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Abstract Caveat ! Of course any formula is classically equiva-
lent to a DNF, but when it comes to computational inter-
Within a classical call-by-namé-calculus, we prove, pretation, relying on logical equivalence in classical logic
using Krivine’s realizability, that all terms typable with dis- is the last thing one wants to do. Actually, one compu-
junctive normal forms (disjunctions of conjunctions of lit- tational interpretation of this transformation from generic
erals) share a common computational behaviour: they im- propositional formulas to DNFs must be a compilation into
plement a multi-exception handling mechanism whose ex-our multi-exception handling combinators. And we intend
act geometry depends on the tautology. By using dynamicto explore the matter further.
binding, we are able to define equivalent and more efficient Coming back to our question, it seems there is a pat-
primitive control combinators, which are neatly described tern here: anti-intuitionistic classes of formulas specify var-
through a specialized sequent calculus, and are correct in joys form of control. Whatever inhabits them, precisely be-
the sense that they realize the intended associated tautologycause nothing in there is intuitionistically true, should be
pure control. This is in essence the heuristics we use.

One could fear that such a vast set of types as DNFs
would be too loose to actually provide an interesting spec-
1. Introduction ification problem. Well surprisingly, it is not so. They
all do specify a quite distinctive control mechanism, and
This paper runs the proof/program correspondence back-more sophisticated than with disjunctive tautologies. Prov-
wards. Within a specified set of types, namdigjunctive  ing this is the first contribution of the paper. We go be-
normal forms(DNFs), we identify, for each type, a typi- yond giving mere descriptions of those behaviours, by ac-
cal common computational behaviour, which we cailllti- tually extending our basic language, a call-by-name typed
exception handlingAfter Krivine, we call this solving the ~ A-calculus with control, with primitive instructions directly
specification problenfor that particular class of formulas. implementing these. Proving these are correct is the second
It is understood that this is only a way of saying, since contribution. We use Krivine’s realizability to do this (as
there are many solutions to the same specification prob-documented in [6, 7]).
lem. Running Curry-Howard backwards has a definite ad- The new computation rules are, we believe, simple
vantage: one might not find anything interesting in terms of enough to understand, even though they use dynamic bind-
instructions, but what one finds has to be correct by con-ing, and can be rendered in graphic notationcastrol
struction. charts Notation is an issue here, in that to have the new
Surely not all classes of formulas are worth asking the instructions actually used by a programmer, one has to ac-
question. What does it take to qualify as an interesting company the formal operational semantics with an intuitive
class ? Well, a hint comes from [3], where some synchro- notation that will help in building a working representation
nisation schemes were already set in correspondence witlbf whatever control scheme is described. We also flank the
a family of so-calleddisjunctivetautologies. None of the  graphic notation with a more proof-theoretic description via
formulas of that class was intuitionistically valid (except in a specialized sequent calculus, and more importantly with
trivial cases). This basically is a consequence of the in- an ordinary programming-language-like syntax to suggest
tuitionistic disjunction property. This is also the case for how our new control combinators would fit in the real pic-
DNFs and they are actually the next simplest class with thisture. This last piece of syntax is smoothly extending the

anti-intuitionistic feature. cAML [1] notation for exception handling. We hasten to
*Corresponding author: 2 place Jussieu, 75251 Paris Cedex 05, France2dd that all exceptions here are local for one thing, and sec-
Emmanuel.Beffara@pps.jussieu.fr ond, the ambient language being call-by-name, control is of



quite a different and simpler nature than itis in ordinary pro- ~ Further on we will use positive and negative literals as
gramming. Yet it should be possible to rerun our methods types, naturally defining the absurd as= VX X and the
in the call-by-value world. This is an important question negation as-A:= A — L. All the types we consider later

which we leave for future exploration. on live actually in a fragment of this system that correspond
to simple types augmented with theconstant, so types are
2. Preliminaries implicitly considered universally quantified in every vari-
' able.

Let us first state the definitions for our calculus and the
logic that types it. We also state the notion of realizability
that we use later on.

