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Introduction

(Usual) game model very near from normal forms of λ-calculus

QUESTION : Is it a drawback or an advantage ?
What does it give us which is not already in the syntax ?

Advantages on the syntax :

• it manages dynamically βη-reduction

• easily extensible

• easier to express geometrical ideas
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Type isomorphisms

• Definition :

(t,u) with

{

t : A→ B

u : B→ A
and

{

t ◦ u = idB

u ◦ t = idA
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(t,u) with
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t : A→ B

u : B→ A
and

{

t ◦ u = idB
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• Question :

existence of an equationnal system ≃ε such that

A ≃ε B

m

A and B isomorphic
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Type isomorphisms

• Definition :

(t,u) with

{

t : A→ B

u : B→ A
and

{

t ◦ u = idB

u ◦ t = idA

• Question :

existence of an equationnal system ≃ε such that

A ≃ε B

m

A and B isomorphic

Interest : nice and syntactic problem

⇒ tool to decide if you have have a good model
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A semantic approach

Olivier Laurent : semantic proof
=⇒ flexibility, extension to other calculi (λµ-calculus...)
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A semantic approach

Olivier Laurent : semantic proof
=⇒ flexibility, extension to other calculi (λµ-calculus...)

iso in the λ-calculus
t : A→ B

u : B→ A

t ◦ u = idB

u ◦ t = idA
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A semantic approach

Olivier Laurent : semantic proof
=⇒ flexibility, extension to other calculi (λµ-calculus...)

game model
σt : A∗ → B∗

σu : B∗ → A∗

iso in the λ-calculus σu; σt = idB∗

t : A→ B σt; σu = idA∗

u : B→ A

t ◦ u = idB

u ◦ t = idA
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A semantic approach

Olivier Laurent : semantic proof
=⇒ flexibility, extension to other calculi (λµ-calculus...)

game model
σt : A∗ → B∗

σu : B∗ → A∗

iso in the λ-calculus σu; σt = idB∗

t : A→ B σt; σu = idA∗ isomorphic arenas
u : B→ A A∗ and B∗ identical
t ◦ u = idB

u ◦ t = idA

A ≃ε B

Second-order ?
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System F

(ax)
Γ, x : A ⊢ x : A

Γ, x : A ⊢ t : B
(→ I)

Γ ⊢ λx : A.t : A→ B
Γ ⊢ t : A→ B Γ ⊢ u : A (→ E)

Γ ⊢ tu : B

Γ ⊢ t : A Γ ⊢ u : B (×I)
Γ ⊢ (t,u) : A × B

Γ ⊢ t : A × B (×E1)
Γ ⊢ π1(t) : A

Γ ⊢ t : A × B (×E2)
Γ ⊢ π2(t) : B

Γ ⊢ t : ∀Xi.A (∀E)
Γ ⊢ t{B} : A[B/Xi]

Γ ⊢ t : A (∀I) if Xi < FTV(Γ)
Γ ⊢ ΛXi.t : ∀Xi.A
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System F

(ax)
Γ, x : A ⊢ x : A

Γ, x : A ⊢ t : B
(→ I)

Γ ⊢ λx : A.t : A→ B
Γ ⊢ t : A→ B Γ ⊢ u : A (→ E)

Γ ⊢ tu : B

Γ ⊢ t : A Γ ⊢ u : B (×I)
Γ ⊢ (t,u) : A × B

Γ ⊢ t : A × B (×E1)
Γ ⊢ π1(t) : A

Γ ⊢ t : A × B (×E2)
Γ ⊢ π2(t) : B

Γ ⊢ t : ∀Xi.A (∀E)
Γ ⊢ t{B} : A[B/Xi]

Γ ⊢ t : A (∀I) if Xi < FTV(Γ)
Γ ⊢ ΛXi.t : ∀Xi.A

(λx.t)u = t[u/x] (β)

λx.tx = t if x < FT(t) (η)

(ΛX.t){B} = t[B/X] (β2)

ΛX.t{X} = t if X < FTV(t) (η2)
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Game models of system F
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Game models of system F

1. D. Hughes :
complete game model for system F
Hypergame semantics : full completeness for system F (Ph.D
Thesis, Oxford, 2000)
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Game models of system F

