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Abstract

Within a classical call-by-nameλ -calculus, we prove,
using Krivine’s realizability, that all terms typable with dis-
junctive normal forms (disjunctions of conjunctions of lit-
erals) share a common computational behaviour: they im-
plement a multi-exception handling mechanism whose ex-
act geometry depends on the tautology. By using dynamic
binding, we are able to define equivalent and more efficient
primitive control combinators, which are neatly described
through a specialized sequent calculus, and are correct in
the sense that they realize the intended associated tautology.

1. Introduction

This paper runs the proof/program correspondence back-
wards. Within a specified set of types, namelydisjunctive
normal forms(DNFs), we identify, for each type, a typi-
cal common computational behaviour, which we callmulti-
exception handling. After Krivine, we call this solving the
specification problemfor that particular class of formulas.
It is understood that this is only a way of saying, since
there are many solutions to the same specification prob-
lem. Running Curry-Howard backwards has a definite ad-
vantage: one might not find anything interesting in terms of
instructions, but what one finds has to be correct by con-
struction.

Surely not all classes of formulas are worth asking the
question. What does it take to qualify as an interesting
class ? Well, a hint comes from [3], where some synchro-
nisation schemes were already set in correspondence with
a family of so-calleddisjunctivetautologies. None of the
formulas of that class was intuitionistically valid (except in
trivial cases). This basically is a consequence of the in-
tuitionistic disjunction property. This is also the case for
DNFs and they are actually the next simplest class with this
anti-intuitionistic feature.
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Caveat ! Of course any formula is classically equiva-
lent to a DNF, but when it comes to computational inter-
pretation, relying on logical equivalence in classical logic
is the last thing one wants to do. Actually, one compu-
tational interpretation of this transformation from generic
propositional formulas to DNFs must be a compilation into
our multi-exception handling combinators. And we intend
to explore the matter further.

Coming back to our question, it seems there is a pat-
tern here: anti-intuitionistic classes of formulas specify var-
ious form of control. Whatever inhabits them, precisely be-
cause nothing in there is intuitionistically true, should be
pure control. This is in essence the heuristics we use.

One could fear that such a vast set of types as DNFs,
would be too loose to actually provide an interesting spec-
ification problem. Well surprisingly, it is not so. They
all do specify a quite distinctive control mechanism, and
more sophisticated than with disjunctive tautologies. Prov-
ing this is the first contribution of the paper. We go be-
yond giving mere descriptions of those behaviours, by ac-
tually extending our basic language, a call-by-name typed
λ -calculus with control, with primitive instructions directly
implementing these. Proving these are correct is the second
contribution. We use Krivine’s realizability to do this (as
documented in [6, 7]).

The new computation rules are, we believe, simple
enough to understand, even though they use dynamic bind-
ing, and can be rendered in graphic notation ascontrol
charts. Notation is an issue here, in that to have the new
instructions actually used by a programmer, one has to ac-
company the formal operational semantics with an intuitive
notation that will help in building a working representation
of whatever control scheme is described. We also flank the
graphic notation with a more proof-theoretic description via
a specialized sequent calculus, and more importantly with
an ordinary programming-language-like syntax to suggest
how our new control combinators would fit in the real pic-
ture. This last piece of syntax is smoothly extending the
CAML [1] notation for exception handling. We hasten to
add that all exceptions here are local for one thing, and sec-
ond, the ambient language being call-by-name, control is of
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quite a different and simpler nature than it is in ordinary pro-
gramming. Yet it should be possible to rerun our methods
in the call-by-value world. This is an important question
which we leave for future exploration.

2. Preliminaries

Let us first state the definitions for our calculus and the
logic that types it. We also state the notion of realizability
that we use later on.

2.1. The calculus

We defineΛ, the set of terms (orλκ-terms), andΠ, the
set of stacks, as well as the setΛ×Π of executables, by

terms : t ::= x | t t | λx.t | κx.t | kπ

stacks : π ::= ε | t ·π
executables : e ::= t ∗π

The evaluation relation� is defined as the reflexive transi-
tive closure of the following set of rules:

t u∗π � t ∗u·π [push]
λx.t ∗u·π � t[u/x]∗π [pop]
κx.t ∗π � t[kπ/x]∗π [save]

kπ ∗ t ·π ′ � t ∗π [restore]

Note that the bindersλx andκx are dual in the sense that
one substitutes terms while the other substitutes stacks, in
the form of the termskπ which can also be calledcontinua-
tions.