2.3. Realizability

Realizability builds models of the propositional logic
above by associating truth values in the form of subsets of
I to each closed formula. Let C A x I be a set of exe-
cutables closed by anti-reduction, i.eeif- € and€ ¢ 1L
thene € 1. The executables in this set are called tie
servables

From 1. we deduce a notion adrthogonalitybetween
terms and stacks: a 9€tof terms is said to be orthogonal to
a setZ of stacks (which we can writg L Z) if for any term
t € X and any stack € Z we havet x & € .. The orthogo-
The evaluation relatios- is defined as the reflexive transi- nal of a given set of terms or stacks is then the largest set or-
tive closure of the following set of rules: thogonal to it, i.eXt = {x | X 1.z} andZ+ = {t |t I Z}
(note that we use the same notation in both cases even if the

2.1. The calculus

We defineA, the set of terms (okk-terms), andT, the
set of stacks, as well as the gek I of executables, by

terms : t n=x|tt] Axt | kxt| kg
stacks : ri=¢|t-m
executables: e i=txx

lt Ltj* e . txu-w  [push] operations are dual).
X.t* u- >-t k[u/x} ¥ [Pop] Let e be a function from propositional values into the
kXL T , 7 ke /X 7 [save] powersetP(M). The truth valudAje associated to a given
Kpxt-m = txm [restore]

typeAin the valuatioreis defined inductively as
Note that the binder& x and kx are dual in the sense that

one substitutes terms while the other substitutes stacks, in [Xe = e(X

the form of the term&; which can also be calletbntinua- [A—B]=[A]*-[B]

tions [VX Ae= Uzgn [A]e[Z/X]

2.2. The typing system wheree[Z/X] is the environmeng where valueZ has been

assigned tX. For closed formulas we can wrif8] instead
Types are second order propositional formulas. Given aof [Ale since the value is environment-independent (more
setVar of propositional variables, the typing rules are the generally,[/Ale depends only on the valuedakes on vari-

following: ables free inA). We then callinterpretationof A the set
axion |Ale = [Alg- of terms orthogonal t¢Ale, and we say that a
r,x:AFx:A termt realizesa typeA, which we writet = A, if t is in the
Fx:AFt:B Ft:A—B THu:A interpretation of
—I —€
FHt:A XZFV() M=t:vXA
et XA (¥ WW This E is a semantic relation between terms and types,
while the typing provided a more syntactic relation. For
rx:A—Brt: A[Pem any choice oflL, the typing relation is actually a subset of
M-xxt:A the realization relation:

The first five rules give a standard presentation, known asTheorem 1 (adequacy).Let x : A;,.... Xt Ant-t: B be
natural deductionfor second order propositional intuition- & derivable typing judgement and let be a set of ob-
istic logic. Alongside with the sixth rule, known &eirce’s ~ Servables. For any valuation :&var — P(I1), any family
law, we get one possible natural deduction presentation ofty: -t Of terms such that & |A|e for each i and any stack
second order propositional classical logic. 7 € [Ble, the executablelt /Xy, ..., tn/Xn] * wis in L.



Proof. We proceed by induction on the typing derivation.

Call T the typing environmert, : A,,..., %X, : Ay and con-
sider a given valuatios, a given familyt; € |A e and a given
stackm € [Ble. For any ternt, callt the substituted term

tty/Xg, .. tn/Xn).

axiom: We have the judgemert A-x: Asoift € |Alc we
havet « & € 1L by definition.

application: Lett andu be terms such thdi-t: A— B
andrl -u: A are derivable. By induction we havec
|A— Ble andu € |Ale, sou-misin |Ale- [Ble=[A—
Ble, therefore «U- wis in 1, and so i€ux 7 since L
is closed by anti-reduction.

abstraction: Assume,x: Akt : Bis derivable. By induc-
tion, for any termu € |Ale, we know that[u/x] x 7 is
in 1L, and so istx.t xu- & by anti-reduction, so we can
actually deduce thatx.t is orthogonal tdAle - [Ble =

[A— Ble.

continuation: If I )x: A— Brt: Ais derivable, then, by
induction, for any ternu € |A — BJe and any stack
7 € [Alewe have[u/s 7 € 1. Besides, for any stack
v-7' € [A— Blethe termvis in |Ale, SOvx misin I,
and so ik, xv- ' by anti-reduction, which proves that
ky is in |A — Ble, SO the executablek, /x| w is in I,
as well askx.t = w by anti-reduction.

