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Abstract. We study perpetuality in calculi with explicit substitutions
having full composition. A simple perpetual strategy is used to define
strongly normalising terms inductively. This gives a simple argument to
show preservation of (-strong normalisation as well as strong normal-
isation for typed terms. Particularly, the strong normalisation proof is
based on implicit substitution rather than explicit substitution, so that it
turns out to be modular w.r.t. the well-known proofs for typed lambda-
calculus. All the proofs we develop are constructive.

1 Introduction

In calculi with ezplicit substitutions (ES) without composition rules, such as
Ax [20, 23], outermost substitutions must be delayed until the total execution
of all the innermost substitutions appearing in the same environment. Thus for
example, the outermost substitution [z/v] in the term (zyx)[y/zz][z/v] must be
delayed until [y/xzz] is first executed on zyz. This can be recovered by the use
of composition rules which allow to propagate substitutions through (non pure)
terms. Thus, (zyz)[y/xz][z/v] can be reduced to (zyx)[x/v][y/(xzz)[z/v]], which
can be further reduced to (zyv)[y/vv], a term equal to (zyx)[y/zz]{z/v}, where
{z/v} denotes the standard meta/implicit substitution (on non pure terms) that
the explicit substitution [z/v] is supposed to implement.

Composition rules for ES first appeared in Ao [1]. They are used to get con-
fluence on open terms [10, 11] when implementing higher-order unification [7] or
functional abstract machines [19]. They guarantee a property, called full compo-
sition, that calculi without composition do not enjoy: any term of the form t[z/u]
can be reduced to t{z/u}, i.e. explicit substitution implements the implicit one.

Many calculi with ES such as Ao [1], Aoy [10], Asup [22], A1xr [14] and
Aes [11] enjoy full composition. However, Ao and Aoy do not enjoy neither strong
normalisation (SN) for typed terms, nor preservation of (-strong normalisation
(PSN) for untyped terms, a result which is a consequence of Mellies’ counter-
example [21]. But full composition and normalisation can live together, leading
to a notion of safe composition; this is for example the case of Agyp, Aes and
Alxr. The available SN proofs for calculi with composition are indirect: either
one simulates reduction by means of another well-founded relation, or SN is
deduced from a sufficient property, as for example PSN. Proofs using the first
technique are for example those for A, [6] and Alxr [14], based on the well-
foundedness of the reduction relation for multiplicative exponential linear logic



(MELL) proof-nets [9]. An example of SN proof using the second technique
is that for Aes, where PSN is obtained by two consecutive translations, one
from Aes into a calculus with ES and weakenings, the second one from this
intermediate calculus into the Church-Klop’s Aj-calculus [16]. In both cases the
proofs are long, but especially not self-contained.

Since nothing indicates that calculi with safe composition could be only un-
derstood in terms of MELL proof-nets or the Aj-calculus, it will be then sig-
nificant to provide independent arguments to prove normalisation properties for
them. This would be useful, particularly, when integrating them inside other
richer frameworks such as type theory.

The aim of this paper is to understand safe composition. For that, we choose
to work with a simple calculus, that we call Aex, obtained by extending Ax with
one rewriting rule for composition of dependent substitutions and one equa-
tion for commutation of independent substitutions. A similar calculus is studied
in [24], where our equation is treated as a non-terminating reduction rule. The
Aex-calculus uses unary constructors for substitutions but has the same expres-
sive power than calculi with n-ary substitutions: thus for example (zy)[y/x, x/y]
can be implemented by the a-equivalent term (wy)[y/z][w/y]. Indeed, while si-
multaneous substitutions are specified by lists (given by n-ary substitutions) in
calculi like Ao, they are modelled by sets (given by commutation of independent
unary substitutions) in Aex. The Aex-calculus is conceptually simple, it enjoys
full composition and confluence on open-terms.

