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Part |

Geometry of concurrency

A short tutorial

(from causality to geometry, and conversely)



Geometry of concurrency

Event structure — Transition space
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A formal definition of the transition space
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Synchronization

Event structure —

L/E\R

Lace left shoe.
Lace right shoe.
Exit the store.
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E
2N




The extended shoe shop experience

Event structure . Transition space
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The 3-dimensional cube

Event structure — Transition space
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The 3-dimensional cube property

Property: every transition space generated by an order satisfies:
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Conversely...



Parallel transport

Definition: A path

i1 i

L] L2 L3

transports a transition « to a transition v when:

Y1

Y2

Y3
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L2 L3
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Notationally:

Y1 Y2 Y3

Tq = T 5 3
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Transition with history

Definition: a transition with history

u
r — Yy — 2

consists of a path f extended by a transition .

Alternatively seen as a non empty path: cf. A® in Martin Hyland’s talk.
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We write

Extraction

Y ~ T > - z

when the paths f and ¢ factor as

and the transition t is removed from the path f by parallel transport:
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f1 ' g2 T
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Confluence of extraction

Property: In a transition space satisfying the 3-dimensional cube
property, the extraction procedure

/ u

m > e y AN o o o AN

Is confluent , and thus normalizes to a unique transition with history

g v
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Extraction: an illustration

B-Li-Lp-Ri-Ry ~ B-Li-Ri-R>
~ B Ri- R».
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A counter-example to confluent extraction: parallel or

true

true true

The rewriting rules
trueve — true
x Vtrue — true

1L — true
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A counter-example to confluent extraction: parallel or

rue rue The rewriting rules
. ., truevae — true
x Virue — true
1L — true
true v L 1 Vv true

\/

1LvL
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Genericity

Property: A transition with history

IS a normal form wrt.

f U
T — - Y

~ if and only if it is generic :

Normal form = No extraction step ~~ from it.
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Every diagram

factors uniquely as
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Yy y’
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Events

Definition: An event is the homotopy class of a normal form

/ u

x Y z.
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Events: an illustration

Transition space - Events
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Prefix modulo homotopy

Definition: two coinitial paths f : * —y and g :

satisfy
fEg

when there exists a path

such that

r — 2
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Prefixing: a partial order on events

The prefix order C defines a partial order on events.
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The partial order of events: an illustration

Transition path — Partial order on events
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The partial order [ f] associated to a path f

Every path f : + — vy defines the downward closed set

[/]

of all the events e satisfying
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Causality deduced from geometry

Main property:
f~g <= /I = gl

A path g ~ f is precisely a sequentialization of the partial order [ f]].

More on this in Samuel Mimram'’s talk.
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Part Il

Game semantics

In search of the logical phenomenon
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Proof-theory: in search of a notation...

Ideography

Hilbert systems

T

Sequent calculus Natural Deduction

Proof-nets Lambda-calculus
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A proof of the drinker’s formula in classical logic

Alzo) F Alxo) oM |
A(zo) F V. A(x), A(xo) Rgigth\:viakenlng
= A(zo) = Va.A(z), A(xo)
(A(LUO) = Vx.A(x)) — B} A(aio),B
Vy{(A(y) = VZIJ.A(Q:)) = B} - A(ZUO),B
Vy{(A(y) = Vz.A(z)) = B}, A(y)o + Vz.A(x), B

BE B Axiom
Left =

Left vV
Right V
Left Weakening

vy {(A(y) = Vz.A(z)) = B} + A(y)o = Vz.A(x), B Right = B+ B Axiom

vy {(A(y) = Vz.A(z)) = B}, (A(y)o = Vz.A(z)) = B+ B,B Left =
Vy{(A(y) = Vz.A(z)) = B},Vy.{(A(y) = Vz.A(z)) = B} + B, B Left vV |
Vy.{(A(y) = Vx.A(z)) = B} + B, B Contraction
Yy {(A(y) = Vz.A(z)) = B} - B
- Vy.{(A(y) = Vz.A(x)) = B} = B

Contraction
Right =
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Think of music!
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Music is a notation constructed around an acoustic phenomenon.
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Similarly...

Logic should be a notation constructed around a logical phenomenon.
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But is there something like a logical phenomenon?

The machine/notation should not be confused with the phenomenon it
generates: an oscillator is not a magnetic wave!

An heuristic: put the machine in a box, and study what emanates from it:

A proof
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Even better!

Capture two machines, and study how they interact :

A proof 7

logical
phenomenon

A proof 7
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Traditional game semantics

alternating

A proof 7
seguences of moves

A proof =

Game semantics: an interleaving semantics of proofs.