guantification: Write B=VX Aand suppose thét-t: Ais
derivable. From the definition ¢¥X Al we deduce the
existence of a stack s&tfor which [A] e2/X] contains
7. Since the variablX does not appear in any of the
A, the value of each; | dos not depend o&(X), so
for eachi we havet; € IA |e[Z[X]’ and thereforéx 7 is
in UL by induction hypothesis.

un-quantification : Assumerl -t : VXA this means that
for every stack seZ and every stack ifA] ez/x) We
havet x = € IL. This is true in particular fo& = [BJe
for a given typeB. If we prove that the valuation of
A[B/X] in eis equal to the valuation dkin €[[B]e/X],

3. Specification theorems

The class of formulas we are considering here is the so-
calleddisjunctive normal formgor DNFs), that is disjunc-
tions of conjunctions of literals. Given a Séir of proposi-
tional variables, we writ&it for the set of literals oveYar,
i.e.Lit = Varu-Var. Two literalsX and—X are said to be
opposite A clauseis a conjunction of literals, or equiva-
lently a finite subset okit, and a DNF is a disjunction of
clauses, or a finite subset of the powefBétit). We could
use multisets instead of sets, however this would lead to
undue notational complication, so we don’t. We will write
clauses and DNFs indifferently as formulas withand A
or as sets of sets of literals, whichever is more suited to the
context.

We will study the specification problem for this class
of formulas. However, simple types are built with as
the only connector, so we must define how DNFs are con-
verted into types. For any type and any ordered clause
{L;,..., L} we define:

{L,...L =1t =L - =L —7

The ordering we use will be either clear from the context or
indifferent. Likewise, given a formuld = {c,,...,cy} and
a fresh variabl&, we interpret” as a type by defining

r=vzZic—2)—--—h—2)—272

again using an appropriate ordering. Any term of type
will thus taken functions as arguments. Take note that
seen as a type is intuitionistically isomorphidtas a DNF,
S0 conversion is computationally neutral.

3.1. Afirst specification

Our purpose now is to identify a computational be-
haviour common to alllk-terms that are typable using a
given DNF. For this purpose, we characterize tautologies
among DNFs using a notion s&ction

Definition 1 (section). Letl" =¢; V- - -V ¢, be a disjunctive
normal form. A section of is an element of the product

then we get the expected result, and this substitutionCy X --- X Cn.

lemma is proved easily by induction @& from the
definition of substitution.

Adequacy thus holds for all types.

One can rephrase this by saying that a section is a choice
of one literal in each clause. We then writ€c) for the
literal chosen in clause andL € ¢ if literal L is chosen
in some clause. A section can be interpreted as a potential
counter-example, and therefore it comes as no surprise that

In the case of closed formulas, this theorem reduces intoihe formula is true exactly when there is no such counter-

the following adequacy lemma:

Proposition 2. For any term t and any type A, ift: Ais
derivable then & A holds for any/L.

example:

Proposition 3. A disjunctive normal form is a tautology if
and only if every section éf contains two opposite literals.



Proof. Suppose thdt is a tautology and there is a section

—o(c) and sov¢ * Ty € 1L, thereforeocc(c) *Ve- 7' isin L,

that does not contain opposite literals. We can then define aso is f. « & - - x by anti-reduction, and sé. £ ¢ — Z.

boolean valuatiow of the propositional variables such that
v(X) =T if =X € 6 andv(X) = L if X € 6. This valuation
thus makes each clauselofalse, which is contradictory.
Suppose now thdt is not a tautology, so there is a val-
uationv such thatv(I") is false. For each clausg since
ve = L, there is a literab(c) such thatv(o(c)) = L, and
this defines a section in which all literals are falsg,ithere-
fore o cannot contain opposite literals. O

Sections are clearly connected to provability by the

proposition above, but they also happen to play a réle in the
specification. Before embarking on the precise statement
let us explain intuitively what is happening. Assume some

t of type[ is given a sequence of arguments, $aywith
c e . Whatt does is to pass eachy a set of exceptions
indexed byc, and ifall of the f:s raise an exception, then

t selects two of them matching opposite types and run their
arguments one against the other. That there always must b
two opposite exceptions is precisely what the proposition

above says.