The technical tools used in this paper are the following. We first define a
perpetual reduction strategy for \ex: if ¢ ¢ SN ex and ¢ reduces to t' by the
strategy, then ¢’ ¢ SN ex. In particular, since the perpetual strategy reduces
t[z/u] to t{z/u}, one has to show that normalisation of Implicit substitution
implies normalisation of Explicit substitution:

(IE) u € SN xex & t{z/u} € SN rex imply t[z/u] € SN rex

In other words, ES implements implicit substitutions but nothing more than
that, otherwise one may get calculi such as Ao where t[z/u] does much more
than t{x/u} since it is able to behave like {2 /u} but also to behave differently
(for example by looping) before reducing to t{z/u}. A consequence of (IE) is
that standard techniques to show SN based on meta-substitution can also be
applied to calculi with ES, thus considerably simplifying the reasoning. Indeed,
the perpetual strategy is used to give an inductive characterisation of the set
SN yex by means of just four inference rules. This characterisation is then used
to show that untyped terms enjoy PSN and typed terms enjoy SN. In particular,
SN is shown by using arithmetical arguments: the proof is the one for simply
typed A-calculus but just adds the new case t[z/u]. In that sense we can say
that our SN proof is modular w.r.t. the SN proof for typed lambda-terms. All
our proofs are constructive in the sense that neither excluded middle nor double
negation elimination are used. At the end of the paper we also show how SN of
other calculi (with or without) full composition can be obtained from SN of Aex.



Perpetual strategies are studied for the non equational systems Ax in [3, 18,
15], and Ays in [2]. No abstract use of full composition can be done there. Current
investigations carried out in [29] show PSN for different calculi with (full or not)
composition. The approach is based on proofs by contradiction which analyse
some minimal not terminating reduction sequence of the underlying calculus.

The paper is organised as follows. Section 2 introduces syntax and reduction
rules. Perpetuality is studied in Section 3 and normalisation proofs are given in
Section 4. Section 5 presents the labelling technique to show the (IE) property.
In Section 6 we explain how to infer SN for other calculi with ES from our result
in Section 4. We conclude and give directions for further work in Section 7.

Full details of the proofs in the paper are available on [12].

2 Syntax

The Aex-calculus can be viewed as the Ax-calculus together with a safe compo-
sition rule for dependent substitutions and a commutativity equation for inde-
pendent substitutions. The set of x-terms is defined by:

Tii=a | T Ty | Mo Ty | Tz ) Ty

Free and bound variables are defined as usual by assuming the terms Az.t and
t[z/u] bind x in ¢. The congruence generated by renaming of bound variables

is called a-conversion. Thus for example (Ay.z)[x/y] =o (Az.w)[w/y]. We use
the notation t,, for a list of terms ¢i,...,t, and ut, for uty...t, which is an
abbreviation of (... ((ut1)t2)...... tn).

Meta-substitution on x-terms is defined modulo a-conversion in such a way
that capture of variables is avoided:

x{x/v}:=v (tu){z/v} = t{z/v}u{x/v}
We/v} =y ify#x Ay t){z/v} = My.t{z/v}
tly/ul{z/v} = t{z/v}ly/u{z/v}]

Thus for example (Ay.x){z/y} = Az.y. Note that t{z/u} =t if = ¢ £v(¢).

Besides a-conversion, we consider the following equations and rules.

Equations :

tle/ully/v] =c  tly/v][z/u] ify ¢ fv(u) &z ¢ fv(v)
Rules :

(Az.t) u —p  tlx/u]

x[z/u —vVar U

t[z/u) —g if v ¢ fv(t)

(tu)fz/v] — —app tlw/v] ulz/v]

Ay [x/v]  —rams Ay.t[z/v]

tla/ully/v]  —comp tly/v][x/uly/v]] if y € fv(u)




The rewritingrelation generated by all the previous rules except B is denoted
by x. We write Bx for BUx. The equivalence relation generated by the conversions
a and C is written e. The reduction relation generated by the rewriting relations
modulo e specify rewriting of e-equivalence classes:

t—ext! If Js,8 st.t=¢5—ys =t
t—rex t’ Iff 35,8 st.t =¢85 —pg s =ot

Note that all the equations and rules are assumed to avoid capture of variables
by a-conversion. Thus for example we have y # = and y ¢ fv(v) in rule Lamb.
Same kind of assumptions are done for Comp and C.

