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Abstract: � � -calculus has b een built as an un t yp ed extension of P arigot's

�� -calculus in order to reco v er Böhm theorem whic h w as kno wn to fail in �� -

calculus. An essen tial computational feature of � � -calculus for separation to

hold is the unrestricted use of abstractions o v er con tin uations that pro vides the

calculus with a construction of streams.

Based on the Curry-Ho w ard paradigm Lauren t has de�ned a translation of

�� -calculus in p olarized pro of-nets. Unfortunately , this translation cannot b e

immediately extended to � � -calculus: the t yp e system on whic h it is based

freezes � � -calculus's stream mec hanism.

W e in tro duce str e am asso ciative nets (SANE) , a notion of nets whic h is

b et w een Lauren t's p olarized pro of-nets and the usual linear logic pro of-nets.

SANE ha v e t w o kinds of O (hence of 
 ), one is linear while the other one allo ws

free structural rules (as in p olarized pro of-nets). W e pro v e con�uence for SANE

and giv e a reduction preserving enco ding of � � -calculus in SANE, based on a

new t yp e system in tro duced b y the second author. It turns out that the stream

mec hanism at w ork in � � -calculus can b e explained b y the asso ciativit y of the

t w o di�eren t kinds of O of SANE.

A t last, w e ac hiev e a Böhm theorem for SANE. This result follo ws Girard's

program to put in to the fore the separation as a k ey prop ert y of logic.

Key-w ords: �� -calculus, linear logic, Böhm theorem, pro of-nets, classical

logic, asso ciativit y in logic, con tin uations.
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SANE: des réseaux p our le � � -calcul.

Résumé : Le � � -calcul a été in tro duit comme une extension non-t yp ée du �� -

calcul de P arigot, re manière à retrouv er la propriété de séparation (ou théorème

de Böhm) don t on sa v ait qu'elle était fausse en �� -calcul. Un élémen t essen tiel

en � � -calcul p our que la séparation soit v alide est l'utilisation sans restriction

d'abstraction sur les con tin uations qui donnen t au calcul une construction de

streams.

F ondé sur le paradigme de Curry-Ho w ard, Olivier Lauren t a dé�ni une tra-

duction du �� -calculus dans les réseaux de preuv e p olariés. Malheureusemen t,

cette traduction ne p eut pas être étendue au � � -calculs: le système de t ypage

sur lequel elle est basée désactiv e le mécanisme de stream du � � -calcul.

Nous in tro duisons les str e am asso ciative nets (SANE) , une v arian te de ré-

seaux qui se situe en tre les réseaux p olarisées de Lauren t et les réseaux habituels

de la logique linéaire. Les SANE on t deux t yp es de O (et donc de 
 ): l'un est

linéaire tandis que l'autre admet libremen t des règles structurelles comme dans

les réseaux p olarisés.

Nous prouv ons la con�uence p our SANE et présen tons une réduction qui pré-

serv e l'enco dage du � � -calcul dans SANE. Cette réduction, fondée sur un nou-

v eau système de t ypage in tro duit par le second auteur. On s'ap erçoit que le mé-

canisme de stream à l'÷uvre en � � -calculs p eut être expliqué par l'asso ciativité

des deux t yp es de O des SANE.

Finalemen t, on mon tre un théorème de Böhm p our les SANE. Le résultat

suit le programme de Girard visan t à donner une place clé à la séparation parmi

les propriétés des systèmes logiques.

Mots-clés : �� -calcul, logique linéaire, théorème de Böhm, réseaux de preuv e,

logique classique, asso ciativité en logique, con tin uations.
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Stream Asso ciativ e Nets and � � -calculus.

Mic hele P agani , Alexis Saurin

� � -calculus has b een built as an un t yp ed extension of P arigot's �� -calculus

in order to reco v er Böhm theorem whic h w as kno wn to fail in �� -calculus.

An essen tial computational feature of � � -calculus for separation to hold is the

unrestricted use of abstractions o v er con tin uations that pro vides the calculus

with a construction of streams.