Theorem 4. Letl" be a tautology in disjunctive normal form
and let t be alk-term of typel”. Letx be a stack and a
family of terms indexed by the claused ofSuppose there
exists a sectio of ' and a family of termsyand stacks
7 such that for each clause c,

= / = /
o(c)e -Var=Vadnr fexa -m> Ol (o) * Ve T

o(c) € Var=Va fc*&-n>a6<c)*nc

wherea is indexed on the literals of c. Then there exists a
pair of clauseqc,c’) such thato(c) = -o(c’) and

t*F-n>vc*nd.

Proof. First we splitl" into " = {c | 6(c) € Var} and
'~ ={c| o(c) € ~Var}. Define L as the closure by anti-
reduction of

{vexm, |cel™,c el o(c)=-0(c)}
and instantiate the propositional variables by
[Z]={n} and [X]={m,|c el" o(c)=X}

whereZ is the fresh variable used to translaténto a type
andX ranges over variables occurringlin

Letc be a clause ifi —. For any familya of terms such
thato_y F —X and any familyd of terms such thady, F X,
by hypothesis,fcx & -d- & reduces intooc(7<C> *Ve -t for
somern’. Hereo(c) is a negative literahX, and the ternve
realizesX since for each elemenm, in [X] we haveo(c) =

Similarly, letc’ be a clause iff ™. For any familyc of
terms such thaix_y = —X and any familya of terms such
thatay = X, by hypothesid, & -&- & reduces intmc<d) *
my, Whichisin I sincer, < [o(c)], thereforef, ¢’ — Z.

By hypothesis, -t : I is derivable, so the adequacy
lemma proves that realizesl’. We have just shown that
for each clause, the termf; realizes the type — Z, and
by definition 7 is in [Z], so f- 7 is in [], sotf- 7 is
in 1L, which means that it reduces into somex 7, with
o(c) =-o(c). O

'3.2. Sharper specifications

The specification extracted above is quite shallow. There
is an important restriction, namely that the valugsand
the stacksr. that the processes pass when rising exceptions
may not contain any occurrence of the functions’ arguments

?theaL in the quantifications). We can do better by relaxing

the conditions on the arguments:
o(c) e ~Var=Va3n' fexd-m - o *Ve[d]

o(c) € Var=Va foxo-m - ocU(C)*nc[?x]

and proving that reduction leads ¥g[t] * 7, 0] for some
sets of term§ andd. Proving just this is mainly the same as
proving theorem 4. However, proving something about the
terms int andd is harder.

In the particular case of the excluded middle, I'e=
=XV X, the following development result holds:

Proposition 5. Lett be a term of typeX v X. Letn be a
stack and let f and g two terms. Suppose there is a stgck
and a family of context§/;[]) << Such that

Vo 37’ fxo-m-axvplo] o'
Yo g*x QT = Ok Ty
Vi < nVo 37’ vi[o] x mg = o v g [a] -

then there exists a term u such thatt - g- = reduces into
Vn[U] * 7.

This allows values passed to exceptions to contain occur-
rences of exceptions, without lifting the constraint on the
stacks. This result could probably be extended to the gen-
eral case, but the task seems notationally daunting. Even
in this relatively simple case, such a refined specification is
quite technical to prove, and we skip the argument. Yet, we
wanted to insist that sharper specifications can be extracted.

4. Synthesizing combinators

Of course all DNFs are provable in our system, and
therefore one can findk-terms that will have them as



types. Compared to the specification as described in the theFor instance,
orem above, they appear to implement it in a quite clumsy
way. It is tempting to have new combinators in the calculus X Y3 A=X 2} {2/ X = {{Y 1 AZ}}-

doing the same job, only better. This operation provides a reductionfounder the assump-

In order to synthesize new control primitives, we NOW ion that variableX is true. Indeed we have the following
define a logic with an associated sequent calculus to provecgnsistency result:

tautologies with, and deduce a computational structure from

the proofs, by using a specialized Curry-Howard correspon- Proposition 7. Let " be a disjunctive normal form and X
dence. be a variable. If” is a tautology, so i§ /X.

