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Abstract

We present a coding of the dependent elimination scheme of an inductive definition from
its non-dependent elimination scheme using 3-types. This coding leads us to introduce
commutation and 7n-rules on the elimination rules.

1 Introduction

Inductive data types are introduced in functional programming languages as a stan-
dard way to define algebraic data types. They are generally introduced as a bunch
of constants. For example, in Godel’s system T (see, for example, (Girard et al.,
1989)), the data type of natural numbers is defined from the type nat, the constant
0 of type nat, the constant Succ of type nat — nat, and the recursor scheme (or
elimination scheme) R of type

A— (nat— A— A)— nat— A

for any type A. This recursor allows us to define functions by recursion over natural
numbers. In the context of type theory, the need for a new elimination scheme arises
with the introduction of dependent types. This scheme has type

A(0) — Tx:nat. (A(x) — A(Suce(x))) — Un:nat. A(n)

Although its type is more accurate, it is computationally equivalent to the non-
dependent scheme. This new scheme allows us to define more functions, such as
constructing a dependent list of size n. But above all, via the Curry-Howard cor-
respondance, it allows us to do proofs over natural numbers (note that the type of
this new recursor is exactly the induction principle on a predicate A).

In a type system, the possibility of defining new inductive data types (see for
example inductive definitions in the Calculus of Inductive Constructions (Paulin-
Mohring, 1996)) gives a generic, powerful and convenient way to define data types.
A counterpart of this genericity is the difficulty of studying inductive definitions
from the theoretical point of view. But certain data types contain the essential
difficulties of these inductive definitions. That is the case of Well-ordering types,
that can be used to encode strictly positive inductive definitions ((Dybjer, 1997),
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(Nordstrom et al., 1990)). As well, the inductive definition of equality is enough to
recover the full strength of dependent inductive data types (Paulin-Mohring, 1996)
(i.e. inductive definitions of predicates).

The aim of this paper is similar. It shows how to define the dependent elimina-
tion scheme of an inductive definition from the non-dependent one using only the
dependent elimination scheme of X-types'. However, we will see that our encoding
needs the addition of commutation and »n-rules to ensure typing.

In section 2, we present the system used in the remaining of the paper. In sec-
tion 3, we describe our coding of the dependent elimination scheme for a small class
of inductive data types. Finally, in section 4, we show that we can generalise this
coding to a large class of inductive definitions.

2 Framework

The coding we propose takes place in a typed lambda calculus with dependent
types. It is close to Martin-Lof’s Type Theory (Martin-Lof, 1984) in a presentation
where terms and types are mixed. It provides native Y-types, inductive types and
a fixpoint construction. This system is described in Figure 1. We assume known
standard background about A-calculus.

Some remarks :

e We will use the standard notation A— B as a shortcut for IIz:A. B when
x ¢ FV(B).

e Inductive definitions will be introduced in the next section by means of new
constants, a constant being a tuple (¢, A, R) composed of a name ¢, a type
A and a set of reduction rules R. Each constant introduced will be implicitly
added to the context of constants A.

e The equality sign, that appears in the conversion rule (conv), refers to the
congruence generated by all the reduction rules of the system, including re-
duction rules declared in A.

e The system we present contains a typed fixpoint operator similar to that of
pCF (Plotkin, 1977). In this paper, we do not care about guarded conditions
that are usualy introduced to ensure normalisation (see for example (Paulin-
Mohring, 1996)). Hence, this system does not enjoy the strong normalisation
property. However, all use of the fixpoint operator corresponds to structural
recursion and thus should be accepted by any reasonable notion of guarded
conditions.

3 Description of the coding for some data types

In this section, we describe our coding of the dependent elimination scheme.

