtlage the relation
between and is quite typical. is the algorithmic version of and
Property 3.1 is the classic formulation of the soundness and ltemess of the algorithmic
subtyping. Note that because of Property 3.1, constitutes an important improvement
over the subtyping algorithm of [AC96b] for which this properted not hold. In fact, for
the algorithm de ned in [AC96b] only the following implicatierold

(where  denotes deduction in the Aspinall-Compagnoni's algorithm and denotes
the -normal-form of ) which are weaker than Property 3'9.

However, the interest of  is not con ned to this aspect. While Property 3.1 is an
interesting property in the context of , it becomes crucial in the context of this article,
since it frees the system from the transitivity rule without affgdtmexpressiveness. And
while we know how to add late-bound overloaded functions to, the corresponding
extension of is still an open problem.

Our rst attempt for this work was to add rules
for overloaded types to the Aspinall-Compagnoni system. Thus \aetta circularity
among the de nitions of context formation, kinding, typing antgping. This complicated
the proofs. For example the proof of the “classical” substitutilemma for subject-
reduction is done in [AC96b] by simultaneous induction over the forms of judgment.
This same technique did not work in our case because the inductjmthesis does not
suf ce to prove that the conditions for well-kinding of overloadecttyfsee Section 3.4.4)
are preserved by substitution.

In , this proof does not have that problem since the subtyping systenmdiogspend
on the kinding system. The subtyping relation is de ned over pre-typedstiexpressions
that may not be well-kinded. Thus our second try was to erase thegipddmises from the
Aspinall-Compagnoni subtyping system. This did not work eitbeaibse of the transitivity
rule that became:

but in presence of such a rule it is not possible to deduce the walligrof from the
well-kinding of and (and so we cannot ensure that the derivations of judgements
with well-kinded types contain only well-kinded types). Inthe transitivity rule can be
eliminated since the structural subtyping rules extend the traityitf subtyping on atomic
types to higher types. But if we remove the transitivity rule from gprfall-Compagnoni
system we do not obtain an equivalent system. And we cannot use thithaigosystem of

As customary, we de ne the subtyping algorithm by a set oftgping rules that satisfy the subformula
property. When the set of rules is “syntax directed” (i.eere is a one-to-one correspondence between provable
judgments and proof trees), then the algorithm is detestim{e.g. see1.3 of [Cas97] for details). The set of
subtyping rules of can be straightforwardly turned into a deterministic aithjwn by adding to the [S-ApSR]
rule the condition and to the rule [S-ApT] the condition

(note the indexes). The system with these conditions isvalguit to the one without the
conditions as proved in Section 6.4.
For example if ( ), then (and thus ) but

. Furthermore, in the original de nition of subtyping in [8Bb] one also has

(and ) but .
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Aspinall and Compagnoni since it is de ned onnormalized types, not on types (whence
the failure of Property 3.1 for this system).

Thus we decided to de ne a new transitivity free set of rules that dicuee kinding
judgments and that de ned on (well-kinded) types the same system asi§fmmpagnoni
one. The result of this attempt is the de nition of

3.4. Adding overloading to . the system
Inthis section we give the description of the complete system, called which includes
dependent types, subtyping, and late-bound overloaded functions. is obtained by
adding late-bound overloaded functions to . Equivalently, it can be also considered as
the generalization to dependent types of thecalculus of overloaded functions described
in this same journal [CGL95], and revised in [Cas97].

3.4.1. Overloaded functions
An overloaded function is a function that executes a different code accdudihg type
of its argument. Thus an overloaded function is formed by a set of ogdfoactions (i.e.
-abstractions), each one de ning a different code (we cdltanch of the function. We
follow the ideas of the -calculus and glue these functions together into an overloaded
one by the symbol & (whence the name of the calculus). Thus, we add to th's terms
the term

which intuitively denotes an overloaded function with two branchesand , one of
which will be selected according to the type of the argument. We musgtglissh ordinary
function application from the application of an overloaded function stheg constitute
different mechanisms. Thus we use * to denote “overloaded application” and’‘or
simple juxtaposition for the usual application.

We build overloaded functions as lists, starting with emptyoverloaded function,
denoted by , and concatenating new branches by means of & Thus, an overloaded
function is a list of ordinary functions and, in the term abovejs an overloaded function
while is an ordinary function, (a branch of the resulting overloaded fungtidherefore,
an overloaded function with branches can be written as

The type of an overloaded function is the set of the types of its branchéss, if
then the overloaded function above has type

and if we apply this function to an argumentof type , then the selected branchis .
That is

1)

where means “reduces in zero or more steps” (the introduction of subtypithgesjliire
some restrictions to this reduction).

The former is implemented by substitution, while the latsemplemented by selection.
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3.4.2. Subtyping

If we were extending by overloaded functions we could (nearly) stop here. But we
are extending , so we have subtyping as well. Thus, we have to de ne the suldypin
relation for the new overloaded types. The de nition follows frone thbservation that
an overloaded function can be used in place of an overloaded function of diffgpen
when, for each branch that can be selected in the latter, there is at least one bréngch in
former that can replace it. Thus, an overloaded typee., a set of -types, is smaller than
another overloaded type if and only if for every type in there is at least one type in
smaller than it. Formally, we add to the rules of (without the S- rule) the following
subtyping rule:

S-OVER
Equivalently, in order to prove that is a subtype of one has
to show that there exists a total magrom to such that for every it is provable
that

Another consequence of using subtyping is that in a reduction likéh@}jype of may
match none of the , butrather be a subtype of some of them. In this case, we choose the
branch whose “best approximates” the type, say of . Thatis, we select the branch

such that . Arestriction on the formation of overloaded
types and the type system will ensure the existence of this minir@ection 3.4.4).

It is well-known that in presence of subtyping a computation may changeeisely,
may decrease—the type of a tetmlf the term at issue is the argument of an overloaded
function, then different degrees of computation may lead to different braelgttions.
Thus we have to determine when the selection for an overloaded applicatishb@a
performed. We follow date selectiorfor late binding discipline since it allows a high level
of code reuse and an incremental style of programming (Beleof [Cas97]). Therefore
we impose that a reduction such as (1) can be performed if and onlyisfclosed (i.e.,
without free term variables) and in normal form (i.e., it cannot be reducgdrame).

3.4.3. Annotations

Determining a selection discipline is not enough to make the exterssiooherent
calculus. We also have feeezethe type of overloaded functions. Consider the following
example: let be aterm of type , a subtype of . Then the body of the
following function (we omit the leading)

has type . If we apply this function to itself, this application
reduces to of type , Which is nonsensical, since both branches
are de ned for arguments of the same type (so there no longer is a “besiémating”
branch). Therefore, in order to record that the rst branch was intended fumnaents of
type and the second one for arguments of typewe annotate the & by the (intended)
type of the term:

For example, if and , then the redex has type butits reductum, , has type
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All the overloaded functions will have their (static) type annotatethen.

The use of annotations is needed only in the theoretic
approach. They are needed because in an overloaded term the
various subterms may be different from-abstractions. In practice (that is, with multi-
methods, generic functions, or the overloaded functorsin Sectioméd Bppendix A.2) this
never happens. In all practical implementations of overloading, tmapmsing functions
are in -abstracted form. We think that  won't make an exception. Thus, in a
possible implementation inspired by this work, overloaded funstieould be of the form

, Which provides all it is needed in practice:
each branch speci es the domain it was de ned for, and its codomainotsstrictly
necessary to executibh Thus, for overloaded functions of this form type annotations are
unecessary.

3.4.4. Kinding

The deep interaction between overloading, subtyping, and late bindingsnla& lan-
guage very powerful and expressive, but it complicates the kinding eflaaded types.
In order to satisfy the subject reduction property not every set-tyfpes can be allowed
in the language. Given an environmenta well-kinded overloaded type ,
besides being formed by well-kindedtypes, must satisfy three conditions:

(Normal types)For every the type is closed (it does not contain free
termvariables) and in normal form.
(Covariant types)~or all if then

(Unique selection}or every type whose free variables arebom( ) the set
either is empty or has a unique least element.

Note that all these conditions, which de ne the kinding relation, @&ae€d in terms of the
subtyping relation. This is the reason why it is so important tcet@gubtyping relation
whose de nition does not directly depend on the kinding one (seerfetetl 7).

Let us examine each condition in detail

Suppose that the condition [normal types] was not ful lled and opesrloaded types
were allowed in the calculus. Then we could write a term such as

where is a type family of the kind and aterm of the type .
Suppose that Fv Fv Fv and insert this term in a wider context

Then after -reduction we would obtain the term

The absence of codomains could cause the subject-redymtiperty not to hold, but this would not affect
the type-safety of the system.
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that is

which clearly is not well-formed (more precisely, it is untypable) sin@mnbh selection is
ambiguous.

A similar problem appears when the types are not in normal ¥arm
Condition [covariant types] ensures that during computation the @f@eterm may
only decrease. More speci cally, if we have a two-branched overloaded functiof type

with and we apply it to a term that at compile-time
has type ,then the compile-time type of is  (more precisely, ). But
if the normal form of hastype (which is possible, since ) then the run-time
type of willbe  (more precisely, ) and therefore must hold

(more precisely, it must hold under the hypothesis that ).

Condition [unique selection] concerns the selection of the correct braetall that
if we apply an overloaded function of type to a term of type , then the
selected branch has type such that . This condition
is necessary and suf cient to ensure the existence and uniqueness ofiihbr

The last two conditions are already present in the-calculus where they have similar
justi cations.

The rstconditioninstead is new and itresembles the meet-closurepsopf  [Cas96,
Cas97]. Note however that this restriction is less constraining theet-elosure since it
allows dependency on types of any form. Indeed, while this conditionimesg|that in

the various must be closed, no restriction is imposed on the
formof and which, therefore, may also be dependent or overloaded types (meet-
closure requires the 's to be atomic). Thus there is a real, though limited, interaction
between overloaded and dependent types.

