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Abstract

In game semantics, the higher-order value passing mechanisms bfctileulus are de-
composed as sequences of atomic actions exchanged by a Player and its Opponent. Seen
from this angle, game semantics is reminiscent of trace semantics in concurrency theory,
where a process is identified to the sequences of requests it generates in the course of time.
Asynchronous game semantics is an attempt to bridge the gap between the two subjects,
and to see mainstream game semantics as a refined and interactive form of trace semantics.
Asynchronous games are positional games played on Mazurkiewicz traces, which refor-
mulate (and generalize) the familiar notion of arena game. The interleaving semantics of
A-terms, expressed as innocent strategies, may be analyzed in this framework, in the per-
spective of true concurrency. The analysis reveals that innocent strategies are positional
strategies regulated by forward and backward confluence properties. This captures, we be-
lieve, the essence of innocence. We conclude the article by defining a non uniform variant
of the A-calculus, in which the game semantics of-term is formulated directly as a trace
semantics, performing the syntactic exploration or parsing ofXttiatm.

1 Introduction

Game semantics has taught us the art of converting the higher-order value pass-
ing mechanisms of th&-calculus into sequences of atomic actions exchanged by

a Player and its Opponent in the course of time. This metamorphosis of higher-
order syntax has significantly sharpened our understanding of the simply-typed
A-calculus, either as a pure calculus, or as a calculus extended with programming
features like recursion, conditional branching, local control, local states, references,
non determinism, probabilistic choice, etc.

Game semantics is reminiscent of trace semantics in concurrency theory. There,
a process is described as a symbolic device which interacts with its environment
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by emitting or receiving requests. A sequence of such requests is calladea

The trace semantics of a processs defined as the set of traces generated by the
process. In many situations, this semantics characterizes the contextual behaviour
of the process. In other situations, it is refined into a bisimulation semantics.

Game semantics develops pretty much the same story for-tiaéculus. The ter-
minology changes of course: requests are catiedesand traces are callgiays
But everything works arguably as in trace semantics: the semantics-téran M

of type A is the set of plays generated by tha-term M ; and this set of plays
characterizes the contextual behaviour of theerm. The novelty of game seman-
tics, not present in trace semantics, is that the typefines sgame and that the
set of playsr generated by thé-term M defines astrategyof that game.

The main thesis of this work is that game semantiesadly the trace semantics of

the A-calculus — and even more than that: its Mazurkiewicz trace semantics. The
thesis is quite unexpected, since thealculus is often considered as the historical
paradigm of sequentiality, whereas Mazurkiewicz traces describe truly concurrent
mechanisms. The thesis is also far from immediate. It prescribes to reevaluate a
large part of the conceptual and technical choices accepted today in game seman-
tics... in order to bridge the gap with trace semantics and concurrency theory. Three
issues are raised here:

(1) The treatment of duplication in mainstream game semantics (eg. in arena
games) distorts the bond with trace semantics — in particular with Mazur-
kiewicz traces — by adding justification pointers to traces. This prompts us to
revisit this specific treatment of duplication in our first article on asynchronous
games [30]. We recall below thgroup-theoretidormulation of arena games
operated there in order to “eliminate” these justification pointers — or rather,
in order to reunderstand them espy indicesnodulo group action.

(2) Thirty years ago, Antoni Mazurkiewicz developed a theorg®fnchronous
tracesin which theinterleavingsemantics and thieue concurrencygemantics
of a concurrent computation are related by permuting the ordadependent
events in sequences of transitions. On the other hand, current game semantics
provides an interleaving semantics of thecalculus, in whichi-terms are
expressed amnocentstrategies. What is the true concurrency counterpart of
this interleaving semantics? The task of this second article on asynchronous
games is precisely to answer this question in a satisfactory way.

(3) Ten years ago, a series of full abstraction theorems for PCF were obtained
by characterizing the interactive behaviour)eferms as either innocent, or
history-free strategies, see [2,18,35]. We believe that the present work is an-
other significant stage in the “full abstraction” program initiated by Robin
Milner [34]. For the first time indeed, we do not simply characterize, but also
derive the syntax of-terms from elementary causality principles, expressed
in asynchronous transition systems. This reconstruction requires the media-
tion of [30] and of its indexed treatment of threads. This leads us tm-an



dexedandnon-uniformA-calculus, from which the usual-calculus follows

by group-theoretic principles. In this non-uniform variant of thealculus,
the game semantics of’aterm may be directly formulated as a trace seman-
tics performing the syntactic exploration or parsing of therm.

The treatment of duplication. The language of traces is limited, but sufficient

to interpret theaffinefragment of the\-calculus, in which every variable occurs at
most once in a-term. In this fragment, every trace (= play) generated bhyterm

is an alternating sequence of received requests (= Opponent moves) and emitted
requests (= Player moves). And a request appears at most once in a trace.

In order to extend the affine fragment to the whalealculus, one needs to handle
the duplication mechanisms semantically. This is a delicate matter. Several solu-
tions have been considered in the literature already, and coexist today. By way of
illustration, consider tha-term chosen by Alonzo Church in order to interpret the
natural numbeg:

M = Mf x.ffzx.

Placed in front of twoA-terms P and @, the A-term M duplicates its first argu-
ment P, and applies it twice to its second arguméntThis is performed syntacti-
cally by two 5-reductions:

MPQ —5 (Az.PP2)Q —5 PPQ. (1)

Obviously, the remainder of the computation depends onm\therms P and ().
The game-theoretic interpretation of thederm M has to anticipate all cases. This
requires the semantics to manipulate several threads aftidwen /> simultaneously
— and possibly many more than the two copigg and 5 appearing in the\-
term P,y P») @, typically when the\-term P uses its first argument,, several
times in the remainder of the computation.

Now, the difficulty is that each thread @f should be clearly distinguished. A
compact and elegant solution has been devised by Martin Hyland, Luke Ong and
Hanno Nickau in the framework @frena game$18,35]. We recall that aarena
is a forest, whose nodes are th®vesof the game, and whose branches+ n
are oriented to express that the moxgustifiesthe moven. A moven is called
initial when it is a root of the forest, or alternatively, when there is no mogeich
thatm F n. A justified playis then defined as a pdim; - - - my, ¢) consisting of a
sequence of moves; - - - my, and a partial functiog : {1, ...k} — {1, ..., k} pro-
viding the so-callegbointer structureof the play. The partial functiop associates
to every occurrenceof a non-initial moven; the occurrence(i) of a movem,,;
such thatn; = m;. One requires thag(i) < ¢ in order to ensure that the justify-
ing movem,,; occurs before the justified move;. Finally, the partial functionp

is never defined on any occurrencef an initial movem;,.



The pointer structure provides the necessary information to distinguish the sev-
eral threads of a-term in the course of interaction — typically the several threads
or copies ofP in example (1). The pointer structugeis conveniently represented
by drawing “backward pointers” between occurrences of the sequence m,.

By way of illustration, consider the aremat n - p in which the only initial move

is m. A typical justified play(s, ¢) of this arena is represented graphically as:

n - p. (2)
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Because adding justification pointers distorts the bond with trace semantics, in par-
ticular with Mazurkiewicz traces, we shift in [30] to another management principle
based orthread indexing already considered in [2,17]. The idea is to assign to
each copy of the-term P in example (1) a natural numbkre N (its index) which
characterizes the thread among the other copig3.dh the case of the justified
play (2), this amounts to (a) adding a dumb mokein order to justify the ini-

tial moves of the sequence, (b) indexing every justification pointer of the resulting
sequence with a natural number:

e e e
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then finally (c) encoding the sequence (3) as the sequence of indexed moves below:

3)

mi7 - Ni7s " P17,569 174 * P17,420 - N7 - Pr7,s,7 - s - 5,70 ~ P17,4,4- (4)

Obviously, the translation of a justified pl&y, ) depends on the choice of indices
put on its justification pointers. Had we not taken sides with trace semantics and
concurrency theory, we would be tempted (as most people do in fact) to retract to
the notation (2) which is arguably simpler than its translation (4). But we carry
on instead, and prompted by our task, decide to regulate the indexing by asking
that two justification pointers starting from different occurrencesd j of the

same move:, and ending on the same occurrenge) = ¢(j), receive different
indicesk andk’. This indexing policy ensures that every indexed move occurs at
most once in the sequence (4). In this way, we are back to the simplicity of the
affine fragment of the-calculus.

An interesting point remains to be understood: what can be said about two different
encodings of the same justified play? The first article of our series [30] clarifies this



point in the following way. Every game is equipped with a left and a right group
action on moves:

GxM-—M (g,m)—g.m
MxH-—M (m,h) — m.h

(5)

where M denotes the set of indexed moves, @a@nd H the two groups acting

on that set of moves. Intuitively, the left (resp. right) group action operates on a
movemy,, ., by altering the indices,;; assigned by Player (resp. the indices
ko; assigned by Opponent). Consequently, dhigit of a movemy, . x;, modulo a
combination of the left and right group actions is precisely the set of all moves of
the formm%wk;.
Now, the left and right group action on moves induces a left and a right group action
on plays, defined in a pointwise manner:

ge(my---my) = (gemq)---(g.my)
(my---mg)eh = (myah) - (my.h)

(6)

It appears that the justified plays of the original arena game coincide precisely
with the orbits of plays modulo left and right group action. Typically, the justified
play (2) is just the play (4) modulo pointwise group action (6). One significant
contribution of the present article is to reveal that the two group actions (5) are
inherentlysyntacticalgroup actions on aon-uniformvariant of the\-calculus, see
Section 6 for details.