Based on the Curry-Ho w ard paradigm Lauren t has de�ned a translation of

�� -calculus in p olarized pro of-nets. Unfortunately , this translation cannot b e

immediately extended to � � -calculus: the t yp e system on whic h it is based

freezes � � -calculus's stream mec hanism.

W e in tro duce str e am asso ciative nets (SANE) , a notion of nets whic h is

b et w een Lauren t's p olarized pro of-nets and the usual linear logic pro of-nets.

SANE ha v e t w o kinds of O (hence of 
 ), one is linear while the other one allo ws

free structural rules (as in p olarized pro of-nets). W e pro v e con�uence for SANE

and giv e a reduction preserving enco ding of � � -calculus in SANE, based on a

new t yp e system in tro duced b y the second author. It turns out that the stream

mec hanism at w ork in � � -calculus can b e explained b y the asso ciativit y of the

t w o di�eren t kinds of O of SANE.

A t last, w e ac hiev e a Böhm theorem for SANE. This result follo ws Girard's

program to put in to the fore the separation as a k ey prop ert y of logic.
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4 Michele Pagani A lexis Saurin

1 In tro duction

Curry-Ho w ard in classical logic. Curry-Ho w ard isomorphism states a cor-

resp ondence b et w een programs and pro ofs. Basically , it expresses (i) that a t yp e

can b e seen as a logical form ula, and con v ersely , and (ii) that a program can

b e seen as a pro of, s.t. the execution of the program corresp onds to applying

the cut-elimination pro cedure to the asso ciated pro of, and con v ersely . Indeed,

this corresp ondence w as at �rst limited to in tuitionistic logic on the one hand

and to functional programming ( � -calculus) on the other hand. Extending the

corresp ondence to classical logic resulted in strong connections with con trol op-

erators in functional programming languages as �rst noticed b y Gri�n [Gri90 ].

In particular, �� -calculus [P ar92 ] w as in tro duced b y Mic hel P arigot as an exten-

sion of � -calculus isomorphic to an alternativ e presen tation of classical natural

deduction (kno wn as free deduction) in whic h one can enco de usual con trol op-

erators and in particular the call/cc op erator.

P olarized linear logic. Based on the extension of the Curry-Ho w ard isomor-

phism to classical logic, Lauren t de�nes a translation of P arigot's �� -calculus in

p olarized linear logic: a v arian t of linear logic (LL), allo wing free structural rules

on negativ e form ulas [Lau02 ]. Lauren t's translation enlarges the comparison b e-

t w een LL and usual � -calculus, started from Girard [Gir87 ], Danos [Dan90] and

Regnier [Reg92 ]. In particular p olarized LL pro vides a class of pro of-nets (the

graph-theoretical represen tation of LL pro ofs) corresp onding to the �� -terms,

so sheding new ligh t in to the computation of �� -calculus.

�� -calculus and Separation. �� -calculus b ecame one of the most standard

w a ys to examine classical lam b da-calculi. As a result, the calculus has b een more

and more studied and more fundamen tal questions arose. Among them, one of

the most imp ortan t is separation. The b est kno wn example of separation result

is Böhm's theorem for the pure � -calculus [B

�

68 ]: if t; t 0
are t w o distinct closed

�� -normal terms, then there exist terms u1; : : : ; un , suc h that (t)u1 : : : un ! � x
and (t0)u1 : : : un ! � y . This result has consequences b oth at the seman tical lev el

as w ell as at the syn tactical one: on the one hand it en tails that a mo del of the

� -calculus cannot iden tify t w o di�eren t �� -normal forms without b eing trivial;

on the other hand it establishes a balance b et w een syn tactical constructs and

� -reduction: an y di�erence in the structure of a �� -normal form implies a di�er-

ence in the v alue of that normal form on suitable argumen ts. In 2001 Da vid &

Py addressed the question of separation to P arigot's �� -calculus and they ga v e a

negativ e answ er b y exhibiting a coun ter-example [DP01]. In a previous w ork of

2005, the second author in tro duced an extension to �� -calculus, � � -calculus, for

whic h he could pro v e that separation holds [Sau05 ]. � � -calculus is fairly close

to standard presen tations of �� -calculus (see [dG94 , dG98 ] for instance), but is

de�nitely a di�eren t calculus. In particular, an essen tial computational feature

of � � -calculus for separation to hold is the unrestricted use of abstractions o v er

con tin uations that pro vides the calculus with a construction of streams.