The conditiorjnormal form]is quite severe. From a practical
point of view the requirement that types are in normal form is rattentiess. Instead,
the condition that types are closed is very penalizing. The experienc®bjict-oriented
programming shows that overloaded functions are de ned only atdwoel (that is, not
in subterms, so that closure is trivially satis ed) and that imer levels (in subterms)
overloaded functions are used (applied) rather than de ned (abstracté¢e think that
in many cases this should hold also for languages with dependent (gyp&s though we
have no evidence to support this claim). However, as a referee pointéusigstriction
rules out some interesting terms. For example, overloaded functi@igdturn arrays
parametrized by their length are not allowed, since their type woaidklopen codomains
(codomains with free variables different from thebstracted one):

Since -reduction is a&ompatiblereduction (see Footnote 4), then it can take place in evesyroence of a
term and thus, in particular, in type annotations of ovetmhterms. It is clear that normal forms would not be
necessary if we did not reduce annotations.

The restriction in [unique selection] that the free varebbf are inDom , although natural, is quite
technical and deep. Itis crucial for proving that the satiibn of [unique selection] is invariant under substdnti
See the proof of Lemma 4.9 and note that it would not have vebifkee had for example required the stronger
condition
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If isnotfreein and ,then such a situation can be dodged by swapping the arguments:

In any case we believe that in practice closure requirement for codanaainld be relaxed.
We would lose subject reduction but this should not affect type s@ssdsimilarly to what
happens for the system of [Ler94] we cited in the motivation section).

The closure of domains, instead is much more severe a restrictmrexample, it does
not allow one to write an overloaded function de ned on arrays ofdiifit types since it
would have a type with open domains, like this one

()

In this case there is no simple expedient to satisfy closure. Nor weasily relax the
closure condition since while the type in (2) causes no harm to tyjedseess, a type such
as

®3)

must be forbidden since for the two domains would be equated. The problem is how
to weaken the closure requiremenfobérmal form]so that the type in (2) is accepted and
the one in (3) is rejected. This issue does not seem of immediateadirice one has to
ensure some property for all possible term substitutions inadosa However, the pointis
well worth of studying and we look to do it in future work.

3.4.5. Typing
The typing system is obtained by adding the following three ruldsgo  typing rules:

T

T-&

T-OAPP

These typing rules deserve few comments. The rst rule states that thty @verloaded
function has an empty overloaded type. The second rule states that théaypeverloaded
functionis obtained by the union of the types of its branches, peaiidat the type resulting
from this union is well-formed. The last rule states that if the argnhof an overloaded
function has type then the -th branch of the functiomaybe selected®

Note that in (T-&) the well-kindness of the resulting overloadedetyin particular the
three conditions we just saw) must be checked.

3.4.6. Reduction

Note that the branch effectively selected at run time mayifferent from the -th branch either because
does not correspond to the “best approximating” brancheeabse is not a closed normal form (see next
section).
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The reduction for overloaded function applications in a conteistde ned as follows:

If 1. isclosed and in normal form,
2. there exists s.t. and

then
for

for

The -reduction is simpler than what the de nition above let suppose. Theitre
ing rule states that if we pass an argumentof type  to the overloaded function
then we select the branch de ned for (more precisely we

select the branch if itis de ned for , otherwise the branch is searched in). But
in order to perform the reduction two preconditions must be ful lIéthe rst condition
requires that is a closed normal form because, as explained in Section 3.4.2, we want
to implement late-bound overloading. The second condition ensureféhatdst speci ¢
branch compatible with the type of the argument is selected. Indeed, iendgah an
overloaded function with two branches, one for integers and the otheedits is applied
to an argument of type integer. If integer is a subtype of real then bgwuption the
argument has also type real. Thus either branch could be executed if the senditbno
would not ensure that the most speci ¢ one, namely the one for inteigesslected’

Finally note that when the reduction is performed, all expressiongtrtitipate in the
selection are closed. Thus, the de nition of does not depend on the typing assignments
in  but just only on its subtyping declaratiotfs.

The requirement that is a closed normal form is very
strong. As explained for in Section 7.2 of [Cas97] this condition may be weakened.
For example, one can always safely perform the reduction when theva@tvolverloaded
function has only one branch, or when the type of the argumen¢afaf the type hierarchy.
An interesting choice (but others are possible) is to weaken thaule as follows:

For  such that and ,
If isclosed and in normal forror , then

for
for

In words, when selecting a branch we check whether there are othertiamdth smaller
domain. If not, we know that the selection cannot further changelzerdfore we perform
the reduction even if is not closed.

The -reduction depends on typing, which in turn depends on kipdiThe subtyping relation depends
on -conversion (rule S-ApR), therefore, strictly speakirige subtyping relation is not independent from the
typing and kinding relations. So it seems that by de ning the reduction we reintroduced the circularity we
so hardly struggled against in Section 3.3.2. However,dbjgendence is far milder than the one of and it
does not cause any problem in the meta-theoretic study. X@angle, in the proof for substitution of subtyping
(Lemma 4.6, Case S-ApR), the induction concerns only théypiry derivation, but not the typing or kinding
judgments.

This greatly simpli es the treatment of reduction. The dgion of reduction can be given for a generic
context but it has not to deal with it. So all the proofs of this artitat deal with  are given for a generic.

It would be quite different if the reduction depended on ffgetassignments in. In that case we would have to
de ne rules that handle contexts, such as:

and deal with them explicitly in the proofs.
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This rule is interesting because, for example, it allows to dedudethe context
that:1®

However, such a rule would complicate the calculus (for exampls, saime example
shows that in this case reductions depend on the type assignmeh&sadrttext , with
the problems described in Footnote 18). Furthermore, this modiocawould not be
straightforward (for example, itis not clear how to prove thatreoproperties are preserved
under substitution, such as the property of minimality in a $etp®n types). Therefore,
we prefer to proceed in this work as for and consider just the simpler formulation.

3.4.7. Examples

As a rst example of use of overloaded dependent types we can think of geegdhe
function - de ned in the Introduction so that it can be applied to natural
numbers as well. Since a natural numbareeds digits to be represented, then
such a function will have the following type:

length

To give a more detailed example we show two distinct encodings of thestam product.
The rst one requires indexed types, is more complicated, but also efarent. The
second one is simpler, works for all types, but since it uses latergniirequires run-time
type inference.

Let be an atomic type with two constafits and ,and a type indexed over.

This can be expressed by the following context . Add
a further constant (notethat , , , , etc.stand forthe
applications , , and ) with the following semantics:

for

otherwise

(the last example of this section shows how to encodeThen, we can use dependent
types to de ne the cartesian products of and

fst
snd

A simpler encoding can be obtained by using overloaded types togethenwaithtbmic
types and and two constants and (in this and in the following example
we omit type annotations and):

fst
snd

We use the operator @ to denote string concatenation. Thisjgbe was suggested by one of the referees.
We did not explicitly consider constants in the formal syrdé . Rather, we take the attitude of [Bar92]
and call constants all variables that we “engage” not torabst
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Thenitis possible to de ne generist andseconaperators that work with both encodings.
For examplerst can be de ned as

whose type is

Note that all these de nitions can be applied to pairs of terms whose Bfeesubtypes of
and .

As a last example, imagine that we want to use dependent types to encteke tife
want to de ne the encoding so that we can use triples where pairs are expastiéthgy
were record types with labels , and ). This can be obtained by concatenating the two
following contexts:

Context declares three singleton types , respectively containing constants ,
and . It also declares two unions of these singletons,(that contains both and )
and (that contains all the other type¥) Context  declares the type indexed over

, together with a constant such that for . Finally we encode as
follows:
whose typ& is and whose semantics clearly is
for
for
for

With these declarations the dependent-types-based encoding for pairefsi@s Bust the
pairing operator has to be modi ed to take into account the fourth argtiofen

fst
snd

Triples are similar

Instead of we could equivalently have declared , SO to have
and

Note that, strictly speaking, the type of the inner overkghdlnction is not well-kinded: since ,
then the [covariant types] condition requires . This semantically holds: is a singleton
containing , thus implies . But this equality can be proved only by extending the sysieih the
distinguished singleton types introduced by David Aspima]Asp95]. This would lead us too far.
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Note that by the rule S- . Thus, thanks to subtyping, we need
not to de ne rst and second projections for triples since the fundiést and snd de ned
for pairs work also for triples (in object-oriented terminology weulbsay that triples
“inherit” rst and second projections from pairs). Instead, we have ¢émd the third
projection. A term may be statically typed as a pair and dynamically becomple. tri
Thus, it is interesting to de ne the third projection also for paitsthe pair dynamically
becomes a triple then this projection function returns the third carapbof the triple,
otherwise it returns . This is obtained by the following overloaded function:

trd

whose type is

3.4.8. Properties

The hardest and most technical part of this work is to prove that enjoys good
theoretical properties. This is what the rest of this article is devaiedviore precisely,
after having formally presented  (Section 4.1) we proceed as follows.

First, we prove the con uence of the calculus. Namely, let ; if

and then there exists such that and
(Section 4.2).

Second, since we started from a set of rules, those of, that do not include (general)
transitivity and re exivity rules we have to prove that the subtgrelation on types is a
preorder, that is, that the two rules are admissible (Sections 4.3 4nd 4.

Third, we prove that our type system is sound since well-typed teemste only into
well-typed terms. That is, if and then (Section 4.5).

Thanks to the absence of transitivity from the subtyping rules,thién not very dif cult
to prove that is a conservative extension of both and  (Section 4.6).

Adelicate pointis that, since  extends , itinherits from the latter non termination:
in it is possible to encode a x-point combinator of type for every type

(see 6.2 of [Cas97]), and this same technique applies to as well. Howeverin it
is possible to single out an interesting class of sub-calculi thatrmegy normalizing. We
show that this result extends to  (Section 5). The interest in normalization properties
in stems from the fact that subtyping relies orconversion. Terms may appear
in types and -conversion of terms is used to de ne subtyping. Strong normalinatio
terms implies decidability of -equality, which implies decidability of subtyping. Indeed,
in presence of the decidability ofconversion it is easy to lift the proof of the decidability
of the subtyping (and thus of typing) relation of  (this proof is given in Section 6.4) to
the strongly normalizing subsystems of . Thus, in these subsystems of we have
decidability for both subtyping and typing relations (which is th@imresult of Section 7,
and does not hold for the whole ).

In Section 6 we prove some properties that are speci c to , namely that the subtyping
rules of describe an algorithm, that  is equivalentto  , and the already cited
proof of decidability of the subtyping relation of  that is then used in the last section
for studying decidability in (Section 7).
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4. FORMAL PRESENTATION OF

In this section we give the formal de nition of  and we prove that it enjoys several
fundamental properties.