The notation —3_, (resp. —>;\rex) is used for the reflexive and transitive (resp.
transitive) closure of —yex. Thus, if t —3,, t' in 0 reduction steps, then ¢t =, t'.

A term t is said to be in Aex-normal form, written ¢ € N F yex, if there is no
s such that ¢ —yex . A term t is said to be Aex-strongly normalising, written
t € SN yex, if there is no infinite Aex-reduction sequence starting at ¢, in which
case 7rex(t) denotes the maximal length of a Aex-reduction sequence starting at
t. A standard inductive definition of SA yex can be given by:

t € SN yex iff Vs (t —pex 5 implies s € SN yex)

The following basic properties of Aex-reduction can be shown by a straight-
forward induction on the Aex-reduction relation.

Lemma 1 (Basic Properties).

— Ift —yex t/, then £v(t') C £v(t).
— For R € {ex,Xex}, if t »r t/, then u{z/t} —% u{z/t'} and t{z/u} —r
t'{x/u}. Thus in particular t{z/u} € SN'r implies t € SN'r.

The rule Comp and the equation C guarantee the following property:
Lemma 2 (Full composition). t[z/u] =1, t{z/u}.

Proof. By induction on t. The interesting case is t = s[y/v]. If © € £v(v), then
sly/vllx/u] —comp slz/ully/vlz/u]] =3 ) sta/ubly/v{z/u}] = H{z/u}. Tz ¢
£v(v), then sfy/vllz/u] =c slz/ully/v] =7 iy s{z/u}ly/v] = t{z/u}.

Lemma 3 (Confluence). The reduction relation is confluent on open terms.

Proof. This can be proved by the Tait and Martin Lof technique. The proof
proceeds similarly to that of the Aes-calculus given in [11].

3 Perpetuality

A perpetual strategy gives an infinite reduction sequence for a term, if one exists,
otherwise, it gives a finite reduction sequence leading to some normal form.
Perpetual strategies can be seen as antonyms of normalising strategies, they are



particularly used to obtain normalisation results. For a survey about perpetual
strategies we refer the reader to [30].

In contrast to one-step strategies for ES given for example in [18, 3], we now
define a many-step strategy for x-terms which preserves Aex-normal forms and
gives a —_-reduct for any ¢ ¢ NF \ex.

This is done according to the following cases. If ¢t = xty ...t,, rewrite the
left-most t; which is reducible. If t = Az.u, rewrite u. If ¢t = (Az.s)uT,, rewrite
the head redex. If t = s[z/uv, and u ¢ SN yex, rewrite u. If t = s[z/u]v, and
U € SN yex, rewrite the head redex using full composition. Formally,

Definition 1. The strategy ~» on x-terms is given by an inductive definition.

Up €ENFrex tt tst (p-B)
e A v v e CEO T oy
U € SN xex U & SNyex u~~u
(p-subs1) (p-subs2)
tlz/ult, ~ t{x/ulu, tlx/ulty, ~ tlx/u' [,

The strategy is deterministic so that ¢ ~» u and t ~» v implies u = v. More-
over, the strategy is not necessarily leftmost-outermost or left-to-right because
of the (p-subs1) rule: substitution propagation can be performed in any order.
Note also that the strategy is not effective since it is based on an undecidable
predicate. The strategy is perpetual: if ¢ ¢ SN yex and ¢ ~ ¢, then t’ & SN yex-
This will be used later to give an inductive characterisation of the set SN yex.

Lemma 4. Ift ~t', then t —_ t'.

Aex

Proof. By induction on the strategy ~» using Lemma 2.
Theorem 1 (Perpetuality). Ift ~ t' and t' € SN zex, then t € SN yex-

Proof. By induction on the strategy ~». We only treat the non trivial cases.