Asynchronous traces. After these necessary preliminaries on duplication and
thread indexing, we shift to the core of this article: the comparison of true con-
currency and interleaving in game semantics. Let us recall first a few principles of
trace semantics in concurrency theory. Two requesiadb starting from a pro-
cessr are calledndependentvhen they can be emitted or received by the progess

in any order, without interference. Independence of the two requestdb is rep-
resented graphically byling the two sequences: b andb - a in the 2-dimensional
diagram below:

!
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Theinterleavingsemantics of a processis defined as the set of traces it generates

in the course of time. Thaue concurrencysemantics of the process is deduced
from this by quotienting the traces modulo themotopy equivalence obtained

by permuting independent requests. Expressing true concurrency by permuting the
order of events in a symbolic trajectory stands among the fundamentals of concur-
rency theory. The idea originates from the work of Antoni Mazurkiewicz on asyn-
chronous traces over a partially ordered alphabet [25,26] and leads to the notion
of asynchronous transition system developed in [36,20,40]. The same idea reap-
pears (independently) in Jean-Jacquésys description of the\-calculus [24],

and plays a key role in the author’s work on axiomatic rewriting theory [28,29].
The principle may be generalized todimensional transition systems generated

by cubical sets — where permutation of events amountirextedhomotopy —

as advocated by Vaughn Pratt and Eric Goubault in [37,14].

In comparison to concurrency theory and rewriting theory, mainstream game se-
mantics is still very much 1-dimensional. By way of illustration, take the sequential
boolean gam@, starting by an Opponent questiqrfollowed by a Player answer
true or false:

falkT une ( 8)

The plays of the tensor produBt® B are obtained by interleaving the plays of
the two instance®; and B, of the boolean gam®&. Thus, (a fragment of) the
gameB ® B defines a tree which looks exactly like this:

falses truey
\ q2 qd1 /
\true 1q1 qjalsez/ (9)
\‘\ //

We observe in [31] that the two plays in (9) are different fropr@ceduralpoint of
view, but equivalent from aextensionapoint of view — since both of them realize
the “extensional valueltrue, false). We thus bend the two paths, and obtain a
permutation tile with the shape of a 2-dimensional octagon:

e
>
\true1 falsey

q1

(10)



By doing so, we shift from the familiar sequential games played on decision trees,
to a new kind of sequential games playeddirected acyclic graphgdags). We

analyze in this way the extensional content of sequential games, and deliver an
alternative (and game-theoretic) proof of Thomas Ehrhard’s collapse theorem [12].

The extensional framework developed in [31] is extremely instructive, but not en-
tirely satisfactory because the permutation tiles are “global” — that is, they involve
more than two permuting moves in general. In contrast, the asynchronous games
developed in the present article admit only “local” permutation tiles, permuting
two moves, and similar to tile (7). By way of illustration, shifting to asynchronous
games decomposes the “global” tile (10) into four “local” tiles:

false/ wm
Vﬁum falsgw
- 3 (11)
trutel\ /Ol2 1\\ falses

N

Note that shifting from a directed acyclic graph in Diagram (10) to an asynchronous
game in Diagram (11) induces concurrent plays tike q» in the model. This in-
dicates that a satisfactory theory of sequentiality requires a truly concurrent back-
ground, in which sequential plays likg - true; - g5 - false, coexist with concurrent
plays likeq; - g2 Or q; - qs - true; - false,.

The non-uniform A-calculus. Here comes the most surprising, most difficult,
and maybe most controversial, part of the paper. An asynchronous game is defined
in Section 2 as apvent structuravhose events are polarized for Player moves
and—1 for Opponent moves. This polarization of events gives rise to a new class of
eventsm - n consisting of an Opponent mowe followed by a Player move. We

call O P-movesany such pair of moves. Just like ordinary moves, tWB-moves

my - ny andms - no May be permuted in a play, in the following way:

N
YAV
NPA
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The permutation diagram (12) induces a homotopy relatigip between plays.
The dual relation~p, is defined symmetrically, by permutingO-movesm - n
together, where by?O-movem - n we mean a Player move followed by an Op-
ponent mover, see Section 2 for a formal definition. Note that bethr and~p(
preservaalternationof plays.

Now, there is a well-established theorysiableasynchronous transition systems
in which every equivalence class modulo homotepynay be represented as an
event structure of so-calleghnonical representativesee for instance [36,20,28].
The canonical representative of a transition a given sequence of transitionsa
describes the cascade of transitions necessariiarder to enable the transitian
More formally, a sequence of transitions a is a canonical representative of a
sequence of transitions a precisely when:

(1) s-a~t-a-t for some sequence of transitiotisand
(2) whenever ~ t'-b, the transitioru cannot be permuted before the transithon

The stability property ensures that this canonical representativeof the transi-
tion a is unique modulo homotopy equivalenee on the sequence

Now, the asynchronous transition system witF-moves as transitions happens to
be stable. This implies that evefy’-movem - n in an alternating play - m - n has

a uniqguecanonical representative of the formm - n, modulo homotopy equiv-
alence~pp on the sequence Strikingly, this canonical representative coincides
with the so-calledPlayer view| s - m - n | of the plays - m - n defined by Martin
Hyland, Luke Ong and Hanno Nickau in the framework of arena games [18,35] and
adapted to the more “concurrent” framework of asynchronous games in Section 3.

Now, Vincent Danos, Hugo Herbelin and Laurent Regnier observe in their work
on arena games that every Player view of a justified pday) corresponds to the
branch of any-long Bohm tree, see [11] for details. The correspondence adapts
smoothly to the indexed treatment of threads devised by the author in [30]. In this
situation, every Player view of a playcorresponds to the branch ohan-uniform
n-long Bohm tree. From this results a non-unifodatalculus (defined in Section 6)
with a remarkable feature: the strategyassociated to a non-unifortaterm P

may be alternatively formulated as a trace semantics performing the syntactic ex-
ploration or parsing of tha-term P.

In this way, we reconstrudby rational meansa non-uniform variant of the-
calculus, starting from purely diagrammatic reflections on Mazurkiewicz traces and
two-player games. The simply-typeecalculus itself (or more exactly, the familiar
notion of -long Bohm tree) follows by the group-theoretic techniques elaborated
in [30] and further studied in Section 6. Hence, a diagrammatic and integrated
framework emerges here, liberated from syntax, in which the evaluation\ef a
term P against a contexXt|—| performs a symbolic trajectory: * — x



e whose homotopy class modula,p expresses the syntactic subtermfoton-
sumed during the evaluation Bf P],

e whose homotopy class modulop, expresses the syntactic subtermijf-]
consumed during the evaluationofP],

¢ whose homotopy class module coincides with the target positiony and pro-
vides the type (or formula) of what remains unconsumed after the evaluation.

Related works. The idea of relating a dynamic and a static semantics of linear
logic is formulated for the first time by Patrick Baillot, Vincent Danos, Thomas
Ehrhard and Laurent Regnier in their early work on “timeless games” [8] and car-
ried on by Patrick Baillot in his PhD thesis [7]. The idea reappears then in the
concurrent game model of linear logic introduced by Samson Abramsky and the
author [5]. There, concurrent games are definedcesplete lattice®f positions,

and concurrent strategies el®sure operator®on these lattices. As a closure op-
erator, every strategy is at the same time an increasing function on positions (the
dynamic point of view) and a set of positions (the static point of view). The present
paper is the result of a long journey (five years!) to connect this concurrent game
semantics to mainstream sequential game semantics. See also the discussion in [1].

Martin Hyland and Andrea Schalk develop in [19] a notion of games on graphs
quite similar to the constructions presented here and in [31]. One difference is the
treatment of duplication: backtracking in [19,31], repetitive and indexed here. From
this choice follows that the permutation tiles are global in [19,31] and local here.
Another difference is that our positions are definedasnward-closed subset$
moves.

This article reformulates arena games and innocent strategies using concepts im-
ported from concurrency theory. Conversely, much work has been devoted in the
process calculus community to clarify the connections between-taculus and

the A-calculus — in particular by Martin Berger, Kohei Honda and Nobuko Yoshida

in their work on sequentiality [9]. This offers an opportunity for an elegant synthe-
sis of the two subjects, using asynchronous games, which we are currently investi-
gating. Besides, several game models of concurrent programming languages have
been already formulated in the interleaving framework of arena games [22,13]. It
will be certainly instructive to recast them inside our asynchronous framework.

Outline. In the remainder of the article, we define our notion of asynchronous
game (Section 2) and adapt the usual definition of innocent strategy to our setting
(Section 3). We then characterize the innocent strategies in two ways: diagrammat-
ically (Section 4) and positionally (Section 5). This leads to a non-uniform variant
of the A-calculus, for which we define a trace semantics, and which we relate to the
usualA-calculus (Section 6). Finally, we describe a series of possible refinements
of asynchronous games (Section 7) and conclude (Section 8).



2 Asynchronous games

We choose the simplest possible definitiomsynchronous gama which the only
relation between moves is an order relatiorwhich reformulates thgustification
structure of arena games. This is enough to describe the language PCF, a simply-
typed\-calculus enriched with arithmetic, conditional branching, and recursion. A
series of more expressive versions of the semantics are discussed in section 7.

Event structures. An event structures an ordered setM, <) such that every
elementn € M defines dinite downward-closed subset

ml={neM|n<m}

Asynchronous games. An asynchronous games a triple A = (M4, <4, A4)
consisting of:

e an event structuré\/ 4, < ,) whose elements are called tn®vef the game,
e afunction\, : My — {—1,+1} which associates to every movepalarity
+1 (for the Player moves) or1 (for the Opponent moves).

Positions. A positionof an asynchronous gamekis anyfinite downward closed
subset of M4, <4).

The lattice of positions. The set of positions ofl is denotedD(4). Positions are
ordered by inclusion, and closed under finite union. The partial dfféér ), C)
thus defines a sup-lattice. The empty position is the least eleméf(of), C).

It is denotedx 4. Positions are also closed under arbitrapnemptyintersection.
Adding a top element to (D(A), C) provides a neutral element to intersection,
and induces @ompletelattice D(A)" = (D(A),C)". The greatest lower bound
and least upper bound of a family;);c; of positions inD(A) are computed re-
spectively as:

T if Iis empty,

=

iel Nicr zi Otherwise,

T if U;er x; is infinite,
Vo =

el U’iEI xI; |f UiEI xT; |S flnlte

We callD(A) " thelattice of positionsassociated to the game



The asynchronous graph. Every asynchronous gamékinduces a grap§(A):

e whose nodes are the positiangy € D(A),

e whose edges: : © — y are the moves verifying = zwW{m}, wherew denotes
disjoint union, or equivalently, that = = U {m} and that the move: is not an
element ofr.