4.1. The system

The system is an extension of  with rst order types. There are four syntactic
categories: contexts, denoted bykinds, denoted by , types, denoted by, , ,
and terms, denoted by , , and . We use to range over the last three syntactic
categories (all these meta-variable may appear indexed). Sometimes we \ilé dan
overloaded type as a set oftypes indexed over a set of indexes (typically, they will be
initial segments of natural numbers); we usand to range over set of indexes and

to range over indexes. There are four judgment forms on these exprsssi

is a kind in context
type haskind in context
term hastype in context
is a subtype of in context

These judgments are same as those in .
Pre-terms, pre-types, pre-kinds, and pre-contexts (i.e., possiblyaibformed terms,
types, kinds, and contexts) are those in extended by an empty overloaded function,

non empty overloaded functions , applications of overloaded functions  , and
overloaded pre-types, ,- The structure of kinds and contexts is unchanged.
4.1.1. Rules

The set of rules de ning is obtained by adding to the rules of the kinding

and subtyping rules for overloaded types and the typing rules fohttee thew terms for
overloading. The complete set of rules is given in Appendix A.1.
The subtyping rule for overloaded types is

S-OVER

while the kinding rule is:

is closed and in normal form

Fv
K-OVER

This huge rule simply formalizes the conditions that we stated in &@e8td.4. Namely, the
rst line in the premises states that a well-kinded overloaded typeimdd by well-kinded
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-types ( ensures that is well-formed even for an empty). These types, according
to the second line, are closed and in normal form. The third line reqodreésriance while
the last two lines formalize the condition of unique selection.

Finally we add to the typing rules of  the following rules:

T

T-&

T-OAPP

4.1.2. Notions of reduction

The -reduction is de ned as theompatible closuref the union of threeotions of
reduction (for de nitions see 3.1 of [Bar84]), , and de ned in Sections 3.2
and 3.4.6.

In the following we use to denote the symmetric relation of , and use
(respectively ) to denote re exive, transitive closure of the reduction (respectively
of ). We use to denote the -normal-formof and to denote syntactic
identity of expressions.

We write to denote an arbitrary judgment and with an abuse of notation we will
write to denote that is obtained by replacing a-redex in by its reductum.

4.2. Conuence

The rst property that we prove for  is con uence (expressions in this section are
not assumed to be well-typed. We just require that all the type anonsabf overloaded
terms occurring in them are closed, so that substitutions do not afferci)thThe proof is
a simple application of the Hindley-Rosen Lemma [Hin64, Ros73].

Hindley-Rosen Lemma). Let be two notions of reduction. If
are con uent and commutes with then is con uent.

Set now and . If we prove that these notions of reduction satisfy
the hypothesis of the lemma above, we obtain con uence of our systemcdimuence
of is easy to prove since it essentially reduces to the con uence of For
it is easy to verify that it satis es the diamond property: for examplasiger the two
-reductions,

where . has not been changed in the second reduction, and the branch
selection in is determined by and the typing of , so this expression
-reduces to . On the other hand,

Thus it remains to prove that the two notions of reduction commutehdioend we can
use the Lemma 3.3.6 of [Bar84], which is restated here. For any reduatitonn , let
denote the re exive closure of .
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[Bar84]). Let be two notions of reduction, be a term. If
, then . then commute.

Now consider Lemma 4.2. The next proposition shows that for
the hypothesis of the lemma are satis ed. Therefore we can conclude thatcommutes
with

Weak commutativity). If , then

Con uence of -reduction follows from the Hindley-Rosen Lemma:

Con uence). Suppose are pre-expressions. If
and , then there exists a pre-expressiorsuch that and

4.3. Structural Propertiesand -reduction

In this section we prove some structural properties of the typing and subtyping
systems, as well as some properties of thereduction. All these properties are rather
technical and not very interesting by their own sake. But they are necessheymbfs of
Section 4.4. Thus we strongly suggest to the reader to skip this séatibe rst reading
and to pass directly to Section 4.4.

In all this Section 4.3 long, denotes either a typing( ),orakinding( ),ora
context formation ( ) judgment (i.e., subtyping judgments are not included).

4.3.1. Substitution
Since subtyping system is independent from typing and kinding ardaaded types
are formed only by closed types, then it is not very dif cult to provéstitution property
for subtyping, that is if is derivable, then for any term , the judgment
is derivable as well.
But rst let us precisely de ne substitution for a context.

Substitution of context). The substitution of avariable
by aterm inthe context is de ned as follows:

Note that, if is a well-formed context (i.e., ) and , then
since
Substitution for subtyping). If ,then

. Furthermore the depth of the derivation of
is not greater than the depth of the derivation of

Proof. By induction on the depth of the derivation of and performing a case
analysis on the last rule of the derivation.

Note that in the lemma above there is no requirement ofe.g. it may be non-typable).
If the substitution variable does not appear in the subtyping jledgnthen the converse
of the above result holds:
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Proof. Straightforward induction on the depth of the derivation of

Next we study the preservation under substitution of the conwditid well-formation of
overloaded types. First,we consider the covariance condition:

Preservation of covariance by substitution)if
and , then

Proof.
Lemma4.7
By assumption
Lemma 4.6

Then we consider the uniqueness of selection (see also Footnote 15):

Preservation of uniqueness by substitution).

Let be a set of closed types. Then
(4)
implies
Proof. Fix an  such that . Note that

Therefore the equation (4) holds for this particular

If the rst clause of (4) holds, that is , then

holds. Indeed, imagine that there exists  such that .
Since then . Therefore we can apply Lemma 4.7
and obtain . Contradiction.

If the second clause of (4) holds, then lebe the unique index in such that

(5)
We rst prove the existence part by showing that
(6)
Observe that
Formula (4)
Lemma 4.6

and s closed
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and that

Lemma4.7
Implication (5)
Lemma 4.6

are closed

These two last observations imply (6).
In order to prove the uniqueness ofor (6), assume that there exists  that satis es
(6). This implies that (Lemma 4.7) and that for all

Lemma 4.6

Assumption for (6)

Lemma 4.7

By the uniqueness of for (5)

Context properties).
1.If is provable, then for every pre x of is provable by a derivation of
strictly lesser depth.

2. , where has a smaller proof than

3. If is provable and then also is provable
(weakening).

Proof. The rst and third points can be easily proved by induction on the depthe

derivation of the judgment . The second point is a straightforward consequence of
the rstone.
Substitution). Let f and
are derivable, then also is derivable. More precisely:
1.
2.
3.

(Substitution for subtyping has already been proved in Lemma 4.6)

Proof. By induction on the depth of the the derivation of , by a case analysis on
the last applied rule. The proof is quite straightforward. We juist the following points.
Proposition 4.10 must be used for the case F-TERM when the varigbbelirted by the

rule is . The case for T-VAR is the only case which uses the hypothesis . The
case T-SUB is proved by applying Lemma 4.6. The case K-CONV uses tpenpydhat
implies . The cases for the elimination rules (i.e.,

K-APP, T-APP, T-OAPP) hold because of the property
. The case K-OVER uses Lemmas 4.8 and 4.9.
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4.3.2. Kinding Properties
If and Dom then
Proof. A simple induction on the length of.
A simple but important consequence of the previous result is
If then

Proof. By induction on the depth of the derivation of and performing a case
analysis on the last applied rule. Use Lemma 4.12 in the case T-VAR aséd¢bad point
of Proposition 4.11 for the cases T-APP and T-OAPP.

4.3.3. Generation Principle
The generation for kinding tells us what information we can infer frdamding judgment
about a kind.

Generation for kinding).

Proof. By inspection of the kinding rules.

Uniqueness of kinds). If and , then

Proof. Uniqueness of kinding can be obtained by observing the fact that all kireds
of the form and iff

4.3.4. Context change
The properties in this subsection concern the preservation of judgragwablility with
respect to change of context.

Bound change for subtyping). If , then

Proof. By induction on the derivation of

This property shows that subtyping does not depend on the typese afaifitext term
variables. The only declarations irthat concerns subtyping are bounded kind assignments
such as .28

Now, we study the preservation of the conditions in the overloadeslfigrmation under
type changes of term variables in the context. First, we show the peg&gerof covariance
condition under term bound change.

Of course this holds in our system only because the de niibn does not depend on kinding judgments.
If instead of the subtyping relation we had used a kindingti@h this would not hold (e.g. see Proposition 4.19).
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Preservation of covariance by term bound changé).
implies , then implies

Proof. A trivial application of Proposition 4.16

Next lemma shows the preservation under bound change of the “unicibyapich”
property of overloaded types.

Preservation of branch unicity by term bound change).
Let and . For every set of closed types,

implies

Proof. Use the same technique as Lemma 4.9 and use Proposition 4.16 instead of
Lemmas 4.7 and 4.6

Bound narrowing). Let and . Then
implies

Proof. By induction on the derivation of the judgment. For the case T-VARquer
an application of of T-SUB. For the case T-Sub use bound change fopsnbt(Proposi-
tion 4.16). For the case K-OVER use Lemma 4.17, and 4.18.

The remaining cases are easy.

Kinding for subtyping). If , then for
every subtyping judgment in the derivation of , there exists a kind
such that

Proof. First of all note that without loss of generality we can consider onljvd&ons in
which there never are two consecutive applications of K-CONV. Then progeiedibction
on the depth of the derivation of by performing a case analysis on the last
applied rule. The cases for S-ApR, S-OVER, and S-ApT are straightfdrwBine cases
S-ApSR and S-ApSL are direct consequence of Lemma 4.11. A more dif cultisabe

one for S- (and S- which is similar): consider and .
From Proposition 4.14 we obtain that (i=1,2). From Lemma 4.10, we
deduce that . Therefore it remains to prove that . This can be

obtained by using Proposition 4.19. The result follows by indurctiypothesis.

4.3.5. strong normalization

In this subsection, we will introduce the -reduction and prove that it is strongly
normalizing. This fact implies that the maximal number of -reduction steps from a
type is always nite. We will use this number in the induction measure g proofs of
several important results, including the proof of transitivityréhation.