(p-B) t = (\z.s)ut, ~ slz/ulu, = t'. If slz/ult, € SN jex, then s,u,u, €
SN yex- We thus show by induction on mxex(s) + xex(u) + Zimrex(u;) that
every Aex-reduct of (A\z.s)ut, is in SN zex. Conclude (Az.s)uTt;, € SN rex-

(p-subs2) t = s[x/ulty, ~ slz/u|t, =, u & SNyex and u ~ u'. If s[z/v|u, €
SN ex then in particular ' € SN jex, thus u € SN yex by the i.h. From
u & SNex and u € SN yex we get (constructively) any proposition, so in
particular ¢ € SN yex.

(p-subsl) t = s[z/ulu, ~ s{z/ulu, = ¢ and u € SN jex. Then the (IE)
property (Lemma 8) allows to conclude.



4 Normalisation Properties

To show that untyped x-terms enjoy PSN and typed x-terms are Aex-strongly
normalising we proceed in two different steps. We first define an inductive set
ZSN which turns out to be equal to SN yex. PSN can then be easily proved by
using the inductive definition of ZSN. To show SN, we can then choose at least
two different ways to proceed. We include in Section 4.1 the shortest one which
is based on simple arithmetical arguments [27], and we refer the reader to [12]
for the second one which uses standard reducibility technology [26, 8].

Inductive characterisations of SN terms are useful, for instance, in construc-
tive SN proofs. An inductive definition of SN terms for the A-calculus is given
for example in [28]. It was then extended in [3, 18] for calculi with ES, but using
many different inference rules to characterise SN terms of the form t[z/u]. We
just give here one inference rule for each possible x-term.

Definition 2. The inductive set ZSN is defined as follows:

t1,...,tn, €ISN n>0 ulz/u]t; ... t, EISN n>0
(var) (app)
xty ...ty € ISN (A\z.u)vty .. .t, € ISN
w{z/v}ty... t, €ZISN v eISN n>0 u€ZISN
(subs) ——— (abs)
ulx/vlty ... t, € ISN Ax.u € ISN

Proposition 1. SNy, = ZSN.

Proof. 1ft € SN ex, t € ZSN is proved by induction on the pair (nxex(t), size(t)).
If t € ZSN, t € SN ey is proved by induction on t € ZSN using Theorem 1.

Theorem 2 (PSN for A-terms). If t € SNg, then t € SN yex.

Proof. By induction on the definition of SN'g [28] using Prop. 1. If ¢t = xt,,
with ¢; € SN, then t; € SN yex by the i.h. so that the (var) rule allows to
conclude. The case t = Az.u is similar. If ¢t = (Az.u)vit,, with u{z/v}t, € SN
and v € SN g, then both terms are in SN yex by the i.h. so that the (subs) rule
gives u[z/v]t, € SN rex and the (app) rule gives (A\zx.u)vt, € SN rex-

We now give a type system for x-terms. Richer type systems with intersection
types could also be given to characterise the set SA ez in terms of typed terms
(see [13,18] for details).

Types are built over a set of atomic types and the — constructor. An en-
vironment is a finite set of pairs x : A. A sequent I' F ¢ : A is formed by an
environment I, a term ¢ and a type A. Derivations of sequents are obtained by
application of the following typing rules.

I'-t:A—B TI'tu:A
INx:Abrxz: A I'tu:B

Iz:A+t: B I'ru:B TIx:BFt:A
I'-Xzt:A— B I'ttlz/u]: A




A term t of type A, written t*, is a term s.t. I' -t : A is derivable for some
I'. A typed term t is a term of type A for some type A.

Induction on type derivations together with weakening/strengthening allow
us to show the following stability properties.

Lemma 5 (Stability of Typed Terms).

(by substitution) If 'tu:B & INe: BFt: A, then I' - t{z/u} : A.
(by reduction) IfI'+t: A&t —yex t/, then 't : A.

4.1 The arithmetical technique

This technique is based on van Daalen’s strong normalisation proof for the typed
lambda-calculus [27], and is extremely short.

Lemma 6. If t4, u? € SN ey, then t{zB /uP} € SN rex.
Proof. By induction on (B, nxex(t), size(t)).

— The cases t = z, t = Ay.v and yv,, are straightforward.

— ¢t = zv0,. The i.h. gives V = v{z/u} and V; = v;{z/u} in SN yex. To show
tHx/u} = uVV,, € SN rex we show that all its reducts are in SN yex. We
reason by induction on Nxex(t) + Mrex (V) + Zic1..n Mrex (V7).