_ Proof. By construction] /X has its variables ivar\ {X}.
4.1. The or-and logic Let v be a valuation of this set of variables. Defivieas
the extension of/ to Var such that/(X) = T. Sincel is

The logicL,,, is defined as follows, given a sear of a tautology,V'(I") is true, so there is a clausein I' such

propositional variables: thatV(c) = T. SinceV(X) = T, c does not contairX,
soc\ {X} is a clause of /X, andv(c\ {X}) =T, sov
variables : X € Var validated™ /X. O
literals: L = X|-X
clauses: ¢ = T|LA...AL Proposition 8 (completeness)Letl" be a disjunctive nor-
formulas: I == L|c,....,c mal form. Ifl" is a tautology, thenl- T can be derived in
sequents : I-T Ly

Proof. We actually prove a slightly stronger result, namely

ﬁhat under the same conditions, for any set of cladste

sequentl- I, A is derivable inl,,,. We proceed by induc-

tion on the number of variables In if there is no variable,

I" is reduced to one trivial clausg, and I- T,A is derived

FFy,A Mo, using the nullary rule. Otherwise, lemma 6 proves that
has a totally negative clause, so we can write

Again, clauses are understood as finite sets and formula
are finite sets of clauses, afdand L are their respective
empty sets. In particular, ignoring order and duplication,
we derive sequents using a singlary rule:

IF (=X A A=Xn), (X AT ), - (XaATR), A
=X A A=X), T
with n > 0, where the notatiobh AT represents the distribu-

tion of the literall over the clauses iR, i.e. We will thus derivelt ', A by applying thek-ary rule to the

k formulas we get by supposing that one of these variables
LA(Cp,--,Cn) == (LAC), ..., (LAGCR) is true. For each, define

Forn= 0 our unique rule reduces to an axidmT , A, notic- Mi={clerX el ~Xdc}
ing thatT is the conjunction of zero literals. A ={c[cel X gc,~X ¢c}

First of all, we have to show that this system is complete, o nion of these two formulas is actually the quotient

i.e. that it_actually proves our tautologies. For this we need [ /%, and from proposition 7 we know that the formula
the following lemma: I;,4, is a tautology. Since it contains strictly fewer vari-
ables tharT", the induction hypothesis proves that the se-
quentl- T, A, ", Ais derivable. Besides, from this defini-

tion, obviously), is a subset of’, so the sequerit I';,I’, A

Proof. Let T be a DNF. Suppose théthas no purely nega- S derivable. Moreover, since for eacthe formulaX; AT
tive clause, then each clause has at least one positive literaliS also included ifi”’, we can write

Lemma 6. Every tautology in disjunctive normal form has
a totally negative clause.

which defines ato'FaIIy positive section. From proposition 3, FT, A o - o, A
we conclude thaf is not a tautology. O
= (=X A A= X)), T A
We also need the following notion of quotient: which concludes the proof. O
Definlition 2. Letl bg a disjunctiye normal form and X be We also have to prove that this is actually a proof sys-
a variable. The quotient df by X is defined as tem, in the sense that the formulas it derives are (classical)
tautologies. This can be proved using the characterization
F/X={c\{X}[cel -X¢c}. with sections:



Proposition 9 (soundness).If a sequentl- T is derivable
in L,,, then the disjunctive normal forimis a tautology.

Proof. We prove by induction on the derivation that any
section ofl" contains opposite literals. First we can remark
that if ' contains the empty clausg, it has no section and
the result holds trivially. Otherwise, let be a section of .
The last rule is

[ - n, A
IF (=X A A=Xa), (X AT L),y (Xa ATR), A

for somen > 1, soc contains a-X;. If it also containsX;,
then the proof is finished. Otherwise, its restrictiorXje\
I;,Ais actually a section of;,A, which contains opposite
literals by induction hypothesis. O

It is also interesting to prove the soundnesslof, by
“compiling” proofs into classical sequent calculus. To do
this, we need a lemma for the introduction of variables:

Lemma 10. If the sequent-T",A is derivable in classical
sequent calculus, then for any propositional variable X the
sequent-—X, (X AT),A s derivable.