We call this grapl§(A) theasynchronous grapbf the gamed. We writes : © — y
for a path
x%xlgka_lﬂy

between two positiong andy. Note that there is no repetition of move in the
sequence:

Vi, j e {1, ...k}, i F J = m; £m,.
The targety of the paths : + — y may be deduced from the sourceand the
sequence of moves,, ..., m;, using the equation:

y=zw |J {m}.
1<i<k
A path of G(A) is thus characterized by its source (or alternatively, its target) and
the sequence of moves; - - - my.

Homotopy. Given two pathss,s’ : = — y of length 2 in the asynchronous
graph§(A), we write
s~ts

when

s=m-n and s'=n-m
for two movesmn, n € M 4. Thehomotopy equivalence between paths is defined
as the least equivalence relation containirig and closed under composition; that
is, for every four paths; : x1 — x5 ands, s’ : x5 — x3 andsy : x3 — 24!

s~Ss = 515 5~38 -5 -39

We also use the notation in our diagrams to indicate that two (necessarily differ-
ent) movesn andn are permuted:

ylyixnﬁh
NP

(13)

Note that our current definition of asynchronous game implies that two paths
x1 — y; andsy : x5 — yo are homotopic ifft; = x5 andy; = y,. Thus, homotopy
becomes informative only in the presence ofiadependenceelation between
moves, see Section 7.



Alternating paths. A pathm, ---my : x — y is alternatingwhen:

Vi € {1, ,l{ — 1}, /\A(mlqu) = —/\A(mi).

Alternating homotopy. Given two paths;, s’ : + — y of length4 in the asyn-
chronous grapl§(A), we write

s~bp S
when
S=my-ni-Mme-ny and s =mg-n9-my-ny
for two Opponent moves:;, m, € M, and two Player moves,,n, € M,4. The

situation is summarized in diagram (12). The relatiogp is defined as the least
equivalence relation containing},» and closed under composition.

Note thats ~op s’ impliess ~ s', but that the converse is not necessarily true, even
when the two pathsands’ are alternating. A typical illustration of the phenomenon
occurs in diagram (12) when the movesmay be permuted in front of the moxe
by homotopy:

my - Ny ~t Ny - My.
In that case, the sequence of mowves- n; - m; - ny, defines an alternating path,
which is homotopic to the path; - n, - ms - no, modulo~ but not homotopic to
that path module-gp.

Plays. A play is a path starting from the empty positiep:
* A ﬂ):lfl ﬂ} mk—_; Tk ﬂ)l’k
in the asynchronous gragi{ A). The set of plays is notefl,.
Equivalently, a play of4 is a finite sequence = m; - --m; of moves, without

repetition, such that the s¢tr,, ..., m; } is downward closed i/ 4, <,) for every
1<j<k.

Strategy. A strategyo is a set of alternating plays of even length such that:

¢ the strategy € o contains the empty play,
e every nonempty play € o starts with an Opponent move,
e o is closed by even-length prefix:

Vs € Py,Ym,n€ My, s-m-n€o=sE€a,



e o is deterministicVs € P4, Vm,ni,no € My,
s'm-ny €cands-m-ny €0 = ny = ne.

We writeo : A wheno is a strategy ofd.

3 Innocent strategies

Ten years ago, Martin Hyland, Luke Ong and Hanno Nickau introduced the no-
tion of innocent strategyn the framework of arena games, and solved in this way
the Full Abstraction problem for the language PCF, see [18,35] for details. Inno-
cent strategies characterize the interactive behaviour of the simply-typaidulus
equipped with a constaft for non-termination. This enriched variant of the
calculus appears under several guises in the literature: either as a calcyiosgf
Bohm trees [11], or as partial proofs of Polarized Linear Logic [23], or (after a
continuation-passing style translation) as the language PCF augmented with local
control [21,4,15].

The traditional definition of innocence is formulated in two stages. First, a notion
of Player viewof a justified play(s, ¢) is computed using the pointer structyse

of the play in the arena game. Then, an innocent strategy is defined as a strategy
which plays according to the current Player view.

Here, we recast the definition of innocence in asynchronous games. The resulting
definition is simpler than in arena games, for two reasons. First, every move
occurs at most once in a play of an asynchronous game. Consequently, there is
no need to distinguish the mowe from its occurrences in the play — which is a
shallow but irritating difficulty of arena games. Then, every ptajomes equip-

ped with animplicit pointer structure» given by the causality relatiod between
moves. Thus, the definition of Player view of a pkagioes not require angxplicit
pointer structure» in an asynchronous game. We explain this key point now.

Justification pointers. Suppose that: andn are two different moves of an asyn-
chronous gamel. We writem 4 n, and say thatn justifiesn, when:

e m <, n,and
e for every movep € M, such thatn <, p <4 n, eitherm = p orp = n.

A movem is calledinitial when it has no justifier, or alternatively, when it is mini-
mal in the ordered sét\/ 4, <.).



View extraction. We define the binary relatio> as the smallest relation be-
tween alternating plays such that:

OP
S1M 1S9 ~ 851+ 82

for every alternating play,, everynonemptyalternating path., every Opponent
movem which does not justify any move is,, and every Player move which
does not justify any move ig,.

Player view. The relation<> defines a noetherian and locally confluent rewriting
system on alternating plays. By Newman’s Lemma, the rewriting system is conflu-
ent, see [6,10]. Thus, every alternating ptag P, induces a unique normal form
noted| s | € P4 and called itPlayer view

OP OP OP OP
RS RN ARV NN

This definitionby extractionimproves in many ways the traditional definitiby
inductionformulated in [27,4,15]. The definition by extraction ensures for instance
that the Player vieW s | of a plays is a play. This is not the case with the inductive
definition. We come back to that interesting point later in the section, when we
define the notion ofisible playin an asynchronous game.

Asynchronous innocence. A strategyo is calledinnocentin an asynchronous
gameA when for every plays,t € o, for every Opponent move: € M, and
Player move, € M 4:

s-m-n€ocandt-mePyand|[s-m]|~op[t-m]|=t-m-né€o.

This definition of innocence is more concise than the familiar one, formulated
in [18,35,4]. In particular, it does not require any visibility condition on the strat-
egy. It also generalizes the usual notion of innocence to more “concurrent” arenas,
in which several movesn, ..., m; may justify the same move — a situation
which does not occur in arena games associated to linear or intuitionistic types.

Before carrying on, we establish that in any asynchronous game
Lemma 1 Every innocent strategy is closed underp-equivalence:

Vs, t € Py, sSET, s~opt = tEo.

PROOF ltis sufficient to establish the assertion for two playand¢ of the form:

§=81-mq Ny Mg+ Ny -+ So, T =81"Mg Ny M1 Ny S,



wheres; ands, are two paths;; andm, are two Opponent moves, ang andn,
are two Player moves. The proof is by induction on the length of the patfrst,
we establish the property when the paths empty. Suppose that

S§=81-M1 71 * Mo * N>
is a play of the strategy, and that

t:sl-mQ-ng-m1~n1 (14)

is a play of the game. As prefix of (14) the sequercem, defines a play. This
ensures that neither of the two moves andn, justifies the moven,, which
implies in turn that there exists an extraction step

OoP
S1 M1 N1 Mo ~ S1 - My.

By definition of the Player view as the normal form of extraction, the Player views
of s; - my - nqy - my and ofs; - my coincide. We apply here our hypothesis that the
strategy is innocent, and deduce frogn-my -ny-msy-ny € o thats; -my-ny € o.

We carry on, and establish now that- mo - ny - my - ny € o. As a prefix of (14)

the sequence; - m» - ny - my defines a play. Since neither of the mowesandn,
justifies the move:; (as testifies the fact thatis a play), there exists an extraction
step

sl-mg-ng-ml%’sl-ml.
From this follows that the Player views ef - m; and ofs; - ms - ny - my coincide.
Again, we apply the hypothesis that the strategis innocent, and deduce from
s-my-ny € othats; - mg - ny - my - ny € o. This proves the assertion when the
paths, is empty.

Now, suppose that the path is not empty, and factors as - m - n. In that case,
the two playss andt factor as:

§=81My1* Ty My Ty * Sz M *Tl, tzsl-mg-ng-m1~n1-53-m~n.

By hypothesis, the playis an element of the strategy By definition, a strategy is
closed by even-length prefix. Thus, the playm, -n;-ms-ns - s3 is also element of

the strategy. By induction hypothesis, it follows that the play-ms-ny-m4 -1 - 53

is an element of the strategy Now, we observe that twe-,p-equivalent plays
have~p-equivalent Player views: this key property is a simple consequence of
the definition by extraction of a Player view. The property ensures that the Player
Views of s1 -y -1y +mg - no- s3-m andsy - meo-ng-mq - ny - S3-m are~pp-equivalent.

We may thus apply the hypothesis tlais innocent, and deduce frome o that

t € 0. This concludes our argument by induction. |

Corollary 2 If an innocent strategy contains a play, it also contains its Player



view[ s |. Moreover, ifs-m is a play in whichm is an Opponent move, thér-m |
factors as| s - m | = ¢ - m where the play is an element of the strategy

PROOF By definition of the Player view of the play € o, there exists a path
suchthak ~pp | s |-s’. We know by Lemma 1 thdts |-s' € ¢. By definition, the
strategyo is closed under even-length prefix. The Player view of a plafeven-
length, is itself of even-length. We conclude that]| € o. The second assertion is
proved in exactly the same way. ]

Intuitionistic games. We conclude this section by showing that our definition of
innocence is equivalent to the traditional one when the underlying asynchronous
game satisfies:

e every Opponent move has at most one justifying move,
e when it exists, this justifying move: is a Player move.

