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QUESTION : Is it a drawback or an advantage ?
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Advantages on the syntax :

e it manages dynamically fn-reduction
e easily extensible

e easier to express geometrical ideas
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Typeisomorphisms

e Definition :
. t:A—>B tou =1idg
(t, u) with {u:B—>A and {uot:idA

e Question :

existence of an equationnal system ~, such that

A =B
0

A and B isomorphic

Interest : nice and syntactic problem

= tool to decide if you have have a good model
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A semantic approach

Olivier Laurent : semantic proof
— flexibility, extension to other calculi (Au-calculus...)

game model
o;: A* > B
o,:B"— A*\
1ISO In the A-calculus 0,01 = idp
t:A— B 040, = id g iIsomorphic arenas
u:B— A A" and B* identical

tOMIidB
uot:idA /
A=~ B

Second-order?
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Ix:Arx: A (ax)
T'FAx:At:A—>B ‘'~ TE+tu:B
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I E1 E?
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System F

IN'x:Arx: A (ax)
[,x:Avrt:B (= 1) '+t:A—>B FI—u:A(>E)
I'rAx:At:A— B ' I'tu:B

I'rt: A I'u:B I't:AXB I't:AXB
v ew AxB D Tonm.a OB Tonm . s XY

LrtVXA 0 Trfi:A
T+ t{B}: A[B/X/] Tr AXit: VXA

(VD) if X; ¢ FTV(T)

(Ax.Hu = t{u/x] (B)
Ax.tx =t If x ¢ FT(t) (1)
(AX.H){B} = t[B/X] (82)

AXHX) =t  ifX ¢ FTV(t) (n2)
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Game models of system F

1. D. Hughes:
complete game model for system F

Hypergame semantics : full completeness for system F (Ph.D
Thesis, Oxford, 2000)

2. J. Chroboczek :
game model for untyped A-calculus, polymorphism and subtyping

Game semantics and subtyping (Ph.D Thesis, Edimburgh, 2003)

3. S. Abramsky - R. Jagadeesan :
game model for generic polymorphism
A game semantics for generic polymorphism (APAL, 2005)

4. A. Murawski - L. Ong :
evolving (AJM-)games for affine polymorphism

Evolving games and essential nets for affine polymorphism
(TLCA, 2001)
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Types — forests with an additionnal structure

X
Example : C w

Y

YZVUU - Y - U) » (YVV)—> X
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Operations on arenas

AT
(AxB) = X./.\' IX I? >

)
(A— B = X X
X X

= AT
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Play in a hyperforest

t = AZAXAXS Ay (yiX = L)x: VZVXX — (VYY) — L

la: H/bi; H/by]

[c : H/bs] | c
[4'] H= Ie H = Ed
4]

le]

[e']
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Multiple instantiation

u = Ax"XEED2X VY YDAy (L) (VXX = L) - X) - L

2@
' @
d’ICDbs
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Multiple instantiation

u = Ax"XEED2X VY YDAy (L) (VXX = L) - X) - L

2@
> @
d’IObs
[a] H= @) H=@

[b:H/b][b" : H/bs][b"]

m = [c1 :H%/b%;...;H;l/b,ll]...[cn :HT/b’f;...;HZn/bZn]
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The model

Strategies, composition, identity, innocence
same definitions as before

Two new operations

- Substitution :

- Quantification :

Categorical models of system F :
hyperdoctrines
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| somor phismsin the model

(t,u) Iso in the system F = (o0}, 0,) IS0 in the model
But this model is not suitable for isomorphisms :

VXVY.L =2VX.1

IDEA

add an adequate property which would be realized by every
strategy interpreting a term :

uniformity

Intuition in system F :
the behavior of terms does not depend on the input type

AZAXAx* Ay™Y (y{X — LD)x
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Typeisomorphismsin system F

Roberto Di Cosmo :

same isomorphisms as in A-calculus

VXYY.A =, YYVX.A
VXA~ YYA[Y/X] ifY¢FTV(A)

+ A—VXB=~V¥X(A—B) ifX¢FTV(A)
VX.(A X B) ~, YX.A X YX.B
VX.T =, T
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Extension to second-order Au-calculus

Classical logic : many conclusions may appear on the right side of a
sequent

= Au-calculus:

tu=x | Ax.t | tt | [a]t | pat

I'rt:Alag - Aq,...,0, Ay

Models : P. Selinger’s control categories
Introducing a binoidal functor %

In our model : ¥ = collapse of roots
= strategyonI’' - AR A ®--- R A,

Models for second-order Au-calculus :
control hyperdoctrines
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Au-calculuswith a disunction type

I'tt:Ala:A,p:B,A
I'tlaplt:L]|a:AB:BA
I'tt:L|a:A,B:BA
I'tu(a,B)t:ARB|A

(double naming)

(double name abstraction)

ISOMORPHISMS .

A®B=x~B®A
ARB®C)~, (ARB)®C
(A->B)®C=~ A— (BRC)

AR (BxC) =~ (A®B)x (A C)
VX(A®B)~, (VXA)®B if X¢FTV(B)
AR T~ T
AR L=~ A
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Other extensions

e I|dealized Algol

(visibility required, not innocence)

e Calculus with fixpoints

(totality not required)




Curry-style system F

T+t:YX.A
T+t:A[B/X]

(VE)

I'rt: A
I'kt:VX,.A

(V)  if X; ¢ FTV(T)
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Curry-style system F

I'rt:vVX;.A
: E
I'+t:A[B/X]] (VE)
I'kt:A e N
Trt: VXA (VD) If X; ¢ FTV(I')
ISOMORPHIMS :
VX.A c A f X¢A

1 12

VXX—>1)—> 1L = (VXX)—>1)—>1

VXA ~, A[VY.Y/X]

If any X in A occurs in an Opponent position
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Further directions

- Curry-style system F
(which representation of types ?)

- Signification of uniformity
(links with innocence ?)

- Retractions
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