If reduction takes place in a subterm of uV'V,,, we conclude by the i.h.

Suppose u = A\y.U and (\y.U)V'V,, — Uly/V]V,,. Then type(V) = type(v) <
type(u) = type(w) so that U{y/V} € SN sex by the i.h. Write U{y/V}V,, =
(2Va){z/U{y/V}}. We have type(U{y/V}) = type(U) < type(u) so that
U{y/V}V, € SN xex by the i.h. We conclude Uly/V]V,, € SN xex by Prop. 1.

— t = (A\y.s)vw,. The i.h. gives S = s{z/u}, V = v{z/u} and V; = v;{z/u} in
SN xex. To show t{x/u} = (\y.S)VV,, € SN rex We show that all its reducts
are in SA yex. We reason by induction on fxex (S)+Mrex (V) +Xic1..n Mrex(Vi)-
If reduction takes place in a subterm of (\y.S)VV,,, we conclude by the i.h.
Otherwise suppose (A\y.S)VV,, — S[y/V]V,. Now, take T = s{y/v} ,.
Since Mrex(T) < Mrex(t), then the i.h. gives T{z/u} € SN rex. We write
S{y/V}V, = T{x/u} so that Prop. 1 gives S[y/V]V,, € SN rex. Thus all the
reducts of t{z/u} are SN yex and we can conclude t{z/u} € SN rex.

— t = s[y/v]|v,. The proof proceeds as in the previous case.

Theorem 3 (SN for Xex). Ift is a typed term, then t € SN ex-

Proof. By induction on t. The cases t = x and ¢t = Ax.u are straightforward. If
t = uv, then u, v are typed and by the i.h. u,v € SN yex. We write t = (z v){z/u},
where z v is SN yex by Definition 2 and appropriately typed. Lemma 6 then gives
t € SN yex- If t = ufz/v], then u, v are typed and by the i.h. u,v € SN zex so that
Lemma 6 gives u{z/v} € SN rex. Prop. 1 allows us to conclude u[z/v] € SN rex.



5 The (IE) Property

The aim of this section is to show the key argument used to guarantee that our
strategy (Definition 1) is perpetual. More precisely, we show that normalisation
of Implicit substitution implies normalisation of Explicit substitution:

(IE) v € SN xex & t{z/u} € SN yex imply t[z/u] € SN rex

To show the (IE) property we adapt the labelling technique [4,2] to the
equational case. Given a set of variables S, the S-labelled terms (or simply labelled
terms if S is clear from the context), are given by:

Tsu=x|Ts Ts | \e.Ts | Ts[z/Ts] | Ts[x/v] (v € SN yex & £v(v) CS)

Thus, labelled substitutions can only contain x-terms so in particular they
cannot contain other labelled substitutions inside them.

Note that we can always assume that subterms ulz/v] and w[z/v] inside
t € Ts are s.t. ¢ S. Indeed, a-conversion allows to choose names outside S
for the bound variables of S-terms. The idea behind the operational semantics
of S-terms, specified by the following set of equations and reduction rules, is
that labelled substitutions may commute/traverse ordinary substitutions but
these last ones cannot traverse the labelled ones. This behaviour of labelled
substitutions is later used to simulate application of implicit substitution.

Equations :

tly/ullz/v]  =c t[z/v]ly/v] if 2 ¢ fv(u) &y ¢ £v(v)
tly/ullz/v])  =c tlz/v]ly/v] if z ¢ fv(u) &y ¢ £v(v)
Rules :

zz/v] —Var U

t[z/v] —ac t if ¢ ¢ fv(t)

(tw)z/v] = t/v] ulz/v]
Ay D)[z/v]  —ram Ay-t[z/v]
tly/ullz/v]  —comp tlz/v][y/ulz/v]] if z € fv(u)

The x (resp. EX) reduction relation is generated by the previous rules modulo
a (resp. o UC) conversion. In particular, they enjoy termination.