By convention, we calintuitionistic any asynchronous game verifying the two
properties. This denomination is justified by the fact that any asynchronous game
interpreting an intuitionistic type satisfies the two properties.

Player view (HON). In order to work out the comparison, we recast in our asyn-
chronous framework the original definition of innocence — or more precisely its
familiar formulation devised by Guy McCusker in his PhD thesis [27]. We require
to that purpose that the underlying asynchronous game is intuitionistic. To every
alternating play of the asynchronous game, we associate its Hyland-Ong-Nickau
(HON for short) view"s™, defined by induction on the length of the playas
follows:

-n when the move: is Player,

Fs-m-t-n'" = "s-m'-n whenthe move is Opponent and justified by,

s n' =n when the move: is Opponent and initial,

Tel = ¢ wheree is the empty play.
The definition is valid because an Opponent mavheas at most one justifying
move m in the intuitionistic game. It is worth stressing that the Player HON-
view s of an alternating play is not necessarily a play: it is only an alternating
sequence of moves. This is not particularly surprising, since the problem is recur-

rent in arena games. We have just imported it... The bad situation occurs precisely
when one applies the first clause:

‘n (15)



to a plays - n in which a movem which justifies the Player move does not
appear in the sequence. Note that this is precisely the situation in which the two
definitions of Player views (by extraction vs. by induction) differ. In that situation
indeed, the equation

[s-n]=[s]n (16)

does not hold... since by construction, the Player \jiew: | contains the justifying
movem. The following lemma clarifies the situation:

Lemma 3 Suppose thatis an alternating play in an intuitionistic game. Then, the
equality”s™ = [ s | holds iff the alternating sequen€e is a play.

PROOF The left-to-right implication is immediate, because the Player yiewof

an alternating play is a play by construction. We prove the right-to-left implication
by induction on the length of Suppose that the alternating sequenceis a play.

The assertion of the lemma is immediate when the plsyempty. Otherwise, we
proceed by case analysis on its last move. Suppose that the last move of the play
is a Player move:.. Then, the play decomposes as= ¢ - n. By hypothesis, the
sequencés’ is a play. From the equality

FsT=Tt.n1="Tt1.n a7)

follows that™ ¢ is a play, and that every justifying move of the movappears in
the play™¢". We apply our induction hypothesis epand deduce that

[t]="t" (18)

Now, we claim that the equality

[t-n]=[t]n (19)

holds. This is established as follows. By definition of the Player \iiew, there
exists a sequence of extractions:

USRI

This sequence induces in turn a sequence

t.n(gg...gg)[t—‘.n

because all the justifying moves of the mavappear in the play ¢ |. Besides, the
play [ ¢ | - n is a normal form for extraction, since any step

[t nRu



would induce a step

AR

with v - n = w, this contradicting the fact thdt¢ | is a normal form for view

extraction. This proves our claim thatt | - n is the Player view| ¢ - n |. We
conclude from equations (17) and (18) and (19) that

Csi=Tt-n'="t"-n=[t]-n=[t-n]=]s].

This concludes our argument by induction when the last moweisfa move by
Player.

Now, suppose that the last move of the pfag an Opponent move. The assertion
of the lemma is immediate whenis an initial move: in that casg,s | = "s' =
n. Otherwise, the play decomposessas= ¢ - m - u - n wherem is the unique
move justifyingn in the intuitionistic game. This move: is a Player move. By
hypothesis, the sequentce’ is a play. From this and the equality

s'=Tt-m-u-n"="t-m"'-n (20)
follows that"t - m ' is a play. We apply our induction hypothesistom and deduce
that

[t-m]|="Tt-m". (21)

We claim that the equality

[t-m-u-n]=[t-m]-n (22)

holds. Note already that there exists a sequence

OoP oP
t-m--u-m~s-co~~>tem-n

which “extracts” the path, from the playt - m - u - n. By definition of the Player
view as the normal form of the extraction procedure, this implies that

[t-m-u-n]=[t-m-n].
There remains to show that
[t-m-n]=[t-m]-n.

The sequence of extractions

t-mE[t-m]



induces a sequence of extractions
op
t-m-n~[t-m]-n

becausen is the only move int - m justifying the moven. Besides, the resulting
play [ t - m ] - nis a normal form for extraction, because any step

H-m]n%u

would induce a step

[t-m] %

with v - n = wu, this contradicting the fact thatt - m | is a normal form for view

extraction. This proves our claimthat - m-n | = [ ¢t-m | - n. We deduce from
equations (20) and (21) and (22) that

rsjzrt.m_u_n_\zl—t,m—l,n:[t.m—|.n:I—t.u.m.n—lz[s—l.

This concludes our argument by induction when the last moweisfa move by
Opponent. This establishes the assertion of Lemma 3. ]

Visibility. We define a notion of visibility in asynchronous games, similar to the
notion of visibility in arena games [3,4]. Consider an asynchronous game, and an
alternating plays of that game. We declare that the plays P-visible when the
equality

[t-m-n]=[t-m]-n
holds for every Player moveand prefixt-m-n of the play. This equality formulates
in a concise way that every justifying moveroppears in the Player viens-m |.
Note that in the particular case of an intuitionistic game, the HON-Viewof a
P-visible plays is a play — and not just an alternating sequence of moves. From
this follows, by Lemma 3, that the equalfty ' = | s | holds for everyP-visible

play s.
We prove that in any asynchronous garhe
Lemma 4 An innocent strategy contains onlyP-visible plays.

PROOF Suppose that is an innocent strategy, and thats a play ofo. Every
prefix t - m - n of the plays in which n is a Player move, is of even-length. By
definition of a strategy, the two playsindt-m-n are elements aof. By Corollary 2,
the Player view ¢ - m | factors as. - m whereu € o. By definition of the Player
view, [ t-m | = [ u-m |. We apply here the hypothesis thats innocent, and
deduce fromu € o, u-m € P4, andt-m - n € o, that

[t-m]|-n=u-m-n



is a play of the strategy. The fact thaf ¢-m | - n defines a play ensures that all the
justifying moves ofn appear in t - m | = u - m. Equivalently, thaf ¢t - m -n | =
[ t-m | -n. This being true for every Player moweand prefixt - m - n of the plays,
we conclude that the playis P-visible. [ ]

Innocence (HON). At this point, we recast the traditional definition of innocence

in our asynchronous framework, and show that it coincides with the definition of
innocence given previously. For the purpose, we suppose that the underlying asyn-
chronous game is intuitionistic — so that we may speak of the HON-view of a play.
In such a game, a strategyis calledHON-innocenwhen for every plays, ¢ € o,

for every Opponent mover € M4 and Player move € M 4:

s-m-necandt-me Pyand"™s-m'="t-m'=t-m-n € o.

Besides, one requires that every move justifying the mova the playt - m,
appears in the sequence m . This last condition is called the visibility condition,
because it is equivalent to requiring that every play of the stratagyP-visible.

We prove that in any intuitionistic gamé,
Proposition 5 A strategyo is innocent iff it is HON-innocent.

PROOF We start by the left-to-right implication. Suppose that the strateggy
innocent. We establish that the strategys HON-innocent. Suppose thatand
are two plays of the strategy thatm is an Opponent move, amds a Player move
such thats - m - n is a play of the strategy. Suppose also that m is a play of the
game, and thdts - m™ ="t - m. We show that - m - n is a play ofc in order to
establish that the strategyis HON-innocent. By Lemma 4, the plays P-visible.
The movem is an Opponent move. By definition éf-visibility, the playt - m is
also P-visible. From this follows thatt - m ™ is a play. By Lemma 3, the two plays
"t-m™and[ t-m | coincide. We may reuse the argument to show fhsatm™

is a play equal td s - m |. By hypothesisl's - m™ = ¢ -m™. This implies that
[s-m ] =1[t-m]. We apply the hypothesis thatis innocent, and deduce that
t-m - nis aplay ofoc. The proof is nearly finished. There remains to check the
visibility condition that every play of the innocent strategys P-visible. This is
precisely what Lemma 4 states. We conclude that the stratégifON-innocent.

We establish the right-to-left implication now. Suppose that the strategy1ON-
innocent, thakt - m - n is a play ofc in which s is a play ofo, m is an Opponent
move, and: is a Player move. Suppose also that a play ofo, thatt - m is a play,
and that[ s - m | ~op [ t-m |. As elements of the HON-innocent strategy
the playss andt are P-visible. By definition of P-visibility, the playss - m and

t - m are alsoP-visible, because the mowve is Opponent. Thus, the sequences
"s-mTand"t-m™ are plays. By Lemma 3, they are equalto-m | and[ ¢-m |
respectively. The equivalen€e - m™ ~op "t - m™ follows from that. Here comes



the crux of the proof. Observe that, by definition, every Player move in the HON-
view s - m " justifies the following Opponent move. This ensures that~e -
equivalence class of the play - m'is a singleton. The equalitys - m' ="t -m'
follows immediately. We apply the hypothesis that the strategyHON-innocent,

and deduce that m - n is a play ofo. This concludes the proof of the proposition.

]

Proposition 5 ensures that the homotopy relafion m | ~op | t- m | appear-

ing in our definition of innocence in asynchronous games may be replaced by an
equality[ s-m | = [ t - m | when the asynchronous game is intuitionistic. The
homotopy relatior] s-m | ~op | t-m | appears in the definition only to deal with
“concurrent” asynchronous games in which, typically, an Opponent move may be
justified by several Player moves of the arena.

4 Diagrammatic innocence

The reformulation of Player views and innocence performed in Section 3 does not

really take advantage of the asynchronous structure of our games. It could be easily
carried out in arena games. In this section, we shift to a diagrammatic presentation
of innocence. This alternative presentation is inherently asynchronous, and could
not be formalized properly in arena games. It prepares the positional characteriza-
tion of innocence delivered in Section 5.

