Sequential algorithms and strongly stable functions

Paul-Andé Mellies !

Abstract

Intuitionistic proofs (or PCF programs) may be interpreted as functions between domains,
or as strategies on games. The two kinds of interpretation are inherently different: static
vs. dynamic, extensional vs. intentional. It is extremely instructive to compare and to con-
nect them. In this article, we investigate the extensional content oefjaential algo-

rithm hierarchy|—]sps introduced by Berry and Curien two decades ago. We equip every
sequential gamél'|sps of the hierarchy with aealizability relation betweenplaysand
extensionsin this way, the sequential ganii€]sps becomes a directed acyclic graph, in-
stead of a tree. This enables to define a hypergfapi- on the extensions (or terminal
leaves) of the gam@]sps. We establish that the resulting hierardhyizc coincides with

the strongly stablenierarchy introduced by Bucciarelli and Ehrhard. We deduce from this

a game-theoretic proof of Ehrhard’s collapse theorem, which states that the strongly stable
hierarchy coincides with the extensional collapse of the sequential algorithm hierarchy.

1 Introduction

A spectacular number of game semantics have been introduced in the last decade, in

order to capture the interactive essence of various logical systems or programming

languages. Comparatively, the number of interactive paradigms underlying these

models has remained desesparately low. Today, mainstream game semantics is

e sequential,

e played ontrees [Joyal 1977][Abramsky, Jagadeesan 1994][Lamarche 1992] or on
arenas [Hyland, Ong 2000][Nickau 1994][Abramsky, McCusker 1999].

In this article, we champion a momdncurrentor graph-theoreticstyle of game

semantics, which we see pervading a series of recent contributions:
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e money gamegloyal 1997] are positional games played on graphs, instead of
trees. Joyal introduces them in order to recast Whitman’s characterization of the
free lattice. This comes as a preliminary step toward the intended construction
of the bifree completion of a category. See also the later connection between
u-bicomplete categories and parity games, established in [Santocanale 2002].

e graph gamegHyland, Schalk 2002] are positional games played on graphs, in-
stead of trees. The resulting model of PCF is shown to be the sequential algorithm
model [Berry, Curien 1982].

e concurrent gamefAbramsky, Mellies 1999] are positional games played on do-
mains, instead of trees. The model is shown to be fully complete for multiplicative
additive linear logic. See [Abramsky 2001] for a discussion about sequentiality
and concurrency in games and logic. See also [Eel004b] for a recent con-
nection with arena games and innocent strategies, using asynchronous games.

Either sequential or concurrent, these game semantics have one thing in common:

they arepositional

Interleaving vs. true concurrency

Playing on gpositional gaméinstead of a tree or an arena) means that two different
sequences of moves starting from the root may lead to the same position. This is the
game-theoretic avatar tfue concurrencyn process calculus. Think of a process

and two transitiong andb starting fromr. The two transitions andb are declared
independentvhen they may be emitted or received.byn any order, without inter-
ference. Independence of the two transitions is generally representdohdpythe

two sequences - b andb - a in the transition system:

b i
7T1/ \7T2 (1)

N

s

Thehomotopy equivalendsetween transition paths is then defined in the expected
way: two paths are callddomotopionvhen they are equal modulo a series of permu-
tations (1) of independent transitions. This 2-dimensional grammar of independence
provides a “geometry” where thaterleaving semanticand thetrue concurrency
semanticof processes coexist, formulated respectively as transition paths and ho-
motopy classes [Pratt 1991]. The author experienced the relevance of this diagram-
matic vision in rewriting theory: the 2-dimensional paradigm leads to a syntax-free
theory of causality and neededness, including a standardization theorem, and the
characterization of head-reductions in a wide class of calculi [F®i998].



Mainstream game semantics has not reached that stage of refinement yet. It is still
very much 1-dimensional. We advocate that bringing out 2-dimensional structures
on sequential games will clarify their structure, and their relationship to other mod-
els of computation. In this article, we provide evidence for that thesis, with a limited
but striking illustration of how concurrency ideas may explicatestkiensiona(we

also saystatic) content of sequential game semantics.

True concurrency in games: dynamic plays realize static extensions

We start from the elementary intuition that sequential game semantics provides an
interleaving semanticsf proofs and programs. Suppose tBas the boolean game
starting with Opponent’s questiarfollowed by Player's answetrue or false:

false\ /true
ﬁ*

Each play of the tensor produgtx B is an interleaving of plays of the two instances
B, andB, of the sequential ganig. We draw below a fragment of the resulting tree:

(2)

falses true;
*2 *1

\truel false2/4 / (3)
\*{ y

The two plays drawn in (3) are different from a procedural point of view, but equiva-
lent from an extensional point of view, since both plays answer the sataesional

pair (V, F') to Opponent’s questions — where bywe mean “true” yrai in french)

and byF we mean “false”.

So, itis tempting to bend the two paths (3) and to tile them as in the diagram below:

(V. F)
false true
Z fal 1 (4)
\ruel a 567

After this plastic surgeryB @ B becomes alirected acyclic grapl{dag) instead
of a tree. The terminal legfV, F') is added on top to indicate that the two plays
realizethe sameextensionV, F). The resulting diagram (4) is the game-theoretic

counterpart of diagram (1). It relates thgerleaving semanticexpressed by the
plays to therue concurrency semantiexpressed by the extensiovi, F').



We will see that shifting from a tree in (3) to a dag in (4) clarifies much about
how the “implicit/static” and “explicit/dynamic” presentations of sequentiality are
connected at higher types. More precisely, we establish in the course of the article
that, for every simple typ&, theextension®f the sequential game associatedto

are precisely thatomsof the dl-domain with coherence associated/ton the
strongly stable model [Bucciarelli, Ehrhard 1991].

Ehrhard’s collapse theorem

This leads to the second motivation of this work: a key result by Ehrhard states

that thesequential algorithmmodel of PCF [Berry, Curien 1982] collapses exten-

sionally to thestrongly stablehierarchy [Bucciarelli, Ehrhard 1991]. The theorem

is remarkable, because it links for the first timatatic and adynamicmodel of

sequentiality. Ehrhard’s original proof [Ehrhard 1997] is a domain-theai@ticde

force based on the observation that every strongly stable function is definable in

PCF enriched with the strongly stable functions of degree 2.

Here, we want to establish the same result another time, using game-theoretic ideas.

More specifically, we want to characteridgnamicallythe classes of strategies gen-

erated by the extensional collapse. Instead of working directly on Berry-Curien and

Bucciarelli-Ehrhard models of PCF, which would be extremely difficult technically,

we take advantage of the fact that both hierarchies can be “linearized”, that is, de-

rived from models of (intuitionistic) linear logic, using a kleisli construction:

e The sequential algorithm model is linearized by Lamarche as a game model of
intuitionistic linear logic, based osequential data structurgsds). Recall that a
sdsA is defined as (1) a polarized alphaloéf 4, A 4) of movesand (2) a prefix-
closed sefP, of alternatingplaysin which Opponent starts. The distinctive fea-
ture of the model lies in the interpretation of the exponential modality of linear
logic. The sddA is defined by dacktrack interleavingf the plays of the sdd.

This departs from the usual definition based aeetitive interleavingf plays
given in [Abramsky et al. 1994]. Lamarche shows in [Lamarche 1992] that the
model linearizes the sequential algorithm model of PCF. The construction is then
reformulated and clarified by Curien in [Curien 1993][Amadio, Curien 1998].

e The strongly stable model is linearized by Ehrhard ds/percoherence space
model of linear logic. The model refines Girazdherence spacmodel, just like
strong stability refines stability. Recall that a hypercoherence sparsejust a
hypergraphthat is (1) a setX | of atoms (called theveh) and (2) a sef'(X) C},
| X | of nonempty finite subsets of atoms (called timerencein which every
singleton{z} is element of'(X), for = € | X|. Ehrhard shows in [Ehrhard 1993]
that the hypercoherence space model linearizes the strongly stable model of PCF.



Extensional data structures

As advocated above, the extensional content of a sequential game is revealed by
its 2-dimensional structure. The author is currently developing a theoagyi-
chronous gamem which onlylocal tiles (1 x 1) are admitted. In this framework,

the usual lexicon of arena games is formulated trualy concurrenfashion: jus-
tification pointers and views are reconstructed by permuting moves in a play, and
innocent strategies turn out to be positional strategies enjoying forward and back-
ward confluence properties [Mals 2004b].

The resulting theory is pretty involved though, and we will not develop it here. We
take a short cut instead, and demonstrate that only a small amount of homotopy or
asynchrony is necessary to capture the extensional content of sequential games: the
tiles considered in this article agtobal and expressed by realizability relation
between plays (= the interaction paths) and extensions (= their homotopy classes).
We write E, for the set of extensions, ar| 4 Cf, P5ve" for the (nonempty
finite) set of (even-length) plays which realize an extension E 4. A sequential

data structure (sds) = (Ma, A4, P4) equipped with such a realizability relation
defines what we call aextensional data structur@ds).

The realizability relation enables tasualizeevery extensional data structure as a
directed acyclic graph (dag) labelled by extensions nodes — at least the graphic
edss, see the definition given in Section 6 (definition 6.1). For instance, the graphic
eds!B has three extensions, F' andV/, and is represented as the tree:

F V
falsxq\frrue (5)
L

The extensionL at the root and the extensiohsandVl” at the leaves indicate that:
€ €||Llm x-false € ||F||ip x-true € ||V

wheree denotes the empty play. The advantage of the graph-theoretic notation be-
comes clear when one tensors the gishree times, and draws the graphic eds
B®!Bx!B as illustrated in figure 1.

Extracting hypercoherence spaces from extensional data structures

We mentioned earlier the coincidence between (1)etttension®f the eds inter-
preting a simple typ&” in the sequential algorithm hierarchy, and (2) gtemsof

the dl-domain with coherence interpretifigin the strongly stable hierarchy. We
clarify and illustrate this point briefly. Recall that the atoms of the dI-comain with
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Fig. 1. A fragment of the extensional data structiBe!Bx!B.

coherence associated to the simple typrm ahypercoherence spacé&his ob-
servation is at the heart of [Ehrhard 1993]. We will see in Section 7 h@xttacta
hypercoherence spaté A) from every edsA — at least when the eds is regular,
see definition 7.3. The web of this hypercoherence spdc#) is precisely the set
of extensions ofA:

U(A)] = Ea.

Typically, one deduces from the graph-theoretic presentation of the sequential game

Be!B!B produced in Figure 1 that:

e the triplew = {(V,F, 1),(F,L,V),(L,V,F)} is coherent iNnBx!Bx!B be-
cause (informally) Opponent has to choose between one of the extensions of
when she plays the first mowvefor : € {1, 2, 3}. For instance, Opponent plays
and thus rejects the extensioh, V, F') as possible outcome of the interaction,

e the pairv = {(V, F, 1), (F, L, V)} is incoherent inBx!Bx!B because (infor-
mally again) Player has to choose between one of the extensiansidér Op-
ponent plays the move,. For instance, Player plays - true; and thus rejects
the extensiort/, L, V') as possible outcome of the interaction.

There are historical reasons for illustrating our ideas with the!BdsB®!B and

the subsetv = {(L,V, F), (F, L, V), (V, F, L)} of extensions. The example stems

from [Berry 1979] in which the stable hierarchy]s of simple types is introduced.

There, Berry describes stablebut non-sequentiafunction G at the simple type

(0 X 0Xx0)=o0:

Gz, V,F)=V GFzV)=V GV,Fz)=V

andG(z,y, z) = L otherwise. This function is often called the Gustave function in
the litterature. The fact that the triple is not bounded (and thus “incoherent”) in



the dl-domain
loxoxols={LV,F} x{L,VF} x{L,V,F}

interpreting the simple type x o x o in the stable model, is the starting point of the
theory of strong stability in dl-domains with coherence [Bucciarelli, Ehrhard 1991].
The point of strong stability is precisely that the triplebecomesoherentin the
dl-domain with coherence interpretingx o x o in the strongly stable hierarchy.