2.2. The typing system

Types are second order propositional formulas. Given a
setVar of propositional variables, the typing rules are the
following:

[axiom]
Γ,x : A`x : A

Γ,x : A` t : B
[→i]

Γ`λx.t : A→ B

Γ` t : A→ B Γ`u : A
[→e]

Γ` t u : B

Γ` t : A X 6∈ FV(Γ)
[∀i]

Γ` t : ∀X A

Γ` t : ∀X A
[∀e]

Γ` t : A[B/X]

Γ,x : A→ B` t : A
[Peirce]

Γ`κx.t : A

The first five rules give a standard presentation, known as
natural deduction, for second order propositional intuition-
istic logic. Alongside with the sixth rule, known asPeirce’s
law, we get one possible natural deduction presentation of
second order propositional classical logic.

Further on we will use positive and negative literals as
types, naturally defining the absurd as⊥ := ∀X X and the
negation as¬A := A→⊥. All the types we consider later
on live actually in a fragment of this system that correspond
to simple types augmented with the⊥ constant, so types are
implicitly considered universally quantified in every vari-
able.

2.3. Realizability

Realizability builds models of the propositional logic
above by associating truth values in the form of subsets of
Π to each closed formula. Let⊥⊥ ⊆ Λ×Π be a set of exe-
cutables closed by anti-reduction, i.e. ife� e′ ande′ ∈ ⊥⊥
thene∈ ⊥⊥. The executables in this set are called theob-
servables.

From⊥⊥ we deduce a notion oforthogonalitybetween
terms and stacks: a setX of terms is said to be orthogonal to
a setZ of stacks (which we can writeX ⊥⊥ Z) if for any term
t ∈ X and any stackπ ∈ Z we havet ∗π ∈ ⊥⊥. The orthogo-
nal of a given set of terms or stacks is then the largest set or-
thogonal to it, i.e.X⊥⊥ = {π | X ⊥⊥ π} andZ⊥⊥ = {t | t ⊥⊥ Z}
(note that we use the same notation in both cases even if the
operations are dual).

Let e be a function from propositional values into the
powersetP(Π). The truth value[A]e associated to a given
typeA in the valuatione is defined inductively as

[X]e = e(X)

[A→ B] = [A]⊥⊥ · [B]
[∀X A]e =

⋃
Z⊆Π[A]e[Z/X]

wheree[Z/X] is the environmente where valueZ has been
assigned toX. For closed formulas we can write[A] instead
of [A]e since the value is environment-independent (more
generally,[A]e depends only on the valuese takes on vari-
ables free inA). We then callinterpretationof A the set
|A|e = [A]⊥⊥e of terms orthogonal to[A]e, and we say that a
term t realizesa typeA, which we writet � A, if t is in the
interpretation ofA.

2.4. Adequacy

This � is a semantic relation between terms and types,
while the typing provided a more syntactic relation. For
any choice of⊥⊥, the typing relation is actually a subset of
the realization relation:

Theorem 1 (adequacy).Let x1 : A1, . . . ,xn : An ` t : B be
a derivable typing judgement and let⊥⊥ be a set of ob-
servables. For any valuation e: Var → P(Π), any family
t1, . . . , tn of terms such that ti ∈ |Ai |e for each i and any stack
π ∈ [B]e, the executable t[t1/x1, . . . , tn/xn]∗π is in⊥⊥.
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Proof. We proceed by induction on the typing derivation.
Call Γ the typing environmentx1 : A1, . . . ,xn : An and con-
sider a given valuatione, a given familyti ∈ |Ai |e and a given
stackπ ∈ [B]e. For any termt, call t̄ the substituted term
t[t1/x1, . . . , tn/xn].

axiom: We have the judgementx : A`x : A so if t ∈ |A|e we
havet ∗π ∈ ⊥⊥ by definition.

application: Let t andu be terms such thatΓ` t : A→ B
andΓ`u : A are derivable. By induction we havēt ∈
|A→ B|e andū∈ |A|e, so ū ·π is in |A|e · [B]e= [A→
B]e, thereforēt ∗ ū ·π is in⊥⊥, and so ist u∗π since⊥⊥
is closed by anti-reduction.

abstraction: AssumeΓ,x : A` t : B is derivable. By induc-
tion, for any termu∈ |A|e, we know that̄t[u/x] ∗π is
in ⊥⊥, and so isλx.t ∗u·π by anti-reduction, so we can
actually deduce thatλx.t is orthogonal to|A|e · [B]e =
[A→ B]e.

continuation: If Γ,x : A→ B` t : A is derivable, then, by
induction, for any termu ∈ |A → B|e and any stack
π ∈ [A]e we havēt[u/s]∗π ∈⊥⊥. Besides, for any stack
v ·π ′ ∈ [A→ B]e the termv is in |A|e, sov∗π is in⊥⊥,
and so iskπ ∗v·π ′ by anti-reduction, which proves that
kπ is in |A→ B|e, so the executablēt[kπ/x]∗π is in⊥⊥,
as well asκx.t ∗π by anti-reduction.

quantification: WriteB= ∀X Aand suppose thatΓ`t : A is
derivable. From the definition of[∀X A] we deduce the
existence of a stack setZ for which [A]e[Z/X] contains
π. Since the variableX does not appear in any of the
Ai , the value of each|Ai |e dos not depend one(X), so
for eachi we haveti ∈ |Ai |e[Z/X], and thereforēt ∗π is
in ⊥⊥ by induction hypothesis.

un-quantification : AssumeΓ` t : ∀X A, this means that
for every stack setZ and every stack in[A]e[Z/X] we

havet ∗π ∈ ⊥⊥. This is true in particular forZ = [B]e
for a given typeB. If we prove that the valuation of
A[B/X] in e is equal to the valuation ofA in e[[B]e/X],
then we get the expected result, and this substitution
lemma is proved easily by induction onA, from the
definition of substitution.