The diagrammatic presentation of innocence devised in this section is inspired by
rewriting theory, and more patrticularly by the diagrammatic approach developed by
the author and a few others in that field [28,29,39]. There is a well-established tra-
dition there, initiated by Alonzo Church and Barkley Rosser, to deduce the “global”
properties of the rewriting space (like confluence or standardization) from “local”
diagrammatic properties satisfied by redexes and residuals. We proceed in a similar
way below, and reduce the “global” definition of innocence devised in Section 3 to
exactly two “local” diagrammatic properties — callbdckward consistendigee
Figure 1) andorward consistencysee Figure 2). The two diagrammatic properties
should be understood aseractivevariants of the familiatocal confluencerop-

erty in rewriting theory. Each of them captures a particular aspect of innocence,
somewhat hidden in the original definition. We show below that, taken together,
they characterize innocence. Remarkably, the “global” notion of Player view dis-
appears completely from the resulting presentation.

Let us explain briefly the two diagrammatic properties. Backward consistency ex-
presses that an innocent strategyshould reacttonsistentlyto a change in the
order of Opponent’s inquiries. Consider a sequence of interactidoldowed by
the strategyr:

S=81°Mq1 N1 M2 * N9 * S
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Fig. 1. Backward consistency

in which the movesn; andm, are played by Opponent, and the mowgsandn.
are played by Player. Suppose that the memes not justified by any of the two
movesm,; andn;. In that case, Opponent may permute her order of inquiry, and
play the moven, before playing the mover;. Backward consistency ensures that
the strategyr provides exactly the same answer to each inquifyandm, as in
the original plays. That is, Player plays the move after Opponent has played
the movems,; then plays the move, after Opponent has played the mavg.
The remainder of the interaction (noteg) proceeds then as previously. From this
follows that the play

s =581-mM9 N9 My Nq- Sy

is also element of the strategy

Forward consistency is a kind of converse to backward consistency, which captures
thelivenessaspect of innocence. Consider two sequences of interactions followed
by the strategy:

s=5-my-ny and s =s;-mg-no

in which the movesn; andm, are played by Opponent, and the mowgsandn,
are played by Player. Suppose that the two maxesandm, do not coincide. In
that case, Opponent may extend the playith the movem,. Forward consistency
ensures that the strategyprovides an answer to this inquiry,: this is precisely
the liveness property mentioned earlier. Besides, Player answers thexm@a@n-
sequently, the play

s =51 -mq 11 Ms - No
is an element of the strategy and thus the “local confluence” diagram of Figure 2
may be completed in the same way as in Figure 1.

Backward consistency. A strategyo is calledbackward consisterfsee Figure 1)
when every play;, € o, every patls,, every pair of Opponent moves, , m., and
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Fig. 2. Forward consistency

every pair of Player moves,, n, satisfying the properties:
§1-M1-N1-Ma-Na-Sy €0 and _|(TL1 Fa m2) and _\(ml Fa mg)
satisfy also the properties:

—(ny Fano) and —(my k4 ny) and sy -mg - ny - my -0y - Sy € 0.

Forward consistency. A strategyo is calledforward consisten{see Figure 2)
when every play; € o, every pair of Opponent moves,, m,, and every pair of
Player moves:, n, satisfying the properties:

St -my-nLeo andsl-mg-nQEO andm1¢m2
satisfy also the properties:
Ny # ng and sy - mq - ny - Mg - ng € 0.

We use a diagrammatic proof to establish that, for any strategy an asyn-
chronous gamel:

Proposition 6 (diagrammatic characterization) The strategy is innocent iff it
is backward and forward consistent.

PROOFE (=) This direction is the easiest one. Suppose that the strategy
innocent. We establish that the strategys backward consistent. Suppose that
the sequence of moves - m; - n; - msy - ny - so IS a play of the strategy, in
which—(n; 4 mgy) and—(m; 4 ms). From this follows that the sequenee m,

is a play because the sequenge m; - n, - my is a play and-(n; 4 my) and
—(my 4 my). Now, the extraction step

oP
81 Mo ~> 5111 * Ny * TNy



implies that the Player viewE s; - my | and| sy - my - ny - my | coincide. We
apply here the hypothesis that the strategy innocent, and deduce frosa - m; -

ny - mg - Ny € o thats, - my - ny € o. In particular, the sequencg - ms - no

is a play, and-(n; F4 ny) and—(m; 4 ny). This establishes that the sequence
S1-Mmg-no-Mm1 - Ny - So IS a play of the game. We apply Lemma 1 and deduce from
S1+M1 N1 Mg - No -+ Sy € o and from

S1 M1 N1 M2 Ny Sg ~Yop S1 Mg T 1M1 T + 52

that

S1-Ma Ny -Mq1-Np " Sy € 0.
We conclude that the strategyis backward consistent. We establish now that the
innocent strategy is forward consistent. Suppose that- m, - n; € o, thats; -
ms - Ny € o, and thatm; # ms. In that case, the sequenge m; - n; - my is a
play, whoseP-view coincides with theP-view of the plays - m,. We apply the
hypothesis that the strategyis innocent, and deduce from - my - ny, € o that
s1-mq - ny - My - Ny € 0. We have just established that the innocent strategy
backward consistent. From this an¢n, -4 msy) and—(m, -4 my) follows that

S1 Mo -MNo 1My N1 € 0.

Moreover, the two moves,; andn, are necessarily different, since they appear in
the same play; - m; - nq - my - no. We conclude that every innocent strategy is
backward and forward consistent.

(<) This direction is more difficult to establish. Suppose that the strategy
backward and forward consistent. Suppose that x4 — x is a play of the
strategyo, and thatm : + — y is an Opponent move defining a composite
plays-m: x4 — y. Suppose moreover thatis a Player move. We claim that:

s-m-n€oc < [s-m]|-neo. (23)

In particular, we claim that each of the two alternating sequences of mowesn
and[ s-m | -nis a play when one of them is a play of the strategyVe prove this
claim as follows. The Player views - m | is of the form¢ - m : x4 — ' where
t: x4 — ' is a play of even-length, angd : ' — 3’ is the Opponent move:
starting this time from the positioff. By definition of the Player viewW s - m |,
there exists two alternating paths of even-length

t1 = p1-p2-Pok-1Dok : X > T and ty = p1p2- Pak1Pk - Y — Y

such that
t-t1 ~op S and 11 ~m- 1.

We illustrate the situation in Figure 3 (left) with a diagram for the case 2.
Backward consistency ensures that the strateigyclosed undex, p-equivalence.



r—-=1Y r——Y——z
s Pa ~ P4 E] P4 ~ ~ pa
—m—> —m—> —n—>
p3 ~ p3 p3 ~ ~ p3
* A ~op C—Tn> . * A ~op T — >+
P2 ~ P2 P2 ~ ~ D2
—m—> —m—> - —n—>
t p1 ~o t p1 ~ ~ ;1
=y oy 2

Fig. 3. The situation wheh = 2 (before and after applying the diagrammatic reasoning).

From this follows that the playsandt - p, - ps - - p2j_1 - po; are elements of the
strategyo, for every indexj < k.

Now, suppose that the sequencen - n is a play of the strategy. In that case, we
apply the backward consistency hypothéstsnes on the play

t-pr-pa-- Pok—1 Poa-M-NECT

and deduce in this way thats-m | -n = t-m-n is a play of the strategy. Figure 3
(right) describes the situation after applying the backward consistency hypothesis
k = 2 times. This proves the directior) of our claim (23).

Now, suppose that the sequerice- m | - n is a play of the strategy. In that case,
we apply the forward consistency hypothésigmes on the play

t-pr-pa- pPog—1 Pk €0

and the play

[s-m]-n = t-m-n
to deduce that the sequence; - p; - - - par—1 - por - m - 1 is a play of the strategy.
From this, and the equivalence

s-m-n ~op t-p1-P2ccPok—1 Pk MM

we deduce that the sequencem - n is a play of the strategy. Again, this last

step is justified by the fact that the strategys closed under,p-equivalence,
because it satisfies backward consistency. Figure 3 (right) describes the situation
after applying the forward consistency hypothesis- 2 times. This proves our
claim (23).

After this preliminary result, we establish that the strategg innocent. Suppose
thats - m - n andt¢ are two plays of the strategy, thatt - m is a play, and that
[ s-m | ~op [ t-m].Inorder to establish that the strategis innocent, we want
to prove that - m - n € 0. We proceed as follows. We deduce framm - n € o
and (23)thal s-m ]-n € 0. Thisand[ s-m | -n ~op [ t-m ] -n implies



that| ¢-m | -n € o because the strategyis closed under,p-equivalence. Now,
t-m-n € o follows from | t-m | -n € o and (23). We conclude that every
backward and forward consistent strategy is innocent. |

5 Positional innocence

We establish the main result of the article in this section. This result states namely
that innocent strategies are positional (Theorem 8). We show more precisely that
innocent strategies arelational?, in the sense explained below (Proposition 10).
This raises an interesting question. Every relational strateigycharacterized by

the set of positions*® it encounters. So, when is a given set of positiohsf the

form X = ¢* for an innocent strategy?

In order to answer that question properly, we introduce the notigouad inno-
cence A purely innocent strategy is an innocent strategy which satisfies an ad-
ditional property, a variant of backward consistency, depicted in Figure 4. After
showing that innocence and pure innocence coincide in intuitionistic asynchronous
games (Lemma 11), we characterize the)seidf positions of the formX = ¢* for

a purely innocent strategy (Proposition 12). This characterization demonstrates
among other things that innocent (and purely innocent) strategiesoaceirrent
strategiesn the sense of theoncurrent game modeif linear logic introduced by
Samson Abramsky and the author in [5] (Proposition 13).

Positional strategy. A strategyo : A is calledpositionalwhen for every two
playssi, sz : x4 — x in the strategy, and every path : = — y of G(A), one has:

(sy~sp ands;-t€o) = s9-te€o.

We establish below the key lemma to prove Theorem 8. Given two pathsit,
we write s < ¢t when there exists a pathsuch thats - s’ ~ ¢. Similarly, we write
s <op t when there exists a pathsuch thats - s’ ~op .

