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Interpretation of lollipop

Interpretation of linear logic

t:A ~ [t] € Set”l  (vector)
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Interpretation of lollipop

Interpretation of linear logic

t:A ~ [t] € Set”l  (vector)

Interpretation of —o

t:A—oB ~» teSetP*? (matrix)
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Power series

Matrix (a;;) as a linear map

Y1 = Q111 + Q1222 + Q133 ¢« - *

Yz = Q211 + A2 + Q233 *

Y
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Power series

Matrix (a;;) as a linear map

Y1 = Q111 + Q1222 + Q133 ¢« - *

Q211 + Q222 + Q233 * *

Y2

Y

extend to

Y1 = a+bxiz; + cxizyxl -
4,2
dz] + ex,xy + frijxl .-

Y2
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Multisets
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Multisets

Regard =~ x,x2 as multiset { Ty, T3, T3}

Def
. « « the set of multisets of A
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Multisets

Regard =~ x,x2 as multiset { Ty, T3, T3}

Def
.« « the set of multisets of A

Y

formal power series «~ matrix in Set?*
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Interpretation of bang

Interpretationof !A ... exp A
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Interpretation of bang

Interpretationof !A ... exp A

Linearmap in!A —o B = GetBxezp A

«~~s formal power series Set* — Set?

—def
(special case of)
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Interpreting linear logic

AL ...

ARB---

A& B---.

1 A
comonad!A 25 1MA 14 =3 A
comonoid!'A 25 1A R4, 14 =51

!A —o B corresponds to analytic functors (i.e.,
formal power series)
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Trace

Trace in monoidal categories

ARX LB X i
A At"l{)B
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Trace

Trace in monoidal categories

ARX LB X i
A At"l{)B

Diagrammatically

A .f B

e
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Diagonal sum

Diagonal sum of matrices is trace

M: (A® X) — (B ® X)
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Diagonal sum

Diagonal sum of matrices is trace

M - Set(AxX)x(BxX)

Y (t'T'XM)a,b a Z eX M(a'a )9(ba )
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Fixed points

Provided tensor & Is

trace <« fixed point combinator

(with BekiC’s condition)
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Fixed point from trace

.........



Trace of analytic functors

Diagonal sum » | _x M4, )@, )
IS trace for tensor A ® X
for cartesian A & X
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Trace of analytic functors

Diagonal sum » | _x M4, )@, )
IS trace for tensor A ® X
for cartesian A & X

We need trace of
M:(A& X))o B&X
~ T°M :'A —o B
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Coalgebras

Category of analytic functors
14 -4 B

12

(Sub)category of coalgebras
1A——B

5l la

[ —y
'
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Coalgebraic trace

Coalgebramap!'A® !X 5 'B® !X

1470 B
] E
"A—!'B

trX g
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Coalgebraic trace

Coalgebramap!'A® !X 5 'B® !X

1470 B
] E
"A—!'B

trX g

Diagonal sum does not satisfy this
We must find new construction
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Comonoid map

In the categorical model of linear logic
coalgebraic map ~~» comonoid map

1A—"+1B |
N
IAQ!A-1BQ!B 1
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Vanishing case

Required condition:

IAQ!IX 51X -
~» 'A =3 1 (comonoid map)

!Atr_xg,l

N A i.e., tr*g=ce.
1
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Vanishing case

Required condition:

IAQ!IX 51X -
~» 'A =3 1 (comonoid map)

!Atr_xg,l

N A i.e., tr*g=ce.
|
Reading as a formal power series, tr* g(z) = 1
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Normalized trace

Given!'AR!'X H 'BR!'X,

o.M € Set(e=pAxeap X)x(eap Bxeap X)

Define ' A tr—Xg 'B

i.e., analytic functor Set* — Set®*? 8

. — p.17/28



Normalized trace

Given!'AR!'X H 'BR!'X,

e, Y= Set(eprXea:pX)X(empBXepr)

Define ' A ”—Xg 'B

i.e., analytic functor Set* — Set®*? 8

as a formal power series

3 2022 M@, s, )z

(o € exp A, € exp B,~ € exp X)
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Normalized trace

Given!'AR!'X H 'BR!'X,

e, Y= Set(eprXea:pX)X(empBXepr)

Define ' A ”—Xg 'B

i.e., analytic functor Set* — Set®*? 8

as a formal power series

Za(z M(a’ )s(B; ))wa
Za(z M(a’ ),(09 ))wa

B

(o € exp A, € exp B,~ € exp X)
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Well-defined?