The logic of � � -calculus. W e pursue an in v estigation of the logic b ehind

� � -calculus. Our feeling is that the rules of classical logic imp oses a to o strict

discipline o v er the use of streams: in P arigot's �� -calculus streams represen t

only c hannels through whic h terms can b e sen t, these c hannels can b e plugged

INRIA
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to eac h other, they can b e exc hanged, but they do not really comm unicate with

the terms in the course of a computation. Streams and terms liv e in di�eren t

w orlds, in particular the former ones are not �rst class citizens in the early v er-

sions of �� -calculus. W e think that the Curry-Ho w ard isomorphism at the base

of P arigot's �� -calculus restricts to o m uc h the computational p o w er of streams,

a consequence of whic h is the failure of the separation prop ert y , as pro v ed b y

Da vid & Py . If w e forget the Curry-Ho w ard isomorphisms and start to build

more freely the programs in � � -calculus, then w e get bac k the separation prop-

ert y and in the same time w e mo v e a w a y from classical logic.

Stream Asso ciativ e NEts: from the rules of classical logic to the logic

of � � -calculus rules. This turning-p oin t induces a c hange of the enco ding of

�� -calculus in to pro of-nets: indeed Lauren t's translation is based on the Curry-

Ho w ard isomorphism with classical logic. W e follo w another direction, in order

to ha v e an enco ding of � � -calculus whic h is more faithfull to the stream b eha vior

at the base of the separation prop ert y . W e b eliev e that it is b y departing from

the rules of classical logic that w e will understand the real logic of � � -calculus

rules.

W e th us de�ne a new class of nets, Stream Asso ciativ e NEts (SANE). SANE

lies in b et w een usual linear logic pro of-nets and p olarized pro of-nets: w e ha v e

t w o kinds of O (and dually of 
 ), one coming from LL (asso ciated with the � -

v ariables) and the other one coming from p olarized LL (and asso ciated with the

� -v ariables). The essen tial ingredien t is the asso ciativit y prop ert y b et w een these

t w o kinds of m ultiplicativ es, whic h mak es p ossible the comm unication b et w een

streams and � -v ariables m uc h in the same w a y as fst rule do es in � � -calculus.

Better b e in SANE to study � � -calculus. The corresp ondence b et w een

� � -calculus and SANE will allo w for considerable �transfers of tec hnologies� b e-

t w een the t w o domains, in particular pro of-nets will pro vide p o w erful geometri-

cal abstractions and a deeply symmetrical framew ork as w ell as strong dualities.

In addition to a �ner-grained study of the reduction rules of � � -calculus (as em-

phasized b y our sim ulation result), SANE reductions will pro vide � � -calculus

with a notion of explicit substitution. Moreo v er, SANE should help studying

the relationships of � � -calculus with other con tin uation-based calculi.

Pro of-nets with separation prop ert y . SANE ha v e b een designed in order

to study � � -calculus, but separation prop ert y pla ys a k ey role in the theory of

SANE. As in Ludics [Gir01 ] where Girard c hose separation to b e a requiremen t

for his elemen tary ob jects, the designs, the nets w e in tro duce in the presen t

w ork ha v e b een designed with separation prop ert y to b e at the heart of the

theory , m uc h in the same w a y as con�uence do es.

Structure of the P ap er. The follo wing section is dedicated to a short in tro-

duction to P arigot's �� -calculus to separation related topics and to � � -calculus.

A new t yp e system for � � -calculus is pro vided whic h serv es as a basis to de-

�ne, in section 3, the pure Stream asso ciativ e nets, their reductions, state the

correctness criterion for SANE and pro v e an original strong normalization re-

sult of  s;r;a whic h implies the strong normalization of exp onen tial reduction

RR n ° 6431



6 Michele Pagani A lexis Saurin

in SANE

1

. The follo wing section is dedicated to pro ving con�uence of SANE

b efore going to the question of the separation prop ert y in section 5. Finally , w e

sim ulate � � -calculus in SANE in section 6.