We prove that

Lemma 7 For every innocent strategyof an asynchronous gam# and for every
two playss andt of the strategy,

S S t = s gop L.
PrRoOOF Consider a play, : x4 — = of the innocent strategy, and two paths
s1 : ¢ — yandsy : x — z such that the two composite plays- s; : x4 — y and

2 Relationality is called “pure positionality” in the extended abstract [32].



so - S9 1 x4 —» z are elements of the strategy Suppose moreover that < ss.
We prove by induction on the length of the paththats, <op s,. The assertion
is immediate when the path is empty. Now, suppose that the pathfactors
ass; = m - n -t wherem is an Opponent move andis a Player move. The
paths, decomposes as a sequence

Sg =My Ny My - Ny, (24)

consisting of Opponent moves; and Player moves;, for 1 < i < k. The Oppo-
nent moven appears in the play, because; < s,. From this follows

(1) thatm = m; for some indext < j < k, and
(2) that the moven = m; is not justified by any Opponent move; or Player
moven,; for 1 < i < j.

We apply thery — 1 times our hypothesis that the strategis backward consistent,
and construct in this way a path

t2:m1'n1"'mj"'mk~nk (25)

satisfying

mj"I’Lj'tQNOPSQ and So'mj'nj'tQEO'.
The notation; - 77; used in (25) indicates that the two moves andn; are re-
moved from the sequence (24). The two plays m - n ands, - m; - n; are el-
ements of the strategy because the strategy is closed under even-length prefix.
The equalityn = n; follows immediately from the equality: = m; and from the
determinism of the strategy. The series

m-n-tp = s S S ~op MmN -ty

implies thatm - n - £, < m - n - ty, which implies in turn that; < ¢, by left-
simplification. Left-simplification is justified here by the fact that two paths are
homotopic module~ in the asynchronous gra{A4) if and only if they have the
same source and target. Now, we may apply our induction hypothesis to the play
to = sp - m - n and to the pathg, and¢, — because the length of the pathis
strictly less than the length path = m - n - ¢;; and because the two plays- t;

andt, - t, are elements of the strategy We may thus deduce from < ¢, that

t1 <op to. The series

S1 = m-n-tlﬁopm~n-t2 = mj~nj-t2 ~op S2

implies then that, <pp so. This concludes our proof by induction of the lemma.
[]

Theorem 8 (positionality) Every innocent strategy is positional.



PROOF  Suppose that;, s, : x4 — x denote two homotopic plays; ~ so;
and that the two plays are elements of the innocent strate@uppose now that
t : x — y denotes a path which may be postcomposed to the plagad s, in
order to define composite plays - ¢, s, - t : x4, — y. Suppose finally that the
play s, - ¢ is an element of the strategy We deduce frons; ~ s, thats; < ss.
We then apply Lemma 7 and deduce that<op s.. This implies in turn that
s1 ~op So because the two plays ands, have the same length. From this follows
thats, -t ~op so - t. We conclude from Lemma 1 and - ¢ € o that the plays, - ¢

is an element of the strategy ]

Relational strategy. To every strategy, we associate the set of position$
played by the strategy i#(A), defined as:

o*={z€D(A) | Is€ 0, s: %4 — z}.

Conversely, to every set of positions C D(A), we associate the sat? c P, of
alternating plays of even-length

mi1 ma mog—1 mo
kp =g —>T1 —> Ty —> *+* — Tok_2 —>x2k_14x2k
in which

(1) every moven,; ; is an Opponent move, and
(2) every moven,;, . is a Player move, and
(3) every positions,; is an element o,

for0<i<k—-—1land0 <j<k.
Itis immediate that every strategyis included in the set of alternating plafs’)¢.
A strategyo is calledrelational when

o= (c%)". (26)
The terminology is justified by the fact that every relational strategyay be
alternatively described as the underlying relaidnWe prove that:
Lemma 9 Every relational strategy is positional.

PrROOF Consider a seX of positions, two plays; ands, elements ofX*, and

a patht. Suppose that; ~ s,, and thats; - ¢ defines a play which is an element
of X¢. Every even-length prefix — z of the plays, - t is an even-length prefix of
the plays,, or has the same targefas an even-length prefix of the play- ¢. From
this follows that this target positiom is an element ofX for every even-length
prefix of s, - t. We conclude that the play; - ¢ is an element o . Now, suppose



that the strategy is relational. The property above instantiatedkat= o* implies
that the strategy = X* is positional. ]

Obviously, every relational strategymay be recovered from its set of positiarfs

by using equation (26). This is not necessarily the case for a positional strategy.
Consider for instance the asynchronous ga@ne B with two initial Opponent
movesy;, g; and four Player movefalse, true, falses, true, justified as expected:

¢ F trueq, ¢, + falseq, g2 F trues, qs + false,.
Consider the smallest strategyf B @ B which contains the two plays:
g1 - truey - g9 - falses  and ¢, - false,.
The strategy is positional, but not relational, because the play
s = qq - falses - q - truey

is an element ofs*)* but not an element of the strategy For that reason, we
strengthen Theorem 8 and establish the following statement:

Proposition 10 (relationality) Every innocent strategy is relational.

PROOF Suppose that the strategyis innocent, and thatis a play of(c*)?. We
prove thats is a play of the strategy by induction on the length of. The proof
is immediate when the playis empty. Otherwise, by definition ¢6*)¢, the play
s : x4 — x factors ass = ¢ - m - n wheret is a play of(c*)¢, wherem is an
Opponent move, and whereis a Player move. We know by induction hypothesis
that the playt € (°)? is an element of the strategy Besides, the target positian
of the plays is an element of*. By definition ofs*, there exists a play € o with
the positionz as target. In particulat, m - n ~ u, and thug < u. We deduce from
this and Lemma 7 that <op u. By definition, there exists an alternating path
such that -t ~op u. This patht’ coincides necessarily witlh - n. This establishes
the equivalenceé- m - n ~op u. From this and Lemma 1, we obtain thatn - n is
a play of the strategy. This concludes our proof by induction that= (¢°)¢. =

Pure innocence. An innocent strategy is calledpurely innocen{(see Figure 4)
when every play; € o, every paths,, every pairmn, my of Opponent moves, and
every pairny, ny of Player moves satisfying the properties:

S1 My Ny My - Ny - S € 0 and—(ny F4 my) and—(ny F4 ns)
satisfy also the properties:

—(my k4 my) and—(my F4 ny) @andsy - mgy - ng - my - Ny - S92 € 0.
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Fig. 4. Reverse consistency

This additional condition is calleverse consistendyecause it coincides with the
backward consistency property (see Figure 1) in which the direction of all moves
has been reversed. We establish now that pure innocence coincides with innocence
in the particular case of intuitionistic games.

Lemma 11 In any intuitionistic asynchronous game, a strategis purely inno-
cent iff it is innocent.

PROOF The proof is nearly immediate, and works in any asynchronous game in
which no Opponent move justifies another Opponent move. It works in particular
in any intuitionistic game. Suppose that the strategis innocent, and that we
are in the situation of Figure 4 (left) with a play € P,, a paths,, and moves
my,n1, Ma, Ny € M4 such that:

§1 M1 Ny - My - Ny - So € o and—(ny F4 my) and—(ny F4 no).

By hypothesis on the underlying asynchronous game, the Opponentmalees
not justify the Opponent move,. We are thus in the situation of Figure 1 (left). We
may thus apply our hypothesis that the strategsatisfies backward consistency,
and deduce the properties:

_\(m1 l_A ng) and81 Mo -MNo-My-N1-Sy €0.

We conclude that the strategyis purely innocent. ]

We express below our positional characterization of pure innocence (Proposition 12).
One intriguing aspect of this characterization is that it is nearly self-dual: the second
and fourth clauses are exactly the first and third clauses after reversing the direction
and the polarity of the moves. Closure under intersection and union demonstrates
that purely innocent strategies are inherently concurrent. We come back to that
point in Proposition 13. Forward and backward confluence (together with mutual
attraction and the initial condition) ensure that every posiitoa X induces an



alternating play of even-lengthc X ¢ with target the position. The last clause is
called initial condition because it indicates on which positignthe strategy will
start interacting with its environment.

The notion of forward confluence appears in [19] where it is called conflict-freeness,
and (independently) in the author's game-theoretic proof [31] of Thomas Ehrhard’s
collapse theorem — where the notion plays a fundamental role in the dynamic anal-
ysis of hypercoherence spaces. To some extent, forward confluence is the positional
counterpart ofleterminismn the usual definition of strategy formulated at the end

of Section 2. Remarkably, the dual notion of backward confluence offers here a
positional account of the fact that plays atesed under even-length prefikhis
reveals that this familiar condition on strategies (understood as sets of sequences)
is a hidden form obackwarddeterminism.

Proposition 12 (positional characterization) A set of positionsY C D(A) is of
the formX = ¢* for a purely innocent strategy iff the setX satisfies the following
properties:

X is closed under intersection, y € X = znNye X,

X is closed under uniont,y € X = zUy e X,

e forward confluence: ifY > v+ ™ y — w € X andm is an Opponent move,
then there exists a unique Player mave™ z suchthatY 3 z — w € X,

e backward confluence: i > w - y — 2z € X andn is a Player move, then
there exists a unique Opponent mave™ y such thatX > w — z € X,

e mutual attraction: if X > = — y € X then eitherz = y, or there exists an
Opponent move —= 2’ and a Player move’ — y such thats’ — 1/,

e initial condition: the rootx 4 is an element ok .

PROOF Suppose that is a purely innocent strategy. We establish that the set
of positionso*® satisfies the six clauses formulated in Proposition 12. We prove
first thato* is closed under unions and intersections. The proof applies the familiar
diagrammatic techniques of rewriting theory, based on local diagram chasing and
residuals, see for instance [24,16,10,29]. Supposezthatcs® andy € o°. By
definition, there exists two playse ¢ andt € ¢ such that:

Siky > T and t:x4—>y.

The property of forward consistency enables us to apply a series of permutations of
OP-moves omi andt, in order to construct two “residual” paths

sft:y—axUy and t/s:x—>»axUy

such that:
s-(t/s) ~opt-(s/t)
and
s-(t/s)€o and ¢t (s/t) €o.