1. D. Hughes :
complete game model for system F
Hypergame semantics : full completeness for system F (Ph.D
Thesis, Oxford, 2000)

2. J. Chroboczek :
game model for untyped λ-calculus, polymorphism and subtyping
Game semantics and subtyping (Ph.D Thesis, Edimburgh, 2003)
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2. J. Chroboczek :
game model for untyped λ-calculus, polymorphism and subtyping
Game semantics and subtyping (Ph.D Thesis, Edimburgh, 2003)
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game model for generic polymorphism
A game semantics for generic polymorphism (APAL, 2005)
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Game models of system F

1. D. Hughes :
complete game model for system F
Hypergame semantics : full completeness for system F (Ph.D
Thesis, Oxford, 2000)

2. J. Chroboczek :
game model for untyped λ-calculus, polymorphism and subtyping
Game semantics and subtyping (Ph.D Thesis, Edimburgh, 2003)

3. S. Abramsky - R. Jagadeesan :
game model for generic polymorphism
A game semantics for generic polymorphism (APAL, 2005)

4. A. Murawski - L. Ong :
evolving (AJM-)games for affine polymorphism
Evolving games and essential nets for affine polymorphism
(TLCA, 2001)
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Polymorphic arenas

Types 7→ forests with an additionnal structure
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Polymorphic arenas

Types 7→ forests with an additionnal structure

Example :
Y

X
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Polymorphic arenas

Types 7→ forests with an additionnal structure

Example :
Y

X

∀Z.∀U.(U→ Y→ U)→ (∀V.V)→ X
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Operations on arenas

X
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Operations on arenas

⊥∗ = ⊤∗ = ∅ X∗ = X
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Operations on arenas

⊥∗ = ⊤∗ = ∅ X∗ = X

A∗ =

X

X
B∗ =
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Operations on arenas

⊥∗ = ⊤∗ = ∅ X∗ = X

A∗ =

X

X
B∗ =

(A × B)∗ =

X

X
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Operations on arenas

⊥∗ = ⊤∗ = ∅ X∗ = X

A∗ =

X

X
B∗ =

(A × B)∗ =

X

X

(A→ B)∗ = X

X X

X
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Operations on arenas

⊥∗ = ⊤∗ = ∅ X∗ = X

A∗ =

X

X
B∗ =

(A × B)∗ =

X

X

(A→ B)∗ = X

X X

X

(∀X.A)∗ =
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Play in a hyperforest

t = ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x : ∀Z∀X.X→ (∀Y.Y)→ ⊥

e
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Play in a hyperforest

t = ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x : ∀Z∀X.X→ (∀Y.Y)→ ⊥

b 1

b 2

3b

a

b c

e
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Play in a hyperforest

t = ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x : ∀Z∀X.X→ (∀Y.Y)→ ⊥

b 1

b 2

3b

a

b c

[a : H/b1; H/b2]

H =
d

e

e
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Play in a hyperforest

t = ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x : ∀Z∀X.X→ (∀Y.Y)→ ⊥

3b

a

d c

e

[a : H/b1; H/b2]

[c : H′/b3]

H =
d

e
H′ =

c

d

e
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Play in a hyperforest

t = ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x : ∀Z∀X.X→ (∀Y.Y)→ ⊥

a

d

e

c

e’

d’

[a : H/b1; H/b2]

[c : H′/b3]

H =
d

e
H′ =

c

d

e
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Play in a hyperforest

t = ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x : ∀Z∀X.X→ (∀Y.Y)→ ⊥

a

d

e

c

e’

d’

[a : H/b1; H/b2]

[c : H′/b3]

[d′] H =
d

e
H′ =

c

d

e
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Play in a hyperforest

t = ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x : ∀Z∀X.X→ (∀Y.Y)→ ⊥

a

d

e

c

e’

d’

[a : H/b1; H/b2]

[c : H′/b3]

[d′]

[d]

[e]

[e′]

H =
d

e
H′ =

c

d

e
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

1

d

c

a

b

b
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

1

d

c

a

b

b

[a]
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

1

d

c

a

b

b

[a]

[b : H/b1]

H =
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

b’

c

a

d’

b2

b
3

[a]

[b : H/b1]

H =
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

b’

c

a

d’

b2

b
3

[a]

[b : H/b1][b′ : H′/b2]

H = H′ =
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

b’’

c

a

d’ b3

[a]

[b : H/b1][b′ : H′/b2]

H = H′ =
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

b’’

c

a

d’ b3

[a]

[b : H/b1][b′ : H′/b2][b′′]

H = H′ =
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Multiple instantiation

u = λx∀X.(X→⊥)→X.(x{∀Y.Y}{⊥})(λy∀Y.Y.y{⊥}) : (∀X.(X→ ⊥)→ X)→ ⊥

b’’

c

a

d’ b3

[a]

[b : H/b1][b′ : H′/b2][b′′]

H = H′ =

m = [c1 : H1
1/b

1
1; . . . ; H1

k1
/b1

k1
] . . . [cn : Hn

1/b
n
1 ; . . . ; Hn

kn
/bn

kn
]
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The model

Strategies, composition, identity, innocence :
same definitions as before
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The model

Strategies, composition, identity, innocence :
same definitions as before

Two new operations :

- Substitution :
σ =⇒ σ{B}

- Quantification :
σ =⇒ ∀X.σ
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The model

Strategies, composition, identity, innocence :
same definitions as before

Two new operations :

- Substitution :
σ =⇒ σ{B}

- Quantification :
σ =⇒ ∀X.σ

Categorical models of system F :
hyperdoctrines
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Isomorphisms in the model

(t,u) iso in the system F⇒ (σt, σu) iso in the model
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Isomorphisms in the model
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But this model is not suitable for isomorphisms :

∀X∀Y.⊥ ≃ ∀X.⊥

Isomorphismes de types du second ordre dans les jeux – p.12/20



Isomorphisms in the model
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IDEA :
add an adequate property which would be realized by every

strategy interpreting a term :
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Isomorphisms in the model

(t,u) iso in the system F⇒ (σt, σu) iso in the model
But this model is not suitable for isomorphisms :

∀X∀Y.⊥ ≃ ∀X.⊥

IDEA :
add an adequate property which would be realized by every

strategy interpreting a term :

uniformity

Intuition in system F :
the behavior of terms does not depend on the input type

ΛZ.ΛX.λxX.λy∀Y.Y.(y{X→ ⊥})x
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THE Theorem
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THE Theorem

(σt, σu) uniform isomorphism between A∗ and B∗

⇓

A∗ and B∗ identical
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THE Theorem

(σt, σu) uniform isomorphism between A∗ and B∗

⇓

A∗ and B∗ identical

X X
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The loop is complete
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The loop is complete

iso in system F
t : A→ B

u : B→ A

t ◦ u = idB

u ◦ t = idA
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The loop is complete

game model
σt : A∗ → B∗

σu : B∗ → A∗

iso in system F σu;σt = idB∗

t : A→ B σt;σu = idA∗

u : B→ A

t ◦ u = idB

u ◦ t = idA
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The loop is complete

game model
σt : A∗ → B∗

σu : B∗ → A∗

iso in system F σu;σt = idB∗

t : A→ B σt;σu = idA∗ uniform model
u : B→ A σt and σu uniform
t ◦ u = idB

u ◦ t = idA
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The loop is complete

game model
σt : A∗ → B∗

σu : B∗ → A∗

iso in system F σu;σt = idB∗

t : A→ B σt;σu = idA∗ uniform model
u : B→ A σt and σu uniform
t ◦ u = idB

u ◦ t = idA

isomorphic arenas
A∗ and B∗ identical
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The loop is complete

game model
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Type isomorphisms in system F

Roberto Di Cosmo :

Isomorphismes de types du second ordre dans les jeux – p.15/20



Type isomorphisms in system F

Roberto Di Cosmo :

same isomorphisms as in λ-calculus

∀X.∀Y.A ≃ε ∀Y.∀X.A

∀X.A ≃ε ∀Y.A[Y/X] if Y < FTV(A)

+ A→ ∀X.B ≃ε ∀X.(A→ B) if X < FTV(A)

∀X.(A × B) ≃ε ∀X.A × ∀X.B

∀X.⊤ ≃ε ⊤
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Extension to second-order λµ-calculus

Classical logic : many conclusions may appear on the right side of a
sequent
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Extension to second-order λµ-calculus