1

This giv es as a corollary the SN of the implicit explicit substitution system

INRIA
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2 � � -calculus

2.1 �� -calculus, streams and Separation: � � -calculus

Da vid & Py coun ter-example to Separation in �� -calculus. In their

2001 pap er [DP01], Da vid & Py addressed the question of separation prop-

ert y in �� -calculus b y exhibiting a coun ter-example to separation, the �� -term

W = �x:��: [� ]((x) ��: [� ](x) U0 y) U0 with U0 = ��: [� ]�z 1:�z 2:z2 . Separation

prop ert y fails in this setting b ecause there is no w a y to put the v ariable y in

head p osition. The k ey p oin t is that the en tire applicativ e con text in whic h this

term is placed is transmitted through �� to subterms; as a consequence, the

usual tec hnique (whic h consists in building a con text that shall explore the part

of the term w e w an t) cannot b e applied.

Reco v ering Separation in �� -calculus: relaxing implicit (underlying)

t yping constrain ts. What w e do b y in tro ducing � � -calculus is precisely to

b e more lib eral with the construction of terms in order to pro vide the calculus

with more applicativ e con texts and retriev e the abilit y to realize the needed

exploration paths. In particular, P arigot's �� -calculus syn tax has a constrain t

of naming a term righ t b efore it is � -abstracted (terms ha v e the form ��: [� ]_)

whic h can actually b e seen as a t yping constrain t directly built in the syn tax

of the un t yp ed calculus. � � -calculus is basically the result of remo ving this

constrain t. By doing so, w e obtain a calculus whic h is close to de Gro ote's

presen tation of �� -calculus but it is not equiv alen t to this calculus since de

Gro ote's presen tation also con tains a t yping constrain t whic h is built in the

syn tax, namely the � rule that is absen t from � � -calculus

2

.

� � -calculus w as in tro duced in [Sau05 ] as an un t yp ed extension of P arigot's

�� -calculus in whic h separation holds. Giv en t w o in�nite disjoin t sets Vt (of

term v ariables, denoted b y x; y; z : : : ) and Vs (of stream v ariables, denoted b y

�; �; 
 : : : ), � � -calculus is de�ned b y the follo wing grammar:

t; u::: ::= x j �x:t j (t)u j ��:t j (t)�

An abstr action is a term of shap e �x:t or ��:t and an applic ation is a term

of shap e (t)u or (t)� . W e refer to the application of an abstraction as a cut .

There are four kinds of cuts in � � -calculus as sho wn in �gure 1: (T )T , (T )S ,

(S)T , (S)S .

� � -calculus reductions.

Cuts of t yp e (T )T and (S)S are redexes for the follo wing rules:

(�x:t )u ! � T t[u=x] (1)

(��:t )� ! � S t[�=� ] (2)

But cuts of t yp e (S)T and (T )S are not redexes for these rules.

2

The result of the � rule in � � -calculus w ould actually b e to cancel m ultiple stream ab-

stractions whic h w ould b e problematic with resp ect to separation.

RR n ° 6431
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(T )T : (�x:t )u (T )S : (�x:t )�

(S)T : (��:t )u (S)S : (��:t )�

Figure 1: Cuts in � � -calculus.

. (�x:t )u �! � T t[u=x]

. �x: (t)x �! � T t

. (��:t )� �! � S t[�=� ]

. ��: (t)� �! � S t

. ��:t �! fst �x:��:t [(U)x�= (U)� ]

Pro viso:

In �; fst , x 62F Vt (t) ; in � s , � 62F Vs(t)

Figure 2: � � -calculus reduction rules

The follo wing fst -rule relates term v ariables with stream v ariables, it is a

w a y to access the �rst term of the stream and it will allo w to reduce the last

t w o t yp es of cuts:

��:t ! fst �x:��:t [(U)x�= (U)� ] (3)

ˆ Indeed the fst -rule mak es reducible the cuts of t yp e (S)T :

(��:t )u ! fst (�x:��:t [(U)x�= (U)� ])u ! � T ��:t [(U)u�= (U)� ]

ˆ as w ell as those of t yp e (T )S , whenev er subterms of a closed term:

��: : : : (�x:t )� � � � ! fst �x:��: : : : (�x:t )x� � � � ! � �x:��: : : : (t)� : : :

The follo wing rules de�nes extensional equiv alences (with the usual pro viso

x =2 F VT (t) and � =2 F VS (t) ):

�x: (t)x ! � T t (4)

��: (t)� ! � S t (5)

� � -calculus reduction rules are summarized in �gure 2.