Technical contributions of the article
The first contribution of the article is to clarify the dynamic content of hypercoher-
ence spaces, as follows:
(1) we define when a strategyof an edsA implements a sef C E 4 of exten-
sions ofA; and callconfigurationany setf C E 4 implemented by a strategy,
(2) we extract from any regular edsa hypercoherence spatéA) with web the
setE 4 of extensions of4,
(3) we show that in any regular eds the finite configurations ofl are exactly
the finite cliques ot/ (A).
We consider in this articléwo different interpretations of the base typas a se-
guential game:
e either as thdlat natural number eds notédh.,
e or as thdazynatural number eds noté¥,,,,
Each interpretation induces a sequential algorithm hierarchy of simple [ty{ig§
(also noted—]sps) and[—]52Y .
The second contribution of the article is to extract the strongly stable hierarchy from
the game-theoretic hierarchiggfat, and[T]&%Y . More precisely, we show that the
hypercoherence spafE|y ¢ associated to a simple tyféin [Ehrhard 1993] is pre-

cisely the hypercoherence space computetl isom the eds$77]%at and |75 :

[Tluc = U([T155%) = U([T]5p%) (6)

From that concrete connection between the sequential algorithm and the strongly
stable hierarchies, we deduce a game-theoretic proof of Ehrhard’s collapse theorem.
Surprisingly, this last part is far from easy — despite the equalities (6). We proceed
in three steps.

First, (k) we show that thélat and thelazy sequential algorithm hierarchies col-
lapse to the same hierarchy of types. The argument imported from @d@0044a]

is based on the existence of a retraction betwegp andN,,, in the category of

edss:

for count idng,,
I\Iﬁat >NIlazy ? Nﬂat = Nﬁat ? I\Iﬁat



Then, Gk %) we prove by a non-constructive compactness argument (akianats
lemma) that the (possibly infinite) configurations dirtely branchingeds A are
precisely the cliques dff (A). This is precisely the reason why we work with the
lazy hierarchy instead of thélat one: the interpretatiofil'|$2 of every simple
type T is finitely branching, and the compactness argument works only on finitely
branching games.

Finally, (k% %) we characterize the partial equivalence relatignon the strate-

gies of [T]£2Y induced by the extensional collapse, for every simple typéVe

show that~; relates two strategiesandr of [T]%2 precisely when:
(1) the strategies andr areextensionain a sense explained in Section 11,
(2) the strategies andr implement the same configuration.

azy

We deduce that the set of strategiesD53 quotiented by~ is in a one-to-one
relationship with theconfigurationsof [T]52Y .

Putting the three stepsk() and Gk %) and Gk % %) together, we conclude that the
flat sequential algorithm hierarchy collapses extensionally to Bucciarelli-Ehrhard
strongly stable hierarchy. This is precisely the statement of Ehrhard’s theorem in

[Ehrhard 1997].

Structure of the paper:

We start in Section 2 with preliminaries on models of linear logic, hierarchies of
types, and extensional collapse. In Section 3, we introdubgpargraphmodel

which coincides with the hypercoherence space model on simple types, but captures
sequentiality more accurately outside the intuitionistic types. In Section 4, we recall
the sequential data structure (sds) model of intuitionistic linear logic. In Section 5,
we introduce thextensional data structufeds) hierarchy, which is just the original

sds hierarchy, equipped with extensional information. We show in Section 6 that
every simple typd’ is interpreted as spreadeds|T’|#at which may be visualized

as adirected acyclic graph (dag). In Section 7, we extract from esguyaredsA a
hypercoherence spaté A) and show that thénite configurations ofA as thefinite
cliques ofU(A). We show in Section 8 that the constructidrextracts the strongly
stable hierarch{T" |y from either thélat or thelazysequential algorithm hierarchy
[T18at and [T]&%Y. In Section 9, we exhibit a retraction between the flat and the
lazy hierarchieg—|i2t and[—]&2¥, and deduce from this that the two hierarchies
collapse to the same extensional hierarchy. In Section 10, we use a non-constructive
compactness argument (akin téig’s lemma) to show that the (possibly infinite)
configurations of 755 are the cliques off uc. The two last sections are the most
technical ones. In Section 11, we equip every extensional data structure of the lazy
hierarchy with a notion o#live plays; and define when a strategyeistensional

in such a structure. In Section 12 we characterize the self-equivalent strategies of



the collapse of —|&%Y as the extensional strategies of the hierarchy; and deduce

Ehrhard’s collapse theorem from that.

Related works on sequentiality and strong stability

A model of “extensional sequential algorithms” is introduced in [Ehrhard 1997].
The idea is to consider triplé€;, X, 7) whereF is a sequential structure (Ehrhard’s
own domain-theoretic presentation sgquentialconcrete data structuresy, is a
hypercoherence space, ants a strongly stable linear function

(E.,CH(E)) = ¢DC(X)

between the dl-domains with coherence associatéd@and X. The main require-

ment on the “projection map# is the following “lifting property” that for any
sequential structur® and strongly stable functiofi: (F.,C*(F)) — ¢DC(X)

there exists a strongly stable functigh : £, — F, such thatr o [/ = f. It
follows from the requirement thatis onto, in a uniform way. The category of “ex-
tensionally projected sequential structurég”, X, ) is shown to be cartesian clo-

sed. The cartesian product is computed pointwise. The exponentiatich ) =
(E,X,m) = (F,Y,n') is computed as followsZ is the exponentiatioX' = Y

of X andY in the category of hypercoherence spaces, whils a sub-structure

of the exponentiatio’ = F' of F and F’ in the category of sequential structures,
consisting of theextensionakequential algorithms betweén and F. The lifting
property ofr plays a remarkabléte in the proofs.

[van Oosten, 1997] and [Longley 1998] construct independently the same combi-
natory algebra, and prove that the associated realizability model of modest sets is
equivalent to the strongly stable model of [Bucciarelli, Ehrhard 1991]. The combi-
natory algebra is based on a game-theoretic presentation of sequential evaluation,
where strategies are encoded as partial functions from the set of natural numbers
to itself. The result is yet another testimony that the strongly stable model of PCF
is sequential in nature. [Longley 1998] goes further, and unfolds a comprehensive
analysis of the strongly stable model of PCF. Developing ideas of [Ehrhard 1997],
Longley establishes a key property of the strongly stable model: that there exists a
universalsimple type2 of degree 2, universal in the sense that every interpretation
[Tuc of a simple typel is a retract of its interpretatio|yc in the model. Longley
deduces from this universality property an alternative proof that the strongly stable
model of PCF is the extensional collapse of the concrete data structure model.

In [Ehrhard 2000], Ehrhard defines the dual categorigsacdllel andserial hyper-
coherence spaces, and proves that every hypercoherenceXSpaag be projected



canonically to a parallel (resp. serial) hypercoherence space) (resp.S(X)).
Using the two projection mapss : S(X) — X andnp : X — P(X), one un-
folds any hypercoherence spa&eas aserial-parallel hypercoherence space, and
expresses this way the sequential game underlyindy construction, the pro-
jectionsmgs andwp enjoy the same lifting properties as the projection maps
[Ehrhard 1996].

In this article, Ehrhard’s programme is &xtract the sequential game from the
hypercoherence space, by a seriepafallel and serial unfoldings. In a sense,
Ehrhard’s direction is just reverse to the direction we take here:

here
/"/_\

Sequential games Hypercoherence spaces

[Ehrhard2000][Boudes2002]

Ehrhard’s student Boudes has carried on in this direction, and obtained interesting
results in his PhD thesis [Boudes 2002].

2 Preliminaries
2.1 Sets

Given two setdy and F', we write £ C F whenFE is a subset of’, £ Cg, F when
E is a finite subset of’, £ Cf, F whenFE is a non-empty finite subset &f. We
write P(E) the set of the subsets &f, andP; (F) the set of the non-empty finite
subsets of-.

Definition 2.1 (multisection) Given a sefr and a subsell’ of P(E), we callmul-
tisectionof W any setv C F such that

o for everyw € W, v Nw is non-empty,

e for everye € v, there existsv € W such thate € w.

2.2 Relations

A relation betweerF and F' is a subset o x F. The categonREL has sets as
objects and relations betweéhand F' as morphisms fronk’ to F'. The identity of
E is the relation

idg = {(z,2) |z € E}

10



and the composite of two relatiorfs: £ — F andg : ' — @ is the relation
fig: E— G

fig = {(z,2)| yeF, (v,y) € fand(y, z) € g}
2.3 Words

For a natural numbet € N, we write:
k] ={0,1,....k—1}={ieN|i<k}

We callalphabet)M any denumerable set, amgbrd on this alphabet any finite se-
guence of elements af/. The set of words on the alphahef defines a monoid
M* with product concatenation of words denotetdnd unit the empty word. A
word s € M* is prefixof a word¢, what we writes C ¢ when there exists a word
such that = s - u. We writes C°¥*" ¢ whens is prefix oft ands is of even-length.
We call polarized alphabet M, \) any alphabet equipped with a function :
M — {—1,+1}. We say that a woreh, - - - m, is alternating when:

Vi € [k], AM(mip1) = —A(my)

We noteM § the set of alternating words on the polarized alphabet (M4, \4)
which are either empty or start with a negative letter.

2.4 Models of intuitionistic linear logic

Linear logic (LL) is exposed in [Girard 1995]. Here, we restrict ourselves to intu-
itionistic linear logic (ILL) because it is sufficient to construct hierarchies of simple
types, see next Section 2.5. The formulas of ILL are given by the grammar:

T =T@T|T—T|T&T|'T|1|T

The sequent calculus of ILL is recalled in figure (2).

There exist several categorical definitions of a model of ILL. The definition 2.3 be-

low is introduced in [Melles 2003]. The axiomatization ensures that the equalities

required by a model of ILL, recalled in [Bierman 1995], are satisfied in the category.

Definition 2.2 (exponential modality) An exponential modality over a symmetric

monoidal categoryC, ®, 1) with finite products &, T) is given by the following

data:

e for every object4, a commutative comonoidA, d4, e ) with respect to the ten-
sor product,

11



_ , AFA  T,AFB
axiom AL A cu T.AF B
I'A,BFC . I'-A A+ B
left bbb ht
wle T A®BFC ©ng T.AFAw B
o AFA  TBEC -~ T A+ B
e T.A.A<BFC —ng TFA B
T+ A .
1 left T1FA 1 right 1
. 4 TFB
& right T AGE true T
& left-1 _Larc & left-2 _LBrO
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derelicti I'AFB i THA
ereliction m promotion T FIA
cen T+ B oot TIAIAF B
) T, Ay, Ay, A+ B
X n
exchange T Ay A,.AF B

Fig. 2. Sequent calculus of intuitionistic linear logic (ILL)
o for every object4, a morphismder , :!A — A, such that for every morphism
f1A— B
there exists a unique comonoidal morphism
f1:(A da,es) — (IB,dp, ep)

12



making the diagram below commute:

g

\ ld (7)

B

1A

e for every objectsi, B, two comonoidal isomorphisms:
(!A,da,ea) ® (!B, dp,ep) = (!A&B, dagB, eaxB)

(1, /01_1 = )\1_1, ldl) = ('T, d‘r, €T)
Definition 2.3 (model) A categorical model of ILL is a symmetric monoidal clo-
sed categoryC, ®, —o, 1) with finite productg &, T) equipped with aexponential
modality. When in addition, the categoly is x-autonomous, we say that it is a
categorical model of LL.