We begin by showing the subject reduction, which is also a property needed in the
proofs of transitivity elimination and decidability of subtyping.
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subject reduction). If , then

Proof. This is the classical proof of subject reduction for simply typedalculus
performed by induction on the derivation of . It relies on the generation for kinding
(Proposition 4.14).

Let beacontext, the one stepreduction, denoted by, ,is de ned asthe compatible
closure of the following reduction:

For the proof of strong normalization we proceed in two steps. First, we prove the
strong normalization, then we use it to prove the strong normalization. Intuitively,
the rst assertion holds because-reduction does not introduce new redexes (existing

redex may be duplicated or modi ed). The second result is obtained by atisgoevery
a  -reduction sequence to a-reduction sequence that binds it, a technique similar to
the one introduced in [Che96].
In more detail, strong normalization is straightforward since it suf ces to obsenas t
reduction concerns only redexes of the form where isaterm. Reduction
of such redexes may duplicate redexes inbut it will not introduce new redexes.

strong normalization). Let respectively denote a
pre-kind, a pre-type, and a pre-term. Then are  strongly normalizing.

Proof. Consider . De ne afunction from pre-termsto a multiset of natural numbers.
is the size ofa redexin

where “the size of a redex” is the total number of symbols in the redex. If ,
then a redex in will be erased and some subredexes will be duplicated.
Therefore, is obtained from by replacing one big number by a nite sequence
of strictly smaller numbers. By the well-known multiset order, théuction will terminate.
This holds also if we consider or  instead of

The -reduction is obviously strongly normalizing for well-formed(circularities are
not allowed). The -reduction is the combination of and -reduction. Note that the
combination of two normalizing reductions may be not normalizing @gsider the union
of these two rewriting rules: and ). In our speci ¢ case, the -reduction
may increase the number ofredexes, and on the other hand,-aeduction may increase
the number of -redex. We prove the  strong normalization by transforming a -
reduction into a -reduction by the function which takes an expression and returns its

-reduction normal form:

the -normal form of

Notice that is well-de ned on well-formed terms, types and kinds. We will omit the
subscript and simply write  when it is clear from the context.

strong normalization). For  -reduction, we have the fol-
lowing results:

1.If ,thenKis  strongly normalizing;
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2.If ,then Ais  strongly normalizing;
3.f ,then M is strongly normalizing.

Proof. First of all note that and reductions commute in a very precise way, namely.
If and then there exists such that and

Indeed a -reduction does not affect an existing-redex while a -reduction may dupli-
cate an existing -redex or delete it.
Let bea -reduction sequence starting fromand consider a generic
.If is then .
If is then by observing that the -reductum of a -normal-form is a -normal-
form and by composing the commutativity property above we obtain that

So for every either or (a zero step
reduction) holds.

Since isstrongly normalizing we cannot have an in nite sequence of zerorstiprtion
(otherwise these would correspond to an in nite sequence-dductions on the 's).

Thus, is a -reduction sequence starting from
where for some . Since -reduction is strongly normalizing and
the zero-step reductions are nite, then there exists a nhumbsgsuch that

. This implies that the reduction sequence is a
-reduction. But -reduction is normalizing, so the sequence must terminate.

4.4, Admissible Rules

In this section, we prove that the subtyping relation de ned for is a preorder on
well-kinded types. More precisely we prove that the rules (S-CONV) @d@RANS)
(cf. Section 3.3) aradmissiblgsee Footnote 7 for de nitions) in our system. Both prop-
erties are proved by joint induction on the concerned expressions arftearutnber of

-reduction steps (that are nite, since -reduction is strongly normalizing: Proposi-
tion 4.23).
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A notable feature of the subtyping system of (and

) is that the proof of sub-family judgments is never needed in thectiedwf the
type of a term. Observe that, given , the derivation of does
not contain any instance of the rule S- Since the typing system uses subtyping only
on types (and not on type families, rule T-SUB), then the rule Gn be harmlessly
eliminated from the system (actually, we did not include itin Appefd.: the rules in the
appendix really de ne a suigpingrelation). In other words, whilein ~ the rule S- is
necessary to deduce subtyping on types (when the types are applicatigps tamilies),
in (and ) this rule is only used in the deductions of dalmily judgments such
as .

We decided to keep it in our system only because has it. With this rule we can show
the equivalence of Property 3.1 and state it for all such that (instead
just for all such that ).

We ignore this rule in future. Although it is present in severaktgpstems, the rule S-
is somewhat anomalous, since it de nes true sub-family relati@m which expressions
could possibly be kinded by with ). In this sense (and under
the assumption that typing matters more than subtyping), thes r8-ApR, S-ApSL, and
S-ApSR are much more reasonable and intuitive since they conbtgsng to pre-types,
even in presence of type families.

This feature, the non-utility of the Sralso simpli es the meta-theoretic study. One of its
consequencesis that we newxdto prove that the general subtyping family application rule
S -appisadmissiblein . Inthe rest of this article we will heavily use re exivity and
transitivity of subtyping (that we prove in this section), but viénet need the subtyping
family application property. The only case in which the adrhifisy of this rule is needed
is to prove Property 3.1. That is the reason why we prove the adbititysof this rule for

(Proposition 6.2) but not for

Let beacontextand an expression. We denote MaxRed the maximal length of
a  -reduction starting from , and bySize  the number of distinct symbols appearing
in  (so for exampl&Size since we have, :,., ,and .)

4.4.1. Admissibility of Re exivity

Admissibility of Re exivity).  If ,
then

Proof. Since are well kinded types, they can only have one the following forms

Let beacontextand two typessuch that . De ne the induction measure
Weight as the pair:
Weight MaxRed MaxRed Size Size

and use the lexicographical order for pairs (most signi cative compboerthe left).
By induction onWeight and examination of all possible cases.
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With re exivity, the bound equivalence property becomes a special case of bound
narrowing.

Bound -equivalence). Let and
Then:

Proof. By induction on the derivation of the judgment.

4.4.2. Admissibility of Transitivity
In order to prove that the rule

trans

is admissible in we consider the subtyping system extended with the above tratsitivi
rule (we denote it by and judgments provable in the extended system hyand we
perform a transitivity-elimination process. Namely, we prove thaefeery derivation in
there exists a derivation in  for the same judgment. The method is essentially
a process of transforming transitivity applications into derivagiam which transitivity
occurs only in a smaller degree, as it is usual in cut elimination proceskesefre, it is
necessary to de ne a well-founded measure over transitivity applica@orasshow that in
each step of transformation, this measure will reduce.
We associate to every application of the transitivity rule

the lexicographically ordered measieight de ned as
MaxRed MaxRed MaxRed Size Size Size
Transitivity elimination in ). If , then

Proof. The proof is done by induction on the number of applications of ttiaityg
appearing in a derivation.

The inductive case is straightforward: if in a given derivation theee ar  appli-
cations of transitivity then consider any subderivation containing &xaoe transitivity
application. By induction we can transform it into a transitivity fiderivation. Thus the
global derivation has now transitivity applications. The result follows by using the
induction hypothesis once more.

So let us consider the case in which there exactly is one application ofathstivity
rule. Consider the subderivation ending by the transitivity.

trans
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The derivations of and are transitivity-free, i.e. they are
derivations in , Whereas is a judgment.

We show by induction okeightthat this derivation can be transformed into a transitivity
free derivation.

We proceed by case analysis of the last pair of rules used to derive the gsavhihe
transitivity rule.
_ (S-,S-). Thederivation must end by

S- S-
trans

where is the kinding judgment
This derivation can be transformed into

where and .
The derivability of the judgments and can be obtained
as follows.
Prop. 4.14
Prop. 4.10
Prop. 4.16
Prop. 4.19
Prop. 4.19
Inthe lastimplication follows by induction hypothesis from
, ,and
In conclusion, and

are all derivable without transitivity. Furthermore, we have twevrgaibderivations in
which the transitivity appears only once at the end, the sizes of whpss @re strictly
smaller than those of the original transitivity application and wheagimal  -reduction

steps do not increase (note indeed tHaixRed MaxRed forevery , ,
and ). SoWeight and Weight are strictly less than
Weight . Finally, by induction hypothesis the transitiv-

ity application in the new derivations can be eliminated.
(S-ApR, S-ApR). By transitivity of -conversion.

(S-ApSL,.) The derivation must end by

S-ApSL
trans
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where . By subject-reduction (Lemma 4.21),
is well-kinded in the context. So the above derivation can be
transformed into

trans
S-ApSL
where . The sizes of the types in the transitiv-
ity application may increase, but the maximal number of steps ofreduction decreases
since . So the derivation measuwgeight

decreases for the new transitivity application. The result followsidyction hypothesis.
(-, S-ApSR). Similar.

(S-ApT,.). Similar. Just note thaleightdecreases because there is-geduction:

(S-ApR, S-ApT). The derivation must end by

S-ApR S-ApT
trans
where . From the kinding assumption and
from the observation that and have the same kind it follows that

By the re exivity of subtyping (Proposition 4.24), the judgmen
is derivable. Therefore, we have a derivation ending by

trans
S-ApT
where . Again theWeightmeasure de-
creases because of thereduction.
(S-ApSR, S-ApSL). The derivation must end by
S-ApSR S-ApSL
trans
where . The derivation can be

transformed into

trans
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where . TheWeightdecreases because of the
-reduction.

(S-OVER,S-OVER). Suppose that the last step of the derivation is

trans

where .
Since this is the only application of the transitivity rule, the ssumptions can only
be derived by the S-OVER rule. That s,

S-OVER
and
S-OVER
with both and total.
For every ,

SinceWeighthas decreased we can apply the induction hypothesis obtaining that for every

which means that

The result follows by S-OVER.

Admissibility of transitivity). If , ,
and , then

4.5. Subject Reduction

In this section, we show the generation for typing and prove subjeattieah.

This result relies on the admissibility of transitivity stated ia pirevious section. Indeed,
the rst step in proving subject reduction consists in proving thagre typing derivation
can be transformed into a derivation where there are no consecutive apitcafi the
subsumption rule. This follows straightforwardly from the s#ivity of subtyping since
whenever there are two consecutive applications of subsumption such as

T-SUB

T-SUB
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then it is possible to deduce from the transitivity of subtypihgtt and,
therefore, replace them by

T-SUB

Generation for typing describes the information we can infer about aftppea provable
typing judgment.