1 For convenience and without loss of generality, in the remaining of this paper, L-type will be
embeded directly in our system, and hence not introduced as an inductive definitions
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3.1 The type of booleans

Let us extend the global context of constants A with the following definitions :

bool : Prop
true : bool
false : bool

bool™® : TIP:Prop. P — P — bool — P

Framework

Syntax:
u,v, A, B := z | ¢| Prop | Type | fizz(u)
|Mz:A.B | Ax:A.u|uwv
| Bz:A. B | {u,v) | miu | mou
( x stands for a variable name taken from an infinite set of names;
c stands for a constant. Such constants will be introduced later. )

Judgements:

Contexts are ordered lists of pairs (z, A) where z is a variable name and A a
term. Constants are defined in an implicit global context A.
We distinguish two kinds of judgements :

o I' I says “the context I' is well-formed”.

o [' - wu: v says “in context I', u has type v”.

These judgements are recursively defined by the typing rules given below.

Typing rules:

(In the following, s, s1 and s2 stand for Prop or Type, DV (I') stand for Declared
Variables in I and max is defined from the order Prop < T'ype.)
'FA:s z¢DV()

o VAT
gr lus T, (z: A)F !
'k (z:A)el 't (c,A, )eA
T Treia Fre:a
p PFIz:A.B:s I',(z:A)Fu:B
I'F Prop: Type rop 'k Ax:A.u:Ilx:A. B lamb
I'Fu:llz:A. B FI—U:Aapp IEA:sl Fy(x:A)i_B:S2prod
F'Fuv: B{z:=v} '+ IIz:A. B : max(sl, s2)
F'tu:A Throv:B{z:=u} 'A:s1 T',(z:A)FB:s2 |
air st
'k (u,v) : Xz : A:B. P 'k Xz:A. B : max(sl, s2) g
NFu:Xx:A.B proji l'Fu:¥z:A.B projs
Tkmi(u): A It mo(u) : B{z:=m1(u)}
L X)re:x Tbw:T THT':s T=T _
DF fizg(t): X Thu:T
Reducti les:
equction ruies Az:A.t)u pg t{r:=u}
fizy () >ria t{f:= fizs(t)}

)
m1{u,v) bry
mo(u,v) Pry, U

Fig. 1. The framework
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and reductions rules :

bool™™ P g Yy true Dyye T
bool™™ P z y false >false Y

where bool™ is the non-dependent? elimination scheme of bool.

We now want to define the corresponding dependent elimination scheme, i.e. a
term

bool®P : TLP:(bool — Prop). (P true) — (P false) — Ib:bool. P b

ensuring the same reduction rules as bool™%.

The intuition behind our coding is to box the type dependency of the eliminated
predicate in a dependent pair; use the non-dependent elimination scheme (to pre-
serve reduction); and then unbox the type dependency using the second projection
on the obtained pair.

So, we define bool?P by
bool®P 2 \P:(bool — Prop). \z:(P true). \y:(P false). \b:bool. wo(Mp. 4.4 5)
where

Mpoyb 2 pool™™P (Xx:bool. P x) (true,x) (false,y) b
It follows immediately that

boolP : TIP:(bool — Prop). (P true) — (P false) — TIb:bool. P(m1(Mp,z.4 1))

Observationally, given the definition of bool?? and the reduction rules of bool™,
whatever the boolean b we eliminate is, the first projection of Mp, ,;, will always
be the boolean b itself. However, m1(Mp 4, 4) is not reducible if b is a variable and
hence 71 (Mp, ) and b are not convertible. So, in order to have w1 (Mp ) = b,
we add to A two new reduction rules for bool"@. The first one is a commutation
rule® between the first projection and the non-dependent scheme and the second
one is an 7-rule for this scheme :

71(bool™ ™ (Lx:bool. P) x y b) >y, bool™™ bool (m1z) (T1y) b
bool™ bool true false b >y, b

Provided these two rules, we can check that 71 (Mpy y5) > b:

T (Mpgys) = m1(bool™® (Xa:bool. P x) (true,z) (false,y) b)
>y, bool™P bool (my(true,x)) (m1(false,y)) b
>y bool™ ™ bool true false b