An interleaving semantics

The boolean game B:

Vv F

tru& Ase
q

question

B

Player in red
Opponent in blue
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An interleaving semantics

The tensor product of two boolean games B et B»:

falseg\ /Eruel
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A step towards true concurrency: bend the branches!

fyw
2

4 N\
tru;1\ Alseg
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True concurrency: tile the diagram!
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Asynchronous game semantics

trajectories in

A proof 7 ..
asynchronous transition spaces

A proof =

The phenomenon refined: a truly concurrent semantics of proofs.
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Part Il

Innocence In asynchronous games

From trajectories to positions
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Asynchronous games

An asynchronous game is an event structure equipped with a polarity
function

A M—{-1,+41}

indicating whether a move is Player (4-1) or Opponent (—1).
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Legal plays

A legal play is a path
ma mo ms3 mi
X —> X1 —— T — +Tp_1 — Tk

starting from the empty position *x of the transition space, and satisfying:

Vi e [1,..., k], A(m;) = (—1)%

So, a legal play is alternated and starts by an Opponent move.
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Strategies

A strategy is a set of legal plays of even length , such that:
— o contains the empty play,

— o Is closed under even-length prefix

s-m-ne&coc = SEo,

— o Is deterministic
s -m-ny€oc and s-m-no €0 = ny = no.

A strategy plays according to the current play.
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Innocence: strategies with partial information

Full abstraction result [Martin Hyland, Luke Ong, Hanno Nickau, 1994]

Innocence characterizes the interactive behaviour of \-terms.

An innocent strategy plays according to the current view.
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Where are the pointers in asynchronous games?

= T~

N2\

Play = sequence of moves with pointers
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Event structure = generalized arena

§
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R FAVAS
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B - L4 :

A4
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Event structure = generalized arena

7N TN
R N
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From this follows...
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Backward innocence

4 7 X
NS
NN
o\ 0 o




Forward innocence




Innocent strategies are positional

Definition. A strategy o is positional when for every two plays s1 and s»
with same target x:

s1€0 and s, €0 and sy-t€o0c = sr-t€o

Theorem (by an easy diagrammatic proof)
Every innocent strategy o is positional

More: An innocent strategy is characterized by the positions it reaches.
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A positional characterization of innocence
An innocent strategy o is a set of positions satisfying :

e o IS closed under union and intersection,

oif ooz 5¢t—">2co andthemove m isby Opponent, then
there exists a unique Player move ¢t —— y suchthat ¢ >y —— 2 € 0.

e the dual property (reverse the arrows and the polarities),

e the root position * is element of o.
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An illustration: the strategy (true

VRF
false/’
V& q ~
y \truel fa
~ 7
V ® % ~ qXq
PN
do
tr“& /
q & * ~
d1

® false)

Strategies become
closure operators
on complete lattices
as in Abramsky-M.
concurrent games.
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Part IV

A concurrent account of Bohm trees

Extraction in asynchronous games
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The transition space of OP-transitions

e e
SO N

A new transition space.
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Extraction in the OP-transition space

OP
$s1-O-P-so-m-n ~ $1-8>-m-n

when the two moves O and P do not justify any move in the path s> - m - n.

Property: the Player view " s ' of a play s is the result of the extraction:

S S .

Corollary: an OP-event is a Player view.

55



The transition space of PO-transitions

SO
S e

56



The reconstruction of the B ohm tree

A key observation [Vincent Danos, Hugo Herbelin, Laurent Regnier 1996.]

A Player view is the same thing as a branch of a Bohm tree.

A node in the syntax:

represents a cluster of Opponent moves:

A1 AXem.yP1---Pn +— yPp---Pp

and a cluster of Player moves:

yP].Pn = y7P17”°7Pn'
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Immediate conseguence
Every legal play s with final position = defines two Bohm trees:
A Program (s| — An Environment |s)

The position x is obtained by letting (s| and |s) interact together.

One needs a locative and non uniform \-calculus for that.
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Part V

A game model of linear logic

A commutative continuation monad
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An adjunction

Every object L in a symmetric monoidal closed category C defines a func-
tor:

CoP,

C
A A — |

—_
|_>

This induces an adjunction

C 1 cop

N
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The continuation monad

The resulting continuation monad

AI—>—|—|A

IS strong:

AR -—-B ﬂﬁﬁ(A®B)

rst
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The continuation monad

Theorem: [Masahito Hasegawa]

The Kkleisli category is x-autonomous when the continuation monad is com-
mutative.

A categorification of the phase space semantics.
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Conclusion
Here, a conceptual and concurrent reconstruction of Bohm trees.
Currently:
Non alternating games [with Samuel Mimram]
Operads in categories of games [with Nicolas Tabareaul].
A categorical analysis of innocence [with Russ Harmer and Martin Hyland]

Comparison with the work by Claudia Faggian, Pierre-Louis Curien, Martin
Hyland, Andrea Schalk, Dan Ghica, Andrej Murawski, Jim Laird.
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