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1. INTRODUCTION

Man y recen t t yp e systems rely on a subt yping relation. Its de�nition generally

dep ends on the t yp e algebra, and on its in tended use. W e can distinguish t w o main

approac hes for de�ning subt yping: the syntactic approac h and the semantic one.

The syn tactic approac h�b y far the more used�consists in de�ning the subt yp-

ing relation b y axiomatising it in a formal deduction system (a set of inductiv e or

co-inductiv e rules); in the seman tic approac h (for instance, [Aik en and Wimmers

93; Damm 1994a]), instead, one starts with a mo del of the language and an in ter-

pretation of t yp es as subsets of the mo del, then de�nes the subt yping relation as

the inclusion of denoted sets, and, �nally , when the relation is decidable, deriv es a

subt yping algorithm from the seman tic de�nition.

The seman tic approac h has sev eral adv an tages but it is also more constraining.

Finding an in terpretation in whic h t yp es can b e in terpreted as subsets of a mo del
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2 � Alain F risch et al.

ma y b e a hard task. A solution to this problem w as giv en b y Haruo Hoso y a and

Benjamin Pierce [Hoso y a and Pierce 2001; Hoso y a 2001; Hoso y a and Pierce. 2003]

with the w ork on XDuce. The k ey idea is that in order to de�ne the subt yping rela-

tion seman tically one do es not need to start from a mo del of the whole language: a

mo del of the t yp es su�ces. In particular Hoso y a and Pierce tak e as their mo del of

t yp es the set of v alues of the language. Their notion of mo del cannot capture func-

tional v alues (their sets of v alues are regular languages whic h, as it is w ell kno wn,

are not closed with resp ect to functional spaces). On the one hand, the resulting

t yp e system is p o or since it lac ks function t yp es. On the other hand, it manages to

in tegrate union, pro duct and recursiv e t yp es and still k eep the presen tation of the

subt yping relation and of the whole t yp e system quite simple.

In a previous w ork [F risc h et al. 2002; F risc h 2004] w e extended the w ork on

XDuce and re-framed it in a more general setting: w e sho w ed a tec hnique to de�ne

seman tic subt yping in the presence of a ric h t yp e system including function t yp es,

but also arbitrary Bo olean com binations (union, in tersection, and negation t yp es)

and in the presence of lately b ound o v erloaded functions and t yp e-based pattern

matc hing. The aim of [F risc h et al. 2002; F risc h 2004] w as to pro vide a theoretical

foundation on the top of whic h to build the language C Duce [Benzak en et al. 2003],

an XML-orien ted transformation language. The k ey theoretical con tribution of the

w ork is a new approac h to de�ne seman tic subt yping when straigh tforw ard set-

theoretic in terpretation do es not w ork, in particular for arro w t yp es. Here w e fo cus

and expand on this asp ect of the w ork and w e get rid of man y features (e.g. pattern

matc hing and pattern v ariable t yp e inference) whic h are not directly related to the

treatmen t of subt yping.

The description of a general tec hnique to extend seman tic subt yping to general

t yp es systems with arro w and complete Bo olean com binator t yp es is just one w a y

to read our w ork, and it is the one w e decided to emphasise in this presen tation.

Ho w ev er it is w orth men tioning that there exist at least t w o other readings for the

results and tec hniques presen ted here.

A �rst alternativ e reading is to consider this w ork as a researc h on the de�nition of

a general purp ose higher-order XML transformation language: indeed, this w as the

initial motiv ation of [F risc h et al. 2002; F risc h 2004] and the theoretical w ork done

there constitutes the fundamen tal basis for the de�nition and the implementation

of the XML transformation language C Duce.

A second w a y of understanding this w ork is as a quest for the generalisation of

lately b ound o v erloaded functions to in tersection t yp es. The in tuition that o v er-

loaded functions should b e t yp ed b y in tersection t yp es w as alw a ys felt but nev er

fully formalised or understo o d. On the one hand w e had the longstanding researc h

on in tersection t yp es with the seminal w orks b y the T urin researc h group on Curry-

st yle t yp ed lam b da calculus [Barendregt et al. 1983; Copp o and Dezani-Ciancaglini

1980] (and later pursued in Ch urc h-st yle b y John Reynolds' w ork on coheren t o v er-

loading and the language F orsythe [Reynolds 1991; 1996]). Ho w ev er functions with

in tersection t yp es had a uniform b eha viour, in the sense that ev en if they w ork ed

on argumen ts of di�eren t t yp es they alw a ys executed the same co de for all of these

t yp es. So functions with in tersection t yp es lo ok ed closer to �nitely p ar ametric (in

the sense of Reynolds [Reynolds 1983]) p olymorphic functions (in whic h w e en u-
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merate the p ossible input t yp es) that cannot reconstruct v alues of the (in tuitiv e)

�nite range parametric t yp e

1

, rather than o v erloaded functions whic h are able to

discriminate on the t yp e of the argumen t, execute a di�eren t co de for eac h di�eren t

t yp e and, as suc h, (re-)construct v alues of the t yp e at issue. On the other hand

there w as the researc h on o v erloaded functions as used in programming languages

whic h accoun ted for functions formed b y di�eren t pieces of co de selected according

to the t yp e of the argumen t the function is applied to. Ho w ev er, ev en if the t yp es

of these functions are apparen tly close to in tersection t yp es, they nev er had the set-

theoretic in tuition of in tersections. So for example in the � & -calculus [Castagna

et al. 1995] o v erloaded functions ha v e t yp es that are c haracterised b y the same sub-

t yping relation as in tersection t yp es, but they di�er from the latter b y the need of

sp ecial formation rules that ha v e no reasonable coun terpart in in tersection t yp es.

The o v erloaded functions de�ned here and, ev en more, those de�ned in [F risc h

et al. 2002] �nally reconcile the t w o approac hes: they are t yp ed b y in tersection

t yp es (with a classical/set-theoretic in terpretation) and their de�nitions ma y in-

termingle co de shared b y all p ossible input t yp es (parametric co de) with pieces of

co de that are sp eci�c to only some particular input t yp es ( ad ho c co de). Therefore

they nicely in tegrate b oth programming st yles.

Finally it is imp ortan t to stress that although here w e deplo y our construction

for a � -calculus with higher-order functions, the tec hnique is quite general and can

b e used mostly unc hanged for quite di�eren t paradigms, as for instance it is done

in [Castagna et al. 2005; Castagna et al. 2007] for the � -calculus.

Plan of the article. . The presen tation is structured in four parts:

(1) In the �rst part (Section 2) w e length y discuss the main ideas, the underlying

in tuitions, and the logical en tailmen t of the whole approac h.

(2) In the second part (Sections 3�5) w e succinctly and precisely de�ne the sys-

tem: the calculus and its t yping relation (Section 3), the subt yping relation

(Section 4), and their prop erties (Section 5).

(3) The third part (Section 6) presen ts the tec hnical details of the prop erties stated

in the second part. It can b e skipp ed in the �rst reading.

(4) The last part (Sections 7�9) explains those in tuitions and details that could

not b e giv en in the �rst part since their explanation required the tec hnical

dev elopmen t (Section 7), it discusses related w ork (Section 8), and hin ts to

other w ork based on the material presen ted here together with some results

that con�rm the robustness of our approac h (Section 9).

2. O VERVIEW OF THE APPRO A CH

When dealing with syn tactic subt yping one usually pro ceeds as follo ws. First, one

de�nes a language, then, somewhat indep enden tly , the set of (syn tactic) t yp es and a

subt yping relation on this set. This relation is de�ned axiomatically , in an inductiv e

(or co-inductiv e, in case of recursiv e t yp es) w a y . The t yp e system, consisting of

1
As a univ ersally quan ti�ed second order t yp e can b e in terpreted as a mapping from t yp es to t yp es,

so a �nite in tersection of arro w t yp es can b e seen as p oin t-wise de�nition of a �nite mapping from

t yp es to t yp es. This is just an in tuitiv e analogy: this particular use of in tersection t yp es ev ok es

the p erfume of parametricit y but m ust not b e tak en strictu senso .
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the set of t yp es and of the subt yping relation, is coupled to the language b y a

typing r elation , usually de�ned via some t yping rules b y induction on the terms

of the language and p ossibly a subsumption rule that accoun ts for subt yping. The

meaning of t yp es is only giv en b y the rules de�ning the subt yping and the t yping

relations.

The seman tic subt yping approac h describ ed here div erges from the ab o v e only

for the de�nition of the subt yping relation. Instead of using a set of deduction rules,

this relation is de�ned seman tically: w e do it b y de�ning a set-the or etic mo del of

the t yp es and b y stating that one t yp e is subt yp e of another if the in terpretation of

the former is a subset of the in terpretation of the latter. As for syn tactic subt yping,

the de�nition is parametric in the set of base t yp es and their subt yping relation (in

our case, their in terpretation).

2.1 A �ve steps recip e

In principle, the pro cess of de�ning seman tic subt yping can b e roughly summarised

in the follo wing �v e steps:

(1) T ak e a bunc h of t yp e c onstructors (e.g., ! , � , ch , . . . ) and extend the t yp e

algebra with the follo wing Bo ole an c ombinators : union ___ , in tersection ^̂̂ , and

negation ::: , yielding a t yp e algebra T .

(2) Giv e a set-the or etic mo del of the t yp e algebra, namely de�ne a function J KD :
T ! P (D) , for some domain D (where P (D) denotes the p o w er-set of D ). In

suc h a mo del, the com binators m ust b e in terpreted in a set-theoretic w a y (that

is, Jŝ^̂ tKD = JsKD \ JtKD , Js___tKD = JsKD [ JtKD , and J::: tKD = D n JtKD ), and

the de�nition of the mo del m ust capture the essence of the t yp e constructors.

There migh t b e sev eral mo dels, and eac h of them induces a sp eci�c subt yping

relation on the t yp e algebra. W e only need to pro v e that there exists at least

one mo del and then pic k one that w e call the b o otstr ap mo del . If its asso ciated

in terpretation function is J KB , then it induces the follo wing subt yping relation:

s � B t
def

() JsKB � JtKB (1)

(3) No w that w e de�ned a subt yping relation for our t yp es, �nd a subt yping algo-

rithm that decides (or semi-decides) the relation. This step is not mandatory

but highly advisable if w e w an t to use our t yp es in practice.

(4) No w that w e ha v e a (hop efully) suitable subt yping relation a v ailable, w e can

fo cus on the language itself, consider its t yping rules, use the new subt yping

relation to t yp e the terms of the language, and deduce � ` B e : t . In particular

this means to use in the subsumption rule the b o otstrap subt yping relation � B

w e de�ned in step 2.

(5) The t yping judgemen t for the language no w allo ws us to de�ne a new natu-

ral set-theoretic in terpretation of t yp es, the one based on v alues JtKV = f v 2
V j ` B v : tg, and then de�ne a �new� subt yping relation as w e did in (1),

namely s � V t
def

, JsKV � JtKV . The new relation � V migh t b e di�eren t from

� B w e started from. Ho w ev er, if the de�nitions of the mo del, of the language,

and of the t yping rules ha v e b een carefully c hosen, then the t w o subt yping re-

lations coincide
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s � B t () s � V t

and this closes the circularit y . Of course, this do es not imply that the de�ni-

tions are �v alid� in an y formal sense, only that they are m utually coheren t. W e

still need to c hec k t yp e soundness. In this pap er, w e do this with standard

syn tactical tec hniques (sub ject reduction and progress).

While the �v e steps ab o v e outline a nice framew ork in whic h to �t and understand

what follo ws, in practice, ho w ev er, the starting p oin t nev er is the mo del of t yp es but

the calculus: in particular one alw a ys starts from the calculus and its v alues, and

tries to sligh tly mo dify these so that the v alues outline some mo del that can then

b e formalised. This is what w e also do here: while w e follo w the �v e-steps pro cess

ab o v e to giv e, in the rest of this section, an o v erview of the approac h, in Section 3 w e

in tro duce a � -calculus with o v erloaded functions and dynamic dispatc h, in Section 4

w e in tro duce a mo del to seman tically de�ne a subt yping relation inspired from the

previous calculus, and in Section 5 discuss the main results, namely , the soundness

of the t yping relation, the corresp ondence b et w een the v alues of Section 3 and the

mo del of Section 4, and the decidabilit y of the v arious relations.

2.2 A dvantages of semantic subt yping

The seman tic approac h is more tec hnical and constraining, and this ma y explain

wh y it has obtained less atten tion than syn tactic subt yping. Ho w ev er it presen ts

sev eral adv an tages:

(1) When t yp e constructors ha v e a natural in terpretation in the mo del, the subt yp-

ing relation is b y de�nition complete with resp ect to its in tuitiv e in terpretation

as set inclusion: when t � s do es not hold, it is p ossible to exhibit an elemen t

of the mo del whic h is in the in terpretation of t and not of s, ev en in pres-

ence of arro w t yp es (this prop ert y is used in C Duce to return informativ e error

messages to the programmer); in the syn tactic approac h one can just sa y that

the formal system do es not pro v e t � s, and there ma y b e no clear criterion

to assert that some meaningful additional rules w ould not allo w the system

to pro v e it. This argumen t is particularly imp ortan t with a ric h t yp e alge-

bra, where t yp e constructors in teract in non trivial w a ys; for instance, when

considering arro w, in tersection and union t yp es, one m ust tak e in to accoun t

�i.e., in tro duce rules for� man y distributivit y relations suc h as, for instance

2

,

(t1 _ t2) ! s ' (t1 ! s) ^ (t2 ! s) . F orgetting an y of these rules yields a t yp e

system that, although sound, do es not matc h (that is, it is not complete with

resp ect to) the in tuitiv e seman tics of t yp es.

(2) In the syn tactic approac h deriving a subt yping algorithm requires a strong

in tuition of the relation de�ned b y the formal system, while in the seman tic

approac h it is a simple matter of �arithmetic�: it simply su�ces to use the

in terpretation of t yp es and w ell-kno w Bo olean algebra la ws to decomp ose sub-

t yping on simpler t yp es (as w e sho w in Section 6.2). F urthermore, as most

of the formal e�ort is done with the seman tic de�nition of subt yping, studying

v ariations of the algorithm (e.g., optimisations or di�eren t rules) turns out to b e

2
W e write s ' t as a shorthand for s � t and s � t .
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m uc h simpler (this is common practice in database theory where, for example,

optimisations are deriv ed directly from the algebraic mo del of data).

(3) While the syn tactic approac h requires tedious and error-prone pro ofs of formal

prop erties, in the seman tic approac h man y of them come for free: for instance,

the transitivit y of the subt yping relation is trivial (as set-con tainmen t is tran-

sitiv e), and this mak es pro ofs suc h as cut elimination or transitivit y admissi-

bilit y p oin tless. Other examples of prop erties that come easily from a seman tic

de�nition are the v ariance of t yp e constructors, and distributivit y la ws (e.g.

t1��� (t2___t3) ' (t1��� t2)___(t1��� t3) ).

Although these prop erties lo ok quite app ealing, the tec hnical details of the approac h

hinder its dev elopmen t: in the seman tic approac h, one m ust b e v ery careful not

to in tro duce an y circularit y in the de�nitions. F or instance, if the t yp e system

dep ends on the subt yping relation�as this is generally the case�one cannot use it

to de�ne the seman tic in terpretation whic h m ust th us b e giv en indep enden tly from

the t yping relation; also, usually the mo del corresp onds to an un t yp ed denotational

seman tics, where t yp es are in terpreted b y structures in whic h negativ e t yp es either

do not ha v e an immediate in terpretation (for instance, the complemen t of ideals is

not an ideal, therefore one should consider to mix ideals with co-ideals), or simply

are nev er considered (one of the JA CM review ers suggests that this ma y b e for

�ideological reasons coming from pro of theory and in tuitionism� rather than for

tec hnical problems). F or these reasons all the seman tic approac hes to subt yping

previous to our w ork presen ted some limitations: no higher-order functions, no

complemen t t yp es, and so on. The main con tribution of our w ork is the dev elopmen t

of a formal framew ork that o v ercomes these limitations.

Ex cursus . The reader should not confuse our researc h with the long-

standing researc h on set-theoretic mo dels of subt yping. In that case

one starts from a syn tactically (i.e. axiomatically) de�ned subt yping

relation and seeks a set-theoretic mo del where this relation is in terpreted

as inclusion. Our approac h is the opp osite: instead of starting from a

subt yping relation to arriv e to a mo del, w e start b y de�ning a mo del in

order to arriv e at a subt yping relation (and ev en tually v erify that this

relation is consisten t with our language). Th us in our approac h t yp es

ha v e a strong substance ev en b efore in tro ducing the t yping relation.

2.3 A mo del of t yp es

T o de�ne seman tic subt yping w e need a set-theoretic mo del of t yp es. The source

of most of (if not all) the problems comes from the fact that this mo del is usually

de�ned b y starting from a mo del of the terms of the language. That is, w e con-

sider a denotational in terpretation function that maps eac h term of the language

in to an elemen t of a seman tic domain and w e use this in terpretation to de�ne the

in terpretation of the t yp es (t ypically�but not necessary , e.g. PER mo dels [Asp erti

and Longo 1991]�as the image of the in terpretation of all terms of a giv en t yp e).

If w e consider functional t yp es then in order to in terpret functional term appli-

cation w e ha v e to in terpret the dualit y of functions as terms and as functions on

terms. This yields the need to solv e complicated recursiv e domain equations that
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hardly com bines with a set-theoretic in terpretation of t yp es, whence the in tro duc-

tion of restrictions in the de�nition of seman tic subt yping (e.g. no function t yp es,

no negation t yp es, etc . . . ).

Note ho w ev er that in order to de�ne seman tic subt yping all w e need is a set-

theoretic mo del of typ es . The construction w orks ev en if w e do not ha v e a mo del

of terms. T o push it to the extreme, in order to de�ne subt yping w e do not need

terms at all, since w e could imagine to de�ne t yp e inclusion for t yp es indep enden tly

from the language w e w an t to use these t yp es for. More plainly , the de�nition of a

seman tic subt yping relation needs neither an in terpretation for applications (that

is an applicativ e mo del) nor, th us, the solution of complicated domain equations.

The k ey idea to generalise seman tic subt yping is then to disso ciate the mo del of

typ es from the mo del of terms and de�ne the former indep enden tly from the latter.

In other w ords, the in terpretation of t yp es m ust not forcedly b e based on, or related

to an in terpretation of terms (and actually in the same concrete examples w e will

giv e w e in terpret t yp es in structures that cannot b e used for an in terpretation of

terms), and as a matter of fact w e do not need an in terpretation of terms ev en to

exist for the seman tic subt yping construction to go through

3

.

2.4 T yp es as sets of values

Nev ertheless, to ensure t yp e safet y (i.e. w ell-t yp ed programs cannot go wrong) the

meaning of t yp es has to b e somewhat correlated with the language. A classical

solution, that b elongs to the t yp es folklore

4

is to in terpret t yp es as sets of values ,

that is, as the results of wel l-typ e d computations in the language. More formally ,

the v alues of a t yp ed language are all the terms that are w ell-t yp ed, closed, and in

w eak head-normal form. So the idea is that in order to pro vide an in terpretation

of t yp es w e do not need an in terpretation of all terms of the language (or of just

the w ell-t yp ed ones): the in terpretation of the v alues of the language su�ces to

de�ne an in terpretation of t yp es. This is m uc h an easier task: since a closed

application usually denotes a redex, then b y restricting to the sole v alues w e a v oid

the need to in terpret application and, therefore, also the need to solv e complicated

domain equations. This is the solution adopted b y XDuce, where v alues are XML

do cumen ts and t yp es are sets of do cumen ts (more precisely , regular languages of

do cumen ts).

But if w e consider a language with arro w t yp es, that is a language with higher

order functions, then the applications come bac k again: arro w t yp es m ust b e in-

terpreted as sets of function v alues, that is, as sets of w ell-t yp ed closed lam b da

abstractions, and applications ma y o ccur in the b o dy of these abstractions. Here

is where XDuce stops and it is the reason wh y it do es not include arro w t yp es.

3
As Pierre-Louis Curien suggested, the construction w e prop ose is a pie d de nez to (it co c ks a

sno ok at) denotational seman tics, as it uses a seman tic construction to de�ne a language for whic h,

p ossibly , no denotational seman tics is kno wn.

4
A surv ey on the �T yp es� mailing list traces this solution bac k to Bertrand Russell and Alfred

Whitehead's Principia Mathematica. Closer to our in terests it seems that the idea indep enden tly

app eared in the late sixties early sev en ties and later bac k again in seminal w orks b y Roger Hindley ,

P er Martin-Löf, Ed Lo wry , John Reynolds, Niklaus Wirth and probably others (man y thanks to

the man y �t yp ers� who answ ered to our surv ey).
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2.5 A circula rit y to b reak

In tro ducing arro w t yp es is then problematic b ecause it slips applications bac k again

in the in terpretation of t yp es. Ho w ev er this do es not mean that w e need a seman tic

in terpretation for application, it just implies that w e m ust de�ne ho w application is

typ e d . Indeed, functional v alues are wel l-typ e d lam b da abstractions, so to in terpret

functional t yp es w e m ust b e able to t yp e lam b da abstractions and in particular to

t yp e the applications that o ccur in their b o dy . No w this is not an easy task in our

con text: in the absence of higher order functions the set of v alues inhabiting t yp e

constructors suc h as pro ducts or records can b e inductiv ely de�ned from basic t yp es

without resorting to an y t yping relation (this is wh y the XDuce approac h w orks

smo othly). With the arro w t yp e constructor, instead, this can b e done only b y using

a t yping relation, and this yields to the circularit y w e hin ted at in the in tro duction

and that is sho wn in Figure 1: in order to de�ne the subt yping relation w e need

an in terpretation of the t yp es of the language; for this w e ha v e to de�ne whic h

are the v alues of an arro w t yp e; this needs that w e de�ne the t yping relation for

applications, whic h in turns needs the de�nition of the subt yping relation.

Typing
relationvalues

Well-typed

Subtyping
relation

Fig. 1. Circularit y

Th us, if w e w an t to de�ne the seman tic subt yping of ar-

ro w t yp es w e m ust �nd a w a y the a v oid this circularit y .

The simplest w a y to a v oid it is to break it, and the de-

v elopmen t w e did so far clearly suggests where to do so.

W e alw a ys said that to de�ne (seman tic) subt yping w e

must ha v e a mo del of t yp es; it is also clear that the t yp-

ing relation must use subt yping; but, on the con trary ,

it is not strictly necessary for our mo del to b e based on

the in terpretation of v alues, this is just con v enien t as it

ties the t yp es with the language the t yp es are in tended

for. This is therefore the w eak est link and w e can break

it. So the idea is to start from a mo del (of the t yp es)

de�ned indep enden tly (but not to o m uc h) from the lan-

guage the t yp es are in tended for (and therefore indep enden tly from its v alues), and

then from that de�ne the rest: subt yping, t yping, set of v alues. W e will then sho w

ho w to relate the initial mo del to the obtained language and reco v er the initial

�t yp es as set of v alues� in terpretation: namely , w e will �close the circle�.

2.6 Set-theo retic mo dels

Let us then sho w with more details ho w w e shall pro ceed. W e do not need to de�ne

a particular language, the de�nition of t yp es will su�ce. Here, w e assume that

t yp es are de�ned b y the follo wing syn tax:

t ::= 0 j 1 j t!!! t j t��� t j ::: t j t___t j t^̂̂ t

where 0 and 1 resp ectiv ely corresp ond to the empt y and univ ersal t yp es (these are

sometimes denoted b y the pair ? , > or Bottom , T op ). The formal de�nition of

the t yp e algebra, whic h includes recursiv e t yp es and basic t yp es, will b e giv en in

Section 3.1.

The second step is to de�ne precisely what a set-the or etic mo del for these t yp es

is. As Hindley and Longo [Hindley and Longo 1980] giv e some general conditions
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that c haracterise mo dels of � -calculus, so here w e w an t to giv e the conditions that

an in terpretation function m ust satisfy in order to c haracterise a set-theoretic mo del

of our t yp es. So let T b e the set of t yp es, D some set, and J_ K an in terpretation

function from T to P (D) . The conditions that J_ K m ust satisfy to de�ne a set-

theoretic mo del are mostly straigh tforw ard, namely:

(1) Jt1___t2K= Jt1K[ Jt2K

(2) Jt1^̂̂ t2K= Jt1K\ Jt2K

(3) J::: tK= DnJtK

(4) J1 K= D

(5) J0 K= ?

(6) Jt��� sK= JtK� JsK

(7

�
) Jt!!! sK= ???

The �rst six conditions con v ey the in tuition that our mo del is set theoretic:

so the in tersection of t yp es m ust b e in terpreted as set in tersection, the union of

t yp es as set-theoretic union and so on (the sixth condition requires some closure

prop erties on D but w e prefer not to en ter in suc h a lev el of detail at this p oin t of our

presen tation). But the de�nition is not complete y et as w e still ha v e to establish the

sev en th condition (highligh ted b y a � ) that constrains the in terpretation of arro w

t yp es. This condition is more complicated. Again it m ust con v ey the in tuition that

the in terpretation is set-theoretic, but while the �rst six conditions are language

indep enden t, this condition strongly dep ends on the language and in particular on

the kind of functions w e w an t to implemen t in our language. W e giv e detailed

examples of this in [F risc h 2004]. The set-theoretic in tuition w e ha v e of function

spaces is that a function is of t yp e t!!! s if whenev er applied to a v alue of t yp e t it

returns a result of t yp e s. In tuitiv ely , if w e in terpret functions as binary relations on

D , then Jt!!! sK is the set of binary relations in whic h if the �rst pro jection is in (the

in terpretation of ) t , then the second pro jection is in s, namely f f � D 2 j 8(d1; d2) 2

f: d 1 2 JtK) d2 2 JsKg. Note that this set can also b e written P (JtK� JsK) , where

the o v erline denotes set complemen t (with resp ect to D or D 2
). If the language is

expressiv e enough, w e can do as if ev ery binary relation in this set w as an elemen t

of Jt!!! sK; th us, w e w ould lik e to sa y that the sev en th condition is:

Jt!!! sK= P (JtK� JsK) (2)

But this is completely meaningless. First, tec hnically , this w ould imply that

P (D 2) � D , whic h is imp ossible for cardinalit y reasons. Also, remem b er that w e

w an t ev en tually to re-in terpret t yp es as sets of v alues of the language, and functions

in the language are not binary relations (they are syn tactic ob jects). Ho w ev er what

really matters is not the exact mathematical nature of the elemen ts of D , but only

the relations they create b et w een t yp es. The idea then is to do as if the ab o v e

condition held.

Since this p oin t is cen tral to our mo del, let us explain it di�eren tly . Recall

that the only reason wh y w e w an t to accurately state what the set-theoretic mo del

of t yp es is, is to precisely de�ne the subt yping relation for syn tactic t yp es. In

other w ords, w e do not de�ne an in terpretation of t yp es in order to formally and
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mathematically state what the syn tactic t yp es me an but, more simply , w e de�ne it

in order to state ho w they are r elate d . So, ev en if w e w ould lik e to sa y that a t yp e

t!!! s m ust b e in terpreted in the mo del as P (JtK� JsK) as stated b y (2), for what

it concerns the goal w e are aiming at, it is enough to require that a mo del m ust

in terpret functional t yp es so that the induced subt yping relation is the same as the

one the condition (2) w ould induce, that is:

Jt1!!! s1K� Jt2!!! s2K () P (Jt1K� Js1K) � P (Jt2K� Js2K)

and similarly for an y Bo olean com bination of arro w t yp es.

F ormally , w e asso ciate (see De�nition 4.3 in Section 4.2) to J_ K an extensional

in terpretation E ( _ ) that b eha v es as J_ K except for arro w t yp es, for whic h w e use

the condition ab o v e as de�nition:

E (t!!! s) = P (JtK� JsK)

Note that w e use J_ K in the righ t-hand side of this equation, that is, w e only

re-in terpret top-lev el arro w t yp es. No w w e can express the fact that J_ K b eha v es

(from the p oin t of view of subt yping) as if functions w ere binary relations. This is

obtained b y writing the missing sev en th condition, not in the form of (7

�
), but as

follo ws:

(7) JtK= ? () E (t) = ?

or, equiv alen tly , Jt1K� Jt2K () E (t1) � E (t2) .

5

T o put it otherwise, if w e w an ted an in terpretation J_ K of the t yp es that w ere

faithful with resp ect to the seman tics of the language, then w e should require for

all t that JtK= E (t) . But for cardinalit y reasons this is imp ossible in a set-theoretic

framew ork. Ho w ev er w e do not need suc h a strong constrain t on the de�nition of

J_ K since all w e ask to J_ K is to c haracterise the c ontainment of t yp es, and to that

end it su�ces to c haracterise the zeros of J_ K, since

s � t () JsK� JtK () JsK\ JtK= ? () Jŝ^̂::: tK= ?

Therefore, instead of asking that J_ K and E ( _ ) coincide on all p oin ts, w e require a

w eak er constrain t, namely that they ha v e the same zeros:

JtK= ? () E (t) = ?

This is the essence of our de�nition of mo dels of the t yp e algebra (De�nition 4.4 in

Section 4.2).

W e said that the ab o v e sev en th condition (actually , the de�nition of the exten-

sional in terpretation) dep ends on the language the t yp e system is in tended for.

Previous w ork [F risc h 2004] sho ws di�eren t v ariations of this conditions to matc h

di�eren t sets of de�nable transformations. Ho w ev er, w e can already see that the

condition ab o v e accoun ts for languages in whic h functions p ossibly are

(1) Non-deterministic : since the condition do es not prev en t the in terpretation of

a function space to con tain a relation with t w o pairs (d; d1) and (d; d2) with

d1 6= d2 .

5
Indeed, Jt1K � Jt2 K () Jt1Kn Jt2 K = ? () Jt1 ^̂̂::: t2K = ? () E (t1 ^̂̂::: t2 ) = ? ()

E (t1 ) n E (t2 ) = ? () E (t1 ) � E (t2 ) .
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(2) Non-terminating : since the condition do es not force a relation in Jt!!! sK to ha v e

as �rst pro jection the whole JtK. A di�eren t reason for this is that ev ery arro w

t yp e is inhabited (note indeed that the empt y set b elongs to the in terpretation

of ev ery arro w t yp e), so in particular are all the t yp es of the form t!!! 0 ; no w,

all the functions in suc h t yp es m ust b e alw a ys non-terminating on their domain

(if they returned a v alue this w ould inhabit 0 ).

(3) Overlo ade d : here, b y o v erloading, w e mean functions that can b e applied to

man y di�eren t t yp es, and whose results' t yp e can dep end on the t yp e of the

argumen t.

6

This is subtler than the t w o previous cases as it is a consequence

of the fact that condition do es not force J(t1___t2)!!! (s1^̂̂ s2)K to b e equal to

J(t1!!! s1)^̂̂ (t2!!! s2)K, (the equalit y instead holds in � -calculus with union and

in tersection t yp es [Barbanera et al. 1995]), but just the former to b e included

in the latter. Imagine indeed that the language at issue do es not allo w the

programmer to de�ne o v erloaded functions. Then it ma y not b e p ossible to

de�ne functions that distinguish the t yp es of their argumen t, and in particular

to ha v e a function that when applied to an argumen t of t yp e t1 returns a result

in s1 while returning a (p ossibly di�eren t) s2 result for t2 argumen ts. Therefore

the only functions in (t1!!! s1)^̂̂ (t2!!! s2) are those in (t1___t2)!!! (s1^̂̂ s2) (this p oin t

is discussed thoroughly in Section 4.5 of our related surv ey [Castagna 2005]).

2.7 Bo otstrapping the de�nition

No w that w e ha v e de�ned what a set-theoretic mo del for our t yp es is, w e can c ho ose

a particular one that w e use to de�ne the rest of the system. Supp ose that there

exists at least one pair (D; J_ K) that satis�es the conditions of set-theoretic mo del,

and c ho ose an y suc h pair, no matter whic h one. Let us call this mo del the b o otstr ap

mo del . This b o otstrap mo del de�nes a particular subt yping relation on our set of

t yp es T :

s � t () JsK� JtK

W e can then pic k an y language that uses the t yp es in T (and whose seman tics

conforms with the in tuition underlying the mo del condition on function t yp es),

de�ne its t yping rules and use in the subsumption rule the subt yping relation �
w e ha v e just de�ned. W e write � ` e : t for the t yping judgemen t of the language.

In this pap er, w e will consider a � -calculus with o v erloaded functions and dynamic

t yp e-dispatc h. See Section 3.1 for the syn tax of the calculus, Section 3.3 for its

t yp e system and Section 3.2 for its seman tics (whic h dep ends on the t yp e system

b ecause of the dynamic t yp e-dispatc h construction).

2.8 Closing the circle

In order to obtain t yp e-safet y for our calculus, w e w an t the t yp e system to enjo y

prop erties suc h as sub ject reduction (Theorem 5.1) and progress (Theorem 5.2)

stated in Section 5.1. Because of the subsumption rule in the t yp e system, this can

only b e obtained if our de�nition of set-theoretic mo dels is meaningful with resp ect

6
This use of the term �o v erloading� is prett y wide since it includes for instance p olymorphic

functions. In this discussion, a non-o v erloaded function should b e though t as a function that

comes with explicit input and output t yp es.
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to the op erational seman tics of our calculus. This is a �rst sanit y-c hec k for our

notion of mo del.

But, once t yp e-safet y has b een established, there is another imp ortan t question:

what are the relations b et w een the b o otstrap mo del and the calculus? And in

particular, what is the relation b et w een the b o otstrap mo del and the v alues of the

calculus? Ha v e w e lost all the in tuition underlying the �t yp es as sets of v alues�

in terpretation?

T o answ er these questions, w e consider a new in terpretation of t yp es as sets of

v alues in the calculus:

JtKV = f v j ` v : tg

A second sanit y-c hec k for our notion of mo del is then to require that this in-

terpretation J_ KV is a mo del. If this is the case, w e can use it to de�ne a new

subt yping relation on T :

s � V t () JsKV � JtKV

W e could imagine to start again the pro cess, that is to use this subt yping relation

in the subsumption rule of our language, and use the resulting sets of v alues to

de�ne y et another subt yping relation and so on. But this is not necessary as the

pro cess has already con v erged. This is stated b y one of the cen tral results of our

w ork (Theorem 5.5 in Section 5.2):

s � t () s � V t

that is, the subt yping relation induced b y the b o otstrap mo del already de�nes the

subt yping relation of the �t yp es as sets of v alues� mo del of the resulting calculus.

W e ha v e closed the circle w e brok e.

3. THE CALCULUS

In this section, w e de�ne formally the syn tax of t yp es and expressions in our cal-

culus (Section 3.1), the op erational seman tics (Section 3.2) and the t yp e system

(Section 3.3). A t yp e-c hec king algorithm will b e presen ted in Section 6.12.

The seman tics actually dep ends on the t yp e-system, whic h in turn dep ends on a

subt yping relation to b e de�ned (next section). As a consequence, w e consider here

the subt yping relation as a parameter of the de�nitions of the t yp e system and of

the seman tics.

3.1 Syntax

Expressions . T o de�ne the calculus, w e c ho ose a set of constan ts C ranged b y

the meta-v ariable c (they will b e elemen ts of basic t yp es).

The terms of the calculus are called exp ressions and are de�ned b y the follo wing
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grammar.

e ::= c constan t

j x v ariable

j (e; e) pair

j � i (e) pro jection ( i 2 f 1; 2g)

j �f (t!!! t; : : : ; t!!! t):�x:e abstraction

j e e application

j (x = e 2 t ? eje) dynamic t yp e dispatc h

j rnd (t) non-deterministic c hoice

where t ranges o v er t yp es, de�ned in the next paragraph.

W e write E for the set of expressions. The syn tax for the calculus deserv es few

commen ts. W e in tro duce an explicit construction for recursiv e functions, whic h

com bines � -abstraction and a �x-p oin t op erator. The reason is that w e w an t to

express non-terminating expressions, but still restrict recursion to functions only .

The iden ti�ers f and x act as binders in the b o dy of the function. The � -abstraction

comes with an non-empt y sequence of function t yp es (w e call it the interfac e of the

function): if more than one t yp e is giv en, w e are in the presence of an o v erloaded

function. As w e will see later in the t yp e system, w e adopt prescriptiv e Ch urc h-

st yle for � -abstractions: the t yp es assigned to suc h expressions can b e read from

their signature, without considering their b o dy . The reason, b esides making t yp e-

c hec king feasible, is that b ecause (closed and w ell-t yp ed) � -abstractions are v alues,

they can b e sub ject to dynamic t yp e dispatc h and w e do not w an t to rely on the

whole t yp e system to decide whether a � -abstraction has some t yp e or not.

The non-deterministic c hoice construction rnd (t) pic ks an arbitrary expression of

t yp e t . W e in tro duced this op erator in the calculus in order to demonstrate subtle

t yping issues coming from non-determinism. This op erator can b e used to mo del

in ternal or external non determinism suc h as inputs or side e�ects.

The only data constructor in the calculus is the pair. General tuples and tagged

v alues can b e enco ded b y nested pairs and constan ts. Similarly , App endix A.1

sho ws ho w to enco de disjoin t sums with pairs and constan ts.

T yp es . T yp es are essen tially those in tro duced in Section 2.6 (mo dulo Bo olean

equiv alence) to whic h w e add basic t yp es (the t yp es of constan t expressions). In

order to simplify the presen tation of recursiv e t yp es, w e are going to consider p o-

ten tially in�nite r e gular terms pro duced b y the follo wing signature:

t ::= b basic t yp e

j t��� t pro duct t yp e

j t!!! t function t yp e

j t___t union t yp e

j ::: t complemen t t yp e

j 0 empt y t yp e

By regular, w e mean that terms ha v e only but a �nite n um b er of di�eren t sub-

terms. The meta-v ariable b ranges o v er a �xed set of basic t yp es . W e write t1nnnt2

as an abbreviation for t1^̂̂::: t2 , t1^̂̂ t2 as an abbreviation for ::: (::: t1 _ ::: t2) , and 1

as an abbreviation for ::: 0 . W e will call atom the immediate applications of t yp e
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constructors: basic t yp es, pro duct t yp es, function t yp es (these are the �atoms� for

Bo olean com binators). Since w e w an t t yp es to denote sets, w e need to imp ose some

constrain ts to a v oid ill-formed t yp es suc h as a solution to t = t___t (whic h do es not

carry an y information ab out the set denoted b y the t yp e) or to t = ::: t (whic h cannot

represen t an y set). Namely , w e sa y that a term is a t yp e if it do es not con tain an y

in�nite branc h without an atom. Let us call T the set of t yp es.

The conditions ab o v e sa y that the binary relation . � T 2
de�ned b y t1___t2 . t i ,

::: t.t is No etherian (that is, strongly normalizing). This giv es an induction principle

on T that w e will use without an y further explicit reference to the relation . .

3.2 Op erational semantics

Because of the dynamic t yp e dispatc h, the seman tics of the calculus dep ends on its

t yp e system. F or no w, w e simply assume that a relation b et w een expressions and

t yp es, written ` e : t is giv en. It will b e de�ned in the next section.

Definition 3.1. A n expr ession e is a value if it is close d (no fr e e variable),

wel l-typ e d ( ` e : t for some typ e t ), and pr o duc e d by the fol lowing gr ammar:

v ::= c j (v; v) j �f (: : :):�x:e

W e write V for the set of all v alues.

W e de�ne a small-step op erational call-b y-v alue seman tics ; for the calculus.

There are four basic reduction rules (w e write e[x1 := e1; x2 := e2; : : :] for the

expression obtained from e b y a capture-a v oiding sim ultaneous substitution of x i

b y ei ):

ev ; e[f := e0; x := v] if e = �f (: : :):�x:e 0

(x = v 2 t ? e1je2) ;
�

e1[x := v] if ` v : t
e2[x := v] if ` v : ::: t

� i (v1; v2) ; vi

rnd (t) ; e if ` e : t

The relation ; is further extended b y an inductiv e con text rule:

C[e] ; C[e0] if e ; e0

where the notion of (immediate) con text is de�ned b y:

C[] ::= ([] ; e) j (e;[])
j []e j e[]
j (x = [] 2 t ? eje) j (x = e 2 t ? []je) j (x = e 2 t ? ej[])
j � i ([])
j �f (: : :):�x: []

As usual, a t yp e safet y result will b e obtained b y a com bination of t w o lem-

mas: sub ject reduction (or t yp e preserv ation) and progress (closed and w ell-t yp ed

expressions whic h are not v alues can b e reduced).

The reduction rule for application requires the argumen t to b e a v alue (call-b y-

v alue). In order to understand wh y , let us consider the application (�f (t ! t��� t ; s !
s��� s):�x: (x; x ))( rnd (t___s)) . The t yp e system will assign to the abstraction the t yp e

(t!!! t��� t)^̂̂ (s!!! s��� s) . A set-theoretic reasoning sho ws that this t yp e is a subt yp e of

(t___s) ! (( t��� t)___(s��� s)) . The t yp e system also assigns to the argumen t rnd (t___s)
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the t yp e t___s. It will th us also assign the t yp e (t��� t)___(s��� s) to the application. If the

seman tics p ermits to reduce this application, w e w ould get as a result the expression

( rnd (t___s); rnd (t___s)) whose most precise static t yp e is (t___s)��� (t___s) . Clearly , this

t yp e is (in general) a strict sup ert yp e of (t��� t)___(s��� s) . So, if the seman tics do es not

force the argumen t to b e a v alue in order to reduce an application, w e could not

obtain the sub ject reduction lemma.

Similarly , the reduction rule for pro jection requires its argumen t to b e a v alue.

T o understand wh y , consider the expression e = � 1(e1; e2) where e1 is an expression

of t yp e t1 and e2 is a lo oping expression of t yp e 0 (e.g. (�f ( 1 ! 0 ):�x:fx )c). The

t yp e system will assign the t yp e t1��� 0 to e, but in our system t1��� 0 is an empt y t yp e

b ecause, in tuitiv ely , a set-theoretic Cartesian pro duct with an empt y comp onen t is

itself empt y . If e could b e reduced to e1 , it w ould b e a violation of t yp e preserv ation.

The same argumen t applies to the dynamic t yp e dispatc h. If w e allo w ed to reduce

(x = e 2 t ? e1je2) to e1[x := e] when ` e : t , ev en if e is not a v alue, w e could

break t yp e preserv ation. Consider for instance the case where ` e : 0 . In this case,

the t yp e system do es not c hec k an ything ab out the branc hes e1 and e2 (the reason

for this is explained in details later on) and so e1 could b e ill-t yp ed. Note that

when e is a v alue, then the dynamic t yp e dispatc h can alw a ys b e reduced. Indeed,

b ecause our t yp e connectiv es will b e in terpreted in a set-theoretic w a y , w e alw a ys

ha v e ` v : t or ` v : ::: t (for an y v alue v and an y t yp e t ).

3.3 T yp e system

The seman tics w e just in tro duced dep ends on the t yping judgmen t � ` e : t where

� is a �nite mapping from v ariables to t yp es (w e write ` e : t when � is empt y).

This judgmen t, in turn, dep ends on a subt yping relation � b et w een t yp es that w e

are going to in tro duce later on. F or no w, w e assume it is a parameter of the t yp e

system.

F or eac h constan t c, w e assume giv en a basic t yp e bc . The rules are:

� ` e : t1 t1 � t2

� ` e : t2
(subsum)

� ` c : bc
(const)

� ` x : �( x)
(var)

� ` e : t1��� t2

� ` � i (e) : t i
(proj )

� ` e1 : t1 ! t2 � ` e2 : t1

� ` e1e2 : t2
(appl)

t =
^̂̂

i =1 ::n

(t i !!! si )^̂̂
^̂̂

j =1 ::m

::: (t0
j !!! s0

j ) t 6' 0

8i = 1 ::n:� ; (f : t); (x : t i ) ` e : si

� ` �f (t1!!! s1; : : : ; tn !!! sn ):�x:e : t
(abstr)

� ` e : t0

�
t0 6� ::: t ) � ; (x : t0^̂̂ t ) ` e1 : s
t0 6� t ) � ; (x : t0nnnt) ` e2 : s

� ` (x = e 2 t ? e1je2) : s
(case)

The rule (subsum) causes the t yp e system to dep end on the subt yping relation to
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b e de�ned. The rules (const) , (pair ) , (var) , (proj ) , (rnd) , and (appl) are standard

or straigh tforw ard.

The rule (abstr) is a little bit tric ky . Eac h arro w t yp e t i !!! si in the function

in terface is in terpreted as a constrain t to b e c hec k ed. The b o dy of the abstraction is

th us t yp e-c hec k ed once for eac h suc h constrain t. When considering the t yp e t i !!! si ,

the v ariable x is assumed to ha v e t yp e t i and the b o dy is c hec k ed against t yp e si .

Also, the v ariable f is assumed to ha v e t yp e t , whic h is also the t yp e giv en to the

whole function. Quite in tuitiv ely , this t yp e is obtained b y taking the in tersection

of all the t yp es t i !!! si . But w e also add to this in tersection an y �nite n um b er of

complemen t of arro w t yp es, pro vided the t yp e t do es not b ecome empt y . This migh t

sound surprising, but the reason is actually simple: w e w an t t yp es to b e in terpreted

as sets of v alues in suc h a w a y that Bo olean connectiv es b eha v e as their set-theoretic

coun terpart. In particular, the union of t and ::: t m ust alw a ys b e equiv alen t to 1 ,

that is, w e need to ha v e the follo wing prop ert y: 8v:8t:(` v : t) o r (` v : ::: t) . In

particular, since a (closed and w ell-t yp ed) abstraction is v alue, it m ust ha v e t yp e

(t!!! s) or t yp e ::: (t!!! s) for an y c hoice of t and s. If (t!!! s) is a sup ert yp e of the

in tersection

V
t i !!! si , the abstraction is kno wn, thanks to the subsumption rule, to

ha v e t yp e (t!!! s) . Otherwise, the abstraction m ust ha v e t yp e ::: (t!!! s) , but since w e

cannot use subsumption to pro v e it, then w e need to pro vide a w a y to pro v e it has

t yp e ::: (t!!! s) . This is wh y w e in tro duce suc h complemen ts of arro w t yp es in the

rule (abstr) . More commen ts ab out this rule can b e found in Section 7.3.

The rule (case) is easier to read. First, w e need to �nd a t yp e t0 for the expres-

sion whose result will b e dynamically t yp e-c hec k ed. If this t yp e has a non-empt y

in tersection with t ( t0 6� ::: t ), then the �rst branc h migh t b e used. In this case, in

order for the whole expression to ha v e t yp e s, w e need to c hec k that e1 has also t yp e

s, assuming that x has t yp e t^̂̂ t0 . Indeed, at run time, the v ariable x will b e b ound

to a v alue resulting from the ev aluation of e0 . Because of sub ject reduction, this

v alue is necessarily of t yp e t0 . But in order to t yp e-c hec k e1 , w e can also assume

that the v alue has t yp e t . If t0 � : :: t , then the �rst branc h cannot b e used, and

w e don't need to t yp e-c hec k e1 . Similarly for e2 , replacing t with ::: t . The abilit y

to ignore e1 and/or e2 when computing the t yp e for (e 2 t ? e1 j e2) is imp or-

tan t to t yp e-c hec k o v erloaded function. As an example, consider the abstraction

�f (b1!!! b1; b2!!! b2):�x: (x 2 b1 ? c1 j c2) where b1 and b2 are t w o non-in tersecting

basic t yp es and c1 (resp. c2 ) is a constan t of t yp e b1 (resp. b2 ). The rule (abstr) ,

when it considers the arro w t yp e b1!!! b1 , c hec ks that the b o dy has t yp e b1 assuming

that x has t yp e b1 . Clearly , the t yping rule for the dynamic t yp e dispatc h m ust

discard in this case the t yp e of the second branc h.

As an aside note that the use of the ex falso quo d lib et rule (? ) yields a simpler

form ulation of the c ase rule:

� ; x : 0 ` e : t
(? )

� ` e : t0 � ; (x : t0^̂̂ t ) ` e1 : s � ; (x : t0nnnt) ` e2 : s

� ` (x = e 2 t ? e1je2) : s
( c ase )

The reason wh y w e preferred the previous form ulation is that it p ermits a stronger

and simpler substitution lemma. A second reason to prefer the previous form ulation

is that simpler ( c ase ) rule ab o v e do es not easily extend to the full v ersion of C Duce

with general pattern matc hing, since it w ould need sp ecial treatmen t for patterns

without an y capture v ariable (since these w ould not pro duce an y x : 0 h yp othesis
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in the en vironmen t).

4. SUBTYPING

A t this p oin t, w e ha v e giv en the calculus, an op erational seman tics whic h dep ends

on its t yp e system, whic h, in turn, dep ends on a subt yping relation still to b e

de�ned. The last missing step to complete the de�nition of our system is the

subt yping relation. This will b e de�ned b y formalizing the ideas w e outlined in

Sections 2.6-2.8.

4.1 Set-theo retic interp retations of t yp es

Definition 4.1. A set-theo retic interp retation of T is given by a set D and a

function J_ K: T ! P (D) such that, for any typ es t1; t2; t :

� Jt1___t2K= Jt1K[ Jt2K

� J::: tK= DnJtK

� J0 K= ?

(A consequence of the conditions is that Jt1^̂̂ t2K= Jt1K\ Jt2K, Jt1nnnt2K= Jt1KnJt2K,

and J1 K= D .)

This de�nition do es not sa y an ything ab out the in terpretation of atoms. A ctually ,

using an induction on t yp es, w e see that set-theoretic in terpretations with domain

D corresp ond univ o cally to functions from atoms to P (D) .