Adequacy thus holds for all types.

In the case of closed formulas, this theorem reduces into
the following adequacy lemma:

Proposition 2. For any term t and any type A, if̀ t : A is
derivable then t� A holds for any⊥⊥.

3. Specification theorems

The class of formulas we are considering here is the so-
calleddisjunctive normal forms(or DNFs), that is disjunc-
tions of conjunctions of literals. Given a setVar of proposi-
tional variables, we writeLit for the set of literals overVar,
i.e. Lit = Var∪¬Var. Two literalsX and¬X are said to be
opposite. A clauseis a conjunction of literals, or equiva-
lently a finite subset ofLit, and a DNF is a disjunction of
clauses, or a finite subset of the powersetP(Lit). We could
use multisets instead of sets, however this would lead to
undue notational complication, so we don’t. We will write
clauses and DNFs indifferently as formulas with∨ and∧
or as sets of sets of literals, whichever is more suited to the
context.

We will study the specification problem for this class
of formulas. However, simple types are built with→ as
the only connector, so we must define how DNFs are con-
verted into types. For any typeτ and any ordered clause
{L1, . . . ,Lk} we define:

{L1, . . . ,Lk}→ τ := L1 → ··· → Lk → τ

The ordering we use will be either clear from the context or
indifferent. Likewise, given a formulaΓ = {c1, . . . ,cn} and
a fresh variableZ, we interpretΓ as a type by defining

Γ := ∀Z(c1 → Z)→ ··· → (cn → Z)→ Z

again using an appropriate ordering. Any term of typeΓ
will thus taken functions as arguments. Take note thatΓ
seen as a type is intuitionistically isomorphic toΓ as a DNF,
so conversion is computationally neutral.

3.1. A first specification

Our purpose now is to identify a computational be-
haviour common to allλκ-terms that are typable using a
given DNF. For this purpose, we characterize tautologies
among DNFs using a notion ofsection:

Definition 1 (section). LetΓ = c1∨·· ·∨cn be a disjunctive
normal form. A section ofΓ is an element of the product
c1×·· ·×cn.

One can rephrase this by saying that a section is a choice
of one literal in each clause. We then writeσ(c) for the
literal chosen in clausec andL ∈ σ if literal L is chosen
in some clause. A section can be interpreted as a potential
counter-example, and therefore it comes as no surprise that
the formula is true exactly when there is no such counter-
example:

Proposition 3. A disjunctive normal formΓ is a tautology if
and only if every section ofΓ contains two opposite literals.
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Proof. Suppose thatΓ is a tautology and there is a sectionσ

that does not contain opposite literals. We can then define a
boolean valuationv of the propositional variables such that
v(X) => if ¬X ∈ σ andv(X) =⊥ if X ∈ σ . This valuation
thus makes each clause ofΓ false, which is contradictory.

Suppose now thatΓ is not a tautology, so there is a val-
uation v such thatv(Γ) is false. For each clausec, since
vc = ⊥, there is a literalσ(c) such thatv(σ(c)) = ⊥, and
this defines a section in which all literals are false inv, there-
fore σ cannot contain opposite literals.

Sections are clearly connected to provability by the
proposition above, but they also happen to play a rôle in the
specification. Before embarking on the precise statement,
let us explain intuitively what is happening. Assume some
t of type Γ is given a sequence of arguments, sayfc, with
c ∈ Γ. What t does is to pass eachfc a set of exceptions
indexed byc, and if all of the fcs raise an exception, then
t selects two of them matching opposite types and run their
arguments one against the other. That there always must be
two opposite exceptions is precisely what the proposition
above says.

Theorem 4. LetΓ be a tautology in disjunctive normal form
and let t be aλκ-term of typeΓ. Let π be a stack and~f a
family of terms indexed by the clauses ofΓ. Suppose there
exists a sectionσ of Γ and a family of terms vc and stacks
πc such that for each clause c,

σ(c) ∈ ¬Var⇒∀~α ∃π
′ fc∗~α ·π � α

σ(c) ∗vc ·π ′

σ(c) ∈ Var⇒∀~α fc∗~α ·π � α
σ(c) ∗πc

where~α is indexed on the literals of c. Then there exists a
pair of clauses(c,c′) such thatσ(c) = ¬σ(c′) and

t ∗~f ·π � vc∗πc′ .