Generation for typing).

where

Subject reduction is one of the main concerns in the study of dependerg tyith
subtyping. Since subtyping is separated from other judgments tiod isrquite simple.

Subject reduction). If and , then

Proof. It is enough to prove the one step case, since the result follows lugtiod
on the number of the steps. We prove the one step case by inductidre atetivation
of the judgment and performing a case analysis on the reduction. Without loss of
generality, we assume that there are not two consecutive applicationssofrsption.

We show the most signi cative cases. The others are either similaraigbktforward.

By Proposition 4.28 there exist and  such that ,

and

(7)
We apply once more Proposition 4.28 and we obtain that there existgh that

and . From this last judgment we deduce that

and that . By Lemma 4.16 we obtain

(8)
From we deduce (Proposition 4.10) and thus (rule
F-TERM). Since then (Proposition 4.13). We can apply T-SUB to
obtain and by a weakening (third point of Proposition 4.10).

9)
By using Proposition 4.13 and generation for kinding (Propositidat) we obtain that

. We can then apply T-SUB to (8) and and deduce

(10)
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Finally by (9), (10), and we can apply the Substitution Lemma 4.11 and
obtain
But therefore by De nition 4.5 . By Proposition 4.13

. Therefore by (7) we can apply T-SUB and deduce ,
that is the result.

and .
In this case, we have a derivation ending by

E-

It follows from the context property (Proposition 4.10) that is derivable by a
proof less deep than the derivation for . Therefore, we can apply the induction
hypothesis and get . By bound -equivalence (Proposition 4.25) and the fact
that and , we get , the result follows.

and

Let . From we can deduce that
) ,and

(11)

Acting as in the rst case of this proof we can apply Proposition 4.2i8dvand couple it
with the subsumption rule to deduce that there exists such that and

From (11) we deduce that

(12)
Therefore we have that (Proposition 4.10) and thus (rule
F-TERM).

Since and then by a weakening (third point of Proposition 4.10)
we deduce . We can thus apply the Substitution Lemma 4.11 to (12)
and obtain

(13)
By de nitionof  reduction we have thatthere exists suchthat
and
(14)
Therefore
By (14)
By covariance to deduce (11)
Lemma 4.6

Since
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Finally we have

T-OAPP
By (13) and T-SUB
By T-SUB and Proposition 4.13

4.6. Conservativity

In this section, we show that  is a conservative extension both of and of
In other words, let be a judgment derivable in  : if expressions in are free of
overloaded types and terms, then is derivablein ; if expressionsin are free of
dependent types and terms, then is derivable in

This is not a straightforward property since for example a derimagading with a
judgment free of overloading terms and types may contain overloaded tertygesrin
some judgments in the middle of the derivation. So a judgmentnoegple in might
be provable in even if the judgment is free of overloading. For example we might
have two overloading free typesand , and atype containing overloaded types such
that is provable in but is not provable in (this happens for
example when is extended by recursive types: see [Ghe93]).

4.6.1. Conservativity with respect to

Free of overloading). We say a pre-expressionis free of over-
loadingif it does not contain overloaded terms (overloaded function and appliteor

types.

Weuse todenote -conversioninthe system,and to denote judgments provable
in system .

Conservativity of conversion). Giventhe pre-expressions , if
are free of overloading, then
is free of overloading

Conservativity of judgment). Suppose that is a context in
which all expressions are free of overloadingis either a typing , or kinding, or context
formation, or subtyping judgment. Then,

Proof. The proof is very easy. This is due to the fact that the rules that de neymiem
satisfy the subformula property. This is important in particutar the subtyping rules,
which are transitivity free.

Therefore we can rst prove the assertion on the subtyping systenndbyction on
the depth of the derivation. The interesting cases are S-ApR andvBere there are
conversions and that are straightforwardly proved by using Lemma(2)31

And nally the resultis proved by a simultaneous induction on thptth of the derivations
of context formation, typing and kinding judgments.
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4.6.2. Conservativity with respect to
In this subsection we prove that is a conservative extension of -calculus, whose
pre-expressions are de ned as follows

In the rest of this section, denotes the type where is not freein

Let be a context, we use and to denote
respectively the set of all subtyping declarations, and the set of allgyj#olarations in .
More precisely we have:
for
for
for and

for
for
for and

In order to compare  with we give a de nition of , which results in a system
that is slightly different from the one of [CGL95]. There are twdfeliences between
“standard” and and they both concern the subtyping of atomic types. The rstis
that,in , itis possible to have in a context two subtyping declarationti®same lower
bound (such as ) while this is not allowed in . The second difference
is that, in , the upper bound, say, occurring in a subtyping declaration , must
be an atomic type, whilein , can be any typé* The variantof  presented below
takes the approach and allows at most one subtyping declaration  for each
atomic type but allows to be any type. Finally, since does not have dependent
types, then no type contains terms. Therefore, contexts in subtymggient do not need
to contain typing declarations. Thus, let be a generic context of subtyping declarations

of the form (where is a pre-type). The subtyping relation induced for
-calculus by is de ned as follows:

Subtyping

S -REFL S -

S -TRANS S -OVER

The remaining rules of -calculus are given below. Note that the T-SUB rule is only
connection between subtyping and the rest of the system. Note also thatestsdo not

These two differences are closely related. They both serawaid to relate types with different structures
(e.g. an overloaded type and aype). In this work we followed the theoretically orientagproach of [AC96b]
in which there is at most one subtyping declaration for eaomi type. In [CGL95] instead atomic types may
form a lattice, since it is a more practically-oriented $ioin (it allows the so-called “multiple-inheritance”). We
believe that an implementation of  should rather use this second solution.
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contain kinding declarations, all the atomic types are considered welleft?

Context formation

F -EMPTY —— F -TERM
F -SUBTYPE
Kinding
K -VAR ——M K -
K -OVER
Typing
T -VAR T -
T - T &
T -APP
T -OAPP
T -SUB
The notions of reduction are and as de ned for . Itis easy to verify by using

Theorems 4.2.2 and 4.2.4 of [Cas97] that the above de nition is earivab the one
in [CGL95] (modulo the differences on the subtyping of atomic types

Free of dependent types).We say thata  judgment is
free of dependent typeklenght length length (thatis, does
not contain kinding declarations of the form  or ) and

We preferred to maintain the notation " " for subtyping declarations, even though the" could be

clearly omitted.
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1.if , then are  pre-types;
2.if ,then isa  pre-type;
3.if ,then isa prestermand a  pre-type;
4 for all , isa  pre-type.
Conservativity of subtyping w.r.t. ). If is free of
dependent types, then implies
Proof. By induction on the derivation of , and performing a case analysis

on the last rule of the derivation.
Similarly, we have

Conservativity w.rt. ). If is free of dependent types,
then implies

Proof. Straightforward induction on the derivation of . The case of subsumption
requires the use of Proposition 4.34. For the case, Kote that
implies that . Indeed, it is easy to see that well-formation under a context
depends only on the subtyping declarations pthat is, that for every judgment of the
form or , we have that implies . This last observation is used
also for the case K-OVER.

5. STRONG NORMALIZATION

System is not strong normalizing since it is a conservative extension etalculus
that is not strongly normalizing [CGL95]. But, as for , strong normalization holds for a
subsystem of , that we call . The study of strong normalization is not undertaken
for its own sake, but because in this framework strong normalizatiqiies decidability
of subtyping, which in its turn implies the decidability of the &/pystem. Thus thanks
to the strong normalization result of this section and the result ofi@e&twe are able
to show that is a (type) decidable subsystem of (whose type system is not
decidable). In this section we adaptto the technique developed in [CGL95] to prove
strong normalization for a subsystem of

In order to prove strong normalization in the subsystem of  -calculus, [CGL95]
introduces a variant of the Tait proof technique [Tai67] (improved lna@ in [Gir87]).
Recall that the Tait method consists of the following steps:

1. de ne a set of terms called reducible set

2. show that , where is the set of strongly normalizing terms,
3. show that , that is, well-typed terms belong to the reducible set.
The reducible set is a union of sets indexed over types: . Forexample

for the simply typed -calculus is de ned inductively as

is an atomic type

A naive (and wrong) generalization of the above de nition to-calculus might be,

is an atomic type
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where denotes the set of types that are less than or equal to at least one of the
However, this de nition is not well-founded. The de nition of theet (and
) is given in terms of a set  that might not be “structurally smaller than”
(and ). Consider the types and . Then
, but isintuitively “bigger”than , since occursinit. This partly explains why
the -calculus is not strongly normalizid§ On the other hand, this observation helps
nding a normalizing subsystem. A possible solution to thislpem is to de ne a measure
functionrank from types to naturals and require that each subtyping rule for a judgmen
has an additional condition thednk rank . Therank function should
have the property that if is a proper subexpression of thenrank rank
To adapt the above technique to , we de ne therank function aspSizewhich is a
partial approximation of the size of a type, where the informatiorveeieto type family is
ignored. More precisely, the measy8izeis de ned as follows:

pSize
pSize pSize
pSize pSize pSize
pSize pSize
pSize pSize
Obviously, if is a proper subexpression of a typethenpSize pSize . Further-
more, for any term , pSize pSize
system). The system is the subsystem of where
each subtyping rule for a judgment has the additional condition pSize
pSize
The main result of this section is that terms in  are strongly normalizing.
Example Consider again the types and . Note that holds
in but it does not hold in since pSize pSize pSize
pSize
Intuitively, it is clear that in a normalizing calculus must not hold. Otherwise
would be well-typed (with type ) and from such a term it would not be

too dif cult to derive a non-normalizing term.

5.1. Typed inductive property
In the Tait method, we need to prove that every well-typed term belonfe teducible
set. Such a proof is dif cult at the presence of overloaded types. To makgstsimpler,
in [CGL95], an intermediate notion of set of terms being “typed ind@ctis introduced.
The main steps in the proof strong normalization of -calculus (and of ) are:

1. De ne when a set istyped inductive
2. De ne theapplication closureof the typed inductive set,

For example, note that the type is trivially well-formed. Since , then the
application of a term of type to itself is well-typed. Once we are able to type auto-apgilim it is then very
easy to de ne non-normalizing terms or x-point combinadsee [CGL95] for details).
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3. Show that is well-typed,
4. Show that the set of (well-typed) strongly normalizing terms jetyinductive.