In � � -calculus, � can b e seen as an abstraction o v er streams of terms

3

.

F or instance, while �x:�y:�z: ((z)( t)xy)( t0)xy ma y duplicate t w o terms passed

3

Streams as �rst-class citizens are consequences of more extensionalit y in � � -calculus than

in �� -calculus, due to the fact that it is p ossible to use the extensionalit y rules � and � s where

�� -calculus syn tax forbids to do so, for instance: ��: (t )� ! � ��: (�x: (t )x)� .

INRIA
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V arT� ; x : T ` x : T j�

� ; x : T ` t : T 0j�
AbsT� ` �x:t : T ! T 0j�

� ` t : T ! T 0j� � ` u : T j�
AppT

� ` (t)u : T 0j�

� ` t : ?j � ; � : A
�Abs

� ` ��:t : Aj�

� ` t : Aj� ; � : A
�App

� ` (t)� : ?j � ; � : A

Figure 3: � � -calculus Classical T yp e System.

through x and y , � � -term ��:��:�z: ((z)( t)�� )( t0)�� can duplicate t w o str e ams

of terms, these streams b eing for instance applied through the applicativ e con-

text: []t1 : : : tk 
u 1 : : : ul � .

Compared to �� -calculus where the e�ect of � is only to redirect the compu-

tation �o w, in � � -calculus, one can manage to deal with streams as �rst-class

citizens: for instance, ��:��:�x:�y:x is a term that erases t w o streams of terms

and returns the b o olean v alue true . As previously said, � � -calculus has b een de-

signed in order to reco v er the separation prop ert y . The original coun ter-example

to separation b y Da vid & Py [DP01], W , is solv ed b y the follo wing � � -con text:

C = [] Px0x1� 0� 1� where P = �z 0; z1:�
:�u: ((u)��:z 1)z0 : C(W ) ! ? y (see

[Sau05 ] for more details).

2.2 T yping � � -calculus

T yping � � -calculus as �� -calculus. One could think of t yping � � using a

standard t yp e system for classical lam b da-calculi as sho wn in �gure 3. Ho w ev er,

this approac h is not satisfactory considering our motiv ations in dev elopping the

new calculus, that is from the p oin t of view of separation. Indeed, the main

structures used in [Sau05 ] in order to obtain separation w ould not b e t ypable in

the system of �gure 3 and for v ery fundamen tal reasons. An y term of the form

��:�x:t w ould b e un t ypable whereas this is the t ypical term used in the pro of of

separation for � � -calculus. In fact, the t yping system originally in tro duced in

order to connect the calculus with free deduction [P ar92 ] precisely forbids suc h

terms: �x:t is a � -abstracted term and th us shall b e of an ! -t yp e whereas the

fact that it is � -abstracted through stream v ariable � forces the term to b e of

t yp e ? whic h is incompatible (see rule � Abs in �gure 3).

Making streams �rst-class citizens in the t yp ed setting. The stream

mec hanism that w as used in the un t yp ed calculus in order to obtain separation

is th us desactiv ated when classical t yp es are rein tro duced. W e shall lo ok for a

v arian t of this t yp e system that w ould re�ect in t yp es the stream construction.

In particular, since � is seen as a stream abstraction, one migh t think of a

functional t yp e for streams: if the term t is of t yp e T when stream � is of

stream t yp e S , then ��:t w ould b e of the t yp e of a stream function from S to

T (that w e write S ) T ). W e can th us think of the follo wing t yping rules for

RR n ° 6431
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V arT� ; x : T ` x : T j�

� ; x : T ` t : T 0j�
AbsