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What model structures on Cat?

-Thomason (1980)

-Joyal & Tierney (1991)

The ‘’folk’’ structure
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What model structures on 2-Cat?

-WHPT (2007)

-Lack (2003)

The ‘’folk’’ structure
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So what is a ‘’folk’’ model structure so far?

-Cat: we’s are equivalences

-2-Cat: we’s are biequivalences

‘’weakly-surjective’’ on objects
&

locally equivalences
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What model structures on 3-Cat?

-???

-???

The ‘’folk’’ structure??
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How about ω-Cat?

-???

- LMW (in preparation)

The ‘’folk’’ structure
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How nice is ω-Cat?

Pr oposit ion 1. ! -Cat is locally presentable.

D eÞnit ion 2. Let M be a category, W ⊆ M1 a class of
morphisms and i ∈ M1 a morphism. W verifies the solu-
tion set condition at i if there is a (fixed) set Wi ⊆ W
such that every morphism

(u, v): i→w

in M→ factors through some w ′ ∈ Wi. W verifies the
solution set condition at a set I ⊆ M1 if it is the case at
each i∈ I.

w ∈W i∈ I [ dr aw t he di ag i n keynot e]

T heor em 3. (J. Smit h) Let M be a locally pre-
sentable category, I ⊆ M1 a set and W ⊆ M1 a class.
Suppose that

i. W has the 3-for-2 property;

ii. I − inj⊆W;

iii. I − cof is stable under retracts, pushouts and
transfinite compositions;

iv. W verifies the solution set condition at I.

Then there is a cofibrantly generated model structure on
M with I the set of generating cofibrations and W the
class of weak equivalences.

1
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�"�� equivalences and reversibility

Definition 4. Let X be an ω-category and x, y ∈ Xn

parallel n-cel ls. Then

i. x ∼ y i f there is a reversible (n + 1)-cell

u: x
≈

y

i i . the (n + 1)-cell u: x
≈

y is reversible if there is
an (n + 1)-cell ū: x y such that

u ∗n ū ∼ id

and

ū ∗n u ∼ id

Definition 5. An ω-functor w: X Y is weakly sur-
jective if

i . for any y ∈Y0 there is an x∈X0 such that

f(x)∼ y

i i . for any parallel x, x′∈Xn and any v ∈Yn + 1 with

∂0(v)= f(x) and ∂1(v)= f(x′)

there is a u∈Xn + 1 with

∂0(u) = x and ∂1(u) = x′

such that

f(u)∼ v

2

D eÞnit ion 4. Let X be an ω-category and x, y ! Xn

parallel n-cells. Then

i. x " y if there is a reversible (n + 1)-cell

u: x
≈

y

ii. the (n + 1)-cell u: x
≈

y is reversible if there is
an (n + 1)-cell uø: x y such that

u #n uø " id

and

uø#n u " id

D eÞnit ion 5. An ω-functor w: X Y is weakly sur-
jective if

i. for any y ! Y0 there is an x ! X0 such that

f (x) " y

ii. for any parallel x, x′ ! Xn and any v ! Yn+1 with

∂0(v) = f (x) and ∂1(v) = f (x′)

there is a u ! Xn+1 with

∂0(u) = x and ∂1(u) = x′

such that

f (u) " v

2
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A model structure

Definition 6. The n-globe On is the ω-category with
exactly one non-degenerate cel l in degree n.

Theorem 7. Let W be the class of weakly surjective ω-
functors and

I
def.

{ ∂On On}

be the set of boundary inclusions. There is a coÞbrantly
generated model structure on ω-Cat with I the set of
generating coÞbrations and W the class of weak equiva-
lences.

Proof. Smith’s theorem. !

[To the best of my knowledge the first model
structure *built* with Smith (not retroac-
tively)]

3

D eÞnit ion 6. The n-globe On is the ω-category with
exactly one non-degenerate cell in degree n.

T heor em 7. Let W be the class of weakly surjective ω-
functors and

I
def.

{∂On On }

be the set of boundary inclusions. There is a cofibrantly
generated model structure on ω-Cat with I the set of
generating cofibrations and W the class of weak equiva-
lences.

Pr oof. Smith’s theorem. !

[To the best of my knowledge the first model
structure *built* with Smith (not retroac-
tively)]

3

D eÞnit ion 6. The n-globe On is the ! -category with
exactly one non-degenerate cell in degree n.

T heor em 7. Let W be the class of weakly surjective ! -
functors and

I
def.

{" On On}

be the set of boundary inclusions. There is a cofibrantly
generated model structure on ! -Cat with I the set of
generating cofibrations and W the class of weak equiva-
lences.

Pr oof. Smith’s theorem. !

[ To t he best of my knowl edge t he f i r st model
st r uct ur e *bui l t * wi t h Smi t h ( not r et r oac-
t i vel y) ]

3
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The solution sets

Definition 6. The n-globe On is the ω-category with
exactly one non-degenerate cell in degree n.
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Let θ, θ ! ∈ (∂On+1)n
and γ ∈ (On)

n
be the top n-cells.

Let

en: ∂On+1→On

be given by

en(θ) = en(θ !)
def.

γ
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