In order to ensure that the typed-inductive property and its applicatmsure are well-
de ned, we need an inductive measure that satis es the following pregzerti

Weight Weight if
Weight Weight

The Weight should be based on both -reduction and -reduction. This suggests to
include the maximal number of steps of reduction in the induction measure. Observe
that we need only to consider the reductions such that the redex is at theftaeim. So
we de ne thehead -reduction denoted by , and thehead -reduction denoted by

, as follows:
The head  -reduction denoted by , iIs de ned as the re exive and transitive
closure of . Since  -reduction is normalizing, so does the head -

reduction. Given a pre-type and a context , we de ne the measurilaxRed as the
maximal length of head -reduction from . Note that a head -redex for , if it
exists, is always itself, especially there are neither -reduction in a type label, such
as in , hor in a term. HenceMaxRed is invariant under substitutions on term
variables:MaxRed MaxRed

Furthermore, the measupSizeshould be taken into account. So we deWeight as
the lexicographical order dflaxRed de ned in Section 4.4, angdSize

Weight MaxRed pSize

ObservethatlaxRed ,andsdMeight , depends only on the subtyping declarations
of . Therefore, we have, for exampM/eight Weight

The following lemma shows thatdeight can be used as an induction measure in the
de nitions and proofs concerning type structure.

Properties ofMeight).  Suppose that all types in the following state-
ments are well-formed under the context

1.Weight Weight

2. Weight Weight for any set
3.Weight Weight

4 Weight Weight Weight

5.Weight Weight

Proof. 1) By the de nition of Weight and the properties thaflaxRed

MaxRed and pSize pSize ; 2) By -reduction; 3) By
-reduction; 4) BypSize Note thatWeight Weight ; 5) By 1) and 4).
). Weuse to denote either or (according

to the type of ). denotes for
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One of the differences between and is the explicit use of the context in
the typing rules. Hence, a typed inductive set must be indexed onygmhand context:
. The following de nition of a basic set characterizes context related ptigser
that a typed inductive set must satisfy. The de nition for typed ictdie set is based on
the notion of basic set.

Basic set). Afamily of sets of terms , indexed over
well-formed context and type , is abasic setf
1. ,
2. ,
3. ,
4,
where means that is an extension of , that s, for some
An example of a basic set is the set of normalized terms of typeunder the
context .
We write if there exists such that and if
. When is clear from the context, we may omit the labeln
, and just write
A special case of the fourth condition of basic set is when , we have

Proof. By the admissibility of re exivity.

Now, we need to adapt the notation from [CGL95]. Here we need to add the
context to the subscript. Intuitively, means that “if hastype ,then
belongs to "

).

The next de nition introduces the notion . Intuitively, it means that

for withtype underthe environment, if is well-typed, then it belongs to .

may have some other types, saybut the condition here does not require that
is well-typed when is considered as a term in type More precisely, we have

). Suppose that is a basic set, and
that . The relation is de ned as follows,
1. ;
2. for ;
3. :
4,
5.

By Weight  , the relation is well-de ned.
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Note that the case where is covered in the rst case.
For such , with will never be well typed.
For convenience, the above notion is extended to the general notion

). The relation is de ned over the structure
ofterm ,
1. )
2
3.
4,
5

With these preparations, we can now introduce the notions of typedtiivd set and its
application closure.

Typed Inductive Set). Let be a basic set of
terms and a sequence of well-typed terms. is typed-inductiveif it satis es the
following conditions :

Application Closure of ). Let be a typed-inductive
set. Itsapplication closure in  , denoted by , is inductively de ned on the
structure of as follows:

- There aretwo subcases: (1) if ,then
. (2)if , then

This de nition is well-formed.

Well-de nedness of ). The set is well-de ned on
each well-formed type.
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Proof. Induction onWeight
The notion of application closure has a simpler presentation:

Equivalent presentation of application closure). if and
only if

Proof. Induction onWeight

5.2. The application closure
A typed inductive set is a basic set, so has all four properties of De nition 5.4.
The application closure is a “subset” of in the sense that for
each context and type . Evidently, not all “subsets" of enjoy the nice properties of
basic sets. But we can show that is still a basic set. Actually we need only to verify
that the last two conditions of basic set hold for .
First we show that enjoys the third property of basic sets.

Invariance of  under context extension).

Proof. By the de nitionof , istyped inductive, thus a basic set. Therefore,

The proof proceeds by induction &deight

Given aterm , we want to show that, for any term , we
have . Due to subtyping, it may happen that will be applied to
an argument where . Hence, we want to show that

A special case of this property is whenand are -convertible:

To prove this property, we rst study a special case where tl@nversion is restricted
to head reduction, which has been de ned as (see Section 5.1)

is invariant under head reduction.

and head -reduction).

Let denote the head normal form of reduction.
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hnfand ).
Now we show that is invariant under conversion.

type conversion).

Proof. First note that The proof
proceeds by induction oweight

Now we can show the main result of this section: is monotonic with respect to
subtyping.

Subtyping implies application closure containment).

Proof. Since typed inductive set is basic set, we have

Given satisfying the condition of the lemma and , we need to show that
. Note that, we have .
The proof proceeds by induction on the derivation deptteight Weight

Note that for any such that ,
Weight Weight Weight Weight

We proceed according to the last rule used to derive

(S- ). Assume that the last step of the derivation for is
S-
where . Let ; we need to show that
Let be such that . The proof proceeds as follows,

induction hypothesis

pSize pSize pSize
pSize pSize pSize
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(S-ApR). Suppose that the last step of the derivation for is

S-ApR

The result follows from the Lemma 5.16.

(S-ApT). Suppose the last step of the derivation for is

S-ApT

Then
de nition of

(S-ApSL) and (S-ApSR). Similar.

(S-OVER). Suppose that the last step of the derivation of is
S-OVER
where .
Assume that and . Let  be such that
, we need to prove that . We proceed as
follows:
by de nition
pSize pSize pSize pSize
S-
pSize pSize pSize pSize
by def. of
On the other hand,
pSize pSize pSize pSize
pSize pSize pSize pSize

by def. of
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5.3. Relation between and
Inthis section we study the relationship between typed-inductive setd its application
closure . The main result is Corollary 5.22, that states that every typed indusgt
contains all the well typed terms. Its proof relies on the followingresm In the following,
will mean that for some type and environment.

implies ).

Proof.

() We prove the stronger property

by induction on the length of .
() When is empty, by de nition, we have

The proof proceeds by induction aieight

The following lemma shows that if , then is a minimal typé’ for the term
variable .

Minimal type for variable).

Proof. By observation of the typing rules
Now we prove the main result of this subsection.

For every typed-inductive set

Proof. We prove the following stronger property, given a contexterms
and types (with ):

Let be the substitution satisfying the condition of the above pryper
. Note that

We speak of “a minimal type” rather than “the least type” siriy subsumption every type such that
is a minimal types of , too.
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De nition 4.5

Lemma
Lemma
Proposition
Proposition

Induction on the size of . We analyse the different cases for.

. Then,
1) . Then, . Let
De nition
substitution
De nition
Lemma
2) . Then,

Lemma
substitution for subtyping

Proposition

. It follows from generation for typing, substitution
property and the closeness of overloaded type that

Prop.

Lemma

Let ,
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. Let
for some . Note that

There are two subcases:
1) :

2)

We conclude that

. Then,

. Similar.

If S is a typed inductive set, then

, rst prove that

closed
Lemma
De nition
Lemma

Lemma
De nition

De nition

. Furthermore,

Lemma

De nition
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Proof.
by de nition of
by de nition of
By Proposition

5.4. Strong normalization is typed-inductive

Now we can prove that in strong normalization is a typed-inductive property, and
therefore well-typed termsin  are strongly normalizing.

De ne is strongly normalizing
and

is typed-inductive). is typed-inductive.

Proof. First we have to verify that  is a basic set. The rst three conditions of the
de nition of a basic set (De nition 5.4) are straightforward. Foetfourth condition just
note that by the subsumption rule if and , then .

Then we needto showthat satis estheconditions , ,( ),( ),( )and( )
ofthe de nition of typed-inductive set. We analyse the case)( others are straightforward
or similar.

Assume

. Then one step reductions from will
have only three possibilities: or ,
where in the last case just one of the primed terms is a one-step redbetagtresponding
non-primed one. The rst two terms are possible only if they are wglled (subject-
reduction) but in that case by assumption they are strongly normgliBg induction on
the maximal length of reduction of the tuple , we can prove that the last
term is strongly normalizing. Therefore, we have

The  strong normalization follows.

Strong normalization). In , if , then is
strongly normalizing.

Proof. From The previous proposition and Corollary 5.22

6. PECULIAR PROPERTIES OF

is a conservative extension of (see Section4.6.1). Therefore, several properties
we proved in the previous sections for  hold for as well. In particular
satis es con uence, -strong normalization, admissibility of re exivity and transiiy,
and subject reduction.
However, some properties of  that are speci c to it, and do not generalize to
In this section, after having recalled the de nition of , we study three of them:

1. We prove that the rule for subtyping family applications (rule-app in Section 3.3.2)
isadmissiblein . We already explained in the excursion at the beginning of Section 4.4
why this proof is interesting for but not for . We think it is important to show
this property here since it justi es the presence of the rule in . [Section 6.2]
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2. We show the equivalence between and (see Section 3.3.2). This result
is somewhat outside the main stream of this article. However, it erésting to have
it here since it shows the “roots” of  and, more than the previous point, it justi es
the de nition of some rules of that have their form only to have this equivalence to
hold. We simply outline the proof of equivalence; the full proo&isilable on the Web.
[Section 6.3]

3. We prove the decidability of  and de ne a sound and complete algorithmic set
of rules. This result is important since it forms the core of thelgtaf decidability of

of Section 7. Of course we could have studied decidability directly for without

dealing with . We preferred to start by ~ for two reasons. First, it is interesting to
show how the algorithm modularly extendsto . Second, while decidability holds
for , it does not hold for full but just for the normalizing subsystem studied in

Section 5; so we preferred to show it also for a less powerful but fgiesy such as
rather than just for a particular subsystem of . [Section 6.4]

6.1. De nition of
has the same four syntactic categories as , as well as the four judgment forms.
The syntax of pre-terms, pre-types, pre-kinds and pre-contexts aresasah without
overloaded types and terms.

