General Picture

A-calculus = intermediate language = MELL Proof-Nets

The intermediate language : terms + reduction rules

From A-terms to MELL Proof-Nets
Alternatives :

— As-calculus.
— Alxr-calculus.

— Aj-calculus.
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Typing Rules for A-calculus
(Az)
The M-calculus 1Ay, T Ap b Ay
tun=x|Axt|tu T,z:AFt:B , THt:A—B TFru:A
(—1) (—e)
I'FXxet:A— B I'ttu:B

We denote by I' =) ¢ : A or by I' 4 t : A the derivability relation.



Reduction Rules for \-calculus

(Az.t) u —pg t{z + u}

The As-calculus

(@58

tuz=x|Axd|tu|tlr/u

— Free and bound variables.
— Alpha-conversion.

— Pure terms.

Properties of A-calculus

Theorem [Confluence| If ¢ —% wand ¢t =% v, then there is ¢/
such that u —7% ¢ and v —7% ¢

Theorem [Subject Reduction] fT'Fpgt: Aandt —4 t/,
then ', t' : A.

Theorem |[Strong Normalization| f I' -4t : A, then
t € SN(B), i.e., there is no infinite S-reduction sequence starting
at ¢ (every [B-reduction sequence starting at ¢ terminates).

Reduction rules for the As-calculus

tle/vlly/ul = tly/ullz/v] it 2 & FV(u) & y & FV(v)



(Ax.t) u —p tlz/u]

(tw)lz/v] —  (tlx/v] w) ifze FV(t) & x ¢ FV(u)
(tw)x/v] —  (t ulx/v]) ife¢ FV(t) & x € FV(u)
(tuw)lz/v] —  (tx/v] ulz/v]) fxeFV(t) & xe FV(u)
(Ay.t)[x/v] —  Ay.tfz/v] ife#y&kyd¢ FV(v)
tle/vlly/ul = tly/ullz/oly/u]] ify e FV(v) &y e FV()
tofollyfl = tojoly/ll iy e FV() &y ¢ FV ()
t[z/v] — if v ¢ FV(t)

x[z/v] -

We define s = As \ {B}.

Computing s-normal forms

Lemma The system s is confluent and terminating and thus

every term has a unique s-normal form, denoted s-nf(t).

Exercice : Define an inductive function s such that

s(t) = s-nf(t).
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Example

Aw.Az.zzy)(zw))w’ —p
(Aw.(zzy)[z/2w]))w’ —p
(zay)[z/zw][w/w']
(zay)[z/(zw)[w/w']]
(zay)[z/zwlw/w']]
(

(

xa:y)[x/zw ]

A

zw’)x[m/zw’]y

2w')(zw')y
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Purification

Lemma If ¢ is a pure term, then s(t[y/u]) = t{y < s(u)}.
Lemma The s-normal forms of As-terms are pure terms.

Corollary For every term t, s(tly/u]) = s(t){y < s(u)}.
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Full Composition

Exercice : Which is the minimal system R C As such that

13

Normalization Properties

Définition [PSN]

Let @1 C Os. Let Ry be a relation on @1 and Rs be a relation on
Os. We say that Ry preserves SN (R;) iff t € SN(R;) implies
te SN(RQ)

Proposition [PSN for As| If t € SN(3), then t € SN()s).
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Confluence

Lemma Ift —)s t, then s(t) =% s(t').

Theorem [Simulation| If ¢ is a pure term and t —4 t/, then
t =3 1

Theorem |Confluence| If t =3, ¢ and t =3 %2, then there is
t3 s.t. 1 —>j<\s t3 and to _>j<\s ts3.
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How PSN can be lost
Let us consider the Ax-calculus :
(Az.t) u —p tlx/u]
tw)le/v] = (tz/ov] ulz/v])
Ay.t)[x/v] —  Ay.tlx/v] ife#y&yd¢ FV(v)
tlz/v] — if z ¢ FV(t)
x[z/v] —
Define Axc = A\x U {Comp}, where
(Comp)  tz/ully/v] = tlz/uly/v] ity & FV(1)
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— Define ap = [z/(Ay.u)u] and apy1 = [z/uam,]

— Show that uagay, 11 = .. umt1Qmi2 ...

— Show that uant10n+1 —* . uQmaptt - .

— Show that there is a Ax-typable term that admits an infinite

reduction sequence in the new system Axc

Au.(Az.(Ay.w)u) (Az.u)u) —B

Au.((Ayw)u)[z/(Az.w)u] —3
A ((Ayulz/Azw)u])ulz/(Azu)u]) =
Au.(Ay.uag)uao) —B

Au.(uao) [y /uco] =

Au.(uaparr) —Xxe
LU ... —>’;\xc
L. uapas .. . —)j\xc
L uQoQsg ... —)ixc
Luaias ... —xe
V¥ ToY o 2 TN —);XC
..uasay ... —xe
LU0y ... —xe
LU oy .. —xe
..uopay ...
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A Special Strategy for As-Reduction...
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The strategy ~~ on terms is given by an inductive definition.

Uy € NFyg t ~ t/ t st

T Ty~ Tl Ty Awit ~o At AR Ut~ tz/uluy

u € SN(As) ug SN(As) u~

tlz/ulvy ~ t{x < ulv,  tla/ulv, ~ tlx/u o,
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.. which is Perpetual

Theorem |Perpetuality]| If ¢ ~ ' and t’ € SN(As), then
t € SN(Xs) (t ¢ SN(\s) implies t’ ¢ SN(As)).
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Typing Rules for the As-calculus

I'-t:B
—— (a2
x:AFx: A F'\{z:A}FXzt:A— B

'rt:B— A Atru:B
TWAFtu: A

(= e

'Fu:B AkRt:A

(cut)
TW(A\ {z: B}) Ftlz/u]: A

We denote by I' g ¢ : A the derivability relation. We write t4 if
there exists I' s.t. I' Fyg ¢ : A.
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Characterisation of SN (\s)

t1,...,tp €ISN n >0 ulz/vlty ... t, €ISN n >0
xt1...t, € ISN (Ax.u)vty ... t, € ISN
u{r < vit;...t, €ISN v e€ISN n>0 u € ISN
u[z /vty ... t, € ISN Az.u € ISN

Lemma SN(As) = ISN.

Proof : Uses the Perpetuality Theorem.
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Reduction Preserves Types
Theorem [Subject Reduction]| f T'Fyst: Aand t =) t,
then IV F\g t' : A for some I" CT.
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Strong Normalisation

Lemma If t4 uP € SN(\s), then t{z® < u} € SN()s).

Proof : Induction on the lexicographic 3-tuple (B, n)s(1),t).

Theorem [SN for As| f I'yg t: A, then t € SN()As).

Proof : Induction on t and previous lemma using ISN.

Summary

The As-calculus is a computational interpretation of Natural

Deduction plus cut enjoying the following properties :

— Full composition.

Confluence on terms.

Simulation of one-step [S-reduction.

Preservation of [3-strong normalization.
— Strong normalization of well-typed terms.
— Admits a translation into MELL Proof-Nets.
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