A set-theoretic in terpretation J_ K: T ! P (D) induces a binary relation � JK�
T 2

de�ned b y:

t � JK s () JtK� JsK

This relation actually only dep ends on the set of empt y t yp es. Indeed, w e ha v e:

Jt1K� Jt2K () Jt1K\ (DnJt2K) = ? () Jt1^̂̂::: t2K= ? . W e also get prop erties

of the relation � JK � for free � , suc h as its transitivit y , or the monotonicit y of the

___ and ^̂̂ constructors, and so on.

4.2 Mo dels of t yp es

W e are going to de�ne a notion of mo del of the t yp e algebra. In tuitiv ely , a mo del

is a set-theoretic in terpretation suc h that t yp e constructors are in terpreted in suc h

as w a y that the induced relation � JK capture their essence (in the t yp e system of

the calculus), at least as far as subt yping is concerned.

As w e explained in Section 2.6, the w a y to formalize it consists in asso ciating

to the in terpretation J_ K another in terpretation E ( _ ) , called extensional, and then

to require, for J_ K to b e a mo del, that J_ K and E ( _ ) b eha v e the same as long

as subt yping is concerned (that is: JtK � JsK () E (t) � E (s) or, equiv alen tly ,

JtK= ? () E (t) = ? ).

F or eac h basic t yp e b, w e assume there is a �xed set of constan ts B JbK� C whose

elemen ts are called constan ts of t yp e b. Note that for t w o basic t yp es b1 , b2 , the

sets B Jbi K can ha v e a non-empt y in tersection. F or an y constan t c, w e assume that

the t yp e bc is a singleton: B JbcK= f cg.

A pro duct t yp e t1��� t2 will of course b e in terpreted extensionally as the Cartesian

pro duct Jt1K��� Jt2K.
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Things are more complicated for a function t yp e t1!!! t2 . Its extensional in ter-

pretation should b e the set of set-theoretic functions (that is, functional graphs)

f suc h that 8d: d 2 Jt1K) f (d) 2 Jt2K. Ho w ev er, the calculus w e ha v e in mind

can express non-terminating and/or non-deterministic functions as w ell. This sug-

gests to consider arbitrary binary relations instead of just functional graphs. Also,

the calculus has a notion of t yp e error: it is not p ossible to apply an arbitrary

function to an arbitrary v alue. W e are going to tak e 
 as a sp ecial elemen t to

denote this t yp e error. F ollo wing this discussion, w e in terpret the function t yp e

t1!!! t2 as the set of binary relations f � D � D 
 (where D 
 = D + f 
 g) suc h that

8(d; d0) 2 f: d 2 Jt1K) d0 2 Jt2K.

Definition 4.2. If D is a set and X; Y ar e subsets of D , we write D 
 for

D + f 
 g and de�ne X ! Y as:

X ! Y = f f � D � D 
 j 8(d; d0) 2 f: d 2 X ) d0 2 Yg

Note that if w e replace D 
 with D in this de�nition, then X ! Y is alw a ys a

subset of D ! D . As w e will see shortly , this w ould imply that an y arro w t yp e is

a subt yp e of 1 !!! 1 . Thanks to the subsumption rule, the application of an y w ell-

t yp ed function to an y w ell-t yp ed argumen t w ould then b e itself w ell-t yp ed. Clearly ,

this w ould break t yp e-safet y of the calculus. With De�nition 4.2, instead, w e ha v e

X ! Y � D ! D if and only if D = X .

W e can no w giv e the formal de�nition of the extensional in terpretation asso ciated

to a set-theoretic in terpretation.

Definition 4.3. L et J_ K: T ! P (D) b e a set-the or etic interpr etation. W e de-

�ne its asso ciate d extensional interp retation as the unique set-the or etic interpr etation

E ( _ ) : T ! P ( E D) (wher e E D = C + D 2 + P (D � D 
 ) ) such that:

E (b) = B JbK � C
E (t1��� t2) = Jt1K� Jt2K � D 2

E (t1!!! t2) = Jt1K! Jt2K � P (D � D 
 )

Finally , w e can formalize the fact that a set-theoretic in terpretation induces the

same subt yping relation as if the t yp e constructors w ere in terpreted in an exten-

sional w a y .

Definition 4.4. A set-the or etic interpr etation J_ K: T ! P (D) is a mo del if

it induc es the same subtyping r elation as its asso ciate d extensional interpr etation:

8t1; t2 2 T : Jt1K� Jt2K () E (t1) � E (t2)

Thanks to a remark in Section 4.1, the condition for a set-theoretic in terpretation

to b e a mo del can b e reduced to:

8t 2 T : JtK= ? () E (t) = ?

A t this p oin t, w e can deriv e man y prop erties ab out � J_ K whic h directly follo w

from the fact that it is induced b y a mo del. F or instance, the co-/con tra-v ariance of

the arro w t yp e constructor, and equiv alences suc h as (t1!!! s)^̂̂ (t2!!! s) ' (t1___t2)!!! s,

can b e immediately deriv ed from the de�nition of the extensional in terpretation.

The meta-theoretic study of the system relies in a crucial w a y on man y of suc h
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prop erties. With a more axiomatic approac h for de�ning the subt yping relation,

e.g. b y a system of inductiv e or coinductiv e rules, w e w ould probably need m uc h

more w ork to establish these prop erties, and w e w ould not ha v e the same lev el of

trust that w e did not forget an y rule.

4.3 W ell-foundedness

The notion of mo del captures the in tended lo cal b eha vior of t yp e constructors with

resp ect to subt yping. Ho w ev er, it fails to capture a global prop ert y of the calculus,

namely that v alues are �nite binary trees (where lea v es are either constan ts or

abstractions). F or instance, let us consider the recursiv e t yp e t = t��� t . In tuitiv ely ,

a v alue v has this t yp e if and only if it is a pair (v1; v2) where v1 and v2 also ha v e

t yp e t . T o build suc h a v alue, w e w ould need to consider an in�nite tree, whic h is

ruled out. As a consequence, the t yp e t con tains no v alue.

W e will in tro duce a new criterion to capture this prop ert y of �nite decomp osition

of pairs.

Definition 4.5. A set-the or etic interpr etation J_ K : T ! P (D) is structural

if:

� D 2 � D ;

�for any typ es t1 , t2 : Jt1��� t2K= Jt1K� Jt2K;

�the binary r elation on D induc e d by (d1; d2) . d i is No etherian.

Definition 4.6. A mo del J_ K : T ! P (D) is w ell-founded if it induc es the

same subtyping r elation as a structur al set-the or etic interpr etation.

5. MAIN RESUL TS

Let us �x an arbitrary mo del J_ K: T ! P (D) , whic h w e call the b o otstrap mo del .

It induces a subt yping relation, whic h w e simply write � . In turn, this subt yping

relation de�nes a t yping judgmen t � ` e : t for the calculus and th us also a notion of

v alue and a reduction relation e ; e0
. W e can no w state four groups of theoretical

results ab out our system. This �rst group (Section 5.1) expresses the fact that

our notion of mo dels implies that the t yp e system and the seman tics are m utually

coheren t. The second group (Section 5.2) justi�es our approac h for de�ning the

subt yping relation with a detour through the notion of mo dels: indeed, w e can in

�ne re-in terpret t yp es as sets of v alues, and this creates a new mo del equiv alen t to

the b o otstrap mo del (if it is w ell-founded). The third group of results (Section 5.3)

sho ws that the notion of mo del is not v oid, b y expressing the existence of (sev eral

di�eren t) mo dels satisfying the v arious conditions. Finally , w e fo cus (Section 5.4) on

the e�ectiv eness of the subt yping and t yping relations and devise simple subt yping

algorithms.

5.1 T yp e soundness

As announced earlier, w e ha v e the t w o classical lemmas whic h en tail t yp e soundness

(pro ofs in Section 6.6).

Theorem 5.1 (Subject reduction). L et e b e an expr ession and t a typ e. If

(� ` e : t) and (e ; e0) , then (� ` e0 : t) .
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Theorem 5.2 (Pr ogress) . L et e b e a wel l-typ e d close d expr ession. If e is not

a value, then ther e exists an expr ession e0
such that e ; e0

.

It is w orth noticing that the pro of of Theorem 5.2 (giv en in Section 6.6) do es not

use reductions under abstractions or inside the branc hes of dynamic t yp e dispatc h,

therefore Progress still holds if w e disallo w suc h reductions. Of course, sub ject

reduction also holds in that case. This means that a w eak reduction strategy (as

implemen ted t ypically in programming languages) enjo ys t yp e soundness, to o. In

the setting of programming languages, pro ving the sub ject reduction prop ert y also

for a seman tics that includes strong reduction rules is useful b ecause these rules

corresp ond to p ossible compile-time optimizations.

Theorem 5.3. F or every typ es t and t1 such that t � t1!!! 1 , ther e exists a typ e

t2 such that, for every value v :

` v : t2 () 9 vf ; vx : (vf vx
?; v) ^ (` vf : t) ^ (` vx : t1)

This typ e is the smal lest solution to the e quation t � t1!!! s.

This result is pro v ed in Section 6.11. The t yp e t2 in the statemen t of the theorem

ab o v e represen ts exactly all the p ossible results (i.e. is the set of all v alues that)

w e ma y get when applying a closed expression e1 of t yp e t to a closed expression

e2 of t yp e t1 . Since t � t1!!! t2 , the t yp e system allo ws us to deriv e t yp e t2 for

the application e1e2 . In other w ords, the t yping rule (appl) is lo c al ly exact : it

do es not in tro duce an y new appro ximation to those already made when t yping its

argumen ts.

5.2 Closing the lo op

The t yp e system naturally de�nes a new in terpretation of t yp es as sets of v alues:

J_ KV : T ! P (V ); t 7! f v j ` v : tg

It turns out that this in terpretation satis�es the conditions of De�nitions 4.1

and 4.5 (pro of in Section 6.4):

Theorem 5.4. The function J_ KV is a structur al set-the or etic interpr etation.

A natural question is whether this set-theoretic in terpretation is a mo del. If this

is the case, w e w ould lik e to compare the subt yping relation it induces with the one

used to de�ne the t yp e system (whic h w as induced b y the b o otstrap mo del). The

follo wing theorem answ ers b oth questions (pro of in Section 6.5):

Theorem 5.5. The fol lowing pr op erties ar e e quivalent:

( 1 ) The interpr etation J_ KV is a mo del.

( 2 ) The interpr etations J_ KV and J_ K induc e the same subtyping r elation.

( 3 ) The b o otstr ap mo del J_ K is wel l-founde d.

When the in terpretation J_ KV is a mo del, w e could use it as a new b o otstrap

mo del, de�ne a new t yp e system, and so on. The theorem sa ys that this iteration

is, b ecause the old and the new b o otstrap mo del already induce the same subt yping

relation.

Note that the t yp e soundness results do not dep end on the fact that the in terpre-

tation J_ KV is a mo del. It holds ev en if the b o otstrap mo del is not w ell-founded.
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5.3 Construction of mo dels

All the results ab o v e w ould b e v oid if w e could not build a mo del. In this section,

w e claim the existence of mo dels with sp eci�c prop erties (pro ofs in Section 6.8 and

Section 6.10). Mo dels can b e compared b y the amoun t of subt yping they allo w. If

J_ K1 and J_ K2 are t w o mo dels, w e write J_ K1 � J_ K2 if:

8t; s 2 T :JtK1 � JsK1 ) JtK2 � JsK2

A mo del J_ K2 is universal if J_ K1 � J_ K2 for an y other mo del J_ K1 . In other w ords,

a mo del is univ ersal if the subt yping relation it induces is the largest p ossible one.

Clearly , t w o univ ersal mo dels induce the same subt yping relation.

Theorem 5.6. Ther e exists a wel l-founde d and universal mo del.

The next theorem sho ws that the notions of univ ersalit y and w ell-foundedness

are not automatic.

Theorem 5.7. Ther e exists a mo del which is not wel l-founde d. Ther e exists a

wel l-founde d mo del which is not universal.

5.4 Decidabilit y results

Finally , our system w ould b e of little practical use if w e w ere not able to decide

the subt yping and t yping relations. F ortunately , the decidabilit y of the inclusion

of basic t yp es implies the follo wing theorem.

Theorem 5.8. The subtyping r elation induc e d by universal mo dels is de cidable.

The pro of of decidabilit y (Section 6.9) essen tially relies on three comp onen ts: (i )
the regularit y of t yp es, (ii ) some algebraic prop erties of univ ersal mo dels, and (iii )
the equiv alence b et w een subt yping and t yp e emptiness problems (remem b er that

s � t () snt ' 0 .). The algebraic prop erties of the mo del can b e used to

decomp ose a t yp e t in to a set of t yp es t i 's suc h that: (i ) t ' 0 if and only if all

t i ' 0 and (ii ) the t i 's are Bo olean com binations of sub-terms of t (Section 6.2). W e

also in tro duce the concept of simulation (De�nition 6.9) whic h c haracterizes sets of

t yp es that are closed with resp ect to the previous decomp osition. By construction

a t yp e is equiv alen t to 0 if and only if there exists a sim ulation con taining it (in that

case, the sim ulation represen ts a co-inductiv e pro of of its emptiness). A regular t yp e

has only a �nite n um b er of unique sub-terms, therefore it su�ces to en umerate all

the p ossible sets of Bo olean com binations of its sub-terms and test whether an y of

them is a sim ulation (whic h is decidable for �nite sets, and more e�cien t algorithms

exist).

Decidabilit y of subt yping do es not immediately yield decidabilit y of the t yping

relation, the problem b eing that the use of the negated arro ws in the t yping rule

( abstr ) mak es the minim um t yping prop ert y fail. Therefore w e need to in tro duce a

new syn tactic category , t yp e sc hemes: a t yp e-sc heme represen ts the set of all v alid

t yp es for a w ell t yp ed expression (Section 6.12). This tec hnical construction allo ws

us to state the decidabilit y of the t yp e-c hec king problem.

Theorem 5.9. When the subtyping r elation is de cidable, the typ e che cking pr ob-

lem (de ciding whether � ` e : t for given � , e, t ) is de cidable.
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6. F ORMAL DEVELOPMENT

In this section, w e establish the theorems stated in the previous section and other

in termediate lemmas. It can b e skipp ed in the �rst reading.

6.1 Disjunctive no rmal fo rms fo r t yp es

W e write A for atoms and w e use the meta-v ariable a to range o v er atoms. There

are three kinds of atoms (and v alues), whic h w e denote b y the meta-v ariable u
ranging o v er the set U = f pro d ; fun ; basic g.

W e write A
fun

for atoms of the form t1!!! t2 , A
pro d

for atoms of the form t1��� t2 ,

and A
basic

for basic t yp es. W e ha v e A = A
fun

+ A
pro d

+ A
basic

. F or what

concerns v alues, their kinding to o is straigh tforw ard: v alues of the form c; (v1; v2) ,

and �f (: : :):�x: e ha v e resp ectiv ely kind basic ; pro d , and fun .

Ev ery t yp e can b e seen as a �nite Bo olean com bination of atoms. It is con v enien t

to w ork with disjunctiv e normal forms.

Definition 6.1. A (disjunctive) no rmal fo rm � is a �nite set of p airs of �nite

sets of atoms, that is, an element of P f (P f (A ) � P f (A )) (wher e P f denotes the

�nite p owerset).

If J_ K: T ! P (D) is an arbitr ary set-the or etic interpr etation and � a normal

form, we de�ne J� K as:

J� K=
[

(P;N )2 �

\

a2 P

JaK\
\

a2 N

(DnJaK)

(Note that, with the c onvention that an interse ction over an empty set is taken to

b e D , J� K� D .)

Lemma 6.2. F or every typ e t 2 T , it is p ossible to c ompute a normal form N (t)
such that for every set-the or etic interpr etation J_ K, JtK= JN (t)K.

Pr oof : W e will actually de�ne t w o functions N and N 0
, b oth from t yp es to

P f (P f (A ) � P f (A )) , b y m utual induction o v er t yp es.

N ( 0 ) = ?
N (a) = f (f ag; ? )g
N (t1___t2) = N (t1) [ N (t2)
N (::: t) = N 0(t)
N 0( 0 ) = f (? ; ? )g
N 0(a) = f (? ; f ag)g
N 0(t1___t2) = f (P1 [ P2; N1 [ N2) j (P1; N1) 2 N 0(t1); (P2; N2) 2 N 0(t2)g
N 0(::: t) = N (t)

W e c hec k b y induction o v er the t yp e t the follo wing prop ert y:

JtK= JN (t)K= DnJN 0(t)K

As an example, consider the t yp e t = a1^̂̂ (a2___::: a3) where a1; a2; a3 are three

atoms. Then N (t) = f (f a1; a2g; ? ); (f a1g; f a3g)g. This corresp onds to the fact
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that t and (a1^̂̂ a2)___(a1^̂̂::: a3) ha v e the same in terpretation for an y set-theoretic

in terpretation of the t yp e algebra.

Note that the con v erse result is true as w ell: for an y normal form � , w e can �nd

a t yp e t suc h that JtK= J� K for an y set-theoretic in terpretation. Normal forms are

th us simply a di�eren t, but handy , syn tax for t yp es. In particular, w e can rephrase

in De�nition 4.4 the condition for a set-theoretic in terpretation to b e a mo del as:

for an y normal form � , J� K= ? () E (� ) = ? .

F or these reason henceforth w e will often confound the notions of t yp es and

normal form, and w e will often sp eak of the typ e � , taking the latter as a canonical

represen tativ e of all the t yp es in N � 1(� ) .

6.2 Study of the subt yping relation

De�nition 4.4 is rather in tensional. In this section, w e establish a more extensional

criterion for a set-theoretic in terpretation to b e a mo del.

Let J_ K b e a set-theoretic in terpretation. W e are in terested in comparing the

assertions E (� ) = ? and J� K = ? , for a normal form � . Clearly , E (� ) = ? is

equiv alen t to:

8(P; N ) 2 �:
\

a2 P

E (a) �
[

a2 N

E (a) (3)

Let us write E

basic D = C , E

pro d D = D 2
, E

fun D = P (D � D 
 ) . W e ha v e E D =S
u2 U E

u D where U = f pro d ; fun ; basic g. W e can th us rewrite (3) as:

8u 2 U:8(P; N ) 2 �:
\

a2 P

( E (a) \ E

u D) �
[

a2 N

( E (a) \ E

u D) (4)

Since JaK\ E

u D = ? if a 62A u and JaK\ E

u D = JaK if a 2 A u , w e can rewrite (4)

as:

8u 2 U:8(P; N ) 2 �: (P � A u ) )

 
\

a2 P

E (a) �
[

a2 N \ A u

E (a)

!

(5)

(where the in tersection is tak en to b e E

u D when P = ? .)

T o further decomp ose these predicates, w e will tak e adv an tage of the set-theoretic

in terpretation of the seman tic subt yping and rely on t w o set-theoretic facts, one for

pro duct t yp es, one for arro w t yp es. Let us in tro duce some new notation that will

mak e form ulae clearer, and then start with pro duct t yp es, follo wing an argumen t

similar to the one used b y Hoso y a, V ouillon and Pierce [Hoso y a et al. 2000].

Not a tion 6.3. L et S1; S2 denote two sets such that S1 � S2 . W e use S1
S2

to

denote the c omplement of S1 with r esp e ct to S2 , that is S2nS1 .

Lemma 6.4. L et (X i ) i 2 P ; (X i ) i 2 N (r esp. (Yi ) i 2 P ; (Yi ) i 2 N ) b e two families of

subsets of D1 (r esp. D2 ). Then:

 
\

i 2 P

X i � Yi

!

n

 
[

i 2 N

X i � Yi

!

=
[

N 0� N

 
\

i 2 P

X i n
[

i 2 N 0

X i

!

�

0

@
\

i 2 P

Yi n
[

i 2 N nN 0

Yi

1

A

(with the c onventions:

T
i 2 ? X i � Yi = D1 � D2 ;

T
i 2 ? X i = D1 and

T
i 2 ? Yi = D2 )
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Note that w e use the same notation for elemen ts in the families (X i ) i 2 P and

(X i ) i 2 N . This is not problematic since the sets P and N can b e di�eren t.

Pr oof : First, w e notice that:

X i � Yi
D 1 � D 2 =

�
X i

D 1 � D2

�
[

�
D1 � Yi

D 2
�

By distributing in tersections o v er unions, w e get:

\

i 2 N

X i � Yi
D 1 � D 2 =

[

N 0� N

0

@
\

i 2 N 0

�
X i

D 1 � D2

�
\

\

i 2 N nN 0

�
D1 � Yi

D 2
�

1

A =

[

N 0� N

0

@
\

i 2 N 0

X i
D 1 �

\

i 2 N nN 0

Yi
D 2

1

A

And �nally:

 
\

i 2 P

X i � Yi

!

\

 
\

i 2 N

X i � Yi
D 1 � D 2

!

=

[

N 0� N

0

@

 
\

i 2 P

X i \
\

i 2 N 0

X i
D 1

!

�

0

@
\

i 2 P

Yi \
\

i 2 N nN 0

Yi
D 2

1

A

1

A

W e get the exp ected result b y applying De Morgan la ws.

W e get an immediate corollary .

Lemma 6.5. L et P; N b e two �nite subsets of A
pro d

. W e have:

\

a2 P

E (a) �
[

a2 N

E (a) ()

8N 0 � N:

t
^̂̂

t 1 ��� t 2 2 P

t1^̂̂
^̂̂

t 1 ��� t 2 2 N 0

::: t1

|

= ? _

u

v
^̂̂

t 1 ��� t 2 2 P

t2^̂̂
^̂̂

t 1 ��� t 2 2 N nN 0

::: t2

}

~ = ?

(with the c onvention

T
a2 ? E (a) = E

pro d D ).

W e will no w establish a similar result for arro w t yp es. W e �rst decomp ose the

set-theoretic ! op erator (De�nition 4.2) in to more primitiv e op erators: p o w erset,

complemen t, Cartesian pro duct.

Lemma 6.6. L et X; Y � D . Then:

X ! Y = P
�

X � Y
D 


D � D 

�

Pr oof : The result comes from a simple computation:

X ! Y = f f � D � D 
 j 8(x; y) 2 f: : (x 2 X ^ y 62Y )g

= f f � D � D 
 j f \ X � Y
D 
 = ? g

= f f � D � D 
 j f � X � Y
D 


D � D 
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Lemma 6.7. L et (X i ) i 2 P and (X i ) i 2 N b e two families of subsets of D . Then:

\

i 2 P

P (X i ) �
[

i 2 N

P (X i ) () 9 i o 2 N:
\

i 2 P

X i � X i 0

Pr oof : The ( implication is simple: if

T
i 2 P X i � X i 0 with i 0 2 N , thenT

i 2 P P (X i ) = P (
T

i 2 P X i ) � P (X i 0 ) �
S

i 2 N P (X i ) . Let us pro v e the opp o-

site direction. W e assume that

T
i 2 P P (X i ) �

S
i 2 N P (X i ) . The set

T
i 2 P X i

b elongs to all the P (X i ) for i 2 P . It is th us in the union of all the P (X i )
for i 2 N . W e can th us �nd some i 0 2 N suc h that

T
i 2 P X i 2 P (X i 0 ) , whic h

concludes the pro of.

Lemma 6.8. L et P and N b e two �nite subsets of A
fun

. Then:

\

a2 P

E (a) �
[

a2 N

E (a)

()

9(t0!!! s0)2N: 8P0 � P:

t

t0nnn

 
___

t !!! s2 P 0

t

! |

= ? _

8
>>>><

>>>>:

P 6= P0

^u

v

0

@
^̂̂

t !!! s2 P nP 0

s

1

A nnns0

}

~ = ?

(with the c onvention

T
a2 ? E (a) = E

fun D ).

Pr oof : The result follo ws from Lemmas 6.6, 6.7, and 6.4, b y noticing that in

the condition

T
t !!! s2 P nP 0 JsK� Js0K whic h app ears, the con v en tion is to in terpret

the in tersection as b eing D 
 if P = P0
, whic h mak es the inclusion imp ossible.

Lemma 6.8 tells us ho w to decomp ose subt yping b et w een arro w t yp es. F or in-

stance, w e can deduce from the lemma that E (( t1!!! s1)^̂̂ (t2!!! s2)) � E (t!!! s) holds

if and only if the four follo wing prop erties are satis�ed:

� JtK= ? or Js1^̂̂ s2K� JsK
� JtK� Jt1K or Js2K� JsK
� JtK� Jt2K or Js1K� JsK
� JtK� Jt1___t2K

Lemmas 6.5 and 6.8, together with the prop ert y (5) suggest the follo wing de�ni-

tion and giv e immediately the result of Theorem 6.10 b elo w.