TR
T E=X, T
F=X,, I’

("R]

- [AR]
F (—\Xl/\ .. '/\_‘anl)’ r

F(X A A=X), T

=X, I

("R]

which leads to the expected conclusion. O

As said, none of these tautologies is intuitionistically
valid, except in the particular case where they contain the
trivial clauseT, therefore any behaviour they may specify
is fundamentally concerned with global control.

4.2. Charts and combinators

Proofs in the logicl, , can be interpreted as strategies
in a counter-example game: in a node that praveshe
conclusion contains a distinguished totally negative clause
Xy A= A=X. If we play this clause and the opponent
refutes it, he does so by providing a proof of ¥nso we
can deduce thdtis equivalent td” /X; and the proof may go
down this branch. We can materialize this with a graphical

Proof. We proceed by induction on the number of clauses in notation that we caltontrol charts

. If T is empty, this is a simple weakening that introduces
the clause-X. Otherwise, pick a clausein I' and define

I =c,[". By induction, suppose that—X,c, (X Al),Acan

be derived. Then we derive:

fid]

=X, X, (XAT),A F-X,c, (XAT),A
F =X, (X AC), (XAT),A

("R]

which proves the expected result. O

This lemma is actually a translation of the unary version
of the deduction rule of,,,, and our alternative soundness
proof is an iteration of it:

Proposition 11 (soundness again)Letl” be a disjunctive
normal form. Ifl- T is provable inl,,, thenkT is provable
in classical sequent calculus.

Proof. We proceed by induction on the proof bfin £, ,.
Consider the derivation

7,0 -, A
IE (=X A A= X)), T

By induction hypothesis we know that I';,4; is deriv-
able for each, therefore using lemma 10 we can derive
F =X, (X AT;),A, which can be weakened inte —X;, I’
since the formulgX; AT;),A is a subset of . Then by

induction on the arityn we derive

/%

where the labeK; on an edge represents the passing of a
proof of X;. The nullary rule is then interpreted as a simple

leaf:

4.2.1. Example: a twofold excluded-middle

At each step, the important clause is the distinguished
purely negative one, so we write only this one. Taking for
instance the complete DNF for variablsandY we have

M= {=XA=Y, XAY, =X AY, XAY}

The unique proof of this formula corresponds to the follow-
ing control chart:




The point of this new notation is that it can also be un-  In the particular case whereis the trivial clauserT, the
derstood as describing a combina@yr. definition downs to

CF*F'n‘>'fﬂX/\ﬂY*aX'aY'TC Cexfm-frxm

oy xa-m = fy, yxa Oy T so the combinator is a pure projection, indeed an intuition-
oy kb7 = f kb oy istic construct.
Ogy*C- ' = fy,y*a-c.m Fresh symbols are needed at step (1) because at step (4)
Oyyxd-m' - fy,yxd-b-7 we have to be sure that what we bind was actually created at

The as above correspond to edges in the chart, while thethe corresponding step (1). This is crucial in the correctness

fs correspond to nodes. This definition is rather informal argument below.
because it hides information: tlees are not constants since
they are related to a particular instagc@gt moreover they
must remember the argument vecfoand the initial stack

7, as well as am or ab in the case otx,, andoy .

Another, more subtle point, is that theaeand b may
contain occurrences ak, and o, respectively and raise
them again afteoy or o,y has been triggered. Though
this behaviour is type-theoretically correct, we can do bet-
ter and prevent such non-linear behaviour by rebinding the Definition 3 (sequentiality). An observable sel. is called
exceptions on the fly: sequential if it is not empty, closed under reduction and val-

idates the substitution property: for any context e and any

4.3. Correctness

So we have a class of combinators with clearly defined
reduction rules, but we still have to prove that they actu-
ally realize the type they are intended to implement. The
dynamic binding, while making the combinator’s definition
valid, imposes a restriction on the validity of realization.