Remark.We will generally consider models of ILL in which the categ@rgontains
two distinguished objectsool andnat, in order to construct a hierarchy of types
over the boolean typeand natural number type

2.5 Hierarchies of types

The class of simple typ€eE over the booleans and the integersis given by the
grammar below:
T :=o0||T=T

A hierarchyis a family of sets[T’| indexed by simple type$’, and a family of
functions:

[T = o] x [Th] — [13]
Given f € [Ty = Ty] andx € [T}], we write f -1, 1, = Or evenf - z for the image
in [V] of the pair(f,z) by the function-r,r,. Every model(C,!) of intuitionistic
linear logic equipped with a pair of objedisol andnat of the category, induces
a hierarchy by Girard’s formula:

[o] =bool [t = nat 1y =T = (I[TV]) — [TY]

Every object{T’| of the category is regarded as the hom-ddbme(1, [T]) of its
elements. The function 1, : [T1 = Ts] x [T1] — [T3] associates the composite
frx:1— [T

1) = ] —

13



to the pairr : 1 — [T3] andf : 1 — [T} = T5]. Here, the morphisrif] denotes
the “co-name” off, that is the morphisn7;] — [T3] associated by monoidal
closure to the elemenft: 1 — (![T1]) — [T3]

2.6 Extensional collapse

A hierarchy isextensionalWwhen, for every typel; = T, and elements, g of
[Ty = T3], one has:

(Vee[l],f-x=g-2) = [=g

Every hierarchy([T], -1, 7,) and pair of partial equivalence relatiors on[o] and~,
on[:] induces an extensional hierarchy called¢k&ensional collapsef ([T, -7, 7,)
modulo~, and~,. The construction goes as follows. Every §étis equipped with
a partial equivalence relation; defined by induction:

— ~, and~, are the partial equivalence relations given/@grand|:],

defn
- f ~Ti=Ty G = vxaye [T1]7 T~ Y = f.f ~r, 9 Y.

The extensional collapSé€l|cx:, «1,1,) iS defined in a straightforward fashigfi’] e
denotes the sef’|/ ~r of ~p-classes inT]; while f .1, 1, a denotes the-r,-class
of f-r,1,a, for every two elementg of the ~r, .1, -classf anda of the~, -classa.

We leave the reader check that the definition is correct, and induces an extensional

hierarchy([T]exs, =, )-

3 Hypergraphs: a polarized variant of hypercoherence spaces

We introduce the hypergraph model of linear logic, a polarized variant of the hyper-
coherence space model presented in [Ehrhard 1993]. We show that the hypergraph
and the hypercoherence space models coincide on simple types, and thus deliver
alternative “linearizations” of the strongly stable hierarchy. We also indicate briefly
why the hypergraph model is closer to sequentiality than the hypercoherence space

model when one considers formulastsidethe intuitionistic fragment.

3.1 Two equivalent definitions of hypergraphs
A hypergraphX may be seen alternatively:

(1) as a relaxed notion of hypercoherence space in which an elementX| is
not necessarily equivalent to itself (definition 3.2),

14



(2) as a hypercoherence space equipped with a fungtion| X| — {—1,+1}
which polarizes every element of the web (definition 3.3.)
Before discussing the two definitions of hypergraphs, we recall the definition of
hypercoherence space in [Ehrhard 1993].
Definition 3.1 (Ehrhard) A hypercoherence spacé = (|.X|,I'(X)) is a pair con-
sisting of:
(1) an enumerable séfX| called theweb of X, whose elements are called the
atomsof X,
(2) a subset’(X) of Pg,(]X]), called theatomic coherencef A, such that for
anyr € | X|, {z} € T(X).
A hypercoherence space with web|X | is also characterized by itstrict atomic
coherence, the sét*(X) of all setsu € I'(X) not singleton.
The first definition of hypergraph, as a relaxed notion of hypercoherence space, is
given below:
Definition 3.2 (hypergraph (1)) A hypergraphX = (|X|,T'(X)) is a pair consist-
ing of:
(1) an enumerable seX | called thewebof X,
(2) asubset'(X) of Pz, (| X|), called thepolarized atomic coherencé A.
Every hypergraptk = (|X|,I'(X)) induces a hypercoherence sp&cé|, I'(X)):
veT(X) L2 4is singleton ow € T'(X)
and a functiom\y : | X| — {—1,+1} associating a polarity to every atom of the
web:
Ax(z) = +1 £8 {2} € (X).
Conversely, every hypercoherence space- (| X|,T'(X)) equipped with a func-

9

tion A\x : | X| — {—1,+1} induces a hypergraph.X|,I'(X)):

g ern |V ET(X if v is not singleton,
Uerm@{ ) 0

Ax(x) = +1 if v is the singleto{ z }.

This leads to the second definition of hypergraph, as a polarized hypercoherence
space:

Definition 3.3 (hypergraph (2)) A hypergraphX = (|X|,I'(X), Ax) is a hyper-
coherence space equipped with a function : | X| — {—1,+1}. An atom

x € | X| is calledpositiveor negativedepending on the sign ofx (z).

Remark. From now on, we shall consider all hypergrapkisas either presented
by a pair(|X|,['(X)) or by a triple(| X|,I'(X), Ax). Note that a hypergraph with

15



web | X| is characterized by its polarity functioxy : |X| — {—1,+1} and its
strict atomic coherence, the dét(X) of all setsu € I'(X) not singleton.

3.2 Cligues and augmented cliques of a hypergraph

Definition 3.4 (clique, augmented clique)Suppose thak’ is a hypergraph.
e a non-empty finite set Cf, | X| of atoms iscoherenin X whenv € I'(X),
e asetw C |X| of atoms is aliqueof X when:

v

Yu Cq, w, v e (X)),
e asetw C |X| of atoms is armaugmented cliquef X when:
Yv Cq, w, v e (X).

Remark.A clique is an augmented clique containing oplysitiveatoms.

3.3 The hypergraph vs. the hypercoherence space models of LL

The hypergraph model of linear logic is defined essentially in the same way as
the hypercoherence space model presented in [Ehrhard 1993]. There are three main
differences though:
e the coherencé' (X 1) of the dual isexactlythe complement of the coherence
f“(X). This means that every atome | X | on a hypergraplX changes polarity
in the dual hypergraptk. Intuitively, an atomz € |X| of a hypergraph is
“sequentially realized” by plays with last Player move whers positive, and
with last Opponent move whenis negative.
e the web ofX ® Y (and thus ofX — Y') is not the cartesian product of the web
of X andY’, because it does not contain the pairsy) € |X| x |Y| of negative
atoms. Intuitively, the web oX ® Y picks only the “sequentially realizeable”
atoms of the web oK @ Y.
e the web of X is not the set of finite cliques of, but the set of augmented cliques
of X with at mostone negative atom. Again, intuitively, the web!&f picks only
the "sequentially realizeable” augmented cliqueofThis definition should be
compared with the definition of the exponentidlof a sequential data structure
A (see Section 4.) Similarly, a play of the sds!A “explores” an augmented
strategy ofA which containst mostone odd-length play.
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3.4 Duality, multiplicatives and additives

The dual of a hypergraphX = (|X|,T'(X), Ax) is the hypergraphX+ with web
| X1| = |X| and polarityl y. = —\yx and atomic coherence

LX) = P(|X]) = T(X) (8)

The tensor producbf two hypergraphsX andY is the hypergraphX ® Y with
web

(X @Y]={(z,y) € [X| x V][ Ax(z) = +10r Ay (y) = +1} (9)

polarity function
Axey (®,y) = Ax(2) Ay (y)
and atomic coherence

DX ®Y)={we P (X|x|Y]) | wX € [(X)andw]Y € D(Y)}

wherew|[ X (resp.wlY’) is the projection ofv on | X| (resp.|Y]).
The linear implicationof two hypergraphs< andY is defined by de Morgan:

X oY=(XoYhHt
So, by definition, the hypergrapXi — Y has web:
| X — V| ={(z,y) € [ X| x [Y]| Ax(z) = +1orAy(y) = -1}

polarity function
Ax—ey (2,9) = Ax () Ay (y)
and atomic coherendg X — Y) the set of alkv € P, (| X| x |Y]) such that

wiX eT(X)=wlY €T(Y) and w]X €T*(X)= w]Y € T*(Y)

wherew|[ X (resp.wlY) is the projection ofv on | X| (resp.|Y]).
The productof two hypergraphs{ andY” is the hypergraplX &Y with web

[ X&Y| = [X[+[Y]
and atomic coherendg X &Y") the set of allv € P, (| X| + |Y'|) such that

wlX=0=wlY e(Y) and w|Y =0 = w|X € I'(X)
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wherew|[ X (resp.wlY’) is the projection ofv on | X| (resp.|Y]).
The unit T is the hypergraph with empty web; and the unis the hypergraph with
singleton wely{x} and atomic coherendg*}}.

3.5 Asx-autonomous category of hypergraphs

The categorHG has hypergraphs as objects and cliqueX ofo Y as morphisms
from X to Y. Morphisms are composed as relations in the categdily, and the
identityidx : X — X is the clique{(z,z) | € | X|} of X — X.

Lemma 3.5 The categoryHG, ®, 1) is x-autonomous, and has finite products given
by (&, T).

3.6 Exponentials

The exponentialof a hypergraphX is the hypergraphX

e with web |!X| the set of finite augmented cliques &f, containing a negative
atom at most,

e with polarity A\ 4(w) = +1 whenw is a clique, and\j4(w) = —1 whenw is an
augmented clique containing one negative atom,

¢ with atomic coherenc&(!X) the set of allW” C}, |!X| whose every multisec-
tion w is coherent inX.

The hypergraptX defines a commutative comonoid with comultiplicatibn de-

fined as union of augmented cliques, and couajtydefined as the empty clique.

Given a hypergraplX, the dereliction clique is defined as:

dery = {({z},2z) |z € | X|and{z} € ['(X)}.
Given a cliquef : (!X — Y), the cliquefT : (X —!Y) is defined as:
fr={(u,v) € |'X| x 'Y | Iy, ;) € f, u =2 U...Uu, andv = {1, ..., z,}}.

This clique fT is the unique comonoidal morphisii¥ —!Y making diagram (7)
commute. Besides, the comonoldé®!Y and1 are isomorphic (as comonoids) to
the comonoid$(X&Y') and! T, for every hypergraph&X andY'. This shows that
the constructiori defines an exponential modality on thReautonomous category
HG, in the sense of definition 2.2. Thus, by definition 2.3 of a model of linear logic:
Lemma 3.6 The categornyHG equipped with the exponential modalltgefines a
model of linear logic.
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3.7 The strongly stable hierarchy-]uc of simple types

We explain briefly why the hypergraph model delivers the same hierarchy of simple
types (notedT'ic) as the hypercoherence space model in [Ehrhard 1993]. First, we
note that a hypercoherence space may be seen as a particular kind of hypergraph.
Definition 3.7 (hypercoherence space 27 hypergraphX = (|X|,T'(X), Ax) is
called ahypercoherence spawden every atom € | X | has polarity\y (z) = +1.

The hierarchy—|uc is induced by the hypergraph model, in which the base types
o and. are interpreted as the hypercoherence spates = Buc and|iJuc = Nyc

with webs:

Buc| = {V. F'} [Nhe| =N
and atomic coherence the set of singletons:
L(Buc) = {{V},{F}} [(Nue) = {{n},n € N}

Lemma 3.8 The hierarchy of types-|uc coincides with the strongly stable func-
tion.

PrRoOOF Hypercoherence spaces (in the sense of definition 3.7) are preserved by the
connectives of), —, & and! in the hypergraph model of ILL. Besides, the interpre-
tations of these connectives on hypercoherence spaces, as well as the base types
and., coincides in the hypergraph model and in the original hypercoherence space
model presented in [Ehrhard 1993]. It follows that the hypergraph hierarelpy:
coincides with the strongly stable hierarchy of [Bucciarelli, Ehrhard 1991]. m

4 Sequential data structures

In this section, we recall the sequential data structure (sds) model of intuitionistic
linear logic introduced by Lamarche around 1992. The hierarchy of simple types
associated to this game model coincides withsiaguential algorithniierarchy on
concrete data structures introduced by Berry and Curien. The model is described for
the first time in [Lamarche 1992]. Our presentation follows the later presentation by
Curien in [Curien 1993] [Amadio, Curien 1998].