Definition 6.9 (Simula tion) . L et S b e an arbitr ary set of normal forms. W e

de�ne another set of normal forms E S by:

E S = f � j 8u 2 U:8(P; N ) 2 �: (P � A u ) CP;N \ A u
u )g
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wher e:

CP;N
basic

::= C \
\

b2 P

B JbK�
[

b2 N

B JbK

CP;N
pro d

::= 8N 0 � N:

8
>>>>>>>>><

>>>>>>>>>:

N

 
^̂̂

t 1 ��� t 2 2 P

t1^̂̂
^̂̂

t 1 ��� t 2 2 N 0

::: t1

!

2 S

_

N

0

@
^̂̂

t 1 ��� t 2 2 P

t2^̂̂
^̂̂

t 1 ��� t 2 2 N nN 0

::: t2

1

A 2 S

CP;N
fun

::= 9t0!!! s0 2 N: 8P0 � P:

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

N

 

t0^̂̂
^̂̂

t !!! s2 P 0

::: t

!

2 S

_

8
>>>>><

>>>>>:

P 6= P0

^

N

0

@(::: s0)^̂̂
^̂̂

t !!! s2 P nP 0

s

1

A 2 S

W e say that S is a simulation if:

S � E S

The in tuition is that if w e consider the statemen ts of Lemmas 6.5 and 6.8 as if they

w ere rewriting rules (from righ t to left), then E S con tains all the t yp es that w e can

deduce in one step reduction to b e empt y when w e supp ose that the t yp es in S are

empt y . A sim ulation is th us a set that is already saturated w.r.t. suc h a rewriting.

In particular, if w e consider the statemen ts of Lemmas 6.5 and 6.8 as inference

rules for determining when a t yp e is equal to 0 , then E S is the set of immediate

consequences of S , and a sim ulation is a self-justifying set, that is a co-inductiv e

pro of of the fact that all its elemen ts are equal to 0 . Of course this latter prop ert y

will pla y a crucial role to decide the subt yping relation (see Section 6.9).

Theorem 6.10. L et J_ K : T ! P (D) b e a set-the or etic interpr etation. W e

de�ne a set of normal forms S by:

S = f � j J� K= ? g

Then:

E S = f � j E (� ) = ? g

Pr oof : Immediate consequence of Lemmas 6.5 and 6.8.

Cor ollar y 6.11. L et J_ K b e a set-the or etic interpr etation of typ es. W e de�ne

as ab ove S = f � j J� K= ? g. Then J_ K is a mo del if and only if S = E S .
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This Corollary implies that the condition for a set-theoretic in terpretation to b e a

mo del dep ends only on the subt yping relation it induces.

Cor ollar y 6.12. L et J_ K1 : T ! P (D1) b e a mo del and J_ K2 : T ! P (D2)
b e a set-the or etic interpr etation. Then the fol lowing assertions ar e e quivalent:

� J_ K2 is a mo del and it induc es the same subtyping r elation as J_ K1 .

�for any typ e t , JtK1 = ? () JtK2 = ? .

The follo wing lemma, whic h is an immediate corollary of Lemma 6.8 giv es sev-

eral prop erties ab out subt yping b et w een arro w t yp es in a mo del, whic h will b e

needed to study the meta-theory of the t yp e system (see the pro ofs of Lemma 6.15,

Lemma 6.21, Lemma 6.37).

Lemma 6.13 (Str ong disjunction f or arr o ws) . L et � b e the subtyping r e-

lation induc e d by a mo del, and P , N two �nite sets of arr ow typ es. Then:

^̂̂

a2 P

a �
___

a2 N

a () 9 a0 2 N:
^̂̂

a2 P

a � a0

F r om this we imme diately de duc e that:

If P , N ar e �nite sets of arr ow typ es and if a0 is an arr ow typ e, if we de�ne t asVVV
a2 P annn

WWW
a2 N a and if we assume that t 6' 0 , then:

t � a0 ()
^̂̂

a2 P

a � a0

If P , N1 , N2 ar e �nite sets of arr ow typ es, then:

^̂̂

a2 P

a 6�
___

a2 N 1

a

^^̂̂

a2 P

a 6�
___

a2 N 2

a

9
>>>>=

>>>>;

()
^̂̂

a2 P

a 6�
___

a2 N 1 [ N 2

a

6.3 Syntactical meta-theo ry of the t yp e system

In this section and in the follo wing one, w e �x a b o otstrap mo del J_ K: T ! P (D) ,

w e write � for the induced subt yping relation and ' for the asso ciated equiv alence

relation, and w e study the resulting t yping judgmen t � ` e : t .

Lemma 6.14 (Strengthening) . L et � 1 and � 2 b e two typing envir onments

such that for any x in the domain of � 1 , we have � 2(x) � � 1(x) . If � 1 ` e : t , then

� 2 ` e : t .

Pr oof : Induction on the deriv ation of � 1 ` e : t . W e simply in tro duce an

instance of the subsumption rule b elo w eac h instance of the (var) rule.

Lemma 6.15 (Admissibility of the intersection r ule). If � ` e : t1 and

� ` e : t2 , then � ` e : t1^̂̂ t2 .
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Pr oof : By induction on the structure of the t w o t yping deriv ations.

Let us �rst consider the case when the last rule applied to one of the t w o deriv a-

tions is (subsum) , sa y:

: : :
� ` e : s1 s1 � t1

� ` e : t1

: : :
� ` e : t2

The induction h yp othesis giv es � ` e : s1^̂̂ t2 . But s1^̂̂ t2 � t1^̂̂ t2 b ecause s1 � t1 ,

and a new application of (subsum) giv es � ` e : t1^̂̂ t2 as exp ected.

In all the remaining cases, the t w o deriv ations end with an instance of the same

rule (whic h dep ends on the toplev el constructor of e).

Rules (const) , (var) , (rnd) : Those rules giv e only one p ossible t yp e t for e, and

t^̂̂ t ' t .

Rule (appl) : The situation is as follo ws:

: : :
� ` e1 : t1!!! t2

: : :
� ` e2 : t1

� ` e1e2 : t2

: : :
� ` e1 : t0

1!!! t0
2

: : :
� ` e2 : t0

1

� ` e1e2 : t0
2

The induction h yp othesis giv es � ` e1 : (t1!!! t2)^̂̂ (t0
1!!! t0

2) and � ` e2 : t1^̂̂ t0
1 . T o

conclude, it is enough to c hec k that (t1!!! t2)^̂̂ (t0
1!!! t0

2) � (t1^̂̂ t0
1)!!! (t2^̂̂ t0

2) , whic h

can b e pro v ed as follo ws:

E (( t1!!! t2)^̂̂ (t0
1!!! t0

2))
= ( Jt1K! Jt2K) \ (Jt0

1K! Jt0
2K)

= f f 2 E

fun D j 8(x; y) 2 f: (x 2 Jt1K) y 2 Jt2K) ^ (x 2 Jt0
1K) y 2 Jt0

2K)g
� f f 2 E

fun D j 8(x; y) 2 f: (x 2 Jt1K\ Jt0
1K) y 2 (Jt2K\ Jt0

2K)g
= E (( t1^̂̂ t0

1)!!! (t2^̂̂ t0
2))

Rule (pair ) : The situation is as follo ws:

: : :
� ` e1 : t1

: : :
� ` e2 : t2

� ` (e1; e2) : t1��� t2

: : :
� ` e1 : t0

1

: : :
� ` e2 : t0

2

� ` (e1; e2) : t0
1��� t0

2

Let t00
1 = t1^̂̂ t0

1 and t00
2 = t2^̂̂ t0

2 . By applying the induction h yp othesis t wice, w e

get � ` e1 : t00
1 and � ` e2 : t00

2 . The rule (pair ) giv es � ` (e1; e2) : t00
1 ��� t00

2 . T o

conclude, it is enough to see that t00
1��� t00

2 ' (t1��� t2)^̂̂ (t0
1��� t0

2) . Indeed:

E (t00
1 ��� t00

2 ) = ( Jt1K\ Jt0
1K) � (Jt2K\ Jt0

2K) = Jt1^̂̂ t2K\ Jt0
1^̂̂ t0

2K= E (( t1��� t2)^̂̂ (t0
1��� t0

2))

Rule (case) : Let us consider this situation:

: : :
� ` e : t0

: : :
(x : t i ); � ` ei : s

� ` (x = e 2 t ? e1je2) : s

: : :
� ` e : t0

0

: : :
(x : t0

i ); � ` ei : s0

� ` (x = e 2 t ? e1je2) : s0

with t1 = t0^̂̂ t , t2 = t0nnnt , t0
1 = t0

0^̂̂ t , t0
2 = t0

0nnnt . The induction h yp othesis giv es:

� ` e : t00
0 with t00

0 = t0^̂̂ t0
0 . Let us de�ne t00

1 = t00
0 ^̂̂ t and t00

2 = t00
0nnnt . Let i 2 f 1; 2g.

W e ha v e t00
i � t i and th us, according to Lemma 6.14, (x : t00

i ); � ` ei : s. Similarly ,

w e get (x : t00
i ); � ` ei : s0

, and th us, applying again the induction h yp othesis

(x : t00
i ); � ` ei : s00

where s00= ŝ^̂ s0
. Then, with the (case) rule, w e establish

� ` (x = e 2 t ? e1je2) : s00
as exp ected.
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The sp ecial cases (where t i ' 0 or t0
i ' 0 ) are similar.

Rule (abstr) : Let us consider t w o applications of the rule (abstr) to the same

abstraction �f (t1!!! s1; : : : ; tn !!! sn ):�x:e with the follo wing t yp es:

t =
^̂̂

i =1 ::n

(t i !!! si )^̂̂
^̂̂

j =1 ::m

::: (t0
j !!! s0

j )

t0 =
^̂̂

i =1 ::n

(t i !!! si )^̂̂
^̂̂

j = m +1 ::m 0

::: (t0
j !!! s0

j )

where t 6' 0 and t0 6' 0 . W e de�ne:

t00=
^̂̂

i =1 ::n

(t i !!! si )^̂̂
^̂̂

j =1 ::m 0

::: (t0
j !!! s0

j )

W e ha v e t00' t^̂̂ t0
. W e only need to v erify that some instance of the rule (abstr)

allo ws us to deduce the t yp e t00
for the abstraction. F or i = 1 ::n , w e ha v e,

b y h yp othesis (f : t); (x : t i ); � ` e : si , and th us, according to Lemma 6.14,

(f : t00); (x : t i ); � ` e : si . Then, w e c hec k that t006' 0 , whic h results immediately

from Lemma 6.13. In this case, w e ha v e not used the induction h yp othesis.

Cor ollar y 6.16. L et � b e a typing envir onment and e an expr ession which is

wel l-typ e d under � . Then the set f t 2 T j (� ` e : t) _ (� ` e : ::: t)g c ontains 0 and

is close d under ___ and ::: (and thus ^̂̂ ).

Pr oof : Let E b e the set in tro duced in the statemen t. It is clearly closed under

::: and in v arian t under the equiv alence ' . W e ha v e � ` e : 1 = ::: 0 b ecause

of the subsumption rule, and th us 0 2 E . What remains is to pro v e that E is

closed under ___ . So let us tak e t w o elemen ts t1 and t2 in E . If � 6`e : t1___t2 ,

then b ecause of (subsum) , w e get � 6` e : t1 and � 6` e : t2 . Because t1 and

t2 are in E , w e th us ha v e � ` e : ::: t1 and � ` e : ::: t2 . Lemma 6.15 then

giv es � ` e : ::: t1^̂̂::: t2 . And ::: t1^̂̂::: t2 ' : :: (t1___t2) . W e ha v e th us pro v ed that

� ` e : t1___t2 or � ` e : ::: (t1___t2) .

Lemma 6.17 (Substitution). L et e; e1; : : : ; en b e expr essions, x1 , . . . , xn dis-

tinct variables, t; t 1; : : : ; tn typ es, and � a typing envir onment. Then:

�
(x1 : t1); : : : ; (xn : tn ); � ` e : t
8i = 1 ::n: � ` ei : t i

) � ` e[x1 := e1; : : : ; xn := en ] : t

Pr oof : By induction on the t yping deriv ation for (x1 : t1); : : : ; (xn : tn ); � ` e : t .

W e simply �plug� a cop y of the deriv ation for � ` ei : t i wherev er the rule (var)
is used for v ariable x i .

6.4 Interp reting t yp es as sets of values

The syn tactical prop erties obtained in the previous section are used here to pro v e

some prop erties ab out the in terpretation of t yp es as sets of v alues, as de�ned in

Section 5.2: JtKV = f v j ` v : tg
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Lemma 6.18. If t � s, then JtKV � JsKV . In p articular, if t ' s, then JtKV =
JsKV .

Pr oof : Consequence of the subsumption rule.

Lemma 6.19. J0 KV = ? .

Pr oof : W e pro v e that (` v : t) ) t 6' 0 b y induction on the t yping deriv a-

tion. There are four cases to consider (one p er v alue constructor, one for the

subsumption rule). All of them are trivial.

Lemma 6.20. Jt1^̂̂ t2KV = Jt1KV \ Jt2KV .

Pr oof : Lemma 6.18 giv es Jt1^̂̂ t2KV � Jt i KV for i 2 f 1; 2g, and th us Jt1^̂̂ t2KV �
Jt1KV \ Jt2KV . Lemma 6.15 giv es the opp osite inclusion.

Lemma 6.21 (Inversion).

Jt1��� t2KV = f (v1; v2) j ` v1 : t1; ` v2 : t2g
JbKV = f c j bc � bg
Jt!!! sKV = f (�f (t1!!! s1; : : : ; tn !!! sn ):�x:e ) 2 V : j

^̂̂

i =1 ::n

t i !!! si � t!!! sg

Mor e over, if v is a value and a is an atom of a di�er ent kind, then ` v : ::: a.

Pr oof : F or the three equalities, the � inclusion is straigh tforw ard.

T o pro v e the three opp osite inclusions, let us start with a general remark. A

deriv ation for ` v : t can alw a ys b e describ ed as an instance of the rule corre-

sp onding to the kind of v (rule (const) for constan ts, (pair ) for pairs, and (abstr)
for abstractions), follo w ed b y zero or more instance of (subsum) . That is, w e

can alw a ys �nd another t yp e t0 � t suc h that ` v : t0
is obtained b y a direct

application of the t yping rule corresp onding to v . If t is an atom a, then v is

necessarily of the same kind as a. Indeed, if v is a pair, then t0
is a pro duct t yp e;

if v is a constan t, t0
is a basic t yp e; if v is an abstraction, t0

is an in tersection of

one or more arro w t yp es (and ma yb e of zero or more negation of arro w t yp es).

In all cases, t0\ a ' 0 if a and v do not ha v e the same kind, but since t0 � a, this

means that t0 ' 0 , whic h is imp ossible b y Lemma 6.19. W e also ha v e pro v ed the

�nal remark in the statemen t of the Lemma (b ecause if a and v do es not ha v e

the same kind, then t0 � : :: a, and th us ` v : ::: a).

Case ` v : t1��� t2 : . The v alue is necessarily a pair (v1; v2) suc h that ` v1 : t0
1 ,

` v2 : t0
2 , and t0

1��� t0
2 � t1��� t2 . But t0

1 6' 0 and t0
2 6' 0 b ecause of Lemma 6.19, and

th us t0
1 � t1 and t0

2 � t2 . By subsumption, w e get ` v1 : t1 and ` v2 : t2 .

Case ` v : b: The v alue is necessarily a constan t c suc h that bc � b.

Case ` v : t!!! s: The v alue is necessarily an abstraction

�f (t1!!! s1; : : : ; tn !!! sn ):�x:e . Here, the t yp e t0
has the form:

^̂̂

i =1 ::n

(t i !!! si )^̂̂
^̂̂

j =1 ::m

::: (t0
j !!! s0

j )
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with t0 6' 0 and t0 � t!!! s. W e can therefore apply the second p oin t of Lemma 6.13

and deduce:

^̂̂

i =1 ::n

(t i !!! si ) � t!!! s

Lemma 6.22. J::: tKV = V nJtKV .

Pr oof :

W e ha v e (t^̂̂::: t) ' 0 and, th us, JtKV \ J::: tKV = Jt^̂̂::: tKV = J0 KV = ? . So it

remains to pro v e that JtKV [ J::: tKV = V , that is:

8v:8t: (` v : t) _ (` v : ::: t)

W e pro ceed b y induction o v er the pair (v; t) . Thanks to Corollary 6.16, w e can

assume that t is an atom a. Lemma 6.21 giv es ` v : ::: a if a and v do not ha v e

the same kind. No w, w e assume they ha v e the same kind.

Case v = c: W e ha v e ` c : bc . The set E (bc) is a singleton (namely f cg), and th us

E (bc) � E (a) or E (bc) � E (::: a) , that is: bc � a or bc � : :: a. By subsumption, w e

get ` bc : a or ` bc : ::: a.

Case v = ( v1; v2) , a = t1��� t2 : If ` v1 : t1 and ` v2 : t2 , w e get ` v : a. Otherwise,

sa y 6`v1 : t1 , w e get ` v1 : ::: t1 b y the induction h yp othesis, and ` v2 : 1 alw a ys

holds, and th us w e get ` v : (::: t1)��� 1 . W e conclude this case b y the observ ation

that (::: t1)��� 1 � : :: (t1��� t2) .

Case v = �f (t1!!! s1; : : : ; tn !!! sn ):�x:e , a = t!!! s: It is easy to see that ` v : a if

VVV
i =1 ::n t i !!! si � a and ` v : ::: a otherwise.

Lemma 6.23. Jt1___t2KV = Jt1KV [ Jt2KV .

Pr oof : Using Lemmas 6.22, 6.20 and 6.18, w e get: Jt1___t2KV =
J::: ((::: t1)^̂̂ (::: t2))KV = V n(J::: t1KV \ J::: t2KV ) = V n(V nJt1KV nJt2KV ) = Jt1KV [
Jt2KV :

F rom Lemmas 6.22, 6.23 and 6.19, w e get that J_ KV is a set-theoretic in terpre-

tation.

T o conclude the pro of of Theorem 5.4, w e need to c hec k that it is structural.

Clearly V 2 � V and Lemma 6.21 giv es Jt1��� t2KV = Jt1KV � Jt2KV . Also, the

relation induced b y (v1; v2) . v i is clearly No etherian.

6.5 Closing the lo op

In this section, w e detail the pro of of Theorem 5.5. W e start with a lemma that

sho ws that for an arbitrary �nite set of arro w t yp es, w e can alw a ys �nd a w ell-

t yp ed and closed abstraction (hence a v alue) ha ving exactly this set of t yp es in its

in terface. This fact will b e used in the pro of of Lemma 6.26.
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Lemma 6.24. F or every non-empty and �nite family of arr ow typ es t1!!! s1; : : : ; tn !!! sn ,

the expr ession �f (t1!!! s1; : : : ; tn !!! sn ):�x:fx is a value.

Pr oof : Direct application of the t yping rules and from the de�nition of v al-

ues.

Lemma 6.25. In every mo del, JtK= ? () J1 ! tK� J1 ! 0 K holds true.

Pr oof : Lemma 6.8 tells us that, in a mo del, J1 ! tK� J1 ! 0 K is equiv alen t to

(J1 K� J0 K_ JtK� J0 K) ^ (J1 K� J1 K) , whic h is itself equiv alen t to JtK= ? .

Lemma 6.26. The set-the or etic interpr etation J_ KV is a mo del if and only if it

induc es the same subtyping r elation as J_ K.

Pr oof : The ( implication is giv en b y Corollary 6.12. Let us assume that

J_ KV is a mo del and pro v e that JtKV = ? () t ' 0 for an y t yp e t . The

( implication is giv en b y Lemma 6.19. Let t b e a t yp e suc h that JtKV = ? .

Because J_ KV is a mo del, Lemma 6.25 giv es: J1 ! tKV � J1 ! 0 KV . No w w e

consider the expression v = �f ( 1 ! t):�x:fx . A ccording to Lemma 6.24, it is a

v alue. A ccording to Lemma 6.21, it is an elemen t of J1 ! tKV , and th us also of

J1 ! 0 KV , whic h means that 1 ! t � 1 ! 0 (again Lemma 6.21), and �nally

that t ' 0 (Lemma 6.25 for the mo del J_ K).

Lemma 6.27. If the b o otstr ap mo del is wel l-founde d, then J_ KV is a mo del.

Pr oof : By de�nition of a w ell-founded mo del, there is a structur al set-theoretic

in terpretation whic h induces the same subt yping relation as the b o otstrap mo del.

It is th us also a mo del. Since the t yp e system and J_ KV only dep end on this sub-

t yping relation, w e can assume that the b o otstrap mo del is not only w ell-founded

but also structural. W e will use the No etherian relation . from De�nition 4.5.

W e need to pro v e that, for ev ery t yp e t , JtKV = ? () t ' 0 . The (
implication is giv en b y Lemma 6.19 and Lemma 6.18. W e actually pro v e b y

induction (using the . relation) that for all d 2 D , the follo wing prop ert y holds:

(8t 2 T : d 2 JtK) JtKV 6= ? ) .

Consider a t yp e t suc h that d 2 JtK. If d = ( d1; d2) 2 D 2
, then it is in the set

JtK\ D 2 =
[

(P;N )2 N ( t )

 

D 2 \
\

a2 P

JaKn
[

a2 N

JaK

!

W e can th us �nd (P; N ) 2 N (t) suc h that d 2 D 2 \
T

a2 P JaKn
S

a2 N JaK. Note

that if a is an atom whic h is not a pro duct t yp e, then D 2 \ JaK= J1 ��� 1 K\ JaK= ? ,

b ecause E ( 1 ��� 1 ) \ E (a) = ? . W e can th us assume that P � A
pro d

, and w e ha v e

d 2
T

t 1 ��� t 2 2 P (Jt1K� Jt2K)n
S

t 1 ��� t 2 2 N (Jt1K� Jt2K) . If w e write d = ( d1; d2) , then
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Lemma 6.4 giv es some N 0 � N suc h that d1 2 Js1K and d2 2 Js2K for:

8
>><

>>:

s1 =
^̂̂

t 1 ��� t 2 2 P

t1nnn
___

t 1 ��� t 2 2 N 0

t1

s2 =
^̂̂

t 1 ��� t 2 2 P

t2nnn
___

t 1 ��� t 2 2 N nN 0

t2

The induction h yp othesis applied to d1 and d2 giv es Js1KV 6= ? and Js2KV 6= ? ,

and th us Js1��� s2KV 6= ? . T o conclude this case, w e observ e that s1��� s2 � t , using

again Lemma 6.4.

No w, w e assume that d 62D 2 = J1 ��� 1 K. W e th us ha v e d 2 Jtnnn1 ��� 1 K, whic h

implies that tnnn1 ��� 1 6' 0 . As a consequence E (tnnn1 ��� 1 ) 6= ? , and th us E (t) \
( E DnE

pro d D) 6= ? . W e are in at least one of the t w o cases:

E (t) \ C 6= ? : let c 2 E (t) \ C . W e ha v e E (bc) = f cg � E (t) , and th us bc � t .

W e conclude that ` c : t .

E (t) \ E

fun D 6= ? : w e ha v e:

E (t) \ E

fun D =
[

(P;N )2 N ( t ) s.t. P � A
fun

 

E

fun D \
\

a2 P

E (a)n
[

a2 N

E (a)

!

This set is not empt y . W e can th us �nd an elemen t (P; N ) in N (t) suc h

that P = f t1!!! s1; : : : ; tn !!! sn g, N \ A
fun

= f t0
1!!! s0

1; : : : ; t0
m !!! s0

m g, and t0 =VVV
i =1 ::n t i !!! si nnn

WWW
j =1 ::m t0

j !!! s0
j 6' 0 . W e ha v e t0 � t and the v alue v =

�f (t1!!! s1; : : : ; tn !!! sn ):�x:fx has t yp e t0
(direct application the t yping rule for

abstractions). By subsumption, w e get ` v : t .

Lemmas 6.27 and 6.26 en tail Theorem 5.5.

6.6 T yp e soundness

Here is the pro of of the sub ject reduction prop ert y , Theorem 5.1 in Section 5.

Pr oof : If (� ` e : t) , then w e pro v e b y induction on the deriv ation for � ` e : t
that 8e0:(e ; e0) ) (� ` e0 : t) . W e consider the last rule used in the deriv ation

of � ` e : t .

Rule (subsum) : w e ha v e � ` e : s � t and e ; e0
. The induction h yp othesis

giv es � ` e0 : s, and b y subsumption w e get � ` e0 : t .

Rules (const) , (var) : the expression e is a constan t or a v ariable. It cannot b e

reduced.

Rule (proj ) : w e ha v e e = � i (e0) , t = t i , � ` e0 : t1��� t2 . If e0
is obtained b y

reducing e0 , that is, e0 ; e0
0 and e0 = � i (e0

0) , w e get, b y the induction h yp othesis:

� ` e0
0 : t1��� t2 and th us � ` e0 : t i . If e0

is obtained b y reducing the toplev el � i in

e, then necessarily e0 is a v alue (v1; v2) (and th us, b y Lemma 6.21: � ` vi : t i ),

and e0 = vi . W e get � ` e0 : t i .

Rule (rnd) : w e ha v e e = rnd (t) . The reduction rule for this expression giv es

` e0 : t , whic h implies � ` e0 : t b y Lemma 6.14.
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Rule (pair ) : w e ha v e e = ( e1; e2) , t = t1��� t2 , and � ` ei : t i for i = 1 ::2. The

only p ossible w a y to reduce e is to reduce one of the ei , sa y e0 = ( e0
1; e2) where

e1 ; e0
1 . The induction h yp othesis giv es � ` e0

1 : t1 , and w e get � ` e0 : t1��� t2 .

Rule (appl) : w e ha v e e = e1e2 , � ` e1 : s ! t and � ` e2 : s. If e0
is obtained

b y reducing e1 or e2 , w e pro ceed as in the case for the (pair ) rule. Otherwise,

w e ha v e necessarily e1 = �f (s1!!! t1; : : : ; sn !!! tn ):�x:e 0 , e0 = e0[f := e1; x := e2]
and e2 is a v alue v2 . W e ha v e

VVV
i 2 I si !!! t i � s ! t , where I = f 1; : : : ; ng

(Lemma 6.21). A ccording to Lemma 6.8, this means that s �
WWW

i 2 I si and that

for an y non-empt y I 0 � I suc h that s 6�
WWW

i 2 I nI 0 si , w e ha v e

VVV
i 2 I 0 t i � t . W e

tak e I 0 = f i 2 I j ` v2 : si g. This set is not empt y . Indeed, since ` v2 : s
and s �

WWW
i 2 I si , w e ha v e at least one i suc h that ` v2 : si (Lemma 6.23).

No w, w e claim that s 6�
WWW

i 2 I nI 0 si . Otherwise, w e w ould �nd some i 62I 0
suc h

that ` v2 : si , whic h con tradicts the de�nition for I 0
. As a consequence, w e

get

VVV
i 2 I 0 t i � t . W e claim that � ` e0 :

VVV
i 2 I 0 t i (whic h b y subsumption yields

� ` e0 : t i.e. the result). T o pro v e our claim w e sho w that for ev ery i 2 I 0
w e ha v e

� ` e0 : t i , whic h thanks to Lemma 6.15 yields our claim. So, let us consider an y

i 2 I 0
, that is, an y i suc h that ` v2 : si . The abstraction e1 is w ell-t yp ed under

� therefore in its deriv ation there is an instance of the (abstr) rule (p ossibly

follo w ed b y sev eral applications of the subsumption rule) whic h infers for e1 a

t yp e t0
under � . One of the premises of this rule is (f : t0); (x : t i ); � ` e0 : t i .

W e also ha v e � ` e1 : t0
and � ` v2 : si (Lemma 6.14), and th us � ` e0 : t i

(Lemma 6.17) as exp ected.

Rule (abstr) : the expression e is an abstraction, and the reduction can only o ccur

within its b o dy . W e pro ceed as in the case for the (pair ) rule.

Rule (case) : w e ha v e e = ( x = e0 2 s ? e1 j e2) . If the reduction o ccurs within

one of the sub-expressions e0 , e1 , e2 , w e pro ceed as in the case for the (pair )
rule. Otherwise, the expression e0 is necessarily a v alue v , and w e ha v e either

(` v : s) ^ (e0 = e1[x := v]) or (` v : ::: s) ^ (e0 = e2[x := v]) . Let us consider for

instance the �rst case. The t yping rule giv es: � ` v : s0 . Thanks to Lemma 6.15,

w e get � ` v : s0^̂̂ s. Because of Lemma 6.19, w e kno w that s0^̂̂ s 6' 0 , that is

s0 6� ::: s. So the t yping rule (case) under consideration has a premise for e1 ,

namely (x : s0^̂̂ s); � ` e1 : t . Lemma 6.17 giv es � ` e0 : t as exp ected.

And here is the pro of of the progress prop ert y , Theorem 5.2 in Section 5. Note

that this pro of is relativ ely standard.

Pr oof : W e write e 6; if e cannot b e reduced ( 69e0:e ; e0
). Supp ose that ` e : t ;

w e pro v e on induction on the deriv ation of ` e : t that either e is a v alue or it

can b e reduced. W e consider the last rule used in this deriv ation.

Rule (subsum) : straigh tforw ard application of the induction h yp othesis.

Rule (var) : a v ariable cannot b e w ell-t yp ed in an empt y en vironmen t. This case

is th us imp ossible.

Rule (const) : the expression e is a constan t. It is th us a v alue.
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Rule (abstr) : the expression e is an abstraction whic h is w ell-t yp ed under the

empt y en vironmen t. It is th us a v alue.

Rule (proj ) : w e ha v e e = � i (e0) , t = t i , ` e0 : t1��� t2 . If e0 can b e reduced to,

sa y , e0
0 , then e ; � i (e0

0) . Otherwise, if e0 6; , then b y the induction h yp othesis

e0 is a v alue. By Lemma 6.21, w e get e0 = ( v1; v2) , and th us e ; vi .

Rule (rnd) : w e ha v e e = rnd (t) and th us e ; e0
for an y e0

of t yp e t (for instance,

w e can tak e for e0
an expression of t yp e 0 , whic h exists).

Rule (pair ) : w e ha v e e = ( e1; e2) , t = t1��� t2 , and ` ei : t i for i = 1 ::2. If one of

the ei can b e reduced, then e can also b e reduced. Otherwise, b y the induction

h yp othesis, w e obtain that b oth e1 and e2 are v alues, and so is e.

Rule (appl) : w e ha v e e = e1e2 , ` e1 : s ! t and ` e2 : s. If one of the

ei can b e reduced, then e can also b e reduced. Otherwise, b y the induction

h yp othesis, w e obtain that b oth e1 and e2 are v alues. By Lemma 6.21, w e get

e1 = �f (s1!!! t1; : : : ; sn !!! tn ):�x:e 0 . Then e ; e0[f := e1; x := e2].

Rule (case) : w e ha v e e = ( x = e0 2 s ? e1 j e2) . If e0 can b e reduced, then

e can also b e reduced. Otherwise, b y the induction h yp othesis, w e obtain that

e0 is a v alue v . Because of Lemma 6.23, w e ha v e ` v : s or ` v : ::: s, and th us

e ; e1[x := v] or e ; e2[x := v].

6.7 Construction of mo dels

A naiv e idea to build a mo del w ould b e to lo ok for an in terpretation domain D suc h

that D = E D . Of course suc h a set cannot exist, since the cardinalit y of E

fun D , and

th us of E D , is strictly larger than the cardinalit y of D . This cardinalit y problem

can b e a v oided b y considering only �nite graphs to in terpret functions. As w e will

sho w b elo w, this do es not a�ect the subt yping relation.

F or an y set D , w e write E f D = C + D 2 + P f (D � D 
 ) where P f denotes the

restriction of the p o w erset to �nite subsets.

Definition 6.28. A set-the or etic interpr etation J_ K: T ! P (D) is �nitely extensional

if:

( 1 ) D = E f D

( 2 ) JaK= E (a) \ D for any atom a.

Lemma 6.29. If J_ K is a �nitely extensional set-the or etic interpr etation, then

JtK= E (t) \ D for any typ e t , and J� K= E (� ) \ D for any normal formal � .

Pr oof : Induction on t .

The next lemma sho ws that taking �nite sets as extensional mo dels for func-

tions do es not c hange the subt yping relation b et w een arro w t yp es (compare it with

Lemma 6.7).
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Lemma 6.30. L et (X i ) i 2 P and (X i ) i 2 N b e two �nite families of subsets of D .

Then:

\

i 2 P

P f (X i ) �
[

i 2 N

P f (X i ) () 9 i o 2 N:
\

i 2 P

X i � X i 0

Pr oof : The ( implication is straigh tforw ard. Let us pro v e ) . W e assume that

an y �nite subset of X =
T

i 2 P X i is a subset of one of the X i 0 with i 0 2 N .

W e need to pro v e that the same holds for X itself. Otherwise, w e could �nd for

eac h i 0 2 N an elemen t x i 0 2 X nX i 0 and w e w ould obtain a con tradiction b y

considering the �nite set f x i 0 j i 0 2 N g.

Lemma 6.31. L et P; N b e two �nite sets of arr ow typ es and J_ K an arbitr ary

set-the or etic interpr etation. Then:

\

a2 P

E (a) �
[

a2 N

E (a) () P f (D � D 
 ) \
\

a2 P

E (a) �
[

a2 N

E (a)

(By c onvention

T
a2 ? E (a) = P (D � D 
 ) .)

Pr oof : Consequence of Lemmas 6.7, 6.30, and 6.6.

It is, then, not surprising that �nitely extensional in terpretations are mo dels.

Lemma 6.32. Every �nitely extensional interpr etation is a mo del.

Pr oof : Since J� K= E (� ) \ D , w e need to pro v e that

E (� ) = ? () E (� ) \ D = ?

for an y normal form � . W e write:

E (� ) =
[

u2 U

[

(P;N )2 �

 

E

u D \
\

a2 P

E (a)n
[

a2 N

E (a)

!

So w e need to pro v e that for an y u 2 U and (P; N ) t w o �nite sets of atoms, w e

ha v e:

E

u D \
\

a2 P

E (a) �
[

a2 N

E (a) () D \ E

u D \
\

a2 P

E (a) �
[

a2 N

E (a)

If u 6= fun , then E

u D � D , and the equiv alence is th us trivial. The case u = fun

comes from Lemma 6.31.

6.8 A universal mo del

In this section, w e de�ne a structural and �nitely extensional mo del and then sho w

that it is univ ersal and, in the next section, that the subt yping relation induced b y

this mo del is decidable.

W e need to build a set D 0
suc h that D 0 = E f D 0

, that is, a solution to the

equation D 0 = C + D 0 � D 0 + P f (D 0 � D 0

 ) . W e will consider the initial solution
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to this equation. Concretely , w e de�ne D 0
as the set of �nite terms generated b y

the pro duction d of the follo wing grammar ( c ranges o v er elemen ts of C ):

d ::= c j (d; d) j f (d; d0); : : : ; (d; d0)g
d0 ::= d j 


No w, w e need to de�ne a set-theoretic in terpretation J_ K0 : T ! P (D 0) suc h

that JtK0 = E (a)0 \ D 0
. Because of the inductiv e structure of elemen ts of D 0

, this

equation actually de�nes the function J_ K0
. T o see this, w e will de�ne a binary

predicate (d : t) where d 2 D 0
and t 2 T . The truth v alue of (d : t) is de�ned b y

induction on the pair (d; t) ordered lexicographically , using the inductiv e structure

for elemen ts of D 0
, and the induction principle w e men tioned earlier for t yp es. Here

is the de�nition:

(c : b) = c 2 B JbK
((d1; d2) : t1��� t2) = ( d1 : t1) ^ (d2 : t2)
(f (d1; d0

1); : : : ; (dn ; d0
n )g : t1!!! t2) = 8i: (di : t1) ) (d0

i : t2)
(d : t1___t2) = ( d : t1) _ (d : t2)
(d : ::: t) = : (d : t)
(d : t) = false otherwise

No w w e de�ne JtK0 = f d 2 D 0 j (d : t)g. It is straigh tforw ard from this de�nition

to see that J_ K0
is a set-theoretic in terpretation and that it is structural (and th us

w ell-founded). It is also clear that it is �nitely extensional. It is th us a mo del. It

remains to pro v e that this mo del is univ ersal. This is a direct consequence of the

next lemma.

Lemma 6.33. If S 0 = f � j J� K0 = ? g and S is a simulation, then S � S 0
.

Pr oof : Let S b e a sim ulation. W e need to pro v e that 8� 2 S : J� K0 = ? , that

is:

8d 2 D 0:8� 2 S : d 62J� K0

W e will pro v e this prop ert y b y induction on d 2 D 0
. Let's tak e d 2 D 0

and

� 2 S . Since S is a sim ulation, w e also ha v e � 2 E S , that is:

8u 2 U:8(P; N ) 2 t: (P � A u ) CP;N \ A u
u ) (6)

where the conditions CP;N
u are as in De�nition 6.9.

W e need to pro v e that d 62J� K0
. The set J� K0

is equal to:

[

(P;N )2 �

\

a2 P

JaK0n
[

a2 N

JaK0

W e pro v e that d do es not b elong to an y of the terms of this union. Let (P; N ) 2
� and u b e the kind of d (as for v alues, it is straigh tforw ard to asso ciate a

unique kind to eac h elemen t of D 0
). If a 2 A nA u , then clearly d 62JaK0

. As a

consequence, if P 6� A u , then d 62
T

a2 P JaK0n
S

a2 N JaK0
. W e no w assume that

P � A u . W e can apply (6). W e obtain that CP;N \ A u
u holds. It remains to pro v e

that:

d 62
\

a2 P

JaK0n
[

a2 N \ A u

JaK0
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u = basic , d = c. The condition CP;N \ A u
u is:

C \
\

b2 P

B JbK�
[

b2 N

B JbK

As a consequence, w e get:

d 62
\

b2 P

B JbKn
[

b2 N

B JbK=
\

a2 P

JaK0n
[

a2 N \ A
basic

JaK0

u = pro d , d = ( d1; d2) . The condition CP;N \ A u
u is:

8N 0 � N \ A
pro d

:

8
>>>>>>><

>>>>>>>:

N

 
^̂̂

t 1 ��� t 2 2 P

t1^̂̂
^̂̂

t 1 ��� t 2 2 N 0

::: t1

!

2 S

_

N

0

@
^̂̂

t 1 ��� t 2 2 P

t2^̂̂
^̂̂

t 1 ��� t 2 2 N nN 0

::: t2

1

A 2 S

F or eac h N 0
, w e apply the induction h yp othesis to d1 and to d2 . W e get:

d1 62

t
^̂̂

t 1 ��� t 2 2 P

t1^̂̂
^̂̂

t 1 ��� t 2 2 N 0

::: t1

| 0

_ d2 62

u

v
^̂̂

t 1 ��� t 2 2 P

t2^̂̂
^̂̂

t 1 ��� t 2 2 N nN 0

::: t2

}

~

0

That is:

d 62

 
\

t 1 ��� t 2 2 P

Jt1K0n
[

t 1 ��� t 2 2 N 0

Jt1K0

!

�

0

@
\

t 1 ��� t 2 2 P

Jt2K0n
[

t 1 ��� t 2 2 N nN 0

Jt2K0

1

A

A ccording to Lemma 6.4 and to Jt1K0 � Jt2K0 = Jt1��� t2K0
, w e th us get:

d 62
\

a2 P

JaK0n
[

a2 N \ A
pro d

JaK0

u = fun , d = f (d1; d0
1); : : : ; (dn ; d0

n )g. The condition CP;N \ A u
u sa ys that there

exists t0!!! s0 2 N suc h that, for all P0 � P :

N

 

t0^̂̂
^̂̂

t !!! s2 P 0

::: t

!

2 S _

8
>><

>>:

P 6= P0

N

0

@(::: s0)^̂̂
^̂̂

t !!! s2 P nP 0

s

1

A 2 S

Applying the induction h yp othesis to the di and d0
i (note that if d0

i = 
 , then

d0
i 62J� K0

is trivial for all � ):

di 62

t

t0^̂̂
^̂̂

t !!! s2 P 0

::: t

| 0

_

8
>><

>>:

P 6= P0

d0
i 62

u

v (::: s0)^̂̂
^̂̂

t !!! s2 P nP 0

s

}

~

0

Journal of the A CM, V ol. 55, No. 4, Septem b er 2008.



Semantic Subt yping � 39

Let us �rst assume that 8i: (di 2 Jt0K0 ) d0
i 2 Js0K0) . Then w e ha v e d 2

Jt0!!! s0K0
. Otherwise, let us consider i suc h that di 2 Jt0K0

and d0
i 62Js0K0

. The

form ula ab o v e giv es for an y P0 � P :

 

di 2
[

t !!! s2 P 0

JtK0

!

_

0

@P0 6= P ^ d0
i 2 f 
 g [

[

t !!! s2 P nP 0

J::: sK0

1

A

Let's tak e P0 = f t!!! s 2 P j di 62JtK0g. W e ha v e di 62
S

t !!! s2 P 0 JtK0
, and th us

P0 6= P and d0
i 2 f 
 g [

S
t !!! s2 P nP 0 J::: sK0

. W e can th us �nd t!!! s 2 PnP0
suc h

that d0
i 62JsK0

, and b ecause t!!! s 62P0
, w e also ha v e di 2 JtK0

. W e ha v e th us

pro v ed that d 62Jt!!! sK0
for some t!!! s 2 P .

In b oth cases, w e get:

d 62
\

a2 P

JaK0n
[

a2 N \ A
fun

JaK0

6.9 Decidabilit y of subt yping fo r the universal mo del

W e will no w fo cus on Theorem 5.8. Let � 0 denote the subt yping relation in-

duced b y the univ ersal mo del J_ K0
. W e ha v e t1 � 0 t2 () Jt1nnnt2K0 = ? ()

JN (t1nnnt2)K0 = ? . Therefore w e need to sho w ho w to decide, for a giv en normal

form � 0 , whether J� 0K0 = ? or not. Thanks to the Lemma ab o v e, w e get: J� 0K0 = ?
if and only if there exists a sim ulation S suc h that � 0 2 S .

A ctually , w e can restrict our atten tion to a �nite n um b er of normal forms. Indeed,

let us consider the set A of all the atoms that o ccur in � 0 (including atoms nested in

other atoms). Thanks to the regularit y of t yp es, this set A is �nite. W rite N (A)
for the set of normal forms built only on top of these atoms, that is: N (A) =
P (P (A) � P (A)) . This set is also �nite, and lo oking at De�nition 6.9, w e see that

an in tersection of a sim ulation and N (A) is again a sim ulation. As a consequence,

w e get: J� 0K0 = ? if and only if there exists a sim ulation S � N (A) suc h that

� 0 2 S . A naiv e algorithm can simply en umerate all the subset of N (A) whic h

con tain � 0 and b y applying De�nition 6.9 c hec k whether one of them is a sim ulation.

Of course, there exist b etter algorithms. F or instance, w e can in terpret the

de�nition of a sim ulation as saturation rules: the algorithm starts from the set

f � 0g and tries to saturate it un til it obtains a sim ulation. Because of the disjunc-

tions in the de�nition of a sim ulation, this algorithm needs to explore di�eren t

branc hes. A branc h cannot b e in�nite b ecause the algorithm will only consider

the normal forms in N (A) whic h is a �nite set. There exists a sim ulation whic h

con tains � 0 if and only if one of the branc hes succeeds in reac hing a sim ulation. The

Ph.D. thesis [F risc h 2004] describ es t w o algorithms that impro v e o v er this simple

saturation-based strategy . These algorithms are those implemen ted in the C Duce

compiler [CDUCE ] and, as suc h, they are daily tested on large and complex t yp es

suc h as the XHTML DTD.
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6.10 Non-universal mo dels

The in terpretation domain D of a �nitely extensional set-theoretic in terpretation

m ust b e a solution to the equation D = E f D . In the previous section, w e considered

the initial solution to this equation and w e obtained a univ ersal mo del. In this

section, w e will build non-univ ersal mo dels b y considering non-initial solutions to

the equation D = E f D .

A �rst attempt could b e to consider in�nite (or ma yb e regular) terms generated

b y the follo wing pro ductions:

d ::= c j (d; d) j f (d; d0); : : : ; (d; d0)g
d0 ::= d j 


But it is then imp ossible to build a �nitely extensional in terpretation on this domain

D 1
. Indeed, if J_ K is suc h an in terpretation, w e consider the elemen t d 2 D 1

suc h that d = ( d; d) and the t yp e t suc h that t = ( ::: t)��� (::: t) . Since d 2 D 1

and JtK = E (t) \ D 1 = ( D 1 nJtK) � (D 1 nJtK) , w e ha v e: d 2 JtK () (d; d) 2
(D 1 nJtK) � (D 1 nJtK) () d 62JtK. Con tradiction.

So, w e will build domains whic h are in termediate b et w een D 0
and D 1

. W e need

to in tro duce some new notions.

F or an arbitrary set X , w e de�ne D [X ]
as the set of �nite terms generated b y the

pro duction d b elo w:

d ::= x j c j (d; d) j f (d; d0); : : : ; (d; d0)g
d0 ::= d j 


where x ranges o v er elemen ts of X . In other w ords, D [X ]
is the initial solution D

to the equation D = X + C + D 2 + P f (D � D 
 ) . W e de�ne the predicate � ` d : t
for d 2 D [X ]

, t 2 T , � 2 P (T )X
b y induction on the structure of d:

(� ` d : t1___t2) = (� ` d : t1) _ (� ` d : t2)
(� ` d : ::: t) = : (� ` d : t)
(� ` c : b) = c 2 B JbK
(� ` (d1; d2) : t1��� t2) = (� ` d1 : t1) ^ (� ` d2 : t2)
(� ` f (d1; d0

1); : : : ; (dn ; d0
n )g : t1!!! t2) = 8i: (� ` di : t1) ) (� ` d0

i : t2)
(� ` x : a) = a 2 �( x)
(� ` d : t) = false otherwise

A congruence on D [X ]
is an equiv alence relation � suc h that (d1

1 � d2
1^ d1

2 � d2
2) )

(d1
1; d1

2) � (d2
1; d2

2) and (8i:d1
i � d2

i ^ d
01
i � d

02
i ) ) f (d1

1; d
01
1 ); : : :g � f (d2

1; d
02
1 ); : : :g.

If for all x , w e c ho ose an elemen t dx 2 E f (D [X ]) = D [X ]nX and if w e consider

the smallest congruence � suc h that 8x 2 X:x � dx
, then the quotien t D [X ]

� =
D [X ]= � is suc h that E f (D [X ]

� ) = D [X ]
� (mo dulo an implicit bijection). Note that

this quotien t lo oks a lot lik e D 0
, except that there are some non w ell-founded

elemen ts. Let's c ho ose some � 2 P (T )X
. W e require the predicate (� ` d : t) to

b e in v arian t under � , that is: d1 � d2 ) ((� ` d1 : t) () (� ` d2 : t)) . This is

the case if and only if 8x:(� ` x : t) () (� ` dx : t) , that is, if and only if:

(� ) 8x 2 X: �( x) = f t j � ` dx : tg

When this prop ert y holds, w e can de�ne J_ K� : T ! P (D [X ]
� ) b y JtK� =
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f [d]� j (� ` d : t)g, where [d]� denotes the equiv alence class of d mo dulo � .

This de�nes a �nitely extensional set-theoretic in terpretation (and th us a mo del).

Of course, the di�cult y is no w to c ho ose X , the dx
and � suc h that (� ) holds.

Let us consider the case where X = Z , and eac h dk ; k 2 Z is de�ned using only

dk � 1
in a uniform w a y . F ormally , w e consider a �xed elemen t � 2 D f�g

suc h that

� 6= � and w e de�ne dk = � [� := k � 1] (that is, the elemen t of D Z

obtained b y

substituting � b y k � 1 in � ). If � 2 P (T ) Z

, then � ` dk : t is equiv alen t to

� ` � [� := k � 1] : t , and an induction on the structure of � sho ws that this is

equiv alen t to (� 7! � k � 1) ` � : t (from no w on, w e write � k instead of �( k) ). If

w e de�ne the op erator F : P (T ) ! P (T ) b y F (T) = f t j (� 7! T ) ` � : tg, then

the condition (� ) can b e rewritten as:

8k 2 Z : � k = F (� k � 1)

Building suc h a sequence is not straigh tforw ard. W e will rely on a tec hnical

lemma.

Lemma 6.34. L et A b e a �nite set, f : A ! A , and a0 2 A . Ther e exists a

unique p erio dic se quenc e (ak )k2 Z

2 A Z

such that:

9n0 2 N :8k � n0:ak = f k (a0)

(wher e f n
denotes the n -th iter ate d c omp osition of f with itself ). This se quenc e is

such that:

8k: ak+1 = f (ak )

Pr oof : W e consider the sequence (an )n 2 N

de�ned b y an = f n (a0) . Since A
is �nite, this sequence cannot b e injectiv e. W e can �nd n0 < n 1 suc h that

an 0 = an 1
. A recurrence giv es an = an +( n 1 � n 0 )

for an y n � n0 : the sequence

(an )n 2 N

is ultimately p erio dic. As a consequence, there exists a unique sequence

(ak )k2 Z

whic h coincides ultimately with (an )n 2 N

.

Clearly , the prop ert y ak+1 = f (ak ) holds for k large enough, and b ecause (ak )k2 Z

is p erio dic, it holds for an y k .

Theorem 6.35. L et T 0
b e a set of typ es. Ther e exists a se quenc e (� k )k2 Z

such

that:

� 8k 2 Z :� k+1 = F (� k )
�F or any typ e t , the se quenc e of the truth values of (t 2 � k )k2 Z

is p erio dic and

9n0 2 N :8k � n0:(t 2 � k () t 2 F k (T 0))

Pr oof : Since the set P (T ) is not �nite, w e cannot use the lemma directly . The

regularit y of t yp es will come to the rescue. W e de�ne a cone as a �nite set of t yp es

whic h is closed under subterms decomp osition (that is, if the set con tains a t yp e,

it also con tains all its subterms). An y t yp e b elongs to some cone b ecause a t yp e

is a regular term. F or a cone C , w e can de�ne the function FC : P (C) ! P (C)
b y FC (T ) = F (T) \ C . W e can apply the lemma to this function, b ecause P (C)
is �nite. W e write (T C

k )k2 Z

for the sequence w e obtain. No w, w e observ e on the

de�nition of the ` predicate that for t 2 C , the assertion (� 7! T ) ` � : t holds
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if and only if (� 7! (T \ C)) ` � : t holds. This giv es immediately the follo wing

prop ert y:

8T � T : C \ F (T \ C) = C \ F (T)

F rom that, a recurrence giv es F n
C (T 0) = F n (T 0) \ C . So, for t 2 C , w e ha v e

t 2 T C
k () t 2 F k (T0) when k is large enough. Since the sequence (t 2 T C

k )k2 Z

is p erio dic, it do es not dep end on the c hoice of the cone C whic h con tains t .

W e can th us de�ne � k as the set of t yp es t suc h that t 2 T C
k for some/an y

cone C that con tains t . W e ha v e T C
k = � k \ C . It remains to c hec k that

� k+1 = F (� k ) for all k . Let t b e a t yp e and C a cone whic h con tains t .

W e ha v e t 2 � k+1 () t 2 T C
k+1 and according to the lemma, w e ha v e

T C
k+1 = F (T C

k ) \ C = F (� k ) \ C . So: t 2 � k+1 () t 2 F (� k ) . Since

this prop ert y holds for an arbitrary t , w e get � k+1 = F (� k ) as exp ected.

W e will giv e t w o examples of constructions based on this theorem. First, w e will

build a mo del whic h is not w ell-founded. In a w ell-founded mo del, the recursiv e

t yp e t0 = t0��� t0 is empt y . W e will build a mo del where this t yp e is not empt y .

W e tak e � = ( � ; � ) and w e build (� k )k2 Z

as giv en b y the theorem. W e th us get a

�nitely extensional set-theoretic in terpretation J_ K� : T ! P (D Z

� ) . F or an y set

of t yp es T , w e ha v e t0 2 F (T) () (� 7! T ) ` � : t0 () (� 7! T ) ` (� ; � ) :
t0��� t0 () (� 7! T ) ` � : t0 () t0 2 T . So if w e c ho ose T 0

suc h that t0 2 T 0
,

w e ha v e t0 2 � k for all k , from whic h w e conclude that Jt0K� con tains the [k]� for

k 2 Z . In particular, it is not empt y . T o b etter understand our construction, w e

can consider the t yp e t1 = ( ::: t1)��� (::: t1) . W e �nd that t1 2 F (T) () t1 62T and

w e deduce that Jt1K� con tains the [k]� for all ev en k 2 Z (if t1 2 T 0
) or for all

k 2 Z (if t1 62T 0
). F or more complex recursiv e t yp es, w e migh t see other p erio ds

that 2.

No w, w e will build a structural (and th us w ell-founded) mo del whic h is not

univ ersal. W e consider the recursiv e t yp e t0 = ( 0 !!! 0 )nnn(t0!!! 0 ) . If J_ K is a �nitely

extensional set-theoretic in terpretation, a simple computation giv es:

Jt0K= ff (di ; d0
i ) j 9i: d i 2 Jt0Kgg

In particular, this set is empt y for the univ ersal mo del built in the previous section

(b ecause its elemen ts are �nite trees). W e tak e � = f (� ; 
) g and w e pro ceed as

ab o v e, with the follo wing computation: t0 2 F (T) () (� 7! T ) ` � : t0 ()
(� 7! T ) ` f (� ; 
) g : ( 0 !!! 0 )nnn(t0��� 0 ) () (� 7! T ) ` � : t0 () t0 2 T . W e

conclude b y taking T 0
suc h that t0 2 T 0

that the mo del J_ K� is not univ ersal.

It remains to see that it is structural. The decomp osition relation . is de�ned b y

([d1]� ; [d2]� ) . [di ]� . Because of the de�nition of � , if [d]� . [d0]� , then d m ust b e

a pair (d1; d2) in D Z � D Z
. As a consequence, the relation . is No etherian.

6.11 T o w a rds t yp e-checking

In this section, w e in tro duce notions that will b e useful to deriv e a t yp e-c hec king

algorithm. W e also giv e the pro of of Theorem 5.3 (lo cal exactness of the application

rule). The existence results in this section are e�e ctive (viz. it is p ossible to compute
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the ob jects whose existence is asserted) pro vided that the subt yping relation is

decidable.

Lemma 6.36. L et t b e a typ e such that t � 1 ��� 1 . Ther e exists a �nite set of

p airs of typ es � (t) 2 P f (T 2) such that:

� t '
___

( t 1 ;t 2 )2 � ( t )

t1��� t2

� 8(t1; t2) 2 � (t): t1 6' 0 ^ t2 6' 0

Pr oof : W e can write:

t '
___

(P;N )2 N ( t ) s.t. P � A
pro d

( 1 ��� 1 )^̂̂
^̂̂

a2 P

annn
___

a2 N \ A
pro d

a

Using Lemma 6.4, w e can rewrite an y in tersection of pro duct t yp es and comple-

men t of pro duct t yp es as a union of pro duct t yp es P0 � A
pro d

:

t '
___

a2 P 0

a

W e simply de�ne � (t) as f (t1; t2) j t1��� t2 2 P0^ t1 6' 0 ^ t2 6' 0 g.

Lemma 6.37. L et t b e a typ e such that t � 0 !!! 1 . Then ther e exists a �nite set

of p airs of typ es � (t) 2 P f (T 2) and a typ e Dom (t) such that:

8t1; t2: (t � t1!!! t2) ()
�

t1 � Dom (t)
8(s1; s2) 2 � (t): (t1 � s1) _ (s2 � t2)

Pr oof : W e can write:

t '
___

(P;N )2 N ( t ) s.t. P � A
fun

( 0 !!! 1 )^̂̂
^̂̂

a2 P

annn
___

a2 N \ A
fun

a

Clearly , the Lemma is true for t ' 0 (with Dom (t) = 1 and � (t) = ? ), and if it

holds for t and t0
, then it also holds for t___t0

(with Dom (t___t0) = Dom (t)^̂̂ Dom (t0)
and � (t___t0) = � (t) [ � (t0) ). W e can th us assume without loss of generalit y that t
has the form:

t =
^̂̂

a2 P

annn
___

a2 N

a

with P; N � A
fun

, P 6= ? , and t 6' 0 . Lemma 6.13 giv es: t � t1!!! t2 ()VVV
a2 P a � t1!!! t2 and Lemma 6.8 tells us ho w to decomp ose this subt yping in to:

8P0 � P:

 

t1 �
___

s1 !!! s2 2 P 0

s1

!

_

0

@P 6= P0^
^̂̂

s1 !!! s2 2 P nP 0

s2 � t2

1

A

W e can th us de�ne:

Dom (t) =
___

s1 !!! s2 2 P

s1
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� (t) = f (
___

s1 !!! s2 2 P 0

s1;
^̂̂

s1 !!! s2 2 P nP 0

s2) j P0 ( Pg

Cor ollar y 6.38. L et t and t1 b e two typ es. If t � t1!!! 1 , then t � t1!!! t2 has a

smal lest solution t2 which we write t � t1 .

Pr oof : Since t � t1!!! 1 , w e ha v e t1 � Dom (t) . The assertion t � t1!!! t2 is th us

equiv alen t to:

8(s1; s2) 2 � (t): (t1 � s1) _ (s2 � t2)

that is:

0

@
___

(s1 ;s2 )2 � ( t ) s.t. ( t 1 6�s1 )

s2

1

A � t2

W e write t � t1 for the left-hand side of this equation.

W e can no w pro v e Theorem 5.3.

Pr oof : Let t; t 1 b e t w o t yp es suc h that t � t1!!! 1 . Clearly , if ` vf : t and

` vx : t1 , then ` vf vx : t � t1 , and th us, sub ject reduction giv es ` v : t � t1 if

vf vx
?; v .

Let us pro v e the opp osite implication:

8v: ` v : t � t1 ) 9 vf ; vx : (vf vx
?; v) ^ (` vf : t) ^ (` vx : t1)

This prop ert y is clearly true for t ' 0 , and if it is true for t and t0
, then it is

true for t___t0
(b ecause 0 � t1 ' 0 and (t___t0) � t1 ' (t � t1)___(t0 � t1) ). W e can th us

assume, as in the pro of of Lemma 6.37, that t has the form:

t =
^̂̂

a2 P

annn
___

a2 N

a

with P; N � A
fun

, P 6= ? , and t 6' 0 . F ollo wing the same argumen t as in the

pro of of Lemma 6.37, w e get:

t � t1 =
___

P 0( P s.t. t 1 6�
WWW

t 0
1

!!! t 0
2

2 P 0 t 0
1

0

@
^̂̂

t 0
1 !!! t 0

2 2 P nP 0

t0
2

1

A

and

t1 �
___

t 0
1 !!! t 0

2 2 P

t0
1

Let v b e a v alue of t yp e t � t1 . W e can �nd P0 ( P suc h that t1 6�
WWW

t 0
1 !!! t 0

2 2 P 0 t0
1

and ` v :
VVV

t 0
1 !!! t 0

2 2 P nP 0 t0
2 . Let vx b e a v alue of t yp e t1nnn

WWW
t 0

1 !!! t 0
2 2 P 0 t0

1 and vf the
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abstraction

�f (P):�x: (y = x 2
___

t 0
1 !!! t 0

2 2 P 0

t0
1 ? fy j v)

It is then easy to c hec k that ` vf : t and vf vx
?; v .

6.12 T yp e-checking algo rithm

In this section, w e assume that the subt yping relation � is decidable and w e giv e a

t yp e-c hec king algorithm for our t yp e system.

The k ey di�cult y to o v ercome is that the set of t yp es t suc h that � ` e : t , for a

giv en en vironmen t � and a giv en expression e has no smallest elemen t in general.

Indeed, consider the case where e is a w ell-t yp ed abstraction. The (abstr) rule

allo ws us to c ho ose an arbitrary n um b er of incomparable arro w t yp es.

W e will th us in tro duce a new syn tactic category , called t yp e scheme to denote suc h

sets of t yp es. The syn tax for t yp e sc hemes is giv en b y the follo wing pro ductions:

t ::= t t 2 T
j [t1!!! s1; : : : ; tn !!! sn ] n � 1; t i ; si 2 T
j t 1 
 t 2

j t 1 > t 2

j 


W e will write [t i !!! si ]i =1 ::n for [t1!!! s1; : : : ; tn !!! sn ]. W e de�ne the function fff _ ggg
whic h maps sc hemes to sets of t yp es:

fff tggg = f s j t � sg

fff [t i !!! si ]i =1 ::n ggg = f s j 9s0 =
^̂̂

i =1 ::n

(t i !!! si ) ^
^̂̂

j =1 ::m

::: (t0
j !!! s0

j ): 0 6' s0 � sg

fff t 1 
 t 2ggg = f s j 9t1 2 fff t 1ggg; t2 2 fff t 2ggg: t1��� t2 � sg
fff t 1 > t 2ggg = f s j 9t1 2 fff t 1ggg; t2 2 fff t 2ggg: t1___t2 � sg
fff 
 ggg = ?

Lemma 6.39. L et t b e a typ e schema. Then fff t ggg = ? if and only if 
 app e ars

in t . Mor e over, fff t ggg is close d under subsumption ( t 2 fff t ggg ^ t � t0 ) t0 2 fff t ggg) and

interse ction ( t 2 fff t ggg ^ t0 2 fff t ggg ) t^̂̂ t0 2 fff t ggg).

Pr oof : Straigh tforw ard induction on the structure of t .

Lemma 6.40. L et t b e a typ e scheme and t0 a typ e. W e c an c ompute a typ e

scheme, written t0 ? t , such that:

fff t0 ? t ggg = f s j 9t 2 fff t ggg: t0^̂̂ t � sg

Pr oof : W e de�ne t0 ? t b y induction on t . If t is a t yp e t , w e tak e t0 ? t = t0^̂̂ t .

If t is a union t 1___ t 2 , w e distribute: t0 ? t = ( t0 ? t 1) > (t0 ? t 2) . If t is 
 , or

if fff t ggg = ? , w e tak e t0 ? t = 
 . F or the t w o remaining cases, w e assume that
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f t g 6= ? , and w e observ e that:

t0 '
___

(P;N )2 N ( t )

^̂̂

a2 P

a^̂̂
^̂̂

a2 N

::: a

W e can th us see t0 as a Bo olean com bination built with 0 , 1 , ___ , ^̂̂ , atoms and

complemen t of atoms. F or t0 ' 0 , w e tak e t0 ? t = 0 . F or t0 ' 1 , w e tak e

t0 ? t = t . F or t0 ' t1___t2 , w e tak e t0 ? t = ( t1 ? t ) > (t2 ? t ) . F or t0 ' t1^̂̂ t2 ,

w e tak e t0 ? t = t1 ? (t2 ? t ) . It remains to deal with the case of an atom or a

complemen t of an atom.

F or the case t = t 1 
 t 2 , w e tak e:

(t1��� t2) ? ( t 1 
 t 2) = ( t1 ? t 1) 
 (t2 ? t 2)

::: (t1��� t2) ? ( t 1 
 t 2) = (( ::: t1 ? t 1) 
 t 2) > ( t 1 
 (::: t2 ? t 2))

and if a 2 A nA
pro d

:

a ? ( t 1 
 t 2) = 0

::: a ? ( t 1 
 t 2) = ( t 1 
 t 2)

F or the case t = [ t i !!! si ]i =1 ::n , w e tak e:

(t!!! s) ? [t i !!! si ]i =1 ::n =

8
>><

>>:

[t i !!! si ]i =1 ::n if

^̂̂

i =1 ::n

t i !!! si � t!!! s

0 if

^̂̂

i =1 ::n

t i !!! si 6� t!!! s

::: (t!!! s) ? [t i !!! si ]i =1 ::n =

8
>><

>>:

0 if

^̂̂

i =1 ::n

t i !!! si � t!!! s

[t i !!! si ]i =1 ::n if

^̂̂

i =1 ::n

t i !!! si 6� t!!! s

and if a 2 A nA
fun

:

a ? [t i !!! si ]i =1 ::n = 0

::: a ? [t i !!! si ]i =1 ::n = [ t i !!! si ]i =1 ::n

Lemma 6.41. L et t b e a typ e scheme and t a typ e. W e c an de cide the assertion

t 2 fff t ggg, which we also write t � t .

Pr oof : First, w e mak e the observ ation that t 2 fff t ggg if and only if 0 2 fff (::: t) ? t ggg.

Indeed: 0 2 fff (::: t) ? t ggg () 9 s 2 fff t ggg: (::: t)^̂̂ s � 0 () 9 s 2 fff t ggg: s � t ()
t 2 fff t ggg. As a consequence, w e only need to deal with the case t = 0 . If fff t ggg = ? ,

then 0 2 fff t ggg do es not hold. Otherwise, w e conclude b y induction o v er the
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structure of t :

0 2 fff tggg () t ' 0

0 62 fff [t i !!! si ]i =1 ::n ggg
0 2 fff t 1 
 t 2ggg () ( 0 2 fff t 1ggg) _ ( 0 2 fff t 2ggg)
0 2 fff t 1 > t 2ggg () ( 0 2 fff t 1ggg) ^ ( 0 2 fff t 2ggg)
0 62 fff 
 ggg

Lemma 6.42. L et t b e a typ e scheme and i 2 f 1; 2g. W e c an c ompute a typ e

scheme � i ( t ) such that

fff � i ( t )ggg = f s j 9t1��� t2 2 fff t ggg:t i � sg

Pr oof : Let's tak e for instance i = 1 . Note that 9t1��� t2 2 fff t ggg:t1 � s is equiv alen t

to s��� 1 2 fff t ggg.

If t 6� 1 ��� 1 , then w e tak e fff � 1( t )ggg = 
 . Otherwise, w e pro ceed b y induction

o v er the structure of t . F or t = t 1 > t 2 , w e tak e � 1( t ) = � 1( t 1) > � 1( t 2) . F or

t = t 1 
 t 2 , w e tak e � 1( t ) = t 1 . F or t = t , w e tak e � 1( t ) =
WWW

( t 1 ;t 2 )2 � ( t ) t1 . The

other cases are imp ossible.

Lemma 6.43. L et t and t 1 b e two typ e schemes. W e c an c ompute a typ e scheme

t � t 1 such that

fff t � t 1ggg = f s j 9t1!!! t2 2 fff t ggg:t1 2 fff t 1ggg ^ t2 � sg

Pr oof : W e pro ceed b y induction o v er the structure of t . F or t = t

1 > t

2
, w e

tak e t � t 1 = t

1 � t 1 > t

2 � t 1 . F or t = t

1 
 t

2
or t = 
 , w e tak e t � t 1 =


 . F or t = [ t0
i !!! s0

i ]i =1 ::n , w e tak e t � t 1 = (
VVV

i =1 ::n (t0
i !!! s0

i )) � t 1 , so the only

remaining case is t = t . W e observ e that 9t1!!! t2 2 fff t ggg:t1 2 fff t 1ggg ^ t2 � s is

equiv alen t to 9t1 2 fff t 1ggg:t � t1!!! s. A ccording to Lemma 6.37, this is equiv alen t

to: 9t1 2 fff t 1ggg:t1 � Dom (t) ^ 8 (s1; s2) 2 � (t): (t1 � s1) _ (s2 � s) . W e no w pro v e

that this is equiv alen t to t 1 � Dom (t) ^ 8 (s1; s2) 2 � (t): ( t 1 � s1) _ (s2 � s) .

The ) implication is immediate. Let us c hec k the ( implication. F or ev ery

(s1; s2) 2 � (t) suc h that s2 6� s, w e ha v e t 1 � s1 and it is th us p ossible to �nd a

t yp e t0
1 2 fff t 1ggg suc h that t0

1 � s1 . W e de�ne t1 as the in tersection of all these t0
1

and of Dom (t) , and w e th us ha v e t1 2 fff t 1ggg ^ t1 � Dom (t) ^ 8 (s1; s2) 2 � (t): (t1 �
s1) _ (s2 � s) . T o conclude, w e de�ne t � t 1 as 
 if t 1 6� Dom (t) , and otherwise as:

___

(s1 ;s2 )2 � ( t ) s.t. ( t 1 6�s1 )

s2

W e can no w describ e a t yp e-c hec king algorithm. W e de�ne a scheme environment

as a �nite mapping � from v ariables to t yp e sc hemes suc h that fff � (x)ggg 6= ? for

ev ery x in the domain of � . The t yp e-c hec king algorithm is formalized as a total
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function whic h maps a sc heme en vironmen t � and an expression e to a sc heme

written � [e]. This function is de�ned b y induction on the structure of e b y the

follo wing equations:

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

� [c] = bc

� [(e1; e2)] = � [e1] 
 � [e2]

� [�f (t1!!! s1; : : : ; tn !!! sn ):�x:e ] =
�

t if 8i = 1 ::n: s i � si


 otherwise

where

�
t = [ t i !!! si ]i =1 ::n

s i = (( f : t ); (x : t i ); � )[e] (i = 1 ::n)

� [x] =
�

� (x) if � (x) is de�ned


 otherwise

� [� i (e)] = � i ( � [e])
� [e1e2] = � [e1] � � [e2]

� [(x = e 2 t ? e1je2)] = s 1 > s 2

where

8
>>>>>><

>>>>>>:

t 0 = � [e]
t 1 = t ? t 0

t 2 = ( ::: t) ? t 0

s i =

8
<

:

((x : t i ); � )[ei ] if t i 6� 0 ; fff t i ggg 6= ?
0 if t i � 0


 if fff t i ggg = ?
(i = 1 ::2)

W e are no w going to pro v e soundness and completeness of the algorithm. If �

is a sc heme en vironmen t and � is a t yping en vironmen t, w e write � � � when �

and � ha v e the same domain and for all x in this domain � (x) � �( x) . If � 1 and

� 2 are t w o t yping en vironmen t, w e de�ne � 1^̂̂ � 2 b y (� 1^̂̂ � 2)(x) = � 1(x)^̂̂ � 2(x)
(unde�ned when one of the � i (x) is not de�ned). Note that if � � � 1 and � � � 2 ,

then � � � 1^̂̂ � 2 .

Lemma 6.44 (Correctness) . If � [e] � t , then ther e exists � � � such that

� ` e : t .

Pr oof : By induction o v er the structure of e.

e = c. W e ha v e bc � t , and th us ` c : t . W e can tak e for � an arbitrary t yping

en vironmen t suc h that � � � . W e use the ^̂̂ op erator on t yping en vironmen ts

and Lemma 6.14 to reconcile di�eren t � 's giv en b y sev eral uses of the induction

h yp othesis.

e = x . W e ha v e �( x) � t . W e can c ho ose � � � suc h that �( x) = t .

e = ( e1; e2) . W e ha v e � [e1] 
 � [e2] � t . W e can th us �nd t1 � � [e1] and t2 � � [e2]
suc h that t1��� t2 � t . The induction h yp othesis giv es � 1 � � suc h that � 1 ` e1 : t1

and � 2 � � suc h that � 2 ` e2 : t2 . W e tak e � = � 1^̂̂ � 2 .

e = e1e2 . W e ha v e � [e1] � � [e2] � t . W e can th us �nd t1; t2 suc h that t1!!! t2 �
� [e1], t1 � � [e2] and t2 � t . The induction h yp othesis giv es � 1 � � suc h that

� 1 ` e1 : t1!!! t2 and � 2 � � suc h that � 2 ` e2 : t1 . W e tak e � = � 1^̂̂ � 2 .

e = � i (e0) . W e ha v e � i ( � [e0]) � t . W e can th us �nd t1; t2 suc h that t1��� t2 � � [e0]
and t i � t . The induction h yp othesis giv es � � � suc h that � ` e0 : t1��� t2 . W e
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deduce that � ` e : t i and b y subsumption � ` e : t .

e = ( x = e0 2 t0 ? e1 j e2) . W e tak e t 0 = � [e0], t 1 = t0 ? t 0 and t 2 = ( ::: t0) ? t 0 .

W e also tak e s 1 and s 2 as in the corresp onding case of the de�nition of � [e]. W e

ha v e s 1 > s 2 � t . W e can th us �nd s1 � s 1 and s2 � s 2 suc h that t � s1___s2 . Let's

tak e i 2 f 1; 2g. W e will de�ne a t yp e t i . W e ha v e s i 6= 
 since si � s i . T w o cases

remain. If t i 6� 0 , w e ha v e s i = (( x : t i ); � )[ei ]. The induction h yp othesis giv es

� i � � and t i � t i suc h that (x : t i ); � i ` ei : si . Otherwise, w e ha v e s i = 0 and

w e tak e t i = 0 . In b oth cases, w e ha v e t i � t i .

Let's consider the t yp e t0 = ( t1^̂̂ t0)___(t2^̂̂::: t0) . W e no w pro v e that t0 � t 0 .

Since t1 � t 1 = t0 ? t 0 , there exists t0
1 � t 0 suc h that t 0̂̂̂ t0

1 � t1 . Similarly ,

w e ha v e t0
2 � t 0 suc h that (::: t0)^̂̂ t0

2 � t2 . W e get t0 � (t 0̂̂̂ t0
1)___((::: t0)^̂̂ t0

2) �
(t 0̂̂̂ t0

1^̂̂ t0
2)___((::: t0)^̂̂ t0

1^̂̂ t0
2) ' t0

1^̂̂ t0
2 � t 0 .

Since t0 � t 0 , the induction h yp othesis giv es � 0 � � suc h that � 0 ` e0 : t0 . Let's

consider the t yp es t00
1 = t0^̂̂ t � t1 and t00

2 = t0^̂̂ (::: t) � t2 . By considering the

in tersection of � 0 and of � 1 and � 2 when they are de�ned, w e �nd � � � suc h

that � ` e0 : t0 and (x i : t00
i ); � ` ei : si when t i 6� 0 . The rule (case) giv es

� ` e : s1___s2 . By subsumption, w e get � ` e : t .

e = �f (t1!!! s1; : : : ; tn !!! sn ):�x:e 0
. W e tak e t and s i as in the de�nition of the

corresp onding case for � [e]. Since � [e] 6= 
 , w e get t � t and s i � si for all

i = 1 ::n . The induction h yp othesis giv es, for eac h i , an en vironmen t � i � � , and

t w o t yp es t i � t , t00
i � t i suc h that (f : t i ); (x : t00

i ); � i ` e0 : si .

W e de�ne the t yp e t0
as

VVV
i =1 ::n t i ^̂̂ t . W e ha v e t0 � t = [ t i !!! si ]i =1 ::n . W e can

th us �nd a t yp e t00
of the form t00=

VVV
i =1 ::n t i !!! si ^̂̂

VVV
j =1 ::m ::: (t0

j !!! s0
j ) suc h that

t0 � t00
and t006' 0 .

If w e tak e for � the in tersection of all the � i , w e obtain (f : t00); (x : t i ); � ` e0 : si

for all i from whic h w e conclude � ` e : t00
and th us � ` e : t .

Lemma 6.45 (Completeness) . If � � � and � ` e : t then � [e] � t .

Pr oof : By induction o v er the deriv ation of � ` e : t and case disjunction o v er

the last rule used in this deriv ation. The pro of is mec hanical. W e giv e the details

only for the rule (case) .

� ` e : t0

�
t0 6� ::: t ) (x : t0^̂̂ t ); � ` e1 : s
t0 6� t ) (x : t0nnnt); � ` e2 : s

� ` (x = e 2 t ? e1je2) : s

W e assume that � � � and w e tak e t 0 , t 1 , t 2 , s 1 , s 2 as in the de�nition of � [(x =
e 2 t ? e1je2)] . W e need to pro v e that s 1 > s 2 � s, that is s 1 � s and s 2 � s. W e

will do the pro of for s 1 (the pro of for s 2 is similar).

The induction h yp othesis giv es t 0 = � [e] � t0 , from whic h w e get t 1 � t^̂̂ t0 . If

t 1 � 0 , then s 1 = 0 � s. Otherwise, since fff t 1ggg 6= ? , w e ha v e s 1 = (( x : t 1); � )[e1].

W e ha v e t0 6� ::: t , otherwise t 1 � 0 . W e th us ha v e a sub-deriv ation (x : t0^̂̂ t ); � `
e1 : s. The induction h yp othesis, applied to the en vironmen t (x : t 1); � giv es

s 1 � s.
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By com bining the t w o previous lemmas, w e get an exact c haracterization of the

t yp e-c hec king algorithm in terms of the t yp e system.

Theorem 6.46. F or any scheme envir onment � and expr ession e:

fff � [e]ggg = f t j 9� � � :� ` e : tg

Cor ollar y 6.47. L et � b e a typing envir onment. It c an also b e se en as a

scheme envir onment. F or any expr ession e and any typ e t , we have:

� ` e : t () �[ e] � t

As a sp e cial c ase, the expr ession e is wel l-typ e d under � if and only if fff �[ e]ggg 6= ? .

T o conclude with the decidabilit y of the t yp e system, w e observ e that the asser-

tion fff �[ e]ggg 6= ? is decidable (Lemma 6.39).

7. COMMENT ARIES

In Section 2 w e describ ed the basic in tuitions and w e ga v e an o v erview of our

approac h. In this section w e commen t and explain the in tuition and motiv ations

that underlie some more tec hnical c hoices w e made in the formal dev elopmen t of

the w ork.

7.1 What do es the closing-the-circle theo rem mean?

Theorem 5.5 is a nice and imp ortan t prop ert y ab out our system. It means that

whenev er the in terpretation of t yp es as sets of v alues is a mo del, it induces the same

subt yping relation as the b o otstrap mo del; as a consequence, there is no p oin t using

this mo del as a new b o otstrap mo del and iterating the whole pro cess again. The

theorem is also an indication that the t yping rules are somewhat coheren t with

the de�nition of mo dels. It is a qualit y c hec k, but a limited one: w e should resist

the temptation to read to o m uc h from the theorem. Let us b e explicit on this

p oin t: Theorem 5.5 do es not sa y that the de�nition of mo dels is �v alid� in an y

w a y . As a matter of fact, it is p ossible to c hange the de�nition of mo dels in v ery

b ogus w a ys and still b e able to pro v e the theorem. If w e follo w closely the formal

dev elopmen t, w e see that w e could actually c hange De�nition 4.3 and tak e an y

de�nition for E (t1!!! t2) as long as Lemma 6.13 holds. F or instance, w e could ev en

tak e a de�nition that mak es arro w t yp es co v arian t in their domain, e.g. E (t1!!! t2) =
P (Jt1K) � P (Jt2K) . Then, of course, the sub ject reduction theorem w ould fail to

hold. W e could ev en see purely syn tactical evidences that something go es wrong

(without in tro ducing the op erational seman tics). With the b ogus de�nition ab o v e,

w e w ould indeed see that:

(1) the follo wing rule is deriv able:

� ` e1 : t1 ! t2 � ` e2 : t
� ` e1e2 : t2

(appl0)

(whic h means that the t yp e system do es not c hec k the t yp e for the argumen t

in function applications);
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(2) Lemma 6.15 (A dmissibilit y of the in tersection rule) w ould fail to hold in general

(but it w ould still hold for v alues). Indeed, the case for applications in its pro of

relies on the con tra v ariance of arro w t yp es in their domain.

It is in teresting to lo ok at ho w Theorem 5.5 could ha v e failed with the curren t

de�nition of mo dels. The easiest w a y to break the theorem is the t yping rule for

abstractions. If w e did not allo w sev eral function t yp es to app ear in � -abstraction,

or if w e did not allo w negation of arro w t yp es to app ear in the t yp e assigned to the

� -abstraction, then Theorem 5.5 w ould not hold.

The fact that the de�nition of mo dels (and th us subt yping) is �v alid� with re-

sp ect to our calculus is expressed b y results from Section 5.1: t yp e-safet y sa ys that

subt yping is sound with resp ect to the seman tics of the calculus, and Theorem 5.3

giv es some further evidence that the whole system is coheren t. As a �nal note

ab out Theorem 5.5, w e should emphasise here again that ev en if the in terpretation

of t yp es is not a mo del (that is, if the b o otstrap mo del is not w ell-founded), then

t yp e-safet y still holds.

7.2 On the p rescriptive nature of t yp es fo r � -abstractions

The � -abstractions in our calculus come with an explicit signature (a �nite sequence

of arro w t yp es). This mak es it p ossible to decide whether a functional v alue has t yp e

t!!! s or not, without lo oking at the function b o dy and without relying on the t yping

judgemen t. Suc h a decision has to b e made at run-time to reduce a dynamic t yp e-

dispatc h against a t yp e suc h as t!!! s. So, the result of t yp e-dispatc h can dep end on

the explicit t yp e annotations on � -abstractions. F or instance, the expression (g =
(�f ( true !!! true ):�x:x ) 2 ( false !!! false ) ? 1 j 0) ev aluates to 0 (b ecause true !!! true 6�
false !!! false ), but (g = ( �f ( false !!! false ):�x:x ) 2 ( false !!! false ) ? 1 j 0) ev aluates to

1.

This observ ation giv es a �parado x� that w e w ould obtain if w e tried to de�ne

a Curry-st yle t yp e assignmen t for � -abstractions, that is, if w e did not include

an explicit signature. Indeed, a function could c hec k its o wn t yp e and b eha v e

di�eren tly according to it. Consider for instance the v alue v = �f:�x: (g = f 2
true !!! true ? false j true ) . Then v maps true to true if and only if it do es not ha v e

t yp e true !!! true .

7.3 On the t yping rule fo r abstractions

The negativ e arro w t yp es in the t yping rule for � -abstractions ma y lo ok surprising.

Indeed this rule can assign to the functional v alue �f ( true !!! true ):�x:x the t yp e

::: ( false !!! false ) ev en if seman tically , the function maps the v alue false to itself. W e

ha v e already explained in Section 3.3 that w e need these negativ e arro w t yp es in

order to ha v e the prop ert y that ev ery v alue has t yp e t or ::: t for an y t yp e. The

previous section sho w ed a di�eren t problem that arises if w e try to get rid of the

explicit signature on � -abstractions.

If w e rely on the t yping judgemen t where the rule is mo di�ed so as to disallo w

negativ e arro w t yp es but without c hanging the op erational seman tics, the calculus

trivially remains t yp e-safe. In this case, the reduction rule for the dynamic t yp e

dispatc h m ust use the old judgemen t, so that w e alw a ys ha v e ` v : t or ` v : ::: t .

This suggests a v ariation of the (abstr) rule whic h w ould allo w negativ e arro w
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t yp es only if the abstraction is closed (the only free v ariables of the b o dy can b e

the function name or the argumen t name). This can b e though t as some kind

of v alue-restriction. With this new t yping judgemen t, w e preserv e all the formal

prop erties of our calculus, including t yp e preserv ation and Theorem 5.4, b ecause

the new t yping judgemen t coincides with the old one on v alues.

7.4 On the admissibilit y of a union rule

Lemma 6.15 sa ys that the follo wing rule is admissible in our t yp e system:

� ` e : t1 � ` e : t2

� ` e : t1^̂̂ t2

One migh t consider the follo wing dual rule for union t yp es:

� ; (x : t1) ` e : t � ; (x : t2) ` e : t

� ; (x : t1___t2) ` e : t
(union )

Since w e ha v e adopted a call-b y-v alue seman tics, v ariables in the en vironmen t

are mean t to b e substituted b y v alues, and since a v alue of t yp e t1___t2 has t yp e t1

or t yp e t2 , this rule is seman tically sound (the substitution lemma w ould need to b e

restricted to v alues, though). Ho w ev er, this rule, whic h corresp onds to reasoning

b y case disjunction, is not admissible in our system: it w ould allo w us to deriv e

(x : b o ol ) ` (x; x ) : true ��� true ___ false ��� false, while the smallest t yp e the curren t

system can assign to (x; x ) under this t yping en vironmen t is b o ol ��� b o ol.

Therefore the question ab out the opp ortunit y of adding suc h a rule to our system

naturally arises. W e decided not to do so since w e can sim ulate the union rule with

an explicit annotation that driv es the case disjunction. Let us write case (x; t; e) for

the expression (y = x 2 t ? e j e) (for y not free in e). Then the follo wing rule is

admissible (and ev en deriv able) in our system:

� ; (x : t1) ` e : t � ; (x : t2) ` e : t

� ; (x : t1___t2) ` case (x; t 1; e) : t

Note that e and case (x; t 1; e) are observ ationally equiv alen t (that is, they are

indistinguishable when em b edded in ground con texts of basic t yp e: see, for instance,

De�nition 6.4.1 page 132 in [Amadio and Curien 1998]). Then, replacing e with

case (x; t 1; e) is just an extra hin t for the t yp e-c hec k er and it do es not break existing

t yping deriv ations. Indeed, the follo wing rule is admissible:

� ` e : t x 2 �
� ` case (x; t 1; e) : t

So, if w e ha v e a deriv ation for a judgemen t � ` e : t in the system extended

with the rule (union ) , it is p ossible to compute an expression e0
observ ationally

equiv alen t to e and suc h that � ` e0 : t is deriv able in the curren t system (viz.,

without (union ) ). This expression is obtained b y wrapping some sub-expressions

of e with the case ( _ ) op erator, in corresp ondence of the o ccurrences of the (union )
rule in the original deriv ation. Since the same sub-expression can b e t yp ed sev eral
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times (b ecause of o v erloaded functions), it is imp ortan t that case ( _ ) do es not break

existing deriv ations.

Finally it is in teresting to notice that Pierce's union elimination rule [Pierce 1991]

� ` e : u1___u2 � ; x : u1 ` e0 : s � ; x : u2 ` e0 : s
� ` case e of x ) e0 : s

( Union-E)

is a sp ecial case of our ( c ase ) rule giv en in Section 3.3 where e1 = e2 = e0
,

t0 = u1___u2 , and t is either u1 or u2 (mo dulo an application of the Strengthen-

ing Lemma�Lemma 6.14, Section 6.3�when the in tersection of u1 and u2 is not

empt y).

7.5 On the reason why recursion is restricted to functions

One migh t w onder wh y recursion is restricted to functions in our calculus. Imagine

w e had arbitrary recursion on expressions. Then the expression �x: (x; x ) should

b e a (recursiv e) v alue. W e can consider a recursiv e t yp e t = ( ::: t)��� (::: t) and lo ok

at whether the v alue v = �x: (x; x ) has t yp e t or not. Clearly , w e exp ect to ha v e

` v : t if and only if ` (v; v) : t , whic h is equiv alen t to ` (v; v) : (::: t)��� (::: t) , and th us

to ` v : ::: t . But since v is a v alue, this is equiv alen t to : (` v : t) . This parado x

justi�es that w e com bine recursion and � -abstraction in a single construction.

As an aside, note that restricting recursion to single abstractions is enough to

let us enco de m utually recursiv e functions. F or instance, assume that w e w an t to

de�ne t w o m utually recursiv e functions:

f 1(t1!!! s1; : : : ; tn !!! sn ):�x:e 1

f 2(t0
1!!! s0

1; : : : ; t0
m !!! s0

m ):�y:e 2

where the b o dy of the t w o functions can refer to b oth f 1 and f 2 . A p ossible enco ding

of the de�nition ab o v e is

�f (f 1g!!!
VVV

i =1 ::n t i !!! si ; f 2g!!!
VVV

j =1 ::m t0
j !!! s0

j ):
�c: (c = c 2 f 1g ?

�f 1(t1!!! s1; : : : ; tn !!! sn ):�x:e 1� j
�f 2(t0

1!!! s0
1; : : : ; t0

m !!! s0
m ):�y:e 2� )

where f 1g and f 2g are t w o basic singleton t yp es (with asso ciated constan ts 1 and

2) and the substitution � replaces f 1 with (f 1) and f 2 with (f 2). Other enco dings

are p ossible and left as an exercise to the reader.

8. RELA TED W ORK

This w ork started from our desire to extend the w ork b y Hoso y a and Pierce on

XDuce [Hoso y a and Pierce. 2003] with �rst-class functions and arro w t yp es, there-

fore it is natural to start this section with it. XDuce is a domain sp eci�c language

sp ecially designed to write XML transformations. V alues are fragmen ts of XML

do cumen ts, whic h can b e describ ed b y so-called regular expression t yp es [Hoso y a

et al. 2000] (this notion of t yp es generalises some widely used notions of t yp es for

XML do cumen ts suc h as DTD or XML-Sc hema). In XDuce a subt yping relation

allo ws the programmer to use implicitly an expression of t yp e t where an expression

of t yp e s is exp ected, pro vided that t is a subt yp e of s. Despite the ric hness of the

t yp e algebra, the de�nition for this subt yping relation is extremely simple: since
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t yp es denote sets of v alues, subt yping can simply b e describ ed as the set-theoretic

inclusion of in terpretations. As a matter of fact, XDuce t yp es can express exactly

regular tree languages. It is w ell kno wn that this class of languages is closed under

all Bo olean op erators: the di�erence or the in tersection of t w o XDuce t yp es can b e

expressed b y XDuce t yp es, ev en if there is no explicit constructors for in tersection

or negation (probably , in order to k eep the syn tax of t yp es as simple as p ossible).

As far as w e kno w, XDuce w as the �rst t yp e system with subt yping where t yp es

are in terpreted purely set-theoretically and where sets denoted b y t yp es are closed

under all Bo olean op erators.

XDuce also has a p o w erful notion of pattern matc hing [Hoso y a and Pierce 2001],

where patterns are basically t yp es extended with capture v ariables. In particular,

a pattern matc hing can p erform arbitrary dispatc h on t yp es at run-time, so that

XDuce seman tics is actually driv en b y t yp es. Because of the v ery ric h t yp e algebra

(and in particular of the fact that it is closed under Bo olean op erators), the static

t yp e-c hec king of pattern matc hing results v ery precise.

Despite its v ery functional st yle (m utually recursiv e functions, structural t yp es,

pattern matc hing), XDuce lac ks �rst-class functions. Our initial goal w as th us to

�ll this gap while preserving XDuce k ey ingredien ts: (i ) a ric h t yp e algebra, whic h

supp orts recursiv e t yp es, subt yping and a complete set of Bo olean op erators, and

in terpret them in a purely set-theoretic w a y (including negation); (ii ) a t yp e-driv en

seman tics (to whic h w e add o v erloaded functions so that w e can re�ect dynamic

t yp e dispatc h on functions' in terfaces). Other directions for practically em b edding

XDuce t yp e system in to general purp ose languages ha v e b een studied indep en-

den tly , e.g. Xtatic [Gapa y ev and Pierce 2003] or OCamlDuce [F risc h 2006]. In this

w ork, though, w e did not w an t to em b ed XDuce in to some host t yp e system, but to

study the implications of k eeping its salien t features, in particular a complete set of

Bo olean com binators, while designing a whole language with �rst-class functions.

The same goal w as pursued b y Jérôme V ouillon in a recen t w ork [V ouillon 2006] b y

follo wing an approac h opp osite to ours. V ouillon giv es up in tersection and negation

t yp es and starts from a particular mo del of functions in order to a v oid a circular-

it y . In particular, this is obtained b y de�ning a subt yping relation via a deduction

system that is then used to t yp e the expressions of the language. This induces a

mo del of v alues that, thanks to the absence of in tersections (b esides negations), is

sound and complete with resp ects to the syn tactically de�ned subt yping relation.

The adv an tage of giving up in tersections and negations is that b esides arro w t yp es,

the system also accoun ts for parametric explicit p olymorphism.

W e already discussed in the in tro duction wh y our w ork �lls the gap b et w een existing

w ork on in tersection t yp es and that on lately b ound o v erloaded functions. More

precisely , on the one hand w e ha v e the w ork on o v erloading where functions can b e

formed of di�eren t pieces of co de stuc k together, eac h piece of co de corresp onding to

a di�eren t input t yp e; ho w ev er the t yp es of these o v erloaded functions do not ha v e

a set-theoretic c haracterisation as in tersection t yp es instead ha v e [Castagna et al.

1995]. On the other hand, there is the line of researc h on in tersection (and union)

t yp es [Barendregt et al. 1983; Copp o and Dezani-Ciancaglini 1980; Barbanera et al.

1995; Reynolds 1991; 1996], where t yp es ha v e a set-theoretic b eha viour but where

di�eren t comp onen ts of an in tersection of arro ws cannot corresp ond to di�eren t
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pieces of co de: in tersections stem from di�eren t rep eated t ypings of a same co de,

whence a ��a v our� of parametricit y (where the �parameter� is the h yp othesis used in

eac h t yping of a function b o dy). W e can no w b etter pinp oin t where suc h a ��a v our�

comes from. It resides in the equiv alence w e discussed at the end of Section 2.6,

that is

(t1!!! s1)^̂̂ (t2!!! s2) ' (t1___t2)!!! (s1^̂̂ s2) : (7)

This, in some sense, states that it is not p ossible to ha v e a function with t w o

di�eren t b eha viours that are c hosen according to the t yp e of the argumen t (see

App endix A.3 for a seman tic in terpretation of this fact). The equation ab o v e holds

in the theory of union and in tersection t yp es of [Barbanera et al. 1995],

7

and al-

though it cannot b e pro v ed in the theory of F orsythe, it is not p ossible, in general,

to write a term in F orsythe that separates the t w o t yp es of equation (7).

8

An

imp ortan t piece of w ork related to this asp ect of the researc h is the w ork on re-

�nemen t t yp es. When re�nemen t t yp es are used for logical framew orks [Pfenning

1993], then they ha v e with resp ect to equation (7) the same b eha viour as the w orks

on union and in tersection t yp es w e cited ab o v e. Y et, when re�nemen t t yp es are

coupled with datat yp e de�nitions and applied to ML, then they w ork b etter in

this resp ect, since it is then p ossible to write functions with in tersection t yp es in

whic h a particular piece of co de is executed only for a giv en input t yp e [F reeman

and Pfenning 1991]. It is th us p ossible to write a term that separates t w o t yp es

of the same form as in equation (7). Ho w ev er, this w orks only for the de clar e d re-

�nemen ts of a datat yp e and, therefore, it do es not accoun t for all p ossible subsets

of a generic t yp e. Therefore the strict con tainmen t of the t yp es in (7) cannot b e

pro v ed in general. Rather than a dra wbac k, this is a direct consequence of using

re�nemen t t yp es with Curry-st yle � -abstractions: using Ch urc h-st yle abstractions,

as w e do, ma y require co de-duplication, in particular in case of o v erloaded func-

tions that return functions with v arying t yp es but with the same b eha viour. While

this duplication can b e a v oided b y uncurrifying the o v erloaded function, it w ould

mak e it impractical to use in tersections in the w a y they are used in the con text of

re�nemen t t yp es.

A mainstream w a y to deal with a complex t yp e algebra with Bo olean op erators is

to rely on a denotational seman tics for the calculus and to in terpret t yp es as ideals

in this mo del. There exist a ric h literature that follo ws this approac h, for instance

Aik en and Wimmers [Aik en and Wimmers 93; Aik en et al. 1994], Damm [Damm

1994b; V ouillon and Melliès 2004], Melliès and V ouillon [V ouillon and Melliès 2004;

Melliès and V ouillon 2005]. Ev en Amadio and Cardelli's seminal pap er on subt yping

recursiv e t yp es [Amadio and Cardelli 1993] prop oses a �denotational� in terpretation

of t yp es (as complete uniform partial-equiv alence relations). The main di�erence

b et w een our w ork and this line of researc h is that w e cannot rely on a denota-

tional seman tics either for the calculus (b ecause of the t yp e-driv en seman tics

9

) or

7
Idem , axioms (11) and (12) of De�nition 3.3.

8
Besides, in F orsythe there is the constrain t of �coherence� so that, as a concrete example, it is

not p ossible to de�ne an o v erloaded function of t yp e (in t ! in t) ^ (real ! real) that when applied to

an in teger returns zero and when applied on a non-in teger real returns one.

9
The de�nition of a denotational seman tics for a language with o v erloaded functions and dynamic
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for the t yp es (b ecause w e w an t to in terpret negation as set-theoretic complemen t

and all the denotational in terpretations of t yp es w e are a w are of are not closed

under complemen t). The tec hniques devised in our formal dev elopmen t are th us

quite di�eren t from those used b efore and some asp ects of our calculus migh t seem

strange when lo ok ed from the p oin t of view of denotational seman tics. An exam-

ple of �strangeness� is our treatmen t of negativ e arro w t yp es in the t yping rule for

abstractions.

One w a y to p osition our pap er within the existing literature is to consider that

w e sho w ho w to in tro duce and study a semantic notion of subt yping, not only when

no denotational seman tics for the calculus can accoun t for t yp e negation, but ev en

when a denotational seman tics for the calculus is out of reac h. Our use of the ad-

jectiv e �seman tic� refers sp eci�cally to the de�nition of subt yping (b y opp osition to

a syn tactic/axiomatic de�nition), and not to the seman tics of the calculus. Strictly

sp eaking w e do not ev en giv e a seman tics of t yp es: the in terpretation of t yp es is

functional to the seman tics of the subt yping relation, but it is not in tended to de-

scrib e what t yp es are. This is clear when considering our univ ersal mo del: arro w

t yp es are in terpreted as sets of �nite relations, but it is paten t that the t yp es of the

language w e presen ted ar e not sets of �nite graph functions. The only seman tics w e

de�ne is the seman tics of subt yping. This is p erfunctory c haracterised b y the in ter-

pretation of Bo olean constructors and of the empt y t yp es. More precisely , since w e

require that union, in tersection, and negation t yp e constructors are in terpreted as

the corresp onding set-theoretic op erators (or, equiv alen tly , that they ob ey the same

la ws as the corresp onding set-theoretic op erators), then the seman tics of subt yping

is univ o quely iden ti�ed b y the set of empt y t yp es. So the core of this w ork sums

up to iden tifying the set of t yp es that are equiv alen t to the empt y t yp e. This is

clearly less demanding than de�ning the en tire seman tics of t yp es or, a fortiori , the

seman tics of a complete language.

In addition to the fundamen tal di�erence that w e discussed ab o v e, it is in teresting

to compare in more details our w ork with Damm's [Damm 1994b]. Damm's system

includes in tersection and union t yp es, and is also based on ideas from the theory of

regular tree languages. Sp eci�cally , it enco des a function t yp e as a set of sequences

that represen t all the p ossible graphs for �nite appro ximations of functions in this

t yp e; this indirect in terpretation do es not giv e a direct and e�ectiv e subt yping rule

for Bo olean com binations of arro w t yp es. W e could not extract from [Damm 1994b]

a concrete c haracterisation of the subt yping relation. Instead, our direct treatmen t

giv es a new and non-trivial subt yping rule for arro w t yp es, whic h turned out to b e

useful in other con texts. In particular, a connection has b een established b et w een

this rule and the minimal relev an t logic B + [Dezani-Ciancaglini et al. 2002].

The foundational w ork b y Melliès and V ouillon [V ouillon and Melliès 2004; Melliès

and Vouillon 2005] generalises the mo del of ideals for recursiv e and p olymorphic

t yp es prop osed b y MacQueen, Plotkin, and Sethi [MacQueen et al. 1986]. Their

approac h shares with our w ork the primacy of the t yp es o v er the expressions, insofar

dispatc h�as the one studied here� is still an op en problem: the attempts at creatingsuc h a

de�nition w e are a w are of either put strong restrictions on dynamic dispatc h [Castagna et al.