This establishes thatu y € o*. The proof that: Ny € ¢* works in a similar way.

The key observation in that respect is that the asynchronous transition system with
the elements of* as states, and the OP-moves as transitions, is notonifjuent

it is alsostablein the sense of [36,20,28].

We establish now the forward confluencesdf Suppose that two positions w
are elements of°*, and that

Ty > w (27)

for some positiony and Opponent move.. By definition of o°, there exists a
play s € o whose target is the positian, and a playt € ¢ whose target is the
positionsw. It follows from (27) thats < ¢, and from Lemma 7 that <op t. Thus,
there exists a path

sS'=minicoomyng T > w (28)

consisting of Opponent moves; and Player moves;, for 1 < i < k, such that
s - s ~gp t. The Opponent move: is an element of the positiom, but not an
element of the positiom. This implies

(1) thatm = m; for some index < j <k, and
(2) that the moven = m; is not justified by any Opponent move; or Player
moven,, for1 <i < j.

We applyj — 1 times our hypothesis that the strategis backward consistent, and
construct in this way a path

S”:ml-nl-..mj-..mk'nk
satisfying
mj-nj-s" ~ops and s -m;-n;-s" €o.
Just as in the proof of Lemma 7, the notation - ; indicates that the two moves
m;, n; are removed from the sequence (28).

We claim that the mover : y — = defined as:» = n; is the unique Player
move from the positiony whose target positionis an element of the set, which
satisfies moreover

Ty s 2 w. (29)
By definition, the position is the target of the even-length playm,;-n; = s;-m-n

which is prefix of the play, -m; -n;-s" € o. From this follows that, -m;-n; is a
play of the strategy, and thus, that its targetis an element of the set. Besides,



the fact that: — w follows immediately from the definition of the movg. We

have established that the Player meve y — z has a position of* as target,

and satisfies (29). We prove now that there is a unique such Playernriowa the
positiony. Suppose that another Player mave y — =’ has its target positiogf

in the setv*, and satisfying’ — w. In that case, the positiapcoincides with the
intersection of the two positions = y W {n} andz’ = y W {n'}. Now, we have

just established that the seftis closed under intersection. The positipis thus an
element of the set*. This andy = =W {m} contradicts the fact that every position

of the seto* contains as many Opponent moves as Player moves. This concludes
the proof that the set*® satisfies forward confluence.

The backward confluence property«dfis established in the same way, by duality.
Reverse consistency replaces backward consistency in the argument to obtain the
Opponent move. solution of the confluence problem. Closure under intersection is
replaced by closure under union in order to establish the uniqueness of thatimove

The two last assertions are immediate: mutual attraction follows from Lemma 7,
and the initial condition that® contains the starting positiof, follows from the

fact that the strategy contains the empty play,. This concludes the proof that the
set of positiong* satisfies the six assertions of Proposition 12 when the strategy
is purely innocent.

We establish now the converse property that anyXsetf positions satisfying the
six clauses of Proposition 12 is of the fowh for a relational strategy. Suppose
that we are given such a s&t of positions. We define as the set of alternating
sequences

o=X*.
We recall that, by definition, the setcontains the set of alternating plays of even-
length

m1 mo mog—1 mo
¥4 =29 —> X1 —> Tg —> ++* —> Tog-2 — Tok—1 411321@

in which (1) every moven,;.; is an Opponent move, (2) every mowe,; ., is a
Player move, and (3) every positian; is an element o, for0 < i < k — 1 and
0<j<k.

We show that for every position € X, there exists a play € ¢ whose target is
the positione. This is easily established by induction on the size.oFhe property

is immediate when the positianis empty. Suppose now that the positiore X

is not empty. There exists a path — « starting from the positior 4. The initial
condition ensures that this positieny is an element ofX. By mutual attraction,
there exists a Player move : y — x. By backward confluence, there exists an
Opponent move: : = — y such that: € X. By induction hypothesis applied to
the positionz, there exists a play: x4 — z in the strategy. By definition of X ¢,
the play

n m
s-m-n . *Aﬁ%Z—>y—>Z'



is also an element of = X*. This concludes our proof by induction that every
positionz € X is the target of a play € o.

Now, we show that the set of playsdefines a strategy in the traditional sense, for-
mulated at the end of Section 2. To that purpose, we check that the four conditions
required on the set of playsare satisfied:

e the setr contains the empty play becausecontains the empty position,

e by definition ofo as X¢, every nonempty play ¢ o starts with an Opponent
move, and is closed under even-length prefix,

e supposethat-m-n; € cands-m-no € o,wheres : x, — zandm :z — y
andn; : y — z fori € {1,2}. By definition ofc as X *, the two positions
z =yW{n } andz = y W {ny} are elements ok . Since the seX is closed
under intersection, the position N 2, is also element ofX. Suppose that the
two movesn; andn, are different. In that casg,= z; N 2 is element ofX, and
thus target of an alternating playe o. As such, the positiop contains as many
Opponent moves as Player moves. This contradicts the facy that: W {m}
and that the positiom contains as many Opponent moves as Player moves as the
target of the alternating playe o. We conclude that, = n, and thus, that is
deterministic.

We have just established thatdefines a strategy. There remains to show that the
strategyo satisfies the three consistency properties of pure innocence (backward,
forward, and reverse). We start by establishing the backward consistency property.
Suppose that we are in the situation of Figure 1, with a play

S1 ik > T

four moves
mi n1 ma n2
rT——>Y1 — Y2 —> Y3 — W
satisfying
—|(n1 l_A mg) and —|(m1 l_A mg)
and a path

!
So W —» W

satisfying all together
S1-M1-Ny-Ma-No - Sy €O0.

By forward confluence applied to the positionse X andw € X, and to the
Opponent move

meo : L — 21

there exists a Player move: z; — 2z, such that, € X and:

mo n
r —> 21 — Z9 —» W.



By forward confluence again, applied to the positiepsE X andw € X, and to
the Opponent move:

mi: 29 — 23
there exists a Player mové : 23 — 2z, with z; — w and thusz, = w for
cardinality reasons. We conclude that the play

S1 mo n m1 n' 52 !
XA > X — 21— R —> 23— W —>W

is an element of the strategy There remains to show that= n, andn’ = n;.
The only other possibility is that = n; andn’ = n,. We claim that this last
possibility would contradict the backward confluenceXof In that case, indeed,
the two positiongj; andz; are equal, and thus define with the positiog X and
the moven’ = n, a typicalbackward confluenceroblem:

Xor—>ys 2 weo

Now, the Opponent moves; andm, provide twodifferentsolutions to this back-
ward confluence problem:

T Yy - Yy = wE o and 1 2 S B weo

with the two positiong, andz; elements of the set . This contradicts the hypoth-
esis that there existsumiquesuch solution. We conclude that= n, andn’ = n,,
and thus that the play

51 m2 ny my ni s2
XA > X —> 2] —> R —> 2 — W —> W

is an element of the strategy This establishes that the strateggatisfies back-

ward consistency. Reverse consistency is established in exactly the same way, but
dually, by reversing the direction and the polarity of the moves. Forward consis-
tency is established by reduction to backward consistency, using the fact that the
setX is closed under unions. This concludes the proof of Proposition 12. =

Proposition 13 Every innocent strategy : A defines a closure operatet® on the
complete latticeD(A) " of positions.

PROOF By convention, the closure operatgron the latticeD(A) ' is denoted in
the same way as the set of positiertsplayed by the strategy. By definition, the
closure operatas*® associates to every elementf the lattice the element

o*(z) = (1 {#€DA) | z€0® and z > z}. (30)

Note thato*(x) = T precisely when there exists no positigne ¢* above the
elementz in the sup-latticeD(A). Let us check here that (30) defines a closure
operator on the lattic®(A) ", although the exercise is pretty elementary.dBy-
sure operatoron the latticeD(A) ", we mean a monotone, continuous, increasing



and idempotent endofunction of the lattice. Monotonicity means that, for every two
elementsy, y of the latticeD(A) ",

r<y = o(z) <o%(y).
This follows immediately from the fact that
{zeD(A) | zeo®* andz>z} DO {2€D(A) | z€0® andz > y}
whenz < y. By increasing, one means that the functidrsatisfies the inequality
r < o%(x) (31)
for every element: of the lattice. This inequality follows immediately from the

definition of the element*(z) as the greatest lower bound of a set of elements
greater than the element Now, idempotency means that

o*(0*(z)) = o*(x)
for every element of the lattice. This follows immediately from the equality:
{zeD(A) | zeo®* andz >z} = {z€D(A) | z€0* and z > o°(z)}.
Finally, continuity means that

a'(\/ x;) = \/0'(@-) (32)

1€N €N

for every infinite increasing sequenge ),y of elements:

To<xp < - <y <y < Xigq < v (33)

in the complete latticeD(A)". At this point, we take advantage of a very par-
ticular property of that lattice: every increasing sequence of the form (33) in the
lattice D(A) " is eitherstationary— that is, there exists a natural numbére N
such that:

Vi € N, 1 >N = x;, = xi,
or converges to the element

1eN

Equation (32) follows immediately when the sequence (33) is stationary; and it
follows from the equality

\Vo'(z) = T (35)

1EN
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Fig. 5. The innocent strategyand its four positions in the ganik® B

when the sequence (33) converges to the element Equation (35) being itself
an immediate consequence of Equation (31) and Equation (34). ]

This series of properties explicates the true concurrency nature of innocence. Propo-
sition 13 bridges sequential arena games with concurrent games as they are formu-
lated by Samson Abramsky and the author in [5]. We illustrate this in Figure 5 with
the innocent strategy : B ® B which answers “true” (Vrai in French) on the left
component, and “false” on the right component. The four positions @fre indi-

cated on the graph®*, V ®@x*, *® F, andV ® F. Note that the innocent strategy
understood as theosure operatoor concurrent strategy® playsdirectly the po-
sitionV ® F' € ¢* from the positiory ® ¢, and thus answersmultaneouslyhe

two questions); andq, asked by Opponent concurrently.