Proof. First we split Γ into Γ+ = {c | σ(c) ∈ Var} and
Γ− = {c | σ(c) ∈ ¬Var}. Define⊥⊥ as the closure by anti-
reduction of

{vc∗πc′ | c∈ Γ−,c′ ∈ Γ+,σ(c) = ¬σ(c′)}

and instantiate the propositional variables by

[Z] = {π} and [X] = {πc′ | c
′ ∈ Γ+,σ(c′) = X}

whereZ is the fresh variable used to translateΓ into a type
andX ranges over variables occurring inΓ.

Let c be a clause inΓ−. For any family~α of terms such
thatα¬X � ¬X and any family~a of terms such thataX � X,
by hypothesis,fc ∗~α ·~a · π reduces intoα

σ(c) ∗ vc · π ′ for

someπ ′. Hereσ(c) is a negative literal¬X, and the termvc

realizesX since for each elementπc′ in [X] we haveσ(c) =

¬σ(c′) and sovc ∗πc′ ∈ ⊥⊥, thereforeα
σ(c) ∗vc ·π ′ is in⊥⊥,

so is fc∗~α ·~a·π by anti-reduction, and sofc � c→ Z.
Similarly, let c′ be a clause inΓ+. For any family~α of

terms such thatα¬X � ¬X and any family~a of terms such
thataX � X, by hypothesisfc′ ∗~α ·~a·π reduces intoa

σ(c′) ∗
πc′ , which is in⊥⊥ sinceπc′ ∈ [σ(c′)], thereforefc′ � c′→ Z.

By hypothesis, ` t : Γ is derivable, so the adequacy
lemma proves thatt realizesΓ. We have just shown that
for each clausec, the term fc realizes the typec→ Z, and
by definition π is in [Z], so ~f · π is in [Γ], so t ∗ ~f · π is
in ⊥⊥, which means that it reduces into somevc ∗ πc′ with
σ(c) = ¬σ(c′).

3.2. Sharper specifications

The specification extracted above is quite shallow. There
is an important restriction, namely that the valuesvc and
the stacksπc that the processes pass when rising exceptions
may not contain any occurrence of the functions’ arguments
(theαL in the quantifications). We can do better by relaxing
the conditions on the arguments:

σ(c) ∈ ¬Var⇒∀~α ∃π
′ fc∗~α ·π � α

σ(c) ∗vc[~α] ·π ′

σ(c) ∈ Var⇒∀~α fc∗~α ·π � α
σ(c) ∗πc[~α]

and proving that reduction leads tovc[~t] ∗ πc′ [~u] for some
sets of terms~t and~u. Proving just this is mainly the same as
proving theorem 4. However, proving something about the
terms in~t and~u is harder.

In the particular case of the excluded middle, i.e.Γ =
¬X∨X, the following development result holds:

Proposition 5. Let t be a term of type¬X∨X. Letπ be a
stack and let f and g two terms. Suppose there is a stackπg

and a family of contexts(vi [ ])06i6n such that

∀α ∃π
′ f ∗α ·π � α ∗v0[α] ·π ′

∀α g∗α ·π � α ∗πg

∀i < n∀α ∃π
′ vi [α]∗πg � α ∗vi+1[α] ·π ′

then there exists a term u such that t∗ f ·g ·π reduces into
vn[u]∗πg.

This allows values passed to exceptions to contain occur-
rences of exceptions, without lifting the constraint on the
stacks. This result could probably be extended to the gen-
eral case, but the task seems notationally daunting. Even
in this relatively simple case, such a refined specification is
quite technical to prove, and we skip the argument. Yet, we
wanted to insist that sharper specifications can be extracted.

4. Synthesizing combinators

Of course all DNFs are provable in our system, and
therefore one can findλκ-terms that will have them as
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types. Compared to the specification as described in the the-
orem above, they appear to implement it in a quite clumsy
way. It is tempting to have new combinators in the calculus
doing the same job, only better.

In order to synthesize new control primitives, we now
define a logic with an associated sequent calculus to prove
tautologies with, and deduce a computational structure from
the proofs, by using a specialized Curry-Howard correspon-
dence.

4.1. The or-and logic

The logicL∨∧ is defined as follows, given a setVar of
propositional variables:

variables : X ∈ Var
literals : L ::= X | ¬X
clauses : c ::= > | L∧ . . .∧L
formulas : Γ ::= ⊥ | c, . . . ,c
sequents : 
 Γ

Again, clauses are understood as finite sets and formulas
are finite sets of clauses, and> and⊥ are their respective
empty sets. In particular, ignoring order and duplication,
we derive sequents using a singlen-ary rule:


 Γ1,∆ · · · 
 Γn,∆

 (¬X1∧·· ·∧¬Xn), (X1∧Γ1), . . . , (Xn∧Γn), ∆

with n> 0, where the notationL∧Γ represents the distribu-
tion of the literalL over the clauses inΓ, i.e.