4.1 Sequential data structures
Definition 4.1 (sds) A sequential data structure is a triplé = (M, A4, P4) con-
sisting of

e a polarized alphabet)M 4, A 1) whose elements are called thvesof A,
e asetP, of words on the alphabét/ 4, whose elements are called thiaysof A.
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A movem is called a cell when\ 4(m) = —1 and a value when 4(m) = +1.
Every sds is required to verify:

e the empty play is a play,

e the prefix of a play is a play,

e every non-empty play is alternating and starts by a cell:

Vm € My, m € Py = Aa(m) = —1,

Vs € Py,Vm,n € My, s-m-n € Py = Aa(m) =—=Xa(n).

A sds may be visualized as a rooted directed tree with plays as vertices and moves
as edges. For example, the &ldefined as:

*: —1 *
Mg = {x,false, true} Mg = false: +1 Pp ={e}UX x.false
true : +1 * - true

is represented as the labelled tree:

false:k %ue#rl
T*:—l

Remark. We often writem : —1 whenm is a cell, andn : +1 whenm is a value.
We also writeP$ve® and P$44 for the set of even-length and odd-length plays of a
sdsA, respectively.

4.2 Strategies and augmented strategies

Definition 4.2 (strategy) A strategy of a sdsl is a set of plays C P5V°" of even-
length, which verifies that:
e itis closed under even-length prefix:

Vs,t € Py, sCY"tandteo = se€ o,
e it is deterministic:

Vs € PSV" Vm,ni,ny € My s-m-ny €cands-m-nys €0 = ny = no,

20



e itis nonemptyx € o.
Definition 4.3 (substrategy) Let o and 7 be two strategies of a sd$. We say that
o is a substrategy of wheno C 7.
Definition 4.4 (augmented strategy)An augmented strategy dfis a set of plays
o C Py verifying that:
e 0N PS5V is a strategy ofA,
e every odd-length play € o N P$44 factorizes ag = s - m where:
- sis aC-maximal play in the strategy N P§Ve",
- m € My is acell ofA.
We writeo : A wheno is a strategy or an augmented strategy of a4ds

4.3 Multiplicatives and additives

The tensor producbf two sdssA and B is the sdsA ® B:
(1) Magp = M4 + Mg,
(2) Magp(inl(m)) = Aa(m) andAagp(inr(m)) = Ag(m),
(3) Pawp = {s € M$,p, s|A € Pyands|B € Pg}.

The linear implicationof two sdssA and B is the sdsA — B:
(1) Ma—op = My + Mg,
(2) Aa—p(inl(m)) = Aa(m) andAy_.g(inr(m)) = —Ag(m),
(3) Pi_p = {S € M?wB’ STA € Py andS[B € PB}

The productof two sdssA and B is the sdsA& B:
(1) Mg = My + Mp,
(2) Aag = Aa + A,
(3) Pagp = inl*(P4) + inr*(Pp).

The units1 andT are equal to the sds with an empty set of moves.

4.4 A symmetric monoidal closed category of sequential data structures
The categornysDS has the sequential data structures as objects, and the strategies
of A — B as morphisms fromA to B. The identity mapgd, : A — A is the
“copycat” strategyid, : A — A defined as:

idg = {s € P{Y0 |Vt C" s, t] A = t]Aq}.

The composite of two strategies: A — B andr : B — (' is the strategy
o;7: A — C defined by “parallel composition plus hiding”:

0;7 = {s € Py o | VLT 5,3Fu € 0,Fv € T,
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tIA=ulA, ul|B=v[B, v|C =t[|C}
We refer the reader to [Abramsky, Jagadeesan 1994] or [Curien 1993] for a proof
that the composition law is associative, and that the stratédjesA — A define
proper identities. Besides, one establishes that:
Lemma 4.5 The categorysDS is symmetric monoidal closed, and cartesian.

4.5 Exploration of augmented strategies

Definition 4.6 (c |) Suppose that : A is an augmented strategy. We note
ol={sePy|Ite€oslyt}.

Remark. The setr | may be seen as an Opponent-branching subtree of thé.sds
Note that every augmented strategynay be recovered from the subtre¢, as its
subset of even-length plays and of maximal and odd-length plays.

Definition 4.7 (— ) Suppose that and T are augmented strategies of a sdls
and thatt € P, \ {¢} is a nonempty play. We write

O'thkT gle__fn> Tl: O'l +{t}

The notation+ means that |= 7| U {¢} and thatt is not element of |.
Definition 4.8 (exploration) We say that a word = t,---t,_; on the alphabet
P4\ {e} exploresan augmented strategyof A when:

to i1 to tn—1
{6} btk 70 —7btk """ 71 — btk *°* — btk Tn = O.

For instance, the two words on the alphabBgtp \ {¢}:
k1 + (%1 - true) - *g - (%o - false) and xg-(xy-false) - - (*; - true)
explore the strategy = {¢, *; - true, *, - false} of the sd€B @ B.

4.6 Exponentials

One distinctive feature of Lamarche’s model is the interpretation of the exponential
modality of linear logic. In this model, the sequential data strudtdris interpreted

by interleaving the plays ofl without repetitionusing a clevebacktrackingdevice

in the definition of the contraction maf, : 'A —!A®!A. This departs from the
mainstream models like [Abramsky et al. 1994] in which the exponential gdme

is defined by interleaving and repeating the playd @s much as Opponent desires.
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Note that the two styles of exponentials may be compared by exhibiting a retraction
between them, see [Medls 2004a] for details. Formally, Lamarche defines for every
sdsA the exponential sdsA as follows:
(1) Mgy = Pa\{¢},
(2) Ma(s) = +1whens € P$°™ and\j4(s) = —1 whens € P49,
(3) P is the set of alternating wordse M which explore an augmented strat-
egyo of A.

Remark. Note that every play € P5°" explores a strategy, and that every play

s € Po3d factors ag - m wheret € P%Y°™ explores a strategy ands explores the
augmented strategy + {m}, wherem € M, andm € PS94 at the same time.
Consequently, only augmented strategies witinostone odd-length play are ex-
plored by a play inA. This observation on sequential data structures motivates our
interpretation of the exponential modality in the hypergraph model, in Section 3.

The sds(!A, d4, es) defines a commutative comonoid in the categsbs. The
strategyd, is defined in two steps. First, one says that a plag P4z
verifies property (*) when the augmented strategigsr,, o3 explored by its first,
second and third projections, s, s3 verify o, = o9 U o3 (set-theoretic union).
Then, one defines:

da = {s € PR agia) | VI € P agia), t s = t verifies property (*}.

The strategy4 : (!A — 1) is defined as the singletdn}.

The strategyder , is defined in two steps. First, one says that a play Pia_oa
verifies property (**) when the augmented strateggxplored by the first projection
s[1A, and the second projectianA verify togethero |= {u € P4 | u C sy}. Then,
one defines:

der, = {s € P |Vt € P, t C s = t verifies property (**}.

There exists for every strategy:!A — B a unique comonoidal stratedy)" :
'A —!B making diagram (7) commute. For instance, whes 1 and the strategy
o : 1 — B is just a strategy of3, the comonoidal strategir)" : 1 —!B is
defined as:

(o) = {s € Pp | s explores a substrategy of.
Besides, there exists a comonoidal isomorphism betwéenB and!( A& B) for
every sdssd and B, and a comonoidal isomorphism betweeand! T.
Thus, the constructiohdefines an exponential modality on tk@utonomous cat-
egory SDS, in the sense of definition 2.2. By definition 2.3 of a model of linear
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logic:
Lemma 4.9 (Lamarche) Sequential data structures define a model of intuitionistic
linear logic.

4.7 The flat and the lazy sequential hierarchiedlat, and [—]&%)

We considetwo hierarchies of types induced by the sds model of ILL:
e theflat hierarchy|—]fat (sometimes writtefi—|sps) in which o is interpreted as
the sdsB and. is interpreted as the “flat” natural number $dg,;:

¥ —1
MNﬂat = {*} U {Il | n e N} )\Nﬂat =
n:+1

Pyg.e = {€} U {*} U {*-n|neN}

Theflat hierarchy is the hierarchy considered in [Berry, Curien 1982].
e thelazyhierarchy—]52Y in whicho is interpreted as the siisand. is interpreted
as the “lazy” natural number s@%.;:

zn zn: _1
Myy,,, = >s| n€N ANiagy = § >n: +1
=n =n: +1

n

>0 >
PNlazy :{6} U ZO'.' Zn' >n nEN
ZO"'Zn':n

The two natural number sd8%,, andNy,,, are represented as trees in figure 3.

5 Extensional data structures

In this section, we equip every sequential data structure with a realizability relation
between plays anextensionsobtaining what we call aextensional data structure
(eds). Our ambition is not to define another model of intuitionistic linear logic (we
will see that the sds and eds models are equivalent), but to analyze the extensional
content of the strategies in the categSiys.
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5.1 Extensional data structures

Definition 5.1 (eds) An extensional data structure (eds) is a six-tuple
A= (Mg, Aa, Pa, Ea, || = |la)

where:

e (Ma, A4, Py) is a sequential data structure,

e F,is an enumerable set whose elements are callegthension®f A,

e | — ||.4 associates to every extensione E,4 a non-empty finiteset||z||4 C
peven,

The plays in||z||4 are called theealizersof the extension:. We ask that every

extensional data structurensodesin the sense that:

Vo,y € B, lzllanlylla#0=2=y.

We write R 4 for the set ofrealizersof A:

Ra= U lzlla
AT DN
We illustrate the definition with the boolean eBs= (Mg, Ag, P, Eg, || — [|5)-

It is defined as the boolean sti&/, A\g, Pg) of Section 4, now equipped with the
extensional realizability structure:

Eg ={V, F}, |F|lg = {* - false}, |V |lg = {* - true}.
5.2 Strategies

A strategy of the eds! is defined as a strategy of its underlying sds. It follows that
the eds and sds models of intuitionistic linear logic are equivalent.

5.3 When does a strategy implement a set of extensions?

Definition 5.2 (<4) We writes <4 = whens € P, is prefix of a play realizing an
extension: € E 4.
s =4 Ll g1 ¢ P4, s T4 tandt € ||z]| a.

Definition 5.3 (implement,=4) A strategyo : A implements an extensione F 4
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when, for every play € P, and moven € M4 such thats - m € P4, one has:
se€ocands-m=<g4x = In€ My, s-m-n=<,zands-m-n € o.

In that case, we write:

oE .
A strategyo implements a set C E4 of extensions afl, wheno implements every
extension of, what we noter £ 4 v. Thus:

d
A=PRY, g Vr € v, 0 F4 .

Remark. The definition of implementation of an extensienc E, is inspired

by the definition of concurrent strategy in [Abramsky, Me#li1999]. It should be
compared with the definition of conflict-free strategy in [Hyland, Schalk 2002] and
of forward confluent strategy in [Meéis 2004b]. Its task is to provide an explicit
and dynamic formulation of the usual notionsgfquential realizabilityeither given

by extensional collapse as in Section 2.6, or by observational equivalence as in
Section 4.2 of [Abramsky et al. 2000] and Section 3 of [Hyland, Ong 2000].

5.4 Configurations

Definition 5.4 (configuration) A configurationof A is any setv C FE 4 of exten-
sions implemented by a strategy

5.5 Multiplicatives and additives

We adapt to edss the model of ILL presented in Section 4. The interpretation is con-
servative on the sds part. This enables us to limit our definitions to the realizability
relation attached to each interpretation.
The tensor producbf two edssA and B is the sdsA ® B equipped with the real-
izability relation:

(1) Eagp = Ea x Eg,

) (@ y)llacs = {s € Mizp | sIA € ||z]l1s ands|B € ly|5}.
The linear implication of two edssA and B is the sdsA — B equipped with the
realizability relation:

(1) Es—op = E4 X Ep,

) Iz, y)lla—p = {s € Miyp | sTA € |lz]l4 ands[B € |ly||s}.
The productof two edssA and B is the sdsA& B equipped with the realizability
relation:
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(1) Eagp = Ea+ Ep,

(2) llinl(z)||aes = inl*(||z]4) and||linr(y)|aes = inr*(|lyl5).
The unit T is the sdsT equipped with an empty set of extensions; the ing the
sds1 equipped with a single extensienrealized by the empty play

5.6 Exponentials

Definition 5.5 (sub-implement) A strategys : A sub-implements an extensiore
E 4 when, for every play € P, and movesn,n € My:

secocands-m =< 4zands-m-n€oc=s-m-n =<4 .