Classical logic : many conclusions may appear on the right side of a
sequent

⇒ λµ-calculus :

t ::= x | λx.t | tt | [α]t | µα.t

Γ ⊢ t : A | α1 : A1, . . . , αn : An
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Extension to second-order λµ-calculus

Classical logic : many conclusions may appear on the right side of a
sequent

⇒ λµ-calculus :

t ::= x | λx.t | tt | [α]t | µα.t

Γ ⊢ t : A | α1 : A1, . . . , αn : An

Models : P. Selinger’s control categories
introducing a binoidal functor M
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Classical logic : many conclusions may appear on the right side of a
sequent

⇒ λµ-calculus :

t ::= x | λx.t | tt | [α]t | µα.t

Γ ⊢ t : A | α1 : A1, . . . , αn : An

Models : P. Selinger’s control categories
introducing a binoidal functor M

In our model : M ≡ collapse of roots
⇒ strategy on Γ→ AM A1 M · · ·M An
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Extension to second-order λµ-calculus

Classical logic : many conclusions may appear on the right side of a
sequent

⇒ λµ-calculus :

t ::= x | λx.t | tt | [α]t | µα.t

Γ ⊢ t : A | α1 : A1, . . . , αn : An

Models : P. Selinger’s control categories
introducing a binoidal functor M

In our model : M ≡ collapse of roots
⇒ strategy on Γ→ AM A1 M · · ·M An

Models for second-order λµ-calculus :
control hyperdoctrines
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λµ-calculus with a disjunction type

Γ ⊢ t : A | α : A, β : B,∆
(double naming)

Γ ⊢ [α, β]t : ⊥ | α : A, β : B,∆

Γ ⊢ t : ⊥ | α : A, β : B,∆
(double name abstraction)

Γ ⊢ µ(α, β).t : AM B | ∆
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λµ-calculus with a disjunction type

Γ ⊢ t : A | α : A, β : B,∆
(double naming)

Γ ⊢ [α, β]t : ⊥ | α : A, β : B,∆

Γ ⊢ t : ⊥ | α : A, β : B,∆
(double name abstraction)

Γ ⊢ µ(α, β).t : AM B | ∆

ISOMORPHISMS :

AM B ≃ε BM A

AM (BM C) ≃ε (AM B)M C

(A→ B)M C ≃ε A→ (BM C)

AM (B × C) ≃ε (AM B) × (AM C)

∀X.(AM B) ≃ε (∀X.A)M B if X < FTV(B)

AM⊤ ≃ε ⊤

AM⊥ ≃ε A
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Other extensions

• Idealized Algol

(visibility required, not innocence)
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Other extensions

• Idealized Algol

(visibility required, not innocence)

• Calculus with fixpoints

(totality not required)
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Curry-style system F

Γ ⊢ t : ∀Xi.A (∀E)
Γ ⊢ t : A[B/Xi]

Γ ⊢ t : A (∀I)
Γ ⊢ t : ∀Xi.A

if Xi < FTV(Γ)
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Curry-style system F

Γ ⊢ t : ∀Xi.A (∀E)
Γ ⊢ t : A[B/Xi]

Γ ⊢ t : A (∀I)
Γ ⊢ t : ∀Xi.A

if Xi < FTV(Γ)

ISOMORPHIMS :

∀X.A ≃ε A if X < A

∀X.(X→ ⊥)→ ⊥ ≃ε ((∀X.X)→ ⊥)→ ⊥

. . .
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Curry-style system F

Γ ⊢ t : ∀Xi.A (∀E)
Γ ⊢ t : A[B/Xi]

Γ ⊢ t : A (∀I)
Γ ⊢ t : ∀Xi.A

if Xi < FTV(Γ)

ISOMORPHIMS :

∀X.A ≃ε A if X < A

∀X.(X→ ⊥)→ ⊥ ≃ε ((∀X.X)→ ⊥)→ ⊥

. . .

∀X.A ≃ε A[∀Y.Y/X]

if any X in A occurs in an Opponent position
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Further directions
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Further directions

- Curry-style system F
(which representation of types ?)
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Further directions

- Curry-style system F
(which representation of types ?)

- Signification of uniformity
(links with innocence ?)
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Further directions

- Curry-style system F
(which representation of types ?)

- Signification of uniformity
(links with innocence ?)

- Retractions
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