Despite the illustration, the reader may still find the idegasitionality difficult

to grasp. If this is the case, we hope that the proposition below will clarify the
situation. It is quite straightforward to define a notionrofocentcounter-strategy
interacting against the strategyThe counter-strategymaywithdrawat any stage

of the interaction. Every withdrawal of is expressed by an even-length pkay

x4, — x in the strategyr, whose target positiom € 7° is of even cardinality.
Our next result states that the static evaluation (by intersection} afyainstr®
coincides with the dynamic evaluation (by interactionyaigainstr.

Proposition 14 For every position: € D(A):

o*Nt*={z} <= on7t={s}ands: x4 —» z.

It is nearly routine to construct from this a categgryvith asynchronous games as
objects, and innocent strategies as morphisms. The only difficulty is to interpret the
exponentials. This is done following the principles of [30]: every game is equip-
ped with a left and right group action, and the exponentais interpreted as an
infinite tensor productd = ®,.y A. The resulting category defines a model of



intuitionistic linear logic without additives. The usual category of arena games and
innocent strategies embeds fully and faithfully (as a cartesian closed category) in
the Kleisli category associated to the categgignd to its comonad. The interested
reader will find the detailed construction in [30].

6 The non uniform A-calculus

We introduce in this section a non-uniform variant of Mealculus. This\-calculus

is callednon-uniformbecause the argument of a functidn. P is not ai-term @),

but a vector@ of A-terms@; wherei € N is an index for each occurrenagi)

(or function call) of the variable in the A\-term P. The calculus is affine in nature:

two occurrences of (i) never occur in the same term. However, the simply-typed
A-calculus may be encoded in this affine calculus, using the group-theoretic ideas
developed in our first article on asynchronous games [30].

Definition of the calculus. The non-uniform\-termsP and vectors of arguments
Zj are defined by mutual induction:

P = z(i) located variable
\ P@ application

| Az.P abstraction

6 ::= (Q;)ien vector of non-uniform\-terms indexed by an integee N

where a located variable(i) consists of a variable in the usual sense, and an
integeri € N. We require that every located variabté) appears at most once
in a term. Note that a non-unifortiterm is generally infinite. Thg-reduction is
defined as

(\e.P)Q —; Pla(i) = Q]
where P[z(i) := ;] denotes the non-uniform-term obtained by replacing each
located variable:(i) in P by the non-uniformi\-term();. The non-uniformi-terms
are typed by the simple types of thecalculus, built on the base type

F,Ao,Al,A%""—PaiB

z(i): AFx(i): A

Uyz(ip) : A x(iy) : A, x(iy) : A,---F P: B
'cXx.P:A=B

Here, a context’, A, ... may contain an infinite number of located variables, since
the =-elimination rule involves a family of derivation tre€4; F @; : A);en. ON



the other hand, the>-introduction rule may migrate an infinite number of located
variablesz (i) from the context to the-term.

Non-uniform n-long Bohm trees. The non-uniform-long Bohm trees of simple
typeA = A; = --- A, = « are of three kinds:

(1) Azy.. Az (y(i) @i@ ) where
e every variables; is of type A, for 1 < j < m,
e the located variablg(7) is of typeB = By = - - - B,, = « for some type3,
e every non uniform-long Bohm tree(Q)y,); is of type By, for 1 < k£ < n and

1 €N.

(2) orQ2z whereQ2 is a fixed constant of typg,

(3) orAz;...Az,,. U whereU is a fixed constant of type, and every variable;
is of typeA;, forl < j <m.

Trace semantics. Every non-uniforny-long Bohm tree of simple type
A=A = -A,=«

is interpreted by our game model as an innocent strategy in the asynchronous game
interpreting A. This game semantics may be formulated as a trace semantics on
non-uniformy-long Bohm trees, in the following way.

The Opponent transitions (or moves) are generated by the rule
Qa4 — AxyAr,y,. O

whered = A4, = --- A, = « and the variable; is of type A; for every index
1<j<m.

The Player transitions are generated by the rule

0 — QS(Z)ﬁAlﬁA

m

wherez (i) is a located variable of typd = A; = --- A4, = «, andﬁA]. is the
vector which associates to every index N the constanf2, , for everyl < j <
m.

Every move from am-long Bohm tree is then labelled by a subtree of the tyhe
once translated in linear logic as an infinite formula, using the equation

A=B = |A—B



and the definition of the exponential modality as an infinite tensor:

A= QA

1eN

Uniformity and bi-invariance. The usual (uniformj-long Bohm trees of the-
calculus are extracted from their non-uniform counterpart usindpitirevariance
principle introduced in [30]. As recalled in the introduction, every game is equipped
with a left and a right group action on moves. A strategis calledbi-invariant
when, for every plays € o and every right actiorh € H, there exists a left
actiong € G such that(g . s) « h € o. This characterizes the strategies which
are “blind to thread indexing”, and thus the strategies which behave as if they were
defined directly in an arena game. The concept of bi-invariance remains formal and
enigmatic in [30]. Here, quite fortunately, the non-unifonatalculus provides a
syntactical explanation for the concept of bi-invariance, which clarifies its meaning
and significance. We discuss that now.

Every intuitionistic typeA defines a left and right group action (5) on the asyn-
chronous gameA| interpreting it in the asynchronous game model. These two
group actions may be understood syntactically as acting on the non-unjftmng
Bohm treesP of type A, as follows: the effect of a right group actiéne H is to
permute the indices inside the vectors of argumépnts P, while the effect of a
left group actiory € G is to permute the indices of the located variahlés in P.

By analogy with [30], a non-uniformy-long Bohm treeP is calledbi-invariant
when for every permutatioh € H, there is a permutation € GG such that

(g« P).h=P.

It is not difficult to see that an-long Bohm tree in the usual-calculus is just a
bi-invariant n-long Bohm tree in the non-uniform-calculus, modulo left group
action (that is, permutation of the indices of the located variables.)

For instance, lef’; denote the non-uniform-long Bohm tree
Py =Xz y.(z(5) )

oftype A = (a = a) = (a = «a) where¥/ associates to every indéxc N
the located variablg(i). Obviously, P; is bi-invariant, and represents the uniform
n-long Bohm treelz. \y.xz y of same typed. Note thatP; is equivalent to any>;
modulo left group action. The trace (or game) semantids;a$ given by:

Qq 5 Az g0 = v dy.(2(5) ﬁa ) 5 Az Ay (2(5) @) RIS

Here, the moven by Opponent (labelled by the typ#) asks for the value of the
head variable of;, and the move: by Player (labelled by the typex = «);)



answerse(j); then, the moven,, by Opponent (labelled by, in (o« = «);) asks
for the value of the head variable of theth argument of:(j), inducing the vector
of arguments

— (Qr)r =0
Qr =
(Qr)i = Qo wheni # k

finally the moven,, by Player (labelled by,) answers(k), etc...

This example illustrates the fact that the trace (or game) semantics of a non-uniform
n-long Bohm tree is the syntactic exploration or parsing of that tree by the Oppo-
nent. At any point of the interaction, the Player viéw | of the plays describes

the current branch of the non-uniforpAong Bohm tree.

7 Additional structures

For clarity’s sake, we deliver the simplest possible definition of asynchronous game
in Section 2. We review below three natural extensions of the definition.

Compatibility. Every asynchronous game may be equipped witlnaompat-

ibility relation # between moves, in order to model tadditivesof intuitionis-

tic linear logic. The relatiory# indicates when two moves cannot appear in the
same position, and thus cannot appear in the same play. The coherence axiom
(mi#my < m3 = my#ms) is required on every triple of moves,, ms, ms,

just as in event structures [40].

Internal vs. external positions. We may go further, and assign to every posi-
tion = of the asynchronous game an integér) € Z called itspayoff By conven-

tion, a position: is calledexternalwhen the payoff:(z) is null, andinternal oth-
erwise. It is then possible to construct a game model of propositional linear logic,
by identifying two strategies playing the samernalpositions. Remarkably, the
resulting model incorporates the well-bracketed and the non well-bracketed vari-
ants of the original innocent arena game model. We give a detailed account of this
construction in [33].

Independence. There is a well-established tradition in trace semantics of describ-
ing theinterferencemechanisms between concurrent threads by an independence
relation/ between events [26]. Similarly, every asynchronous game may be equip-
ped with an independence relation between moves, in order to analyze interference



in imperative programming languages. Consider the game model of Idealized Al-
gol formulated by Samson Abramsky and Guy McCusker in [3]. Suppose that an
independence relation indicates that the moeesl andwrite( n) interfere in

the interpretation of the variable typar , for every natural number. In that case,

the interference betwearad andwrite( n) induces obstructions (*holes”) to
the homotopy relatior- on the gamevar , as indicated below:

e
NN
NN A
write(k Aad

Interestingly, the asynchronous definition of innocence adapts smoothly, and re-
mains compositional in the presence of interfering moves (that is, it defines a cate-
gory). Strategies are not positional anymore, but homotopic: they play according to
the homotopy class of the current play. We believe that a geometric account of states
and side effects will emerge naturally from this observation. Typically, the “state”
of the system would be defined as the homotopy class of the current play; and the
analysis of interference between any two such “states” would be resolved topologi-
cally. It is encouraging to see that similar intuitions have been already advocated by
Uday Reddy in his work on object-based semantics of imperative languages [38].

8 Conclusion

The theory of asynchronous games is designed to bridge the gap between main-
stream game semantics and concurrency theory. The preliminary results of this the-
ory (exposed in this article) are extremely encouraging. We establish indeed that
the cardinal notion of sequential game semantics — innocence — follows from el-
ementary principles of concurrency theory, formulated in asynchronous transition
systems. We introduce on the way a non-uniforfoalculus, whose game seman-

tics coincides with a trace semantics performing the syntactic exploration or parsing
of A-terms. This provides a concurrency-friendly picture of Xhealculus, and firm
foundations for a diagrammatic investigation of its syntax and semantics.
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