A strategy sub-implements a setC E 4 of extensions ofl, whens sub-implements

every extension af.

This enables to define:

The exponentialbf an edsA is the sds A equipped with the realizability relation:
(1) E\4is the set of finite configurations of,
(2) a plays € P4 realizes a finite configuration € E\4, when there exists a

strategyo of A such that:

s explores the strategy,

o sub-implements the configuration

v={z € Ealon|zla#0}

Vt e o,dr €v,t 24 .

5.7 The categor{iDS

The categonkEDS has the edss as objects and the strategie$ ek B as mor-
phisms fromA to B. Identities and composition are defined as in the categbD8;.
We obtain immediately that:

Lemma 5.6 The categorny=DS is equivalent to the categoS8DS.

5.8 The flat and the lazy sequential hierarchieglat, and [—]32Y

We equip the flat and the lazy sequential algorithm hierarchies of types with exten-
sional information. The simple types interpreted as the eds; the simple type is
interpreted either (1) as the natural numberSds equipped with the realizability
relation:

Ergy = N, 17 Ivgne = {* -0}
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Fig. 3. Theflat natural number edSg,; vs. thelazynatural number edNjy, .

and (2) as the lazy natural number $dg,, equipped with the realizability relation:
ENlazy = N’ ”n”Nlazy = {ZO T 211 ’ :n}'

The two eds®g.: andNy.,, are represented in figure 3. We writg 3t and[T]&2)

for the interpretations of a simple tyféin the respective hierarchies.

6 A graphic representation for simple types

In this section, we show that every extensional data strud@it and [T]&2

interpreting a simple typ&', may be represented as directed acyclic graphs (dags).

We start by a definition.

Definition 6.1 (graphic) Lets andt be any two plays of an eds We writes ~ 4 t,
when, for every word on the alphabefi/ 4, we have:

s-u€E Py < t-uc€ Py,

Vo € Ey, s-u€|z||la = t-u € |z|a.

An edsA is called graphic when every two playsandt realizing the same extension
x € FE, are equivalent:

Ve € Eg, Vs,t € Py, s,t€|z|la = s~at.
Every graphic eds! is represented by the dag obtained by identifying all vertices

s € P, realizing the same extensian € FE, in the tree associated to the sds
(M4, A4, P4). We have already seen in the introduction that the graphidkds
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represented as the labelled tree:

F

V
f a]‘:S\ Ae

L

and the graphic ed8®!B®!B as the labelled dag (of which we only draw a frag-
ment) of figure 1. It turns out that the class of graphic games is closed under the
linear connectives®, —o, &; but not closed under the exponential modality ).

For instance, the ed® ® B) is graphic, but the edd =!(B ® B) is not graphic.

Let us explain why. Consider the two playsndt of A:

s = (%1) - (%1 - truey) - (%1 - true; - *9) - (%1 - true; - *, - falsey)
t = (%g)- (%o -falsey) - (ko -falsey - *1) - (ko - falses - *; - trueq)

The two plays realize the same extens{dh F') € Eyggr). The only difference is

that the plays interrogates its arguments left-to-right, while the plagterrogates

its arguments right-to-left. The sds model is too “sequential”’ to detectsthatt

are just doing the same thing, and thus, the words accepted as a play i3 @ B)

and as arealizer @V, I). So, the play -t interrogates its arguments twice, the first

time from left-to-right, the second time from right-to-left. It follows immediately

thats andt are not~ 4 equivalent (since - ¢ is not a play) and consequently, that

(B®B) is not graphic. This is an interesting pathology of sequential data structures,

which our analysis uncovers.

Fortunately, the defect is harmless on simple tyjpesvhich are interpreted as

graphic edss7]8at and even more than that: every €dgfiat, is spreadin the

sense given below.

Definition 6.2 (spread) An edsA is spread when

Vo € Ey, Vs € ||ZL’||A,\V/t€PA7 sCt=s=1.

and no extensiom € F 4 is realized by the empty play.
Note that every spread eds is graphic, and represented by a dag whose extensions
are at the leaves. We prove that:
Lemma 6.3 The interpretation§Z’]%2t and [T of every simple typ€ is spread.
PROOF The property follows from the three observations that,
(1) the eds® andNg, andNj,,, are spread,
(2) the eddA is not necessarily spread whens spread...
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(3) butthe edsA — B is spread whem is spread.

7 Extracting hypercoherence spaces from extensional data structures

In this section, we associate to every (regular) extensional data structuhgper-
coherence spadé(A) whose finite cliques are the configurations/bf

Definition 7.1 (frontier) Theconeof a non-empty finite setC;,, £4 of extensions
is defined as follows:

cone(v) = {s € Py |Vx € v,s <4 x}.
Thefrontier of v is the set ofZ ,-maximal plays in the cone of

frontier(v) = maxc, (cone(v)).

Remark. The cone of a set Cf,, E4 of extensions is alwayfnite. It follows that
frontier(v) is nonempty.

Definition 7.2 (coherence)A non-empty finite subset C;, £, of extensions is
declared:

e coherenin A whenfrontier(v) C P§ve",

e incoherenin A whenfrontier(v) C P$dd.

Definition 7.3 (regular) An eds is regular when every non-empty finite subset,
E 4 of extensions is either coherent or incoherent.

To every regular edd we associate the hypergraph

U(A) = (U(A)], L(U(4))).

defined as follows:

o [U(A)] = Eu,

e ['(U(A)) contains the coherent subsetsof.

Remark. We required in our definition of an edé that ||z||4 C P5ve™ for every
extensionr € E,. It follows that every extensiom € E 4 is coherent in an eds;

and from this, that the hypergraph A) is a hypercoherence space in the sense of
definition 3.7: every atom € |U(A)| is positive. So, the advantage of using hy-
pergraphs instead of hypercoherence spaces is only visible when one moves outside
the intuitionistic hierarchy, with a less constrained notion of sds and eds.

The definition of the hypercoherence spagel) is motivated by the result below:
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Lemma 7.4 (configuration=clique (finite case))Suppose thatl is a regular eds
and thatv is a finite subset of/'4. Then, the following are equivalent:

(1) v is a configuration ofA,

(2) visaclique ofU(A).

PROOF (1 = 2) Let w be any nonempty finite subset of We claim thatw is
coherent inU(A). Let o be a strategy implementing The strategy implements
w C v as well. Besides, the sebne(w) C P, is finite and contains the empty
play e. It follows thato N cone(w) is finite and nonempty; and that there exists a
C 4-maximal plays in o N cone(w). We claim thats € frontier(w). Suppose not.
Then, there would exist a celt € M4 such thats - m € cone(w); by definition of
o E4 w, there would exist a value such thats-m -n € o ands-m-n € cone(w);
and this would contradict maximality afin ¢ N cone(w). We conclude that
frontier(w). Now, as an element of, the plays is of even-length. And the eds
Ais regular. It follows that every plafrontier(w) is of even-length. We conclude
thatw is coherent, and thatis a clique inU (A).

(2 = 1) is by finiteness. We write ™%, t when

o 5.t € Py andm,n € Myandt =s-m-n,

e Vrev,s - m=420 = S-m-n =<, .
The relation—, defines a tred’, on the even-length plays of, labelled with
pairs of movegm,n). Let o be maximal among the subtrees’tif closed under
even-length prefix, and verifying

VYm,ni,ng € M, Vs, t1,t5 € o, s M ¢ ands 2B, ty = ny = no. (20)

Clearly, o is a strategy ofd. We claim that this strategy implementsv. Indeed,
suppose that € v, thats € o, thatm € My, and thats - m <, x. We prove that

dne My, s-m-n=<zqxands-m-n€o.

Letw = {z € v|s-m =<4 z}. As afinite subset of the clique the setw is coherent
in U(A). By definition of coherence, this means that all the playféntier(w)
are of even-length. On the other hand, m is element ofcone(w) and of odd-
length. Thuss - m is strict prefix of a playt € frontier(w). Letp € My be the
value such that - m - p C t. Note thats - m - p € w, and thuss =5, s - m - p.
So, by maximality ofr, there exists a move € M, such thats =5, s - m - n. By
definition of =%, ands - m =<4 x, the inequalitys - m - n <4 = holds. We conclude.

The definition ofU is nicely illustrated by the regular edB®!B®!B discussed
in the introduction, and presented in figure 1. Consider the two subsetof
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Epgmob:
w={(LV.F),(F.LV),(V.F,1)},  v={(FLV),(V.F, L}
The frontiers ofv andw are given by singletons:
frontier(w) = {¢}, frontier(v) = {*;}.

The empty play is of even-length and the play is of odd-length. From this fol-
lows that the set is coherent and that the sets incoherent in the ed8!BR!B.

8 The strongly stable vs. the sequential algorithm hierarchies

In this section, we prove
(1) that the extensional data structuf@dfiat, and [T]&%) are regular for every
simple typeT’, and
(2) thatthe hypercoherence spdt;c interpretingl” in the strongly stable model,

is precisely the hypercoherence space extracted from thé@dgs and[7]52Y :

[Tlue = U([TIE%) = U([TIs5Y).

This is the reconstruction theorem 8.3 established in Section 8.3. The theorem is
proved by induction on the tygg, after the lemmas of Sections 8.1 and 8.2.

8.1 The linear implication—o

Lemma 8.1 Suppose thatl, B are regular edss, and tha® is spread. Then, the
edsA — B is regular, and verifies the equality:

U(A — B) = U(A) — U(B).

PROOF The two hypergraph8(A) andU (B) are hypercoherence spaces. The web
U(A) — U(B) is therefore equal to the cartesian product of the webg (of)
andU(B), that is:E4 x Ep. It follows that the hypergraphS(A) — U(B) and
U(A — B) have the same web. Besides, we know that every atoti(df) —o
U(B) andU(A — B) is of polarity+1. We prove now that the strict coherence of
U(A) — U(B) andU(A — B) coincide.

Suppose that C}, F1_.p is strictly coherent in the hypergraph(A) — U(B).
That means that is not a singleton, and that both assertions hold:

v[AeT'(U(A)) = vIBeT'(U(B)), (11)
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v[A € T*(U(A)) = v]A € T*(U(B)). (12)

We claim that is coherent in the edd — B. Indeed, lets € P$44, be a play of
odd-length incone(v). We prove that there exists € M, _.p such thats - m €
cone(v).

Note that the projectior| A is of even-length and inone(v[A); and that the pro-
jections| B is of odd-length and irone(v|B).

We proceed by case analysis. First case: whieh ¢ frontier(v[A). Then, there
exists a celln € M, suchtha{s[A)-m € cone(v[A). It follows thats-inl(m) €
cone(v), and we conclude.

Second case: when A € frontier(v[A). Then, it follows from regularity that[ A
is coherent in the edd. From this, and (11), it follows that| B is coherent in the
edsB. It is worth noting here that[B is not singleton, because, otherwis¢ A
would be singleton by (12) and thusvould be singleton — which contradicts our
hypothesis.

So, the set[ B is coherent. And the playl B is of odd-length and icone(v|B).
It follows that there exists a value € Mg such that(s[B) - m € cone(v[B).
The setw[B is also non singleton. It follows thabne(v[B) does not contain any
C-maximal play in the ed$3. So, the play(s|B) - m is not maximal. From this, it
follows easily thats - inr(m) € cone(v).

We have just proved that every playe P$94, of odd-length incone(v) may be
extended by a value: € M, . such thats - m € cone(v). We conclude that is
coherentin the edd — B.

Now, suppose that Cf E4_.p is strictly incoherent in the hypergraph(A) —
U(B). That means that is not a singleton, and that:

vlA € T(U(A)) andv|B ¢ T*(U(B)). (13)

We claim thatv is incoherent in the edd — B. Indeed, lets € P$Y% be a play
of even-length ircone(v). We prove that there exists a cell € M, .5 such that
s-m € cone(v).