L∧ (c1, . . . ,cn) := (L∧c1), . . . ,(L∧cn)

Forn= 0 our unique rule reduces to an axiom
>,∆, notic-
ing that> is the conjunction of zero literals.

First of all, we have to show that this system is complete,
i.e. that it actually proves our tautologies. For this we need
the following lemma:

Lemma 6. Every tautology in disjunctive normal form has
a totally negative clause.

Proof. Let Γ be a DNF. Suppose thatΓ has no purely nega-
tive clause, then each clause has at least one positive literal,
which defines a totally positive section. From proposition 3,
we conclude thatΓ is not a tautology.

We also need the following notion of quotient:

Definition 2. Let Γ be a disjunctive normal form and X be
a variable. The quotient ofΓ by X is defined as

Γ/X = {c\{X} | c∈ Γ,¬X 6∈ c} .

For instance,

{{X,Y},{¬X,Z},{Z}}/X = {{Y},{Z}}.

This operation provides a reduction ofΓ under the assump-
tion that variableX is true. Indeed we have the following
consistency result:

Proposition 7. Let Γ be a disjunctive normal form and X
be a variable. IfΓ is a tautology, so isΓ/X.

Proof. By construction,Γ/X has its variables inVar\{X}.
Let v be a valuation of this set of variables. Definev′ as
the extension ofv to Var such thatv′(X) = >. SinceΓ is
a tautology,v′(Γ) is true, so there is a clausec in Γ such
that v′(c) = >. Sincev′(X) = >, c does not contain¬X,
so c\ {X} is a clause ofΓ/X, andv(c\ {X}) = >, so v
validatesΓ/X.

Proposition 8 (completeness).Let Γ be a disjunctive nor-
mal form. IfΓ is a tautology, then
 Γ can be derived in
L∨∧.

Proof. We actually prove a slightly stronger result, namely
that under the same conditions, for any set of clauses∆ the
sequent
 Γ,∆ is derivable inL∨∧. We proceed by induc-
tion on the number of variables inΓ: if there is no variable,
Γ is reduced to one trivial clause>, and 
 >,∆ is derived
using the nullary rule. Otherwise, lemma 6 proves thatΓ
has a totally negative clause, so we can write

Γ = (¬X1∧·· ·∧¬Xk), Γ′

We will thus derive
 Γ,∆ by applying thek-ary rule to the
k formulas we get by supposing that one of these variables
is true. For eachi, define

Γi = {c | c∧Xi ∈ Γ,¬Xi 6∈ c}
∆i = {c | c∈ Γ,Xi 6∈ c,¬Xi 6∈ c}

The union of these two formulas is actually the quotient
Γ/Xi , and from proposition 7 we know that the formula
Γi ,∆i is a tautology. Since it contains strictly fewer vari-
ables thanΓ, the induction hypothesis proves that the se-
quent 
 Γi ,∆i ,Γ

′,∆ is derivable. Besides, from this defini-
tion, obviously∆i is a subset ofΓ′, so the sequent
 Γi ,Γ

′,∆
is derivable. Moreover, since for eachi the formulaXi ∧Γi
is also included inΓ′, we can write


 Γ1,Γ
′,∆ · · · 
 Γn,Γ′,∆


 (¬X1∧·· ·∧¬Xn),Γ′,∆

which concludes the proof.

We also have to prove that this is actually a proof sys-
tem, in the sense that the formulas it derives are (classical)
tautologies. This can be proved using the characterization
with sections:
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Proposition 9 (soundness).If a sequent
 Γ is derivable
in L∨∧ then the disjunctive normal formΓ is a tautology.

Proof. We prove by induction on the derivation that any
section ofΓ contains opposite literals. First we can remark
that if Γ contains the empty clause>, it has no section and
the result holds trivially. Otherwise, letσ be a section ofΓ.
The last rule is


 Γ1,∆ · · · 
 Γn,∆

 (¬X1∧·· ·∧¬Xn), (X1∧Γ1), . . . , (Xn∧Γn), ∆

for somen > 1, soσ contains a¬Xi . If it also containsXi ,
then the proof is finished. Otherwise, its restriction toXi ∧
Γi ,∆ is actually a section ofΓi ,∆, which contains opposite
literals by induction hypothesis.

It is also interesting to prove the soundness ofL∨∧ by
“compiling” proofs into classical sequent calculus. To do
this, we need a lemma for the introduction of variables:

Lemma 10. If the sequent̀ Γ,∆ is derivable in classical
sequent calculus, then for any propositional variable X the
sequent̀ ¬X,(X∧Γ),∆ is derivable.