Dbn b

and hence, by conversion,

bool?“? : TIP:(bool — Prop). (P true) — (P false) — Ib:bool. P b

2 Of course, we do not want to add the dependent elimination scheme, as its definition is the
purpose of our coding.

3 Note that this rule is close to the commuting conversions (or permutative conversions) used for
V and 3 to ensure cut elimination in natural deduction (Prawitz, 1965).
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Finally, we can easily check that bool™ has the same reductions than bool?P. For
example, for the first rule, we have :

bool®™? P x y true = 7o (bool™ ™ (X z:bool. P z) (true,z) (false,y) true)
Dirue T2 <true, $>
Dr, T

3.2 Enumerated types

Let us consider the family (S;);en of the enumerated type where S; is the enumer-

ated type with i constructors (ci,...,c!) defined by the constants :
S; : Prop
Cll : Sl
¢ S

1
Si"dp : IIP:Prop. P— ... - P —-8;— P
—_—
i times
and ¢ reduction rules :

d )
S?prl coxpcy > ow

Si"dp Pz ...zt > ox;
We define the dependent elimination scheme Sflep of S; by :

SdP & AP:(S; — Prop). Ae1:(P cb). ... Azi:(P ). As:S;.
To(SMP (Sa:8;. P ) (b, 2) ... (ch,xy) s)

and we add the following two reduction rules for S/ :

7T1(Slvndp (E{ITSZP) X1 ... Xy 8) > S;ﬂdp 81 (7T1£171) (7T1(Ei) S
Sfdp Sich...cls > s

We can easily check that the scheme
S  11P:(S; — Prop). (P ¢i)— ... —» (P ¢}) — s:S;. P s

has the same reductions as S;" b Hence, it is a correct coding of the dependent
elimination scheme of S;.

Let us note that the data type 0§ (empty) with no constructors and unit with
only one constructor T of type unit are respectively Sy and S1, and bool is Ss.

3.3 The type of natural numbers

We now consider a more complex inductive data type, that of Peano natural num-
bers. A major difference between the booleans and the natural numbers is the recur-
sivity of the constructor S (successor). If we try to define the dependent elimination
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scheme of the natural numbers using their non-dependent elimination scheme with
a coding close to the one of the boolean case, we shall have difficulties expressing
the commutation rule of the first projection with the non-dependent elimination
scheme. Commutation of operators (like 1) and recursivity don’t mix well. So, in
order to get rid of this problem, we use the non-dependent case analysis scheme*
of the natural numbers to define their dependent case analysis scheme. We then
define the dependent elimination scheme using a fixpoint.
The data type of natural numbers is defined by the following constants :

nat : Prop
0 : nat
S : nat — nat

nat™@? . TIP:Prop. P— (nat — P) — nat — P

case
where nat” is the non-dependent case analysis scheme of nat which has reduc-
tions :
nat™® Px f0 > x

case

nat™® Pz f(Sn) > fn

case

We define the dependent case analysis scheme by :

natder & \P:(nat — Prop). \z:(P 0). \f:(Iln:nat. P (S n)). An:nat.
mo(nat™®, (Xx:nat. P z) (0,x) (Am:nat. (S m, f m)) n)

and we add two new reduction rules, a commutation rule of the first projection
with the non-dependent case analysis scheme and an n-rule® for this scheme :

71 (nat??, (Xznat. P) x (Am:nat.y) n) > nat®®, nat (71x) (Am:nat. 71y) n
nat™® nat 0 (Am:nat.Sm)n > n

case

Then, one could easily check that
nat®? . TIP:(nat — P). (P 0) — (In:nat. P (S n)) — Hn:nat. P n

So, it has the type of the dependent case analysis scheme (which follows directly
from the fact that 71 (nat?®, (Sxnat. P 2) (0,2) (Am:nat. (S m, f m)) n) > n),
and ensures the same reduction rules than nat?