/
O *E’ e IXMY - (Kax.g) HOxy T termt, if €t] € 1L and if €x] does not reduce into anxr,
Gy DT Loy * (kay.b) - ayx -7 then éu] € L for all terms u.
Oyy*C- 1 = fy (Ko@) (KQyy.C)- T
Oy x0T = fy % (KOt y.d) - (kKayy.b) - 7 Theorem 12. Let " be a tautology in disjunctive normal

o ] form andC be a chart ovef. For any sequentiall_, the
We observe that this is actually closer to exception han- combinatorC,, realizes the typé.

dling as found in functional languages, where exceptions

are caught only once. Proof. We proceed by induction on the height of the chart

C. WhenC is a leaf, we havé = T,A, which is the type
Z,(A— Z)— Z. As said, the definition o€, givesC, *
f. 7~ f. % soforanyl and any value fofZ], if f; 2
We are left now with the mission to define, for any chart, then for anyr in [Z] we haveC,, * fors foxme 1L, thus
the associated combinator and to prove its correctness. CoFT.

4.2.2. General definition

Given a char over [, starting with clause = —X; A Supposee starts with a negative clause= —X; A --- A
-+ A =X and with immediate sub-charts, ,...,Cy, we  —X and letlL be a sequential set of observables. Assume
defineC, inductively: for each variabl&X a valuation[X] C I1, and callZ the vari-
. able used as the return type. For each claisd, let f; be
Coxf-mmTfexoy oy -m (1) aterm that realizes— Z. By definition we have
“)q*V'”/>CeXi*f/'” 2 Ce*‘?‘”>fn*0‘x1"'axk'”

where theo, are fresh symbols, and wheféis indexedon SO if we prove that the right member is ih we can con-

the clauses of /X; and defined as cludeCe =T . _
If the reduction off, * ¢ - © never places angty in head
fl=fc ifcerl () position, f, «T- 7 will also ignoret for any family of terms,

(4) so it holds in particular ity = =X (the family is indexed on
the variables im), in which casef, T 7 is in 1L. Then by

assuming, in the second case, that the typgof has the the substitution property we deduce tfat ¢ - 7 is in L,
literal X; in first position. since none of thg-X| is empty (becausd. # o).

In a way, the Kx.v[x/ocxi} represents what has been O_therwise these exists a propositior)al varialle a
learned from raising the exceptimxX, and we see that this hm;vlg—hole term contexvy ] and a stacke’ such that we
exception will never be raised again, sing is no longer B
free in the right-hand side of (2). fax 07 oty x Wy [0ty |- T = Ce, * f'.z

fi= Fx nc(RXV[X/ 0t ]) if X\ Acel



using the notations of section 4.2.2, thus proving that the
third executable is inlL is enough to conclude. By induc-
tion hypothesis, the combinat@ex realizesl" /X, so we

have to prove thaf realizesc — Z for eachcin ' /X. If cis
aclause of , we havef; = f; andf. F c — Z by hypothesis.
OtherwiseX Acis a clause of and fi = fy, . (kX.vy [X]).
By hypothesis, we know thdt, , . realizesX — ¢ — Z, so
we can conclude ikx.vy [X] realizesX.

Here is the key argument. Let us write= X Am, as-
suming the first argument tfy has typeX, and look closely
at the reduction that produces the contgXt. Let w, be a
stack in[X]. Obviously the ternk;, realizes-X, so foky,
realizesm — Z, so we have these two convergent reduc-
tions, whereax is any family indexed ovemsuch thaf =L
for each literaL in m:

foskg - B -7 = K *Vy[Ke | 7 - Vy [Kz, |

KXV [X] o 7oy = Vi [Ke | 7y

* Ty

Observe that sincey, is fresh when passed t, the oy s
in oy vy [0 ] are exactly all the residuals of that freef,
therefore the first reduction holds. We hdye= X — m—
Z, kg F X andf F mand the stacke is in [Z], therefore
the first executable is idlL, and sincell is closed under
both reduction and anti-reductiorx.vy [X] * 7y is also in
AL, thusxx.vy [X] realizesX as required. O

The import of this correctness result is that one can safely
extend thelk-calculus with the familyC, and assign type
I to C, whenC is a chart overl, while keeping the coher-
ence of the whole system, as we will prove now.