There are only two notions of reduction, namely, and . So, here, .
The formation, kinding, and typing rules for  are those of (Appendix A.1) from
which we erase K-OVER T; T- , and T-OAPP. The subtyping rules are given in Figure 3.
Note that, although S-ApR has the same form as in , the conversion occurring in
there is only a combinationof and ( is notinvolved).

6.2. Subtyping family application
The theorem of admissibility of the subtyping family applicatioleru

just requires a simple lemma:

Proof. By the observation that there exist and  such that
where o

Subtyping family application).
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Proof. By induction on the depth of derivation of . Cases (S-) and (S-ApR)
are immediate. For case (S-use Proposition 4.6 while for (S-ApT) use Lemma 6.1. In
the case (S-ApSL) we have that the derivation ends by

S-ApSL
From the assumption, we have:
Prop. 4.14
subject reduction
K-APP
By the  subject reduction (Lemma 4.21), is well-kinded in
the context . Therefore,
IH
S-ApSL
Case (S-ApSR) is similar to the last case.
% 6.3. Equivalence between and
In this section we outline the proof of the equivalence between and . It can be

skipped at rst reading and requires the contents of Section 3.3.2.

Since the key difference between the two systems is in the de nitioh@&tbtyping
relation, we concentrate our efforts on this relation. We expect the a&lguiee to state that
when and have the same kind , then holds in our system if and only if

holds in . But should be kinded in orin ? If the latter
choice is taken, then the dif culty is to show that every subtyping ol is admissible
in (since kindings may be different). If kindings are assumed in, then the subject
reduction in does not apply and we do not know whether kinding is preserved (which
is critical when -reductions are involved in the proof).

So we take a different approach and prove equivalence by using a intermeal@tkis

that is de ned by the same rules as , except that the subtyping rules and the
subsumption rule contain kinding judgments for all formulae odogrin them. We show
that this system is equivalent bothto and . We use these two equivalence results
to prove the equivalence between and and in particular to give an answer to the
guestion of the previous paragraph, showing that the equivalence siibityping relations
must be stated by using  kinding.

Once more in order to avoid confusion we use a different relation symkio denote

subtyping, use scripts for rules and judgments, and use lowercase italicized
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names for rules. The subtyping rules of are:

bounded in
-var
-app
-conv
-trans
differs from also in the subsumption rule which contains kinding judgments for

the types atissue (asin ):

-sub

As announced we do not give a detailed proof of equivalence, but we rathieeatit The
interested reader will nd full proofs in [Che96, Che98] available oa theb.

First, it is easy to verify that some structural properties proved ini@edt3 for
hold for , as well: generation for kinding, context properties, uniquenessrafski
bound -equivalence, and agreement of judgments. However, the proofs differtifrose
of in that requires simultaneous induction on formation, kinding, typingl an
subtyping, while in (or ) two separated inductions can be used, one for the rst
three judgments, another for subtyping.

The circularity between kinding, typing, and subtyping in is also the central dif-
culty in proving its equivalence with . We handle it by proving the results in the
following order (where denotes either a kind , or a kinding , Or a typing ,
but not a subtyping relation):

ONogO~WDbE

We can now precisely state the equivalence betweenand
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Equivalence between and ).

It still remains to prove the equivalence between and . The proof is quite
straightforward. (Recall that and respectively denote the subtyping relation and
judgments (derivable) in Aspinall and Compagnoni's system).

Equivalence between and ).

Proof. By simultaneous induction, by using the agreement of judgments for.
The equivalence between and then follows:

Equivalence between and ).

We already explained that  is a byproduct of
since itwas de ned in preparation to this work. However, is notdeprived of interest on
its own. Althoughwe just provedthat is equivalentto ,in Section 3.3.2we argued
that improves in that it allows type level transitivity elimination in subtyping
This is obtained thanks to the rules S-ApSR and S-ApSL that emdeshd-reduction in
the subtyping rules. These rules have been generalized in [Che97] (amstulde extension
of the Calculus of Constructions by subtyping), to:S-

where denotes that are well-formed, and to S- (for the
algorithmic subtyping systeR):

Several authors have used similar techniques. In their work on typerdtipnal semantics
for (avariantof) , Compagnoni and Goguen [CG97] use the subtyping rule

A detailed analysis on this technique of achieving travigjtielimination can be found in [Che98].
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where denotes weak-head reduction.
In his study on coercive subtyping for UTT (a system more expressivéhid&@alculus
of Constructions) Luo [Luo97] deals with type conversion by thieWadhg rule:

where are coercions, is the type conversion de ned in his system and
states that are well-formed.
A signi cant achievement in this direction is the work of Zwanenljdrga99], where
transitivity elimination for general PTS systems is obtained byuke

Although a very similar to the S-rule in [Che97], Zwanenburg is the rst who provides
a direct proof of transitivity elimination with this rule. Thisqgress allows him to con-
struct and study the subtyping extension to general PTS systems, intliedes the one
of [Che97].

The common feature of all these approaches is that the resultbitg@ng systems enjoy
the transitivity elimination property. As in this work, the sida of this problem is the key
step in their studies of meta theoretic properties.

Compared to these recent and more general approaches the pair of eSS and S-
ApSR is still interesting: it is simple (as part of a subtypingeys and ef cient (as part
of a subtype checking algorithm).

6.4. Decidability and Minimal Typing

We already hinted that the set of subtyping rules for can be straightforwardly
turned into a deterministic algorithm by adding to the [S-ApSR# ithe condition

and to the rule [S-ApT] the condition
(Footnote 9 in Section 3.3.2).

Of course, it is necessary to prove that every judgment provable by thestuinted
rules can also be proved just by using the rules with the extra condifthe converse is
straightforward), that is, we have to show that the conditions entral with respect to the
de nition of the subtyping relation.

Let us brie y hint to how this equivalence can be proved:

Proof. To show that the condition on the rule [S-ApT] is neutral it suf cessee that

whenever then (observe the rules and note that
the only way to decompose a variable on the right-hand side is tcheseile [S-ApR]).
Therefore if we have a proof of ending by [S-ApT] then

we can prove the same judgment just by using [S-ApR].

The proof that the conditions on [S-ApSR] are neutrals is insteaairdxd by induction
on the depth of the derivations (with the extra result that the dgoim that satis es the
condition does not have greater depth). For example consider the calsieimanderivation
of ends by the rule [S-ApSR]; then by
induction hypothesis there exists a derivation for
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that satis es the conditions. Therefore, the last rule of this dedvatiust
be [S-ApSL], whence . By applying
[S-ApSR] we deduce . This last rule
either satis es the conditions or it does not. In the rst case we alreaeta whole
derivation that satis es the conditions; in the latter case we can apply orare the
induction hypothesis and obtain such a derivation. In both cases @faiplication of
[S-ApSL] rule yields a derivation of the initial judgment that satssthe conditions.

The decidability of subtyping follows from the equivalence between and and
the decidability of the latter, but it can also be easily obtained direatiy fthe subtyping
rules of

Decidability of subtyping). If , then the sub-
typing judgment is decidable.
Proof. Associate to each subtyping judgment the measur§\Veight

of Section 4.4.1 and note that each subtyping rule decreases this measure.

The next step towards proving decidability is to design algorithraisions of the remaining
judgments (typing, kinding, and context formation). Here we dbscanly the most
signi cative algorithmic rules: all the algorithmic rules can be folun Appendix A.1.3
(just remove the rules specicto , thatis, AS-OVER, Lub-OVER, AK-OVER, AT,
AT-&, and AT-OAPP).
Judgments in algorithmic rules are denoted by . In particular, we write

to denote judgments deduced by using the rules with the extra comslit the very
beginning of this section (even though in what follows we tend tdt ¢ime  script for
subtyping since they virtually denote the same system). With theestion that premises
are evaluated in order, the rules form an algorithm.

The main step to an algorithmic set of rules is as customary: we remosalisemption
rule (which is not syntax-directed) and embed the subtyping relatighdrelimination
rules (those for applications, namely K-APP and T-APP). As usual, themresof type
variables causes the further problem that the type to eliminate in a eliimmrule may
not be in “canonical” form. For example, consider the application of twmmger  under
a context . We rst try to type each term and , and then to infer
from that a type such that . When the type of is equivalent to a
type of the form , then it suf ces to check that and to infer that
is . But because of type variables the actual form ofmay be or

. Therefore, we need to infer from these types a type of the form
(letus callita -type). In , this is achieved by using a function FLUB
that returns the least-type super-type of (strictly speaking, it returna minimal -type
super-type of ). Here we essentially take the same approach with the only difference that
the least -type is inferred rather than calculated. So we introduce a new relation
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to express the fact that is the least -type super-type of underthe context. The rules
to derive this relation are:

Lub-REFL

Lub-ApT

Lub-ApSL

The properties of this relation are stated by the following projmmsit

Properties of lub judgments).

3.Givenatype , itis decidable if there exists such that
is derivable.

4,

5.

Proof. The fourth claim is proved by induction on the depth of the derivatén
using subject reduction. The others are straightforward.

While the use of a FLUB function or of thelub judgment is a matter of style, the key
difference between our approach and s in the typing and kinding application rules.
We de ne subtyping directly on types without normalizing them:

AK-APP

AT-APP

In the same way as we removed the subsumption rule by embedding sypigpthe
applications rules, we eliminate the conversion rule K-CONV by emimegddbnversions
in the context-formation rule F-SUBTYPE.

To obtain an algorithmic system we also remove from T-VAR and K-VA&¢hntext-
formation premises (yielding AT-VAR and AK-VAR of Appendix A.1.3) this way typing
and kinding become independent from context formation. Therefore, no longer
implies . So additional kinding checks must be added to the introduction
rules (rules AK-, AK- , and AT- ) and an additional kinding check must be
added to context formation rule F-SUBTYPE. This suf ces to infer tredlskindedness of
contexts in the remaining rules.
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Proofs of soundness and completeness of the algorithmic system dle latiger than
those in , but do not require any speci c technique or insight.

For the proof of soundness of the algorithmic rules, we need to erthat well-
kindedness of types in the premises of subsumption is satis ed. iShéghieved by
using the properties of  judgments and generation for kinding.