We proceed by case analysis. First case: when the last movesgdlayed in the
componentA. Then, the projectio|A is of odd-length and icone(vfA). We
know from (13) thaty| A is coherent in the ed4. It follows that there exists a value
m € M, such thais[A) - m € cone(v[A). It follows thats - in1(m) € cone(v),
and we conclude.

Second case: when the last move @ played in the componefit, or whens is the
empty play. Then, the projectiofi B is of even-length and inone(v[B). By (13)
the set of extensions B is either (a) singleton| B = {y}, or (b) non singleton and
incoherent in the ed®. We claim that in both cases (a) and (b) there exists a cell
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m € Mg suchtha(s[B)-m € cone(v[B). This isimmediate in case (b) wheris
incoherent inB. This is also true in case (a) because, we claim, the gl&yis not
element of||y|| 5. Indeed, if this was the case, thej3 would beC-maximal in the
edsB, becauses is spread; and in turn, the playwould beC-maximal in the eds
A —o B; this maximality ands € cone(v) would imply thatwv is singleton, which
contradicts our hypothesis. We conclude that there exists acellM g such that
(sIB) - m € cone(v|B). It follows easily thats - inr(m) € cone(v).

We have just proved that every playe P§¥e%, of even-length ircone(v) may be
extended by a celh € M4 _.p in such a way that - m € cone(v). We conclude
thatv is incoherent in the edd — B.

Now, observe that every non-empty finite subsetf £, .z is either coherent or
incoherent in the hypergragh(A) — U(B). We have just proved that the subset
v is coherent in the edd — B in the first case, and incoherent in the etls- B
in the second case. We conclude that—- B is regular, and that/(A — B) =
U(A) —o0 U(B). |

8.2 The exponentials

Lemma 8.2 (exponential) Suppose thatl is a regular eds. Then, the edd is
regular and verifies the equality:

U(1A) =IU(A).

PROOF Suppose thatl is regular. By lemma 7.4 the two webs©f!A) and!U (A)
are equal. We prove that the hypercoherence structufg @d)| = |!U(A)| are the
same. Lefvy, ..., v;_1 } be a non-empty finite subset @f (1A)| = |!U(A)|.
Suppose thafu, ..., v;_1 } is coherent in the hypergrapti (A), or more explicitly
that every sectiow of {vy, ..., v;_; } is coherentir/ (A). We claim that{v, ..., v;_; }
is coherent in the edsA. Indeed, lets be an odd-length play df4 verifying s €
cone({vo, ...,vj_1}), or more explicitlyV: € [j], s <4 v;. By definition, the word
s explores an augmented strategpf A with exactly one odd-length playe Pj,.
Note that the play € P, is at the same time the last move ©in the eds!A.
Definev as the set of extensions € U,c; v; such thatt <, . It follows from
Vi € [j], s =14 v; that the sev defines a finite section dfvy, ..., v;_1 }. By hypoth-
esis, the section is coherent inA. This implies that the play € cone(v) may be
extended with a valug: € M4 into an even-length play- m € cone(v). The play
t-mis also a move ofA. The plays € P4 extended with that movg - m) defines
aplays- (t-m) € P4 which verifies

Vieljl,s-(t-m) =4 v;.
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We conclude thafvy, ..., v;_1 } is coherent in the eds!.

Suppose now thafvy, ..., v;_1 } is not coherent in the hypergrapti(A), or more
explicitly that there exists an incoherent sectiorof {vo, ...,v;_1} in the hyper-
graphU(A). We claim that{vo, ...,v;_1} is incoherent in the edsA. Indeed, let
s be an even-length play df such thats <4 {vo,...,v;_1}, or more explicitly
Vi € [j], s =14 v;. By definition, the words explores a strategy of A. Lett € Py
be maximal (wrtC) among the plays verifying <4 w in the prefix-closed set of
playso |= {t € Py | 3t' € o,t T4 t'}. We deduce froms <4 {vo, ..., 051}
thatt is of even-length. By hypothesis, is incoherent in the edd. Opponent may
therefore extend the playinto ¢ - m in such a way that - m <, w, or more ex-
plicitly that Vz € w,t - m <4 x. The definition ofw as a section ofvy, ..., v;_1 }
implies thatvi € [j], 3z € v;,t - m <4 . The words - (¢ - m) is a play of!A and
verifiesVi € [j],s - (t- m) <14 v;. We conclude thafv, ..., v;_1 } is incoherent in
the edd A.

Observe that every non-empty finite subsef F) 4 is either coherent or incoherent
in the hypergraphl/(A). By the previous arguments, the subsét coherent in A
in the first case, and incoherent!iA in the second case. We conclude thatis
regular, and that/ (!A) =IU(A). n

8.3 Reconstruction theorem

Theorem 8.3 (reconstruction) Every simple typé’ is interpreted as a spread reg-
ular eds (T2t or [T)5%Y, with associated hypergrapti[T]8at, — [/[T]2% the
interpretation[T’|yc of T in the hypercoherence space model. Thus:

(e = Uol-]% = Uol-]sp¥. (14)

PROOF By induction on the simple typ@. The regularity property as well as the
equality (14) are verified at the simple typeando, and it follows from lemmas 8.1
and 8.2 that they are preserved by the arrow constru@tios- 7o = (I77) — Ts.
We conclude. ]

9 Intermezzo: a retraction between the flat and the lazy hierarchies

In this section, we prepare our alternative proof of Ehrhard’s theorem in Section 12.

We show that the flat and the lazy sequential algorithm hierarchies (introduced at
the end of Section 4) collapse to the same extensional hierarchy of types. The proof
is based on a back-and-forth translation technique introduced in pdeld04a].

The key step is to exhibit a retraction in the categBiyS (or equivalentlySDS)
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between the flat and the lazy natural numbers &Gigs andN,,y:

id
Nﬂat for Nlazy count Nﬂat _ Nﬁat Ngat Nﬂat ) (15)
The strategiefor andcount are defined as follows:

for = {s € P’*" |IneN, sC s,}

Nﬂat _ONlazy

count = {s € A{"*" |IneN, sC t,}

N lazy —oN flat

wheres,, is the play ofNg, — Ni,,y defined as:

Snzzo.*.n.>o.21...2n.:

n

andt, is the play 0fNj,,;, — Nga¢ defined as:
tn:*'20'>0'21"'2n’:n'n-

The retraction (15) induces a retraction between the Fd&at, and (7] in the
categoryEDS, for every simple typé

Tﬂat [T}?:zty lazy [T]g:ty Tﬂat _ Tﬁat id[T]ggts Tﬂat 16
[ ]SDS—>[T]SDS—>[ lsbs = [Tsps ——=[TsPs (16)

The partial equivalence relationsfat and Nlj‘i‘zy defined by extensional collapse
(see Section 2.6) on the sets of strategied 2t and[T]5 are given below:
Definition 9.1 (~f2t and ~122¥)

d d
o ~hat 7 &y o ~a%Y T Ly Jrz € {V,F}, 0 Fg xandt Fp z,
d
o N?at T g dn € Eng,,, 0 Fng,, nandr Fy,, n,

lazy defn
o ~, T g Eln € ENlazy7 g ':Nlazy n andT ':Nlazy n.

We establish now that the retraction morphisms (15) behave well towards the partial
equivalence relationsf2t and~'azy,
Lemma 9.2 (preservation) Suppose that andr are strategies oNg,;. Then:

flat
Y

o~ = o for ~2% 7 for.

Suppose that andr are strategies oNj,,y. Then:

flat

L0 T count and o Niazy o; count; for.

o~ 7 = 5 count ~
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PROOF We prove the first statement. The two remaining statements are proved
in a similar fashion. Suppose that: Ng,; and7 : Ng,; are strategies and that
o ~fat - By definition, there exists an extensienc Ey, ., such thair Fy,  n
andr Fyg,,, n. This implies thatr = 7 is the strategy{e, = - n}. The strategies
(0;for) and(r; for) are equal to the strategy: Ny, which contains exactly the
even-length prefixes of the play:

20" >0 21" 20" =n
This strategyu is the (unique) strategy .., which implements: € Ey,,, . We
conclude that; for ~12% 7 for. n
By Lemma 9.2, he family of retractions (16) defineback-and-forth translation
between the hierarchids-|f2t and [—]2%) in the sense of [Meléis 2004a]. The
existence of such a back-and-forth translation implies immediately that:
Lemma 9.3 The two hierarchieg—]fat and [-]&2) collapse to the same exten-
sional hierarchy.

Remark. There remains to show that this extensional hierarchy is precisely the
strongly stable hierarchy of [Bucciarelli, Ehrhard 1991]. This is precisely what we
do from now on, in Sections 10, 11 and 12.

10 Compactness

We analyze here the lazy sequential algorithm hierarchy of types, defined in Sec-
tion 5 and recalled in Section 9. In Section 10.1, we show that every simpl&type

is interpreted as fnitely branchingeds in this hierarchy. This departs from the flat
hierarchy, where the base typés interpreted as the ed¥.;, which is not finitely
branching. In Section 10.2, we use a non-constructive compactness argument to ex-
tend the characterization lemma 7.4 to possibfinite configurations and cliques

— at least when the underlying edsis regular and finitely branching. We con-
clude in Section 10.3 that the configurations of the [@dg5% are the cliques of the
hypercoherence spafE|yc.

10.1 The lazy hierarchi-]22Y defines only finitely branching edss
Definition 10.1 (finitely branching) An edsA is finitely branching when for every

play s € Py, there exists only a finite number of moves M4 such thats - m €
Py.
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Lemma 10.2 Every simple typé& is interpreted as a finitely branching eﬁ@]‘sagg

in the lazy hierarchy.
PROOF The eds® andN,,,, are finitely branching, and the class of finitely branch-
ing edss is closed under linear implicatien and exponential modalitf—). =

10.2 Configurations coincide with cliques (the infinite case)

We extend lemma 7.4 on possibhfinite configurations and cliques when the ex-
tensional data structur# is finitely branching.

Lemma 10.3 (configuration=clique (infinite case))Suppose thatd is a regular
finitely branching eds and that is a (possibly infinite) subset df,. Then, the
following are equivalent:

(1) fis aconfiguration of4,

(2) fisaclique ofU(A).

PROOF (1 = 2) is established as in lemma 74 = 1) is proved by a non-
constructive compactness argument, similar to the argument used to estdinligls K
lemma. We proceed as in the proof of lemma 7.4, and wri%if t when

o s,te Py andm,n € M, andt =s-m-n,

eVref,sm=a2x = s-m-n=y,u.
The relation—; defines a tred’; on the even-length plays of, labelled with
pairs of movegm,n). Let o be maximal among the subtrees®f closed under
even-length prefix, and verifying

Vm,nl,ng S MA,VS,tl,tQ € o, S m,_nl>f 3] ands m,_ng}f to = 11 =Ny (17)

The trees defines a strategy of which, we claim, implement$. Indeed, suppose
thatz € f, thats € o, thatm € M4, and thats - m <4 x. We prove that

dneMy, s-m-n=<zgzxands-m-neco

Letg = {x € f|s-m =4 z}, and letiW = P{ (g) be the set of nonempty
finite subsets of;. Let w be an element ofl’. As a finite subset of the cliqug,

the setw is coherent inU(A). By definition of coherence, this means that all the
plays infrontier(w) are of even-length. On the other hand, m is element of
cone(w) and of odd-length. Consequently, the $&tv) C M4 of valuesp such
thats-m-p € cone(w) is nonempty. Besides, and here comes compactness, the set
P(w) isfinite because the eds s finitely branching. It follows that the intersection

P= () P(w)

wew
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is nonempty. Since evegyc P verifiess Mf s-m-p, we conclude by maximality
of o that there exists a move € M4 such thats ™% s - m - n. By definition of
=% ¢ and ofs - m <4 , the inequalitys - m - n <4 = holds. We conclude. ]

10.3 The configurations are the strongly stable functions

It follows directly from theorem 8.3 and lemma 10.3 that
Corollary 10.4 Suppose thal’ is a simple type, interpreted a:s?]gagg in the lazy
sequential algorithm model, and 5]y in the strongly stable model. Then:

@) [Tlue = U([TISY),

(2) the configurations dff'|£2 are the cliquesT]uc.