4.4. Computational consistency

To this end, we extend the type system to predicate cal-
culus. Without introducing formally all the material for this
purpose, let us consider the langug@el} and define the
type for boolearx as

B(x) = VX(X0— X1 — XX).
Then we have the following specification:

Proposition 13. Lett be a term typable as(B) for some »x
{0,1}. For any couple of variablegu,,u,) the executable
txUy-uy - € reduces into g €.

Proof. Let u, andu, be two variables not appearing in
Define L as the closure ofuy e} by anti-reduction, which
is clearly a sequential observable set. Simee: B(x) is
derivable by hypothesis, adequacy proves ttaB(x). De-
fine Xxto be{e} andX(1—x) to be empty. Themy = Xx
andu,_, F X(1—Xx), sot*u,-u,-¢€isin I, which means
that it reduces intoiy * €. O

This proposition proves that every inhabitant of type
B(0), in any extended typing system that respects sequential
observables, will behave as the first projection (and simi-
larly for B(1)). This fact applies to the particular system
where we add our combinators.

5. A possible syntax

To get an idea of the meaning of the combinatGys
as programming constructs, we sketch a syntax for them in
an ML-like language. On the model of constructs like the
try bodywith Exn x— handlerof exceptions, let us write

sync catchC%xl,...,C‘l,lxp1 throw Tll,...,Tnl1 dot,

catchC'l<x1,...,C'<kxpk throw Tl",...,Tn'f( dot,

as a syntactic sugar arou, applied to termg,,...,t,.
All the T! andC! belong to the same set of names, indexed
by the variables of :

. Tji is understood as an exception, i.e. an object of neg-
ative type that one throws with value by writing
raise (Tv), or simply(Tv),

. Cijxj is understood as a co-exception, i.e. an object that
receives a value of a positive type thrown by an asso-
ciated exception of the same nam"Jeand binds it it
to the variablex;.

The corresponding DNF is

k N . P
r=V(A-TrAc)

i=1"j=1 =1
The corresponding chart is constructed inductively by pick-
ing the first completely negative clause (that catches noth-
ing) and using the quotient construction. Of course, this
might not succeed if is not a tautology, and this is part
of the type-checking of this structure. If it does type-check,
we know from the correctness result that no exception can
escape.

In a programming setting, using names in place of the
propositional variables is mandatory since pure type infer-
ence cannot discover the whole structure, in particular be-
cause different propositional variables may be assigned the
same type in a particular instanciation.

5.1. Back to the example

Returning to the example of the twofold excluded middle
(as seen in section 4.2.1), the syntax

sync throwA,B dot;
catchAx throw B dot,
catch By throw A dot,
catch Ax, By dot,



will then represent the term
Ceo(AAAB1)(AXAB.L,) (AyAALL;) (AXAYLL,)

Note that with this particular tautology, there is only one
possible control chart, so the order in which clauses are
written is purely cosmetic.

In the simple case of the excluded middle, the syntax
boils down to

sync throwExn dobody

catchExn x dohandler

which is not too far from the usuédy ... with presentation,
except that we are dealing here with local exceptions and
that we provide strong typing.

6. Conclusions

We have presented here an analysis of disjunctive nor-
mal forms leading to the synthesis of a new family of multi-
exception handlers which we can present also in a rea-
sonable programming-style syntax. Free with the method,
based on running Curry-Howard backwards and using Kriv-
ine’s realizability, comes the means of asserting the correct-
ness of these combinators. The realizability approach shows
really strong here in allowing us to deal with dynamic bind-
ing and to smoothly extend the typing system.

The combinators we have constructed are all based on
the idea of using only negative exceptions. But, DNF al-
ways have a purely positive clause as well, not just a purely
negative one. Building on this idea, it is possible to develop
a completely symmetric world of co-exception based com-
binators, or even to mix styles, and this still needs to be
explored.

Another question is whether the analogy between con-
trol charts and winning strategies can be made rigorous and
whether there is a connection to Kreisel's celebrated “no-
counter-example” interpretation or other game-based expla-
nations of classical truth.

Finally, another challenging question is whether one can
do the same analysis in a call-by-value scenario and get new,
clean and abstract control forms that one can prove to be
correct and that would actually matter to the programmer.
We think it is possible.
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