As expected, reduction on labelled terms can be simulated by reduction on
their underlying x-terms.

Definition 3. Unlabelled of S-terms are x-terms defined by induction.

U(z) == U(A\x.t) == Az.U(t) U(t[z/u]) = U(t)[z/U(u)]
U(tu) =U()U(u) U(t[z/u]) :== U(t)[z/u)

Consider the relation Aex = Aex U EX on labelled terms.



Lemma 7. Lett € Ts. If t € SN yex, then U(t) € SN yex.

Proof. We first prove by induction on — yey the following: for ¢ € Tg, if U(t) — rex
w', then 3 u € Tg s.t. t —xex u and U(u) = ’. To conclude, we prove that every
Aex-reduct of U(t) is in SN yex by induction on nyex(t) using the first property.

Taking S = fv(u) and transforming the x-term s[z/u]u, into the Aex-term
s[x/u]u, we have the following special case.

Corollary 1. If s[z/u]t, € SN rex, then slx/ult; € SN rex.

We now split Aex in two disjoint relations Aex’ and Aex® which will be
projected into Aex-reduction sequences differently.

Definition 4. The internal reduction relation \ex® is given by EX-reduction
together with Aex-reduction in the bodies of labelled substitutions. The external
reduction relation \ex® is given by Aex-reduction everywhere except inside bodies
of labelled substitutions.

We will also use the following function xc from labelled terms to x-terms.

xc(z) == xc(tu) = xc(t)xc(u)
xc(Ay.t) := Ay.xc(t) xc(tz/u]) := xc(t)[x/xc(u)]
xc(t[z/v]) := xc(t){z/v}

Corollary 2. Let t be a labelled term. If xc(t) € SN xex, then t € SN yex.
Proof. Prove (using Lemma 1) that Aex can be projected into Aex as follows:
1. t —)ex ' implies xc(t) —3,, xc(t').
2. t —yexe t' implies xc(t) —7, xc(t).
Then show that Aex’ is terminating (see [12] for details). Last, apply the
abstract Theorem 4 given at the end of this section by taking a; = \ex’, ap =

Aex® A = dex and u R U iff xc(u) = U. We get that xc(t) € SN rex implies
(constructively) t € SN yexiUnexs = SN xex S0 we thus conclude.

The previous corollary allows us to conclude with the main property required
in the proof of the Perpetuality Theorem:

Lemma 8 (IE Property). If u, s{z/u}t,; € SN yex, then s[z/ult, € SN rex-

Proof. Let s{z/u}u, € SN jex, define S = £v(u) and consider the S-labelled
term s[x/u]u,. Then xc(s[z/u]ay,) = xc(s){z/u}txc(un) = s{z/u}u, so that
xc(s[z/u]ur) € SN rex. We get s[z/u]tr, € SN rex by Corollary 2 and s[z/ulu, €
SN xex by Corollary 1.

Theorem 4. Let a; and as be two reduction relations on s and let A be a re-
duction relation on S. Let R C s X S. Suppose ay is well-founded and also

— For every u,v,U (u R U & u a1 v imply IV s.t. vRV and U A* V).
— For every u,v,U (u R U & w az v imply IV st. v RV and U AT V).

Then, t RT & T € SN, imply t € SN ayua,-

Proof. A constructive proof of this theorem can be found in Corollary 26 of [17].




6 Deriving SN for other calculi

We now informally derive SN for other calculi with ES (having or not safe com-
position) from SN of Aex, thus suggesting the existence of self-contained SN
proofs also for them. However, while the correspondence/translation between
yet another calculi without composition and Aex seems to be unproblematic,
the relation with all possible forms of safe composition is not claimed.

e The Ax-calculus [20,23] is a sub-calculus of Aex. The fact that ¢t — ), t/
implies ¢ —>i_ex t’' is then straightforward. Since typed terms in both calculi are
the same, we thus deduce that typed x-terms are Ax-strongly normalising.

e The Aes-calculus [11] can be seen as a refinement of Aex, where propagation
of substitution with respect to application and substitution is done in a controlled
way. We refer the reader to [11] for details on the rules. The fact that ¢ —yes ¢
implies ¢ —>i_ex t' is straightforward. Typed terms in both calculi are the same,
we thus deduce that typed x-terms are Aes-strongly normalising.