11 Collapse data structures

We carry on our analysis of extensionality in sequential games, and equip every
extensional data structurkwith a setP3''ve of alive plays. The notion of alive play

is mainly motivated by the description of the partial equivalence relation generated
by extensional collapse on the hierardhy22Y — see the anatomic theorem 12.6

in Section 12. For that reason, we aadlllapse data structurécods) an extensional

data structure equipped with a notion of alive play.
11.1 Collapse data structures

Definition 11.1 (cods) A collapse data structure (cods) is an extensional data struc-
ture A equipped with a sePglive ¢ Psver of even-length plays of.
A play s € P, is calledalive whens € P3live,

11.2 Extensional and sub-extensional strategies

We associate to every strategyin a codsA a set of extension& (o) defined as
follows:
Definition 11.2 U(o) denotes the set of extensiong E 4 “encountered” by the
strategyo, that is:

U(o) = {z € Ea|on|z]a # 0}
Now, we define a notion oéxtensionabndsub-extensionadtrategy in a collapse
data structurel. We recall that the notion sub-implementation is introduced in Def-
inition 5.5.
Definition 11.3 (extensional strategy)A strategyo is extensional when
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e 0 C leive’
e o implements every extensione U(o):

Vo € Ea, reU(o)=o0F,x.

Definition 11.4 (sub-extensional strategy)A strategyo is sub-extensional when

e U(o) is a configuration of4,

o o C Palive,

e o sub-implements every extensior U (o).

One proves easily that

Lemma 11.5 Every substrategy of an extensional strategy is sub-extensional.
Remark. We will see next section, theorem 12.6, that the extensional strategies of
[T]<2Y are precisely the self-equivalent strategies of the extensional coiaif€e

11.3 The hierarchy—]&2Y¢ of simple types

The hierarchy—]&2Y is just the hierarchy—]%2) in which every ed$T]3% is
equipped with the adequate notion of alive play. The base ty@a®l. are inter-
preted by the edsB andN,,, in which every even-length play is seen as alive:

alive __ even alive __ even
P]B - P]B PNlazy - PNlazy

The typel = T = T; is interpreted by Girard formula:
[T1¢o0s = (IT1]EGhs) —o [T]cohs

where the linear implication and exponentials are defined as follows:

The linear implicationof two codssA and B is the edsA — B in which P3live in
which a plays € P3¥¢% is alive precisely when:

o s|Ac Palive = 5B ¢ palive,

o (s]A € P3iveands|B € Rp) = s|A € Ry.

The exponentialof a codsA is the edslA in which a plays € P%°" is alive
precisely when it exploressub-extensionadtrategyo : A.

Remark. The definition ofP,_,5 is motivated by Theorem 12.6. Intuitively, a play
is “alive” means that it may be “visited” by a self-equivalent strategy. So, the first
condition tells that an alive play of is transported to an alive play &f by an alive
play of A — B. The second condition tells that an alive play/bfransported to a
realizer of B by an alive play ofA — B, is itself a realizer ofA.
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11.4 Alive collapse data structures

We introduce a notioalive cods in which a converse to lemma 11.5 may be estab-
lished (lemma 11.7).

Definition 11.6 (alive) A cods isalive when:

o Vz € Eu, ||z||a C P§live,

o Vs € Py, Vte Py, sCYtandt e Pilive = s pglive

Lemma 11.7 Suppose that a codd is alive and regular, and that is a sub-
extensional strategy ofl. Then,o is the substrategy of an extensional strategy
verifyingU (o) = U(1).

PROOF By regularity, the finite configuratioti (¢) is also a clique of the hyperco-
herence spacE(!(A)). The proof then proceeds as lemma R4= 1). It differs
only in that the maximal strategy considered in (10) is required to contain the
strategyr. ]

We observe moreover that:

Lemma 11.8 Every interpretatiorT]¢&2. is alive.

PROOF By induction on the simple typ€. The proof is based on the two observa-
tions below:

e acodsA — B is alive when the codsd andB are alive, and3 is spread,

e acodd A is alive when the codd is alive.

11.5 Compositionality of extensional strategies

In this section, we relate the composition laws of extensional strategies in cods and
of cliques in hypercoherence spaces.
Lemma 11.9 (compositionality) Suppose thaf; andT; are simple types. Suppose

that 7 is an extensional strategy {TI]I&Z){)S and thato is an extensional strategy of

[Ty = T5]E%,s. Then, the strateg{o -1, 1, 7) is extensional in the codd |32,

and:
U(U T T) = U(U) T U(T)
where the strategy -1, 1, 7 is defined in the lazy hierarchy-]&2Y,, and the config-
urationU (o) -n,1, U(7) is defined in the strongly stable hierarchy|uc.
PROOF We write A = [T1]82Yc and B = [T5]5eds.
We prove first thato -7, 7, 7) C P3live. Suppose that € o -1, 7, 7. By definition of
composition, there exists a playe ¢ such that:
e s|!Ais aplay in the strategyr),
o s|B =t.
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The plays|!A explores a substrategy of the extensional strategy C P3live,
By lemma 11.5, the strategyis sub-extensional. It follows that!A is alive. We
conclude from the definition oPg4y°,; thatt = s[B € P3'™e. We conclude that
(o0 -pyp, T) C P3live,

Now, we claim that every time the strategymplements a configuration C},, £,
and the strategy implements an extensiofv,y) € Eua)—p, then the strategy
(o 7,1, T) Implements the extensiane E 4. The proof (not difficult, but lengthy)
is not detailed here.

We prove now the inclusioW (o -7y, 7) D U(o) -1y, U(7). Suppose thay €
U(o) ‘1,7, U(7). By definition of relational composition, this means that there ex-
istsv C E4 such tha C U(r) and(v,y) € U(c). By extensionality ob and,
this means that implements the extensiom, y) and thatr implements the con-
figurationv. We conclude that the stratedy -1,7, 7) implements the extension
y € Ep. It follows from finiteness ofly|| 5 thaty € U(o 1,1, 7). We conclude.

We prove now the converse inclusioiio 1,7, 7) C U(o) -ry1, U(7). Suppose that
y € U(o -7y1, 7). By definition of game-theoretic composition, this implies that
there exists a play € o such that:

e s|!Ais a play of the strategyr)T,

e s[Bisaplay of|y|z.

The plays is alive in the cod$A — B, as well as its projection[! A. By definition
of PiiY°,p, sIB € Rp implies thats[!A € R4. So, there exists a finite configura-
tion v Cg, E4 Such thats[!A € ||v||14. The definition ofs[!A € ||lv]|14 indicates
that there exists a strategyof A such that:

e s[!A explores the strategy,

e /i is sub-extensional,

o Up) =v,

o Vie yu,dJxrev,t X,

Now, it follows from s!A € (7)' thaty C 7, and thus, that C U(7). Note also
that(v,y) € U(o). We conclude that F4 v ando F4)—p (v,y), and thus, that
U(U Ty T) - U<U) T U(T)

We have just proved that

® 01, T - PElive,

e any extensiony € U(o) -y, U(7) is implemented byo 1,1, 7),

d U<J ThT» 7_) = U(J) T U(T)

We conclude that the strate@y-r,, 7) implements every extension &f(c 1,1, 7),
and that the strategy 7,1, 7) is thus extensional. |

Remark.lt follows from corollary 10.4 that the partial equivalence classeséﬂﬁy
are in one-to-one relationship with trenfigurationsof [T]52Y,. and with the
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cliquesof [T|yc. Compositionality (lemma 11.9) ensures that extensional strate-
gies modulo~2*Y compose as configurations [ili];c. From this, one concludes
that the hierarchy—]&2Y, quotiented byx!'2%¥ coincides with the hierarchly-|uc.

12 An anatomy of Ehrhard’s collapse theorem

In this section, wecharacterizethe partial equivalence relation'?® induced by
extensional collapse on the lazy hierarqhylsagg as the partial equivalence rela-
tion ~!2% pelow:

Definition 12.1 (=2*¥) Two strategies andr of the collapse data structuf@]ey
verify o ~2 1 precisely when:

e o andr are extensional,

° U(U) = U(T).
12.1 Preliminaries

Before starting off the proof of theorem 12.6, we give two useful definitions and
establish two easy lemmas.

Definition 12.2 (big cone) Suppose that C FE 4 is a hon-empty subset of exten-
sions of a codsl. We write:

bigcone(v) = | J{s € Pa|s <4 z}

A

Lemma 12.3 Suppose that is a spread cods, that is an extensional strategy of
A, and thatv C E4 is a non-empty set of extensionsofThen,c N bigcone(v) is
an extensional strategy arid(c N bigcone(v)) = U(o) Nv.

PROOF Obviously,o N bigcone(v) is a strategy included iwglive which imple-
ments every extension fi(c) Nv. It follows thatU (o) Nv C U(o Nbigcone(v)).
Conversely, the cods is spread, and thus, the $dgcone(v) N ||x|| 4 is non-empty
only for extensions € v. It follows thatU (cNbigcone(v)) C U(o)Nv. We obtain
thatU (cNbigcone(v)) = U(o)Nwv and that every extension ii(c Nbigcone(v))

is implemented by N bigcone(v). We conclude that N bigcone(v) is exten-
sional. |

Definition 12.4 (compatible) Two strategiesu;, u» of a codsA are compatible
wheny, 12 are substrategies of a strategy: that is, iy C ug andus C ps.
Lemma 12.5 Suppose thatl, B are cods, and that, i» are compatible strategies
of A such thatu, is not included inu,. Suppose that : (!A) — B is a strategy
ands € P4 _.p a play verifying:
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(1) s € o,

(2) s['A explores the strategy;.
Then, there exists a playe Pgv°* and a cellm € M verifying:

(1) u-m Cp s|B,

(2) u€ (u2)fs0,

(B) Vn e Mp,u-m-n¢ (u)'; 0.

PrROOF By hypothesis, there exists a play P§v°" such that € p; andt & pus.
Every such play € P, is also a move: € M, 4. Let n be the first such move
appearing in the play € Pua)_.p. The plays factors ass; - inr(m) - s, - n - s3
where:

e the plays; € Pua)—.p is of even-length,

e the moveinr(m) is a cell of the componerns,

e the moves ok, - n are played in the componein,

Letu € P5ve™ denote the projectios, [ B. It follows from s; - inr(m) Cua)—op s
thatu - m Cp s[B. Note that the play; - inr(m) is maximal among the plays
of o prefix of s and such that|!A € (u,)". We conclude that € (u2)"; o and that
Vn € Mp,u-m-n ¢ (u2)'; 0. |

12.2 Anatomy of a collapse

We prove now our main theorem which states that, for every simplefymend

strategiesr andr of the collapse data structufg]&2y,:

Theorem 12.6 (anatomic)o ~3% 7 <= o ~e™ 7

PROOF By induction on the typ&'. The property is obvious for the base typesd
. Now, suppose that the property is established for the simple Hpasd7,. We
prove that the property holds f@t = 77 = T5. In order to simplify our notations,

we write A = [T1]82Ys and B = [T3]¢eY,s. Note that T]Ee),s = (1A) —o B.

(<) is nearly immediate by lemma 11.9 (compositionality). Indeed, suppose that

o m‘{i‘zy 7 and consider two strategigsandv such tha Nlj‘i‘lzy v. The equivalence

zlazy

o~ oV
holds by induction hypothesis diy. The equivalence
(0 ThT» lu) %EZy (T ThTs V)

follows from lemma 11.9. We deduce from this and our induction hypothesi$ on
that:

1
(U ThT» lu) Niﬁlgzy (T "ThTs V)‘
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We conclude that:

v,ua v, 2 N}Z&“llzy v = (U MEVD) :u) Nfllzzy (7- T V)

and thus, that ~2 7.

(=) We suppose that ~*¥ + and deduce that ~2* . We prove inPart | that

the strategies andr are extensional and iRart Il thatU (o) = U(7).
Part I: We show that ~2* ¢ implies:

(%) thate C PRY°,

(%% %) that two configurations C w are equal when

(v,y) € U(o) and (w,y) € U(o)

for some extensiop € Eg;
(J%k k) that
(v,y) € U(o)
implies
o Fua)—n (V,Y)

for any extensioriv, y) € E14)—op-

(%) We proceed by contradiction. Suppose that that there exists a ptay not
element ofP(?L{)VioB. We start a case analysis:

(1) eithers[!A € Palive and—(s|B € Palive), or

(2) s|'A € Palive ands|B € Rp and—(s[!A € R.4).

In both casess|!A € P2live means that|!A explores a sub-extensional strategy
w of the codsA. By definition of a sub-extensional strategy, thewset U(o) is a
configuration. By lemma 11.7, the strategys included in an extensional strategy
v : A such that/ (v) = v. It should be also noted that the plajl A is element of
the two comonoidal strategi¢g)” and(v)" of the codd A. 1

azy

(Case 1) The strategy: A is extensional, and thus verifies~;.* v by definition

of ~122y_ From this and our induction hypothesis @ it follows thatv Né?lzy v.

Fromo ~2% ¢, it follows that

(0 MAYD V) N;izzy (U MAYD V)'
and from our induction hypothesis @i that

(0 ThTs V) %%Zy (0 ThT5 V)'
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This establishes that the stratggy, 1, ) is extensional, and in particular, included
in Palive, This contradicts the fact that(s| B € Pa"ve) sinces|B € (o ‘71, V).
We conclude.

(Case 2) It follows from-(s[!A € Ry4) that the plays! A is not element of|v|| ;.
By definition of ||v||;.4 and of Palive, this can only mean that is not included in
bigcone(v).

Now, we define the strategy as

V' = v N bigcone(v).

By lemma 12.3, the strategy is extensional and verifieS (v') = v = U(v). It

follows from the definition of&!2#Y thatv m‘j?lzy v'; from our induction hypothesis

onT; thaty ~3* /; from our hypothesis that ~7* o that

(U ‘ThT> V) N;?zzy (U ThT» V/)
and finally, from our induction hypothesis @h that

O Ty V z;f‘:y o, V. (18)
Recall that the play| B is element of the stratedy 7,1, v) and thats|B € Rp.
Lety € Ep be an extension such thatB € ||y||z. Note thaty € U(o ‘1,1, v).
Equivalence (18) implies that the strate@y-r, 1, v) is extensional, and thus, that
(o -m1, V) FB y. Now, equivalence (18) again implies that -, 1, V') Fp .

We show that we reach a contradiction. Observe that the two strajegied’ are
included in the strategy : A, and thus compatible. At the same time, the strategy
w is not included inbigcone(v), and thus not included in’ C bigcone(v). It
follows from lemma 12.5 that there exists a play: P5Y°" and a valuen € Mp
such that:

® uc (U AV V/)’

e u-mLCpgs[B,

o Vne Mp,u-m-né¢(o-nnt).

Put together withs[ B € ||y|| 5, this contradicts -7, 1, v/ Fp y. We conclude from
(case 1) and (case 2) thatc Pg}j)VSoB wheno ~2% & This ends partsk).

(%%) Suppose that ~2* ¢, that(v,y) € U(o) and (w,y) € U(o) for two
configurationsv,w € Ej4, and an extensioy € Eg. We claim thatv = w
whenv C w. Indeed, suppose that C w, and lets € Py .5 be a play in
o N ||(w,y)]|pa)—s # 0. The projections|!A is element ofjjw||,4. By definition,
there exists a sub-extensional strategy A such that:

e s[!A explores the strategy;,
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o U(m) =w,

e 113 C bigcone(w).

By lemma 11.7, the strategy is included in an extensional strategywhich veri-
fiesU(v1) = w. By induction hypothesis ofi; andT;, one deduces from Nlj'?‘zy o

that the strategyo -1, 1, 1) is extensional in the codB. It follows from

sIB € (o nmv1)N||ylle

thaty € U(o 1,1, v1) and thus, thato -1, 7, 1) Fp .

Similarly, one deduces fromn ||(w, y)||14)—5 7# 0 that there exists an extensional
strategyr, which (1) verifiesU () = v and (2) induces an extensional strategy
(o -1y1, ¥2) Which implementg, in the codsB.

Now, we define the strategy

v3 = 11 N bigcone(v).

By lemma 12.3, the strategy verifies the equivalence, z;i’lzy v3. By induction

hypothesis orf}, the equivalence, ~5* 5 holds. The equivalence ~7* o

implies the equivalence
(0 11, v2) ~1 (0 11, v3)
which implies by induction hypothesis @i the equivalence
(0 1, 12) zﬁzy (o 11, v3).

It follows that the strategyo -1, 7, v3) iS extensional and implemengs

Here, we reason as in pdsk ). We observe that the strategiesandy; are subset

of the strategy/;, thus compatible. We proceed by contradiction, and suppose that
v is stricly included inw. In that case, the strategy is not included in the strategy

v3, and thus one may apply lemma 12.5 to deduce that there exists a glafve"

and a celln € Mg such that:

o uc (o),

e u-mLCpgs|B,

e Vne Mp,u-m-né¢(o-nm,Vs).

Put together withs|B € ||y|| 5, this contradicts the hypothesis that the strategy
(o -7, v3) implementsy. We conclude that = w.

(Y% %) We proceed by contradiction, and suppose that there exists an extension
(v,y) € Eya_p such thatv,y) € U(o) buto does not implemer(, y). Let s; be
aplay ofoN||(v, )| 1a)—n5. We repeat the proof pattern already usethkvk ). The
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projections; [!A is element of|jv||;4. Thus, there exists a sub-extensional strategy
11 A such that:

e s;|!A explores the strategy;,

o Um) =v,

e 1; C bigcone(v).

By lemma 11.7, the strategy; is included in an extensional strategy which
verifiesU (v,) = v. By induction hypothesis of, andT; and hypothesis N?zy o,
one deduces that the stratggy, 1, 1) is extensional in the cods. It follows from
s11B € (o -nym, v1) N [lyl|s that(o -rm, 1) Fp y.

On the other hand, we know that the strateggoes not implementv, y). This
means that there exists a playg ¢ and a cellin € M,_.5 such that

t-m =2(a)—B (V,Y) (19)

and:
(1) eithervn € My _.p,—(t-m-n € o),
(2) ordn € My_op,t-m-necoand=(t-m-n =<a_p (v,y)).
In both cases, the assertivbr 1.4)—5 (v,y) in (19) means that the playis prefix of
aplays; € ||(v,y)]/(14)—5- We apply another time the proof pattern used-kvk ).
By definition, s3[!A € |lv|l.x means that there exists a sub-extensional strategy
1o+ A such that:
e s5[!A explores the strategys,
o U(pz) =,
e /5 C bigcone(v).
By lemma 11.7, the strategy, is included in an extensional strategy which
verifiesU (1) = v. By lemma 12.3, we may even choase C bigcone(v). By
definition of ~2*Y, the two strategies, andw, are~;\* -equivalent. By applying
our induction hypothesis oft; and 75, as well as the hypothesis N?Zy o, we
deduce that
(0 1, 1) =i (0 1y, 12).
From this follows thato -7, 1, 1) F y. We claim that this is not possible. We start
from the definition of the play € P2,z andm € Ma_p in (19). It follows
from
t-me P(‘?A‘fl?_oB
that
t-m|B e Pgid,
So, the play - m| B factors ag - m = u - p whereu € (¢ -1, v2) IS an even-length
play andp € My is a cell. It follows from (19) that. - p <5 y. We proceed by case
analysis.
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e whenVn € My .p,—~(t-m-n € o), there is no valug € Mg such that
u-p-q c (O' T Th 7/2).

e whendn € My g, t-m-n € ogand—(t-m-n <4_p (v,y)) andn is a move
in the componen#, then the two hypothesis

t-m =2(a)—B (V,¥) and  —(t-m-n =pa)-s (v,9))

imply together that the move, considered as a play of, is not element of
bigcone(v). We were careful to choose a strategy A included inbigcone(v).

It follows that the strategy “does not answer” to the maya the sense that there
exists no movey’ € M, 4 such that

((t-m-n)A)-n' € (»)'.

We conclude that there is no valges Mp suchthat.-p-q € (o ‘ny1, Vo).
e whendn € My g, t-m-n € ocand—(t-m-n <4_p (v,y)) andn is a move
in the componenB, then

(t cm - n) [B € (0' T Th I/Q)

and either
=((t-m-n)IB 2B y)
and we are done in that case, or

(t-m-n)[B e |yllp and (t-m-n)[!A€&|v]a.

In that last case, we know that- m - n)[!A € R4 by (). Thus, there exists a
configurationw such thatt - m - n)[!A € ||w|4, andw C v because

(t-m-n)!1AC s, and (t-m-n)[lA ¢ ||v]ia.

It follows that(w, y) € U(o), which contradicts4 ¥%).
In the three cases, we may conclude that the strategyr, v») does not implement
the extensiony € E. This conclude®art | of the proof, and shows that when two
strategiesr andr verify the equivalence N?zy 7, then the strategies andr are

extensional.

Part Il: Suppose that N ||(v,y)|[1a—.p IS Nonempty and that N ||(v, y)|[1a—op IS
empty. We know from{sk %) thato N ||(w, v)|l14—5 IS empty for every strict subset
w C v. We may therefore suppose without loss of generality that|(w, y)||14—o5

is empty for every subset C v.
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We know from Part | that the strategiesandr are extensional. Besides, there exists
an extensional strategy : A such thatU(v) = v. By lemma 11.9 (composition-
ality), the strategy -1, 1, v is extensional and implements the extengjo®n the
other hand, by compositionality again, the strategy,r, v does not implemeny.

It follows from the definition ok~ that the equivalence

(U "TTs V) %%Zy (T MEVD V)
does not hold; and by induction hypothesisinthat the equivalence

(U T1T5 V) N%zy (T T V)

does not hold either. We conclude fromvé"i‘lzy v that the strategies andr are not

~1# _gquivalent. This concludes Part Il.
We deduce from Part | and Part Il that twé?zy-equivalent strategiesandr of the
collapse data structuf@’]a),q are also~=*Y -equivalent. This conclude the proof

of theorem 12.6. ]

12.3 The collapse theorem

Ehrhard’s collapse theorem follows quite immediately from theorem 12.6.
Corollary 12.7 (collapse theorem)The strongly stable model is the extensional
collapse of the sequential algorithm model.

PROOF We conclude from theorem 12.6 that the hierarghii=),; collapses to the
strongly stable hierarchi-]yc. Ehrhard’s collapse theorem follows immediately
from lemma 9.3. ]

Remark. The proof of theorem 12.6 is quite elaborate. In that respect, it should be
compared to the proof in [Barreiro, Ehrhard 1998] that the hierafefiysgr gen-
erated by the coherence space model of LL with multiset exponentials, collapses
extensionally to Berry stable hierarchy|s. We show in [Melles 2004a] that Bar-

reiro and Ehrhard’s result may be also established by exhibiting a back-and-forth
translation between the hierarchiegysgr and[—|s. We leave it as an open ques-
tion whether a similar translation technique may be applied to establish that the
sequential algorithm hierarchy collapses to the strongly stable hierarchy.
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13 Conclusion

We analyze the extensional content of Berry-Curien sequential algorithm model by
shifting from sequential games plays on trees to sequential games played on graphs.
This clarifies the sequential nature of hypercoherence spaces, and the reasons why
the sequential algorithm hierarchy collapses extensionally to Bucciarelli-Ehrhard
strongly stable hierarchy. These results should advocate more asynchronous and
concurrent forms of game semantics — even in the study of sequentiality.
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