Soundness of algorithmic system) For all ,

Proof. Simultaneously by induction on the depth of the derivation in theritlgmic
system.
(AT-APP). Suppose we have a derivation ended by an application of th&TuAPP

AT-APP

We have:

IH
Proposition 4.13

Proposition 6.3(1)

IH
Proposition 4.13

Proposition 6.3(4)
Propositions 4.14, 4.10

So we have the following derivation ending by an instance of the TwA®P, and whose
premises are derived by two instances of the rule T-SUB:

The case for AK-APP is similar. Others are easy.

As usual in the presence of subtyping and/or typing conversion tleeitimic system does

not prove all the judgments of the original system. Nevertheles<itinplete in the sense
that every context, type, or term that is well-kinded/typed in theinalgsystem is so in the

algorithmic one:

Completeness of algorithmic system).
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Proof. Simultaneously by induction on derivations in the original system.
(K-APP). Suppose the last step of derivation is

-APP
We have
IH
con uence
IH
Prop. 4.10,4.13
Theor. 6.4
Prop. 4.13
F- , Prop. 4.13
Prop. 4.24
Prop. 4.27
So we have a derivation ending by
AK-APP
and
(T-APP). Suppose the derivation ends by
T-APP
Then there exist such that
IH
Prop. 6.3
Prop. 4.14
IH
Prop. 4.27
Therefore, we have a derivation ending by
AT-APP
and follows from Proposition 4.11.

Other cases are easy.
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In the proof of completeness, we have used re exivity and trangjitioftsubtyping. To
apply re exivity, we need kinding condition, which is proved by coxttproperties, agree-
ment of judgments, and soundness of the algorithmic rules. Genefatikimding has
been used to decompose subtyping betwegypes so that transitivity can apply.

A minimal typeof aterm  under a context isatype such that and for any
other type if , then . Note that, by this de nition, the minimal
type ofaterm may not be unique: if is a minimal type of , then every well-formed
type -equivalent to is also a minimal type of . But our algorithmic system will
always return the same minimal type. This type may not be in normal.f6onexample,

if , then the algorithm returns for , evenif is notin normal form. To obtain
the minimal normalized type of a term, one can simply normalize thergpened by the
algorithm.

In order to show the minimal typing property, it remains to show that in the
proposition of completeness is unique.

Uniqueness and minimality of algorithmic typing).

Proof. The rst implication is proved by induction on the size of, using uniqueness
of lub (Proposition 6.3). The second implication follows from Theo&bn.

The minimal typing property follows.

Minimal typing property for ).

Decidability results can be straightforwardly proved by showing that algorithms
always terminate. They are summarized in the following proposition.

Decidability of algorithmic ). For all and
the following problems are decidaBfe
1. ?
2. ?
3. ?
4 ?

Proof. The assertions must be proved in the order shown. The rst imptinatias
proved in Theorem 6.3. The second and third implications are provedtaimeously

by settingWeight Size  and showing that each algorithmic typing
and kinding rule strictly decreas&$eight For the last implication sebize ,
Size Size Size Size , andSize Size ;
then note that all the algorithmic formation rules strictly decré@sight de ned
as the lexicographical order of the following paiSize Size  length

We say that the problem is decidable if under the hypothesis the formula is decidable. As

usual stands for “ is derivablé.
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By the equivalence between algorithmic rules and the original ones, vaindhe decid-
ability of judgments in

Decidability of ). The following problems are decidable: for
all and ,

PpdpPE
N

7. DECIDABILITY AND ALGORITHMIC SYSTEM FOR

In this section we show how the proofs of Section 6.4 for can be lifted to .In
particular we examine the algorithmic type system for , its soundness, its completeness,
and we discuss the minimal type property and decidability results.

The algorithmic subtyping system for  is obtained by adding the subtyping rule
for overloaded types S-OVER to the algorithmic subtyping system of (that is, by
adding suitable conditions to the subtyping rules of as explained at the beginning of
Section 6.4) . The algorithmic subtyping system is equivalent totiggnal one:

where  denotes judgments of the algorithmic system. The proof of thisvatprice is
strictly the same as the one outlined in the previous section for.

For any subsystem of  in which the corresponding-equivalence is decidable, the
termination of the algorithm can be proved in a similar way as , that is by using the
measurélMeight In other words, the subtyping is decidable in every subsystem of
with decidable -equivalence. An example of such a subsystem is the systemwe
introduced in Section 5.

The whole algorithmic system is obtained by a few modi cations te #égorithmic
system of and it is summarized in Appendix A.1.3. First, the set of rules is
extended by a new rule

Lub-OVER

Recall that, in , the judgment is used to infer the least-type super-
type of . With the new rule, it will infer either the leasttype or the least overloaded-type
super-type of .

It is easy to verify that all properties for the relation (Proposition 6.3)
still hold. In addition, we have a new property:

The algorithmic context rules are the same as those for. We add K-OVER to algorith-
mic kinding rules of , while the following rules are added to the algorithmic typing
rules of
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AT-

AT-&

AT-OAPP

Note that in the rule AT-& the hypothesis does not imply
, SO both kinding hypothesis are needed.
As inthe case of , using induction and the subsumption rule, it is easy to prove the
soundness of the algorithmic system.

We use to denote

Soundness of algorithmic system of ). For all ,

Proof. Simultaneously by induction on the depth of the derivation in theritlgmic
system.

(AT-&). Suppose that and that the derivation ends by an application of the
rule AT-&. We have:

So we have a derivation ending by
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(AT-OAPP). Suppose that and that the derivation ends by an application of
the rule AT-OAPP. We have:

So we have a derivation ending by

T-OVER

Other cases are similar to those for
Again we have the completeness of the algorithmic system:

Completeness of algorithmic system of ).

Proof. Simultaneously by induction on the depth of the derivation in thgimal system.

(T-&). Suppose that the derivation ended by an application of the r8le T

T-&

Then

So we have a derivation ending by

AT-&

Let , the result follows from the re exivity of subtyping.

(T-OAPP). Suppose that the derivation ended by an application of thé-APP:
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T-OAPP

So we have a derivation ending by

AT-OAPP

We continue as follows:

S-OVER
generation of typing

covariance

transitivity

Therefore, , that is the result.

Other cases are similar to those in

By an argument similar to the one for , we can prove the minimal typing property
for , that is that whenever , then is a minimal type of the term .
Finally, note that the rules we added to the algorithmic system of do not affect the
termination of the algorithm, provided that the correspondingpnversion is decidable.
Therefore from the above results we can also conclude that any subsystem af which
-conversion is decidable, context formation, kinding, typing, ardyguing are decidable
too.

8. CONCLUSION
In this work we have presented how to merge into a unique formalegmegident types,
subtyping, and late bound overloading. The logical system we obtameelitably rather
complex, but also very expressive.
The combination of subtyping with rst order types does not need ttultber justi ed
since its need is acknowledged by several articles in the literature whasemneés are
given in Section 2.1. The same papers show that some amount of oveg@adetessary,



INFORMATION AND COMPUTATION 16§(1):1-67, (2001) 69

as well. Up to now, this need was partially satis ed by the use of inteisetyipes, which
implement a very limited form of overloading.

The lack of elegant theories and, more generally, of studies of overloathggxplain,
if not justify, the use of intersection types as an ersatz of overloaditogvever, it is not
very dif cult to add overloaded functionsto rst order types, once wstise of a complete
theory of overloading. As a matter of fact, the relative complexity of does not come
from the use of overloading but from the use of late binding. lis binding that requires
uneasy conditions on the kinding of types, conditions that enforeeiticularity among
kinding, typing and subtyping. Therefore, it is because of late biptlat we could not
start from existing systems of dependent types and subtyping, teieM® develop a brand
new formalization, , Which because of its broken circularity is prone to extensions.
More recent works of other authors seem to con rm that the techniques wintreduced
in are the good ones, as we explained in the excursus ending Section 6.3.

The reward of these efforts is a very powerful system that, thanks phedis late
binding, allows the same kind of modular and incremental programnhiagttas been
made popular by object-oriented languages.

Inthis article we developed the theoretical part of the system and stathege amount of
theoretical properties ranging from con uence to subject reduction, framsewativity to
transitivity elimination, from normalization properties to deciddillt is now necessary
to explore the practical applications of this system, by de ning appate decidable
subsystems and by embedding them in programming languages and the d¢gghoiol
theorem provers. In that perspective it will be necessary to exploreetdesystems in
which the formation and rewriting rules of the overloaded types can beaeneak
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APPENDIX

A.l. SYSTEM

A.1.1. Typing and subtyping rules

A.1.1.1. Formation for Kind and Context
F-EMPTY _

F-TERM

F-TYPE

F-SUBTYPE

E-

A.1.1.2. Kindingrules

K-VAR

K-

K-

K-APP

K-CONV

is closed and in normal form

K-OVER

A.1.1.3. Typing rules

T-VAR
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T-&

T-OAPP

T-SUB

A.1.1.4. Subtyping rules

S-

S-ApR

S-ApT

S-ApSL

S-ApSR

S-OVER

A.1.2. Reduction
The -conversionis given by context closure of the union of the folloggwihree notions
of reduction:

The -reduction in a context is de ned as follows:

If 1. isclosed and in normal form,
2. there exists s.t. and

then
for

for
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A.1.3. Algorithmic Rules for

A.1.3.1. Algorithmic Subtyping Rules
AS-

AS-ApR

AS-ApT

AS-ApSL

AS-ApSR

AS-OVER

A.1.3.2. lubRules:

Lub-REFL

Lub-ApT

Lub-ApSL

Lub-OVER

A.1.3.3. Algorithmic Context Formation Rules:
AF-EMPTY

AF-TERM Dom

AF-TYPE Dom

AF-SUBTYPE Dom

AF-

A.1.3.4. Algorithmic Kinding Rules:
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AK-VAR Diri:] -
AK-
AK-
AK-APP
is closed and in normal form
Fv
AK-OVER

75

A.1.3.5. Algorithmic Typing Rules:

AT-VAR Dom

AT-

AT-APP

AT-

AT-&

AT-OAPP

A.2. OVERLOADED FUNCTORS



76

G. CASTAGNA, G. CHEN