e Milner’s calculus with partial substitution [22], called Agup, is able to encode
A-calculus in terms of a bigraphical reactive system. Syntax of Agyp is given by x-
terms and reduction rules completely propagate a substitution [2/u] only on one
occurrence of = at a time (see for example [22] for details). In [13] it is shown that
there exist a translation T from x-terms to x-terms such that ¢t —»_,, ¢’ implies
T(t) —>j\res T(¢'). Since translation T preserves typability, we conclude that typed
X-terms are Agyp-strongly normalising from the previous point.

e A )-calculus with partial B-steps appears in [5]. Syntax is given by pure A-
terms and semantics is very similar to that of Asyp. Similarly to [13], a translation
T from A-terms to x-terms can be defined to project one-step reduction in Ag,
into at least one-step reduction in Agyp. Since typed A-terms translate to typed x-
terms, then typed A-terms are Ag,-strongly normalising from the previous point.

e David and Guillaume [4] defined a calculus with labels, called A, s, which
allows controlled composition of ES without losing PSN. The calculus A, has a
strong form of composition which is safe but not full. Its (typed) named notation
can be translated into (typed) x-terms in such a way that SN for typed terms
in Ays is a consequence of SN for typed Aex.

e A calculus with a safe notion of composition in director string notation
is defined in [25]. Its named version can be understood as Ax together with a
composition rule t[x/u]ly/v] — t[z/uly/v]] where y € fv(u) & y ¢ £v(¢). The
calculus can be easily simulated in Aex by rules Comp and Gc. Thus, again, typed
x-terms are strongly normalising.

e The Mesw-calculus [11] was used as a technical tool to show PSN for Aes.
The syntax extends x-terms with weakening constructors. It is then straightfor-
ward to define a translation T from Aesw-terms to x-terms which forgets these
weakening operators. The reduction relation Aesw can be split into an equa-
tional system &£ and two rewriting relations £ and Lo s.t. t =¢ t' ort —p,
¢’ implies T(t) =¢ T(¢') and t —,, ¢’ implies T(t) =1 T(').

The reduction relation generated by the rules £; modulo the equations &
can be easily shown to be terminating. Therefore, every infinite Aesw-reduction
sequence must contain infinitely many reduction steps generated by the rules



L2 modulo the equations &, so that we obtain, via the translation T, an infinite
Aex-reduction sequence. Also, typed Aesw-terms trivially translate via T to typed
x-terms. A consequence is that typed xw-terms are Aesw-strongly normalising.

7 Conclusion

We define a simple perpetual strategy for a calculus with ES enjoying full com-
position. We use this strategy to provide an inductive definition of SN terms
which is then used to prove that untyped terms enjoy PSN and typed terms are
SN. The proofs are simple, but especially self-contained, no simulation of the
source calculus into another SN calculus is used. The inductive characterisation
of SN terms and the SN theorem are extremely simple w.r.t. other proofs in the
literature [3,18] for ES. Last but not least, our development is constructive as
we make no use of classical logic reasoning.

Some remarks about the application of this method to other calculi might
be interesting. First of all, it is worth noticing that full composition alone is not
sufficient to achieve the SN proof, otherwise the Ao-calculus [1], which is known
to not being strongly normalising [21], could be treated. Indeed, our strategy ~~
for Aex is not perpetual for Ao: Mellies’ counter-example is based on an infinite
Ao-reduction sequence starting from a typed term which is not reached by our
perpetual strategy. In other words, ~~ is incomplete for Ao. The definition of a
perpetual strategy for Ao remains open. The definition of a one-step perpetual
strategy (eventually effective) for Aex also deserves future attention.

We believe that a de Bruijn version of Aex could be useful in real imple-
mentations. This could be achieved by using for example Ao technology (so that
equation C can be eliminated) together with the control of composition needed
to guarantee strong normalisation.

Acknowledgements: I am grateful to M. Fernandez, S. Lengrand, F. Renaud,
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