Division of formal power series

20221 M(a,q),8,7))T™
> a2 M(a,),0,7))Z

\Well-defined as a formal power series?
(coefficients aresets : possibly infinite, no negative)
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Well-defined?

Division of formal power series

20221 M(a,q),8,7))T™
> a2 M(a,),0,7))Z

\Well-defined as a formal power series?
(coefficients aresets : possibly infinite, no negative)

Trick: Add dummy variables to ensure finiteness
Imbed coefficients in Q
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Fixed points of analytic functors

trXg : B —

20220 M(aq),8,7))T>
S

a(yj‘)’ M(aa')’)a(ma?’))wa .
IS a coalgebraic trace
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Fixed points of analytic functors

trXg : B —

20220 M(aq),8,7))T>
S

a(yj‘)’ M(aa')’)a(m,?’))wa .
IS a coalgebraic trace

~~ [race In category of
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Fixed points of analytic functors

o2y M), (8,7)) "

a(yj‘)’ M(aa')’)a(m,?’))wa .
IS a coalgebraic trace

tng:,Bl—);

~~ lrace In category of
~~ fixed points of analytic functors

Given'4A ® 'X -5 X set

M(aa7)7(:3,7’) : [way7]yﬂf(m, y)")"
(coefficient of #*y”)

. — p.19/28



Fixed point formula

Fixed point of f(x, y)
2y s (=, y)”

fixf(x) = Zv[yy]f(w,y)v



Application to mathematical analysis

Solve =x-h( ) (.e,y=fix(z-h(-))

Its solution y = h'(x)

> Yy - (x- h(y))”
() = 2=
") =5 e ki)




Application to mathematical analysis

Solve =x-h( ) (.e,y=fix(z-h(-))

Its solution y = A'(x)

> Yy - (x- h(y))”
T r) = 2
") =5 e ki)

denominator = det(I — N(x, h'(x)))™!
where N (z, y) is matrix (z;(8h;(y)/0y;)):;
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agrange-Good inversion formula

hi(x)
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= > [y"y - (z - h(z))”

known as the
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Towards 2nd-order linear logic

Types affect terms in 2nd-order

~~  Analysis of types are needed
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Towards 2nd-order linear logic

Types affect terms in 2nd-order

~~  Analysis of types are needed

1st-order types are (extended) analytic functors

excpX =) _X"/S,
(orbits of the S,,-action on X™)

But, quotient is ill-behaved
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Groupoids

Switch to groupoids (in place of >~ X"/S,)

X S = / Hom(n, X)
nes

X: groupoid

S=1]]S.

Hom: In 2-category of groupoids
[: Grothendieck construction
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Wreath product

Given G =% C G groupoid
. pseudo-functor
C groupoid-enriched category

X G =def/ Hom(p(2), X)
zeG

extension of wreath product in group theory
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Twiner

IS a 2-functor
(-) wr G : C — Gpoid

satisfying a finite presentability condition
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Twiner

IS a 2-functor
(-) wr G : C — Gpoid

satisfying a finite presentability condition

twiner - - - If it preserves surjections

twiner - - - a weaker condition
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Interpreting 2nd-order
Variable type F(X)
.o twiner Gpoid — Gpoid

Variable term tx : F(X)
twiner Gr(F') — Gpoid

Gr(F') . Grothendieck construction
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Further topics

Linear parametricity on the twiner model
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