Proof. We proceed by induction on the number of clauses in
Γ. If Γ is empty, this is a simple weakening that introduces
the clause¬X. Otherwise, pick a clausec in Γ and define
Γ = c,Γ′. By induction, suppose that̀¬X,c,(X∧Γ),∆ can
be derived. Then we derive:

[id]
`¬X,X,(X∧Γ),∆ `¬X,c,(X∧Γ),∆

[∧R]
`¬X,(X∧c),(X∧Γ),∆

which proves the expected result.

This lemma is actually a translation of the unary version
of the deduction rule ofL∨∧, and our alternative soundness
proof is an iteration of it:

Proposition 11 (soundness again).Let Γ be a disjunctive
normal form. If
 Γ is provable inL∨∧ then`Γ is provable
in classical sequent calculus.

Proof. We proceed by induction on the proof ofΓ in L∨∧.
Consider the derivation


 Γ1,∆ 
 Γn,∆

 (¬X1∧·· ·∧¬Xn), Γ′

By induction hypothesis we know that̀ Γi ,∆i is deriv-
able for eachi, therefore using lemma 10 we can derive
`¬Xi ,(Xi ∧Γi),∆, which can be weakened intò¬Xi ,Γ

′

since the formula(Xi ∧ Γi),∆ is a subset ofΓ′. Then by
induction on the arityn we derive

[>R]
`>, Γ′ `¬X1, Γ′

[∧R]
`¬X1, Γ′

...
[∧R]

` (¬X1∧ . . .∧¬Xn−1), Γ′ `¬Xn, Γ′
[∧R]

` (¬X1∧ . . .∧¬Xn), Γ′

which leads to the expected conclusion.

As said, none of these tautologies is intuitionistically
valid, except in the particular case where they contain the
trivial clause>, therefore any behaviour they may specify
is fundamentally concerned with global control.

4.2. Charts and combinators

Proofs in the logicL∨∧ can be interpreted as strategies
in a counter-example game: in a node that provesΓ, the
conclusion contains a distinguished totally negative clause
¬X1∧ ·· · ∧ ¬Xk. If we play this clause and the opponent
refutes it, he does so by providing a proof of anXi , so we
can deduce thatΓ is equivalent toΓ/Xi and the proof may go
down this branch. We can materialize this with a graphical
notation that we callcontrol charts:

Γ

Γ/X1 Γ/X2 Γ/Xk· · ·

X1 X2
Xk

where the labelXi on an edge represents the passing of a
proof of Xi . The nullary rule is then interpreted as a simple
leaf:

>

4.2.1. Example: a twofold excluded-middle

At each step, the important clause is the distinguished
purely negative one, so we write only this one. Taking for
instance the complete DNF for variablesX andY we have

Γ = {¬X∧¬Y, X∧¬Y, ¬X∧Y, X∧Y}

The unique proof of this formula corresponds to the follow-
ing control chart:

¬X∧¬Y

¬Y ¬X

> >

X Y

Y X
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The point of this new notation is that it can also be un-
derstood as describing a combinatorCΓ:

CΓ ∗~f ·π � f¬X∧¬Y ∗αX ·αY ·π
αX ∗a·π ′ � fX∧¬Y ∗a·αXY ·π
αY ∗b·π ′ � f¬X∧Y ∗b·αYX ·π

αXY ∗c·π ′ � fX∧Y ∗a·c·π
αYX∗d ·π ′ � fX∧Y ∗d ·b·π

The αs above correspond to edges in the chart, while the
f s correspond to nodes. This definition is rather informal
because it hides information: theαs are not constants since
they are related to a particular instance ofCΓ, moreover they
must remember the argument vector~f and the initial stack
π, as well as ana or ab in the case ofαXY andαYX.

Another, more subtle point, is that thesea and b may
contain occurrences ofαX and αY respectively and raise
them again afterαXY or αYX has been triggered. Though
this behaviour is type-theoretically correct, we can do bet-
ter and prevent such non-linear behaviour by rebinding the
exceptions on the fly:

αX ∗a·π ′ � fX∧¬Y ∗ (καX.a) ·αXY ·π
αY ∗b·π ′ � f¬X∧Y ∗ (καY.b) ·αYX ·π

αXY ∗c·π ′ � fX∧Y ∗ (καX.a) · (καXY.c) ·π
αYX∗d ·π ′ � fX∧Y ∗ (καYX.d) · (καY.b) ·π

We observe that this is actually closer to exception han-
dling as found in functional languages, where exceptions
are caught only once.

4.2.2. General definition

We are left now with the mission to define, for any chart,
the associated combinator and to prove its correctness.