case*

Finally, as is already known, we can define the dependent elimination scheme
using the fixpoint operator, which leads to :
natd? & \P:(nat— Prop). \z:(P 0). \f:(Iln:nat. (P n) — (P (S n))).
fizrec(natde?, Pz (Am:nat. f m (recm)))
This has the type and reduction of the dependent elimination scheme, i.e. :
natde? : IIP:(nat — Prop). (P 0) — (In:nat. (P n) — (P (S n))) — (Ym : nat, P m)
natd® Pz f0 > x

Trec

nat®? Px f (Sn) > f n(naté® Pz fn)

Tec rec

4 Which can trivially be defined using the non-dependent elimination scheme
5If we had the standard n-rule for X in the system, this rule can be more simply
ndp
nategse nat 0 (S)n>n
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wder, . TIP:(W — Prop). [Hx:A. INMw:(B z— W). P (node x w)] — HMw:W.Pw

AP:(W — Prop). A\H:(Ilz:A. TTw:(B x—W). P (node = w)). Aw:W.
T (WIE (Sz:W. P z) Az:A.Nf:(B z) — W). (node z f, H = f)) w)

1>

Wier . IIP:(W — Prop).

[Hm:A. IMw:(B z — W). (IIb:(B ). P (w b)) — P (node x w)]
— [Mw:W. P w

AP:(W — Prop).

AH: [Hm:A. Mw:(B z — W). (Ib:(B z). P (w b)) — P (node « w)].
firee(Wishe P (A AN:((Bx)— W). H z f (A\b:(B x).rec (f b)) )

[I>

Fig. 2. Definition of wdep,

3.4 Well-ordering types

We now show that the same kind of coding as for the natural numbers works
for the well-ordering type. Well-ordering types have been introduced by Martin-
Lof (Martin-Lof, 1980) and can be used to represent various inductive data types, a
property that we will use later. This data type has two parameters (A and B) intro-
duced as constants to simplify notation. Hence, well-ordering data types, generally
noted Wx:A. B, are simply noted W hereafter.

It is defined by the constants :

A : Prop
B : A— Prop
W . Prop

node : Hx:A.(Bx—W)—>W
wprde . T1P:Prop. llz:A. (Bx— W)— P| - W — P

case

where W is the non-dependent case analysis scheme of W. This scheme is given

by the following three reduction rules :

Wnrde P H (node = f) > H z f

T (WrE (Sx:W. P) Az Af.t) w) > WP W (A A\f.mit) w
Wnde W (Az. Af.node = f)w > w

case

The coding of the dependent elimination scheme of W, namely W2 is given in

Figure 2. Moreover, we can easily check that it enjoys the expected reduction rule :

Wder P H (node = f) > H z f (\b:(Bx). WP P H (f))

rec rec
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4 Generalisation

We have shown that we can derive the dependent elimination scheme of the well-
ordering type from the non-dependent one. It is well known that this type can be
used to represent various inductive data types (see, for example, (Dybjer, 1987)).
More specifically, P. Dybjer has shown that, associated with disjunction, prod-
uct®, empty and unit types, the well-ordering type can be used to represent strictly
positive inductive definition schemes (Dybjer, 1997). Thus, our coding can be gen-
eralised to these inductive definitions.

However, this well-ordering based coding doesn’t give the expected induction
principle in an intensional type theory (there is a ‘junk’ in the representations (see,
for example, chapter 15 of (Nordstrém et al., 1990))). Goguen and Luo have shown
that, in order to correct this problem, it is sufficient to add some filling-up equality
rules (see (Goguen & Luo, 1993)). These rules are forms of n-rule a little bit more
general than the ones we introduced to ensure typing in our coding.

In their paper, Goguen and Luo discuss the possibility of orienting their equality
rules in order to get reduction rules, but face some difficulties in doing so (one way
is not Church-Rosser, the other one break strong normalisation). However, in our
coding, we only use the new reduction rules (7 and commutation of 71) to ensure
typing and not to compute. So, our coding also work if we take only the equality
generated by the new rules and not the rules themselves. Hence, one could directly
mix our work with the one of Goguen and Luo by adding only the commutation
rules to their rules.
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