1993; T suiki 1994] or they imp ose a strati�ed construction of higher order t yp es [Studer 2001] (a

tec hnique in tro duced for � & to enforce strong normalisation [Castagna et al. 1995]).
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as the latter are someho w functional to the justi�cation of the former (in [V ouillon

and Melliès 2004; Melliès and Vouillon 2005] t yp es are sets of in ten tionally de�ned

expressions, in the sense that they are de�ned in terms of some prop erties they

m ust satisfy). Con trary to our w ork, Melliès and V ouillon are not in terested in

preserving a strictly set-theoretic in terpretation of Bo olean op erators (e.g. their

union t yp e is an o v er-appro ximation of the set-theoretic union), they do not care

ab out the completeness of this set of op erators (negation is not accoun ted for,

although it should b e p ossible to add it

10

), and they do not insist of the e�ectiv eness

of the subt yping relation. A ctually , in [V ouillon and Melliès 2004; Melliès and

Vouillon 2005] the subt yping relation pla ys the role of a consistency c hec k for

their denotational seman tics (only soundness of the subt yping rules is stated). Our

researc h aims at a far more mo dest and practical target: w e are not trying to giv e

a denotational accoun t for subt yping and Bo olean op erators, but only to de�ne a

subt yping relation. As suc h w e are m uc h more in the realm of the syn tax than the

one of the seman tics.

9. CONCLUSION

Our original motiv ation for dev eloping the theory presen ted in this article w as the

addition of �rst-class functions to XDuce while preserving the set-theoretic ap-

proac h to subt yping. This w as the starting p oin t of the C Duce pro ject [CDUCE ],

aiming at dev eloping a programming framew ork co v ering sev eral asp ects of XML

programming: e�cien t implemen tation, query languages, w eb-services, w eb pro-

gramming, and so on.

The reader migh t b e surprised to face suc h a complex theory in the setting of

an XML-orien ted functional language. First, w e should men tion that XML pla ys

no role in the complexit y of the theory . The circularit y whic h our b o otstrapping

tec hnique addresses comes only from the com bination of arro w t yp es, recursiv e t yp es

and Bo olean connectiv es. Since XDuce already had recursiv e t yp es and Bo olean

connectiv es, it seemed natural to add arro w t yp es and to fully in tegrate them with

these features. Simpler solutions could ha v e b een p ossible, e.g. b y stratifying the

t yp e algebra so as to a v oid an y in teraction b et w een arro w t yp es and existing XDuce

t yp es: this is what the �rst author did to in tegrate XDuce t yp es in to an ML-based

t yp e system [F risc h 2006].

Second, w e could ha v e presen ted the theory without in tro ducing the abstract

concept of mo dels. Indeed, for the application to a sp eci�c programming language,

w e could ha v e w ork ed directly with the univ ersal mo del (Section 6.8). That said, w e

b eliev e that the curren t presen tation b etter captures the essence of our approac h.

W orking directly with a sp eci�c mo del migh t ha v e seemed m ysterious and ad ho c.

Although w e presen ted our notion of mo del and the b o otstrapping tec hnique on

a sp eci�c t yp e algebra and for a sp eci�c calculus, our framew ork is quite robust.

The App endix sho ws ho w to extend our system with reference t yp es or to mo dify it

10
One of the JA CM review ers suggested that negation could b e in terpreted as the complemen t of

reducibilit y candidates for w eak normalisation and conjectures that suc h an in terpretation w ould

b e compatible with Melliès and V ouillon's approac h �hence, with recursiv e t yp es� as long as

one adds a strati�cation on terms to the language as in the language in terpreted b y MacQueen,

Plotkin and Sethi in the ideal mo del.
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to deal with non-o v erloaded functions. F risc h's Ph.D. thesis [F risc h 2004] describ es

another v arian t of the system where application is alw a ys w ell-t yp ed (the op era-

tional seman tics can return an y v alue if the function is not prepared to deal with

the argumen t and the t yp e system do es not giv e an y static information ab out the

t yp e of the result). All these mo di�cations are quite lo cal and do not c hange the

structure of the formal dev elopmen t nor the main prop erties of the system.

More imp ortan tly , our approac h and the tec hniques w e dev elop ed turned out to

ha v e m uc h a broader application than w e initially exp ected. What w e devised is

the �rst approac h for a higher order � -calculus in whic h union, in tersection, and

negation t yp es ha v e a set-theoretic in terpretation. The logical relev ance of the

approac h w as indep enden tly con�rmed b y Dezani et al. [Dezani-Ciancaglini et al.

2002] who sho w ed that the subt yping relation induced b y the univ ersal mo del of

Section 6.8 restricted to its p ositiv e part (that is arro ws, unions, in tersections but no

negations) coincides with the relev an t en tailmen t of the B + logic (de�ned 30 y ears

b efore w e started our w ork). This same approac h can b e applied to paradigms other

than � -calculi: Castagna, De Nicola and V aracca [Castagna et al. 2005; Castagna

et al. 2007] use our tec hnique to de�ne the C � -calculus, a � -calculus where Bo olean

com binators are added to the t yp e constructors ch+(t) and ch� (t) whic h classify

all the c hannels on whic h it is p ossible to read or, resp ectiv ely , to write a v alue

of t yp e t . The tec hnique using the extensional in terpretation is still needed for

cardinalit y reasons, ho w ev er b o otstrapping in C � has a di�eren t �a v our, since it

generates a mo del that is m uc h closer to the mo del of v alues. In terestingly , this

mo del is de�ned b y a �x-p oin t construction. C � features sev eral p oin ts that are in

common with or dual to C Duce: C � presen ts the same parado x one meets when

adding reference t yp es to C Duce [Castagna and F risc h 2005]. The parado x can b e

a v oided b y restricting C � to its �lo cal� v ersion [Castagna et al. 2005] or b y using less

expressiv e mo dels [Castagna et al. 2007] but in the former case the t yp e sc hemes

of Section 6.12 m ust b e rein tro duced, in spite of the fact that they are not needed

for the full v ersion of C � . Another striking resem blance b et w een C Duce and C �
that is w orth men tioning is that in order to decide the subt yping relation for C � ,

one tac kles the same di�culties as those met in deciding general subt yping for a

p olymorphic extension of C Duce (actually of XDuce [Hoso y a et al. 2005]), namely ,

one m ust b e able to decide whether a t yp e is a singleton or not. An informal

in tro duction to these asp ects can b e found in [Castagna 2005], while the formal

corresp ondence b et w een C Duce and C � is studied in [Castagna et al. 2006].

Finally , let us conclude with a more sub jectiv e remark. When w e applied our

approac h to distinct paradigms w e often had the impression that our tec hnique

pushed the v arious systems to their limits: b y c ho osing appropriate mo dels w e

could mimic the existing t yp e systems, but b y t w eaking them a little bit w e could

reac h some �seman tic� limits, suc h as the incompatibilit y of recursion and some

naiv e implemen tations of references and c hannels or the need to descend do wn

at the atomicit y of t yp es to decide subt yping. This seems to suggest that our

tec hnique exhibits and giv es us some insigh ts ab out some in trinsic di�culties that

app ear when Bo olean op erators are com bined with v arious t yp e constructors.
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APPENDIX

A. V ARIANTS AND EXTENSIONS

In order to illustrate strengths and limits of our approac h, w e sk etc h in this Ap-

p endix some v arian ts and extensions of our system.

A.1 A dding other kinds of data constructo rs

Our system includes pairs (and pro duct t yp es). Other kinds of data constructors

are v ery easy to enco de in or to add to the system. F or instance, assuming t w o

basic singleton t yp es f 1g and f 2g, a disjoin t sum t yp e constructor t1+++ t2 can b e

enco ded as (f 1g��� t1)___(f 2g��� t2) ; the injections in l (e) and in r (e) b ecome (1; e) and

(2; e) ; and the case disjunction case e of in l (x1) ! e1 j in r (x2) ! e2 b ecomes:

(x = e 2 f 1g��� 1 ? e1[x1 := � 1(x)] j e2[x2 := � 1(x)])

If w e w an t to extend our system with built-in sum t yp es instead of enco ding

them, all c hanges are straigh tforw ard. F or example, the de�nition of the extensional

in terpretation w ould b e:

E (t1+++ t2) = Jt1K+ Jt2K� D + D

(where + on the righ t-hand side denotes the set-theoretic disjoin t sum).

More complex data constructors can b e similarly added. F or instance, F risc h's

thesis [F risc h 2004] details the construction of extensible records whic h supp ort con-

catenation and �eld remo v al. The subt yping rules that are deriv ed from mec hanical

set-theoretic �arithmetic� are rather complex.
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A.2 Reference cells

Besides b eing a fascinating ob ject of t yp e theoretical study , reference t yp es are a

v ery useful and used programming construction. Therefore, w e migh t w an t to add

reference cells to our system. T o this end, w e w ould add a new kind of unary t yp e

constructor ref (t) .

Before extending our calculus, let us describ e a �parado x� that arises with ref-

erence cells in presence of a set-theoretic in terpretation of Bo olean connectiv es.

In tuitiv ely , a v alue of t yp e ref (t) should b e a cell from whic h w e m ust b e prepared

to read an y v alue of t yp e t and to whic h w e are allo w ed to write an y v alue of this

t yp e. Clearly , with suc h an in terpretation, the t yp e ref (t)^̂̂ ref (s) should b e empt y

as so on as t and s are not equiv alen t; otherwise, an y v alue in this in tersection w ould

giv e a w a y to co erce for free from one t yp e to the other. Con v ersely , if t ' s, then

ref (t)^̂̂ ref (s) ' ref (s) , and if s 6' 0 , this t yp e should not b e empt y (if s ' 0 , then

ref (s) can b e empt y , it su�ces to disallo w uninitialised references). So, in tuitiv ely

for all t yp es t , s with s 6' 0 :

ref (t)^̂̂ ref (s) 6' 0 () t ' s (8)

Can w e de�ne a notion of mo del to accoun t for this b eha viour? The answ er is

no. T o see wh y , consider a non-empt y basic t yp e b, and build the recursiv e t yp e

t = b___(ref (t)^ ref (b)) . Since the basic t yp e do es not in tersect reference t yp es, then

t is equiv alen t to b if and only if the righ t hand side of the union in its de�nition is

empt y , that is:

t ' b () ref (t) ^ ref (b) ' 0

and b ecause of (8), w e obtain:

t ' b () t 6' b

This negativ e result do es not mean that it is imp ossible to add reference t yp es

to our system, only that w e cannot do it and v alidate equation (8). This equation

w as obtained b y the argumen t that whatev er v alue w e write in a reference, w e m ust

b e prepared to read it bac k from it. So let us imagine a notion of reference cell

whic h comes with t w o sets: a set X 1 of v alues that can b e read from it, and a set

X 2 of v alues that can b e written to it. W e can for instance design the op erational

seman tics suc h that if w e try to write a v alue v in it, it simply discards it if v 62X 1

(the t yp e system will ensure that v 2 X 2 ). A reference mark ed (that is, explicitly

t yp ed) with the pair (X 1; X 2) should th us ha v e t yp e ref (t) when X 1 � JtK� X 2

and X 1 6= ? . With these in tuitions in mind, the formal de�nitions follo w. W e start

with the de�nition for the extensional in terpretation:

E (ref (t)) = ref (JtK) � D � P (D) � P (D)

where the righ t-hand side is de�ned b y:

ref (X ) = f (d; X 1; X 2) j d 2 X 1 � X � X 2g

W e also extend the calculus with the follo wing constructions:

e ::= : : : j !e j (e := e) j ref t 1 ;t 2 (e)
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v ::= : : : j ref t 1 ;t 2 (v)

The �rst and second pro ductions of expressions are for dereferencing and assign-

men t. The corresp onding t yping rules are standard (w e arbitrarily tak e 1 as the

result t yp e for the assignmen t):

� ` e : ref (t)
� ` !e : t

� ` e1 : ref (t) � ` e2 : t

� ` (e1 := e2) : 1

The third new construction creates a reference with the result of e as the initial

v alue and t1; t2 as mark ers (corresp onding to X 1 and X 2 in the de�nition of ref (X ) ).

Note that w e consider here ref t 1 ;t 2 (v) as a v alue (when it is w ell-t yp ed). Of course,

to de�ne the op erational seman tics, w e w ould need a notion of store and lo cations

to accoun t for the sharing of reference cells. Since this is standard, w e do not

formalise suc h a seman tics here. It su�ces to sa y that a reference creation m ust

reduce to a fresh lo cation; this reduction w ould extend the store to map the lo cation

to the initial v alue for the reference. Suc h a reduction should b e disallo w ed under a

� -abstraction with sev eral arro w t yp es (one can, for instance, use a w eak reduction

seman tics).

The expression ref t 1 ;t 2 (e) should ha v e t yp e ref (t) if and only if t1 � t � t2 ;

otherwise, follo wing our exp erience with function t yp es, it should ha v e t yp e ::: ref (t) .

As a consequence, in order to preserv e the admissibilit y of the in tersection rule, w e

use the follo wing t yping rule:

� ` e : t1 8i = 1 ::n: t 1 � si � t2 8j = 1 ::m: : (t1 � s0
j � t2)

� ` ref t 1 ;t 2 (e) :
^̂̂

i =1 ::n

ref (si ) ^
^̂̂

j =1 ::m

::: ref (s0
j )

Although w e do not formalise the op erational seman tics, the in tuition is that

at an y p oin t during run-time, a reference cell of t yp e ref (t) will ha v e the form

ref t 1 ;t 2 (v) where v is a v alue of t yp e t1 and t1 � t � t2 . Reading the con ten t of

suc h a reference returns v . W riting a v alue v0
c hec ks dynamically if v0

has t yp e t1

and if so, replaces v with v0
; otherwise, nothing happ ens. Our t yp e system ensures

that an y v alue read from a reference of t yp e ref (t) has t yp e t and that an y v alue

v assigned to a reference of t yp e ref (t) has t yp e t (but if the reference is of the

form ref t 1 ;t 2 (v0) with v not in t1 it migh t decide to reject this v alue silen tly). Of

course, w e do not really w an t references to reject v alues w e assign to them. But it

is clear that if the original program only con tains reference expressions of the form

ref t;t (e) , this will nev er happ en. Allo wing t w o di�eren t t yp es t1; t2 is just a w a y to

obtain the analog of Theorem 5.5 and to a v oid the �parado x� implied b y equation

(8) at the b eginning of this section.

All the formal de�nitions and results ab out mo dels and the t yp e system are easily

adapted. Here, w e only hin t at the non-trivial p oin ts. W e start with a set-theoretic

lemma to study the subt yping relation induced b y mo dels:
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Lemma A.1. L et (X i ) i 2 P and (Yj ) j 2 N two families of subsets of D . Then:

\

i 2 P

ref (X i ) �
[

j 2 N

ref (Yj )

() 
\

i 2 P

X i = ?

!

or

 

9j 2 N:
\

i 2 P

X i � Yj �
[

i 2 P

X i

!

Pr oof : The ( implication is straigh tforw ard. F or the opp osite direction, w e

assume that

T
i 2 P ref (X i ) �

S
j 2 N ref (Yj ) and

T
i 2 P X i 6= ? . W e de�ne Z1 asT

i 2 P X i and Z2 as

T
i 2 P Yi . W e pic k an elemen t d from Z1 whic h is not empt y

b y h yp othesis. The triple (d; Z1; Z2) is in

T
i 2 P ref (X i ) , and th us, b y h yp othesis,

also in

S
j 2 N ref (Yj ) . This giv es a j suc h that (d; Z1; Z2) is in ref (Yj ) and the

rest of the pro of follo ws easily .

Note in particular that ref (t)^̂̂ ref (s) is empt y if and only if t^̂̂ s is empt y , so

equation (8) do es not hold. Ho w ev er, w e also observ e the in v ariance prop ert y

ref (t) � ref (s) () t ' s or t ' 0 whic h is the least w e can exp ect from

reference t yp es.

W e w an t the recursiv e t yp e t = ref (t) to b e empt y . F or cardinalit y reason, w e

cannot extend the notion of structural in terpretation b y requiring D � P (D) �
P (D) � D; Jref (t)K= ref (JtK) . W e use the same tric k as for function t yp es. W e

de�ne:

ref f (X ) = f (d; X 1; X 2) j d 2 X 1 � X � X 2g � D � P f (D ) � Pcf (D )

where Pcf (D ) denotes the set of co�nite subsets of D . W e can easily c hec k that

replacing ref ( _ ) b y ref f ( _ ) in the Lemma ab o v e do es not c hange an ything when

P and N are �nite. W e no w tak e the follo wing de�nition for a structural in terpre-

tation:

� D 2 � D and D � P f (D ) � Pcf (D ) � D

�for an y t yp es t1 , t2 : Jt1��� t2K= Jt1K� Jt2K

�for an y t yp e t : Jref (t)K= ref f (JtK)

�The binary relation on D induced b y (d1; d2) .d i and b y (d; X 1; X 2) .d is No ethe-

rian.

The de�nition of the univ ersal mo del is adapted accordingly: D 0
is the initial

solution to the equation D 0 = C + D 0 � D 0 + P f (D 0 � D 0

 )+( D � P f (D ) � Pcf (D )) .

Concretely , w e add a new pro duction to this inductiv e de�nition of elemen ts of D 0
:

d ::= : : : j(d; f d; : : : ; dg; D 0nf d; : : : ; dg)

The de�nition of the predicate (d : t) is extended with:

((d; f d1; : : : ; dn g; D 0nf d0
1; : : : ; d0

m g) : ref (t)) = ( d : t) ^ 8 i: (di : t) ^ 8 j: : (d0
j : t)
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Related w ork . Da vies and Pfenning [Da vies and Pfenning 2000] sho w an issue

arising from the com bination of references cells and in tersection t yp es. The problem

app ears if w e allo w implicitly-t yp ed (Curry-st yle) cell creation, lik e ref (1) . This

reference can b e giv en man y t yp es, lik e ref (1) , ref ( in t ) , ref ( in t ___ b o ol ) , ref ( 1 ) . If

w e allo w to giv e it an in tersection of suc h t yp es, sa y ref ( in t )^̂̂ ref ( 1 ) , it is p ossible

to assign to it an arbitrary v alue (if, b y subsumption, w e see it with t yp e ref ( 1 )) ,

but, when w e read from it, w e exp ect to read a v alue of t yp e in t (if w e see it

with t yp e ref ( in t ) ). In [Da vies and Pfenning 2000], the solution is to restrict the

in tro duction of in tersection t yp es to v alues and to remo v e the distributivit y rule

(t!!! s1)^̂̂ (t!!! s2) � (t!!! s1^̂̂ s2) . W e do not follo w suc h an approac h b ecause it has a

global impact on the whole system: c hanging axiomatically the subt yping b et w een

function t yp es is not p ossible in our system. W e prefer the simpler approac h that

consists in ha ving prescriptiv e t yp es for reference cells. When w e create a reference

cell, w e giv e enough information to infer a single unique t yp e for the cell con ten ts.

A.3 Non-overloaded functions

The calculus in tro duced in this pap er let sp ecify sev eral arro w t yp es in � -abstraction.

In this section, w e sho w ho w to restrict the calculus and the t yp e system to allo w

only one arro w t yp e. The syn tax of � -abstractions is restricted to

�f (t!!! t):�x:e

T o t yp e this expression w e can use the same t yp e system as for our original calculus.

It is easy to c hec k that the op erational seman tics will nev er in tro duce o v erloaded

functions if the original expression do es not con tain an y . F rom that w e deduce that

the calculus remains sound. Ho w ev er, the in terpretation of t yp es as sets of v alues

c hanges and b ecause of that, Theorem 5.5 no longer holds. T o see wh y , tak e four

t yp es t1; s1; t2; s2 and consider the t yp e (t1!!! s1)^̂̂ (t2!!! s2) . V alues of this t yp e are

closed w ell-t yp ed expressions of the form �f (t!!! s):�x:e suc h that t!!! s � t i !!! si for

i = 1 ::2. But t!!! s � t i !!! si can b e decomp osed in to (t ' 0 ) _ (t i � t ^ s � si ) .

The condition is th us equiv alen t to (t ' 0 ) _ (t1___t2 � t ^ s � s1^̂̂ s2) , whic h is

again equiv alen t to t!!! s � (t1___t2)!!! (s1^̂̂ s2) . W e ha v e pro v ed that in the restricted

calculus, w e ha v e the follo wing prop ert y:

J(t1!!! s1)^̂̂ (t2!!! s2)KV = J(t1___t2)!!! (s1^̂̂ s2)KV

but it is easy to c hec k that

(t1!!! s1)^̂̂ (t2!!! s2) � (t1___t2)!!! (s1^̂̂ s2)

do es not hold in general. This is enough to conclude that Theorem 5.5 do es not

hold.

T o reco v er Theorem 5.5 and all the other formal results, w e need to adapt just

one de�nition. In the new restricted calculus, the t yp e t!!! s should describ e all

the w ell-t yp ed and closed expressions of the form �f (t0!!! s0):�x:e , pro vided that

t0!!! s0 � t!!! s. This condition can b e decomp osed in to t � t0^ s0 � s.

11

F ollo wing

11
W e could use a more complex decomp ositionof t0!!! s0 � t!!! s as (t � t0 ^ s0 � s) _ t ' 0 . This

w ould mak e the dev elopmen t sligh tly complex without an y real b ene�t.

Journal of the A CM, V ol. 55, No. 4, Septem b er 2008.



66 � Alain F risch et al.

this in tuition, w e adapt De�nition 4.2; if X and Y are subsets of D , w e de�ne

X ! Y as:

X ! Y = f (X 0; Y 0) 2 P (D) � P (D) j X � X 0^ Y 0 � Yg

and k eep De�nition 4.3 unc hanged (with the new de�nition for X ! Y and E D =
C + D 2 + P (D) � P (D) ). This mo di�cation is enough to establish all the theorems

from Section 5 for the restricted calculus. Let us just outline some k ey mo di�cations

w e need to do to accoun t for the new system

Lemma A.2. L et (X i ) i 2 P ; (X i ) i 2 N ; (Yi ) i 2 P ; (Yi ) i 2 N b e four families of subsets

of D . Then:

\

i 2 P

X i ! Yi �
[

i 2 N

X i ! Yi

()
9i 0 2 N:X i 0 �

[

i 2 P

X i ^
\

i 2 P

Yi � Yi 0

Pr oof : Let us pro v e the ) direction. W e tak e X =
S

i 2 P X i and Y =
T

i 2 P Yi .

The elemen t (X; Y ) is in

T
i 2 P X i ! Yi and so it is also in

S
i 2 N X i ! Yi . W e

can th us �nd i 0 2 N suc h that (X; Y ) 2 X i ! Yi , that is: X i 0 � X ^ Y � Yi 0 .

The other direction is straigh tforw ard.

F rom this w e learn ho w to adapt Lemma 6.8:

Lemma A.3. L et P and N b e two �nite subsets of A
fun

. Then:

\

a2 P

E (a) �
[

a2 N

E (a)

()

9(t0!!! s0) 2 N:

t

t0nnn

 
___

t !!! s2 P

t

! |

= ? ^

t  
^̂̂

t !!! s2 P

s

!

nnns0

|

= ?

(with the c onvention

T
a2 ? E (a) = E

fun D = P (D) � P (D) ).

De�nition 6.9 is adapted b y taking:

CP;N
fun

::= 9t0!!! s0 2 N:

8
>>>><

>>>>:

N

 

t0^̂̂
^̂̂

t !!! s2 P

::: t

!

2 S

N

 

(::: s0)^̂̂
^̂̂

t !!! s2 P

s

!

2 S

and the follo wing results follo w: Theorem 6.10, Corollary 6.11, Corollary 6.12,

Lemma 6.13, all the results from Section 6.3 and Section 6.4, where Lemma 6.21 is

mo di�ed as follo ws:

Jt!!! sKV = f (�f (t0!!! s0):�x:e ) 2 V : j t0!!! s0 � t!!! sg
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The case for functions in the pro of of Lemma 6.27 needs to b e adapted as w ell.

The v alue v whic h is pro duced in this case is no w v = �f (t0!!! s0):�x:fx where

t0 =
WWW

i =1 ::n t i and s0 =
VVV

i =1 ::n si .

A dapting the case for � -reduction in the pro of of the Sub ject Reduction theorem

is easy .

The last thing to c hange is the construction of the univ ersal mo del (Section 6.7

and Section 6.8). W e re-de�ne E f D as C + D 2+ Pcf (D ) � P f (D ) where Pcf denotes

the restriction of the p o w erset to c o�nite subsets. The terms of the univ ersal mo del

are no w generated b y the follo wing grammar:

d ::= c j (d; d) j (f d; : : : ; dg; f d; : : : ; dg)

The predicate (d : t) used to de�ne the set-theoretic in terpretation J_ K0
is c hanged

with:

(( f d1; : : : ; dn g; f d0
1; : : : ; d0

m g) : t1!!! t2) = 8i: : (di : t1) ^ 8 j: (d0
j : t2)
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