Given a chartC over Γ, starting with clausec = ¬X1∧
·· · ∧ ¬Xk and with immediate sub-chartsCX1

, . . . ,CXk
, we

defineCC inductively:

CC ∗~f ·π � fc∗αX1
· · ·αXk

·π (1)

αXi
∗v·π ′ � CCXi

∗~f ′ ·π (2)

where theαXi
are fresh symbols, and where~f ′ is indexed on

the clauses ofΓ/Xi and defined as

f ′c = fc if c∈ Γ (3)

f ′c = fXi∧c(κx.v[x/αXi
]) if Xi ∧c∈ Γ (4)

assuming, in the second case, that the type offXi∧c has the
literal Xi in first position.

In a way, theκx.v[x/αXi
] represents what has been

learned from raising the exceptionαXi
, and we see that this

exception will never be raised again, sinceαXi
is no longer

free in the right-hand side of (2).

In the particular case wherec is the trivial clause>, the
definition downs to

CC ∗~f ·π � f> ∗π

so the combinator is a pure projection, indeed an intuition-
istic construct.

Fresh symbols are needed at step (1) because at step (4)
we have to be sure that what we bind was actually created at
the corresponding step (1). This is crucial in the correctness
argument below.

4.3. Correctness

So we have a class of combinators with clearly defined
reduction rules, but we still have to prove that they actu-
ally realize the type they are intended to implement. The
dynamic binding, while making the combinator’s definition
valid, imposes a restriction on the validity of realization.

Definition 3 (sequentiality). An observable set⊥⊥ is called
sequential if it is not empty, closed under reduction and val-
idates the substitution property: for any context e and any
term t, if e[t] ∈ ⊥⊥ and if e[x] does not reduce into an x∗π,
then e[u] ∈ ⊥⊥ for all terms u.

Theorem 12. Let Γ be a tautology in disjunctive normal
form andC be a chart overΓ. For any sequential⊥⊥, the
combinatorCC realizes the typeΓ.

Proof. We proceed by induction on the height of the chart
C. WhenC is a leaf, we haveΓ = >,∆, which is the type
Z,(∆ → Z) → Z. As said, the definition ofCC givesCC ∗
~f ·π � f> ∗π so for any⊥⊥ and any value for[Z], if f> � Z
then for anyπ in [Z] we haveCC ∗ ~f ·π � f> ∗π ∈ ⊥⊥, thus
CC � Γ.

SupposeC starts with a negative clausen = ¬X1∧ ·· · ∧
¬Xk and let⊥⊥ be a sequential set of observables. Assume
for each variableX a valuation[X]⊆Π, and callZ the vari-
able used as the return type. For each clausec in Γ, let fc be
a term that realizesc→ Z. By definition we have

CC ∗~f ·π � fn∗αX1
· · ·αXk

·π

so if we prove that the right member is in⊥⊥ we can con-
cludeCC � Γ.

If the reduction offn∗~α ·π never places anyαX in head
position, fn∗~t ·π will also ignore~t for any family of terms,
so it holds in particular iftX � ¬X (the family is indexed on
the variables inn), in which casefn ∗~t ·π is in⊥⊥. Then by
the substitution property we deduce thatfn ∗~α ·π is in ⊥⊥,
since none of the|¬X| is empty (because⊥⊥ 6= ∅).

Otherwise these exists a propositional variableX, a
multi-hole term contextvX[ ] and a stackπ ′ such that we
have

fn∗~α ·π � αX ∗vX[αX] ·π ′ � CCX
∗~f ′ ·π
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using the notations of section 4.2.2, thus proving that the
third executable is in⊥⊥ is enough to conclude. By induc-
tion hypothesis, the combinatorCCX

realizesΓ/X, so we

have to prove thatf ′c realizesc→Z for eachc in Γ/X. If c is
a clause ofΓ, we havef ′c = fc and fc � c→Z by hypothesis.
OtherwiseX ∧ c is a clause ofΓ and f ′c = fX∧c(κx.vX[x]).
By hypothesis, we know thatfX∧c realizesX → c→ Z, so
we can conclude ifκx.vX[x] realizesX.

Here is the key argument. Let us writen = X ∧m, as-
suming the first argument tofn has typeX, and look closely
at the reduction that produces the contextvX[ ]. Let πX be a
stack in[X]. Obviously the termkπX

realizes¬X, so fnkπX
realizesm→ Z, so we have these two convergent reduc-
tions, where~α is any family indexed overmsuch thatβL � L
for each literalL in m:

fn∗kπX
·~β ·π � kπX

∗vX[kπX
] ·π ′ � vX[kπX

]∗πX

κx.vX[x]∗πX � vX[kπX
]∗πX

Observe that sinceαX is fresh when passed tofn, theαXs
in αXvX[αX] are exactly all the residuals of that freshαX,
therefore the first reduction holds. We havefn � X → m→
Z, kπX

� X and~β � m and the stackπ is in [Z], therefore
the first executable is in⊥⊥, and since⊥⊥ is closed under
both reduction and anti-reduction,κx.vX[x] ∗ πX is also in
⊥⊥, thusκx.vX[x] realizesX as required.

The import of this correctness result is that one can safely
extend theλκ-calculus with the familyCC and assign type
Γ to CC whenC is a chart overΓ, while keeping the coher-
ence of the whole system, as we will prove now.

4.4. Computational consistency

To this end, we extend the type system to predicate cal-
culus. Without introducing formally all the material for this
purpose, let us consider the language{0,1} and define the
type for booleanx as

B(x) = ∀X(X0→ X1→ Xx).

Then we have the following specification:

Proposition 13. Let t be a term typable as B(x) for some x∈
{0,1}. For any couple of variables(u0,u1) the executable
t ∗u0 ·u1 · ε reduces into ux∗ ε.

Proof. Let u0 andu1 be two variables not appearing int.
Define⊥⊥ as the closure of{ux∗ε} by anti-reduction, which
is clearly a sequential observable set. Since` t : B(x) is
derivable by hypothesis, adequacy proves thatt � B(x). De-
fine Xx to be{ε} andX(1− x) to be empty. Thenux � Xx
andu1−x � X(1− x), sot ∗u0 ·u1 · ε is in ⊥⊥, which means
that it reduces intoux∗ ε.

This proposition proves that every inhabitant of type
B(0), in any extended typing system that respects sequential
observables, will behave as the first projection (and simi-
larly for B(1)). This fact applies to the particular system
where we add our combinators.

5. A possible syntax

To get an idea of the meaning of the combinatorsCC

as programming constructs, we sketch a syntax for them in
an ML-like language. On the model of constructs like the
try bodywith Exn x→ handlerof exceptions, let us write

sync catchC1
1x1, . . . ,C

1
p1

xp1
throw T1

1 , . . . ,T1
n1

do t1
...

catchCk
1x1, . . . ,C

k
pk

xpk
throw Tk

1 , . . . ,Tk
nk

do tk

as a syntactic sugar aroundCC applied to termst1, . . . , tk.
All the T i

j andCi
j belong to the same set of names, indexed

by the variables ofΓ:

• T i
j is understood as an exception, i.e. an object of neg-

ative type that one throws with valuev by writing
raise(Tv), or simply(Tv),

• Ci
jx j is understood as a co-exception, i.e. an object that

receives a value of a positive type thrown by an asso-
ciated exception of the same nameCi

j and binds it inti
to the variablex j .

The corresponding DNF is

Γ =
k∨

i=1

( nk∧
j=1

¬T i
j ∧

pk∧
j=1

Ci
j

)
The corresponding chart is constructed inductively by pick-
ing the first completely negative clause (that catches noth-
ing) and using the quotient construction. Of course, this
might not succeed ifΓ is not a tautology, and this is part
of the type-checking of this structure. If it does type-check,
we know from the correctness result that no exception can
escape.

In a programming setting, using names in place of the
propositional variables is mandatory since pure type infer-
ence cannot discover the whole structure, in particular be-
cause different propositional variables may be assigned the
same type in a particular instanciation.

5.1. Back to the example

Returning to the example of the twofold excluded middle
(as seen in section 4.2.1), the syntax

sync throw A,B do t1
catchAx throw B do t2
catchBy throw A do t3
catchAx,By do t4
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will then represent the term

CC(λAλB.t1)(λxλB.t2)(λyλA.t3)(λxλy.t4)

Note that with this particular tautology, there is only one
possible control chart, so the order in which clauses are
written is purely cosmetic.

In the simple case of the excluded middle, the syntax
boils down to

sync throw Exn do body
catchExn x do handler

which is not too far from the usualtry . . . with presentation,
except that we are dealing here with local exceptions and
that we provide strong typing.

6. Conclusions

We have presented here an analysis of disjunctive nor-
mal forms leading to the synthesis of a new family of multi-
exception handlers which we can present also in a rea-
sonable programming-style syntax. Free with the method,
based on running Curry-Howard backwards and using Kriv-
ine’s realizability, comes the means of asserting the correct-
ness of these combinators. The realizability approach shows
really strong here in allowing us to deal with dynamic bind-
ing and to smoothly extend the typing system.

The combinators we have constructed are all based on
the idea of using only negative exceptions. But, DNF al-
ways have a purely positive clause as well, not just a purely
negative one. Building on this idea, it is possible to develop
a completely symmetric world of co-exception based com-
binators, or even to mix styles, and this still needs to be
explored.

Another question is whether the analogy between con-
trol charts and winning strategies can be made rigorous and
whether there is a connection to Kreisel’s celebrated “no-
counter-example” interpretation or other game-based expla-
nations of classical truth.

Finally, another challenging question is whether one can
do the same analysis in a call-by-value scenario and get new,
clean and abstract control forms that one can prove to be
correct and that would actually matter to the programmer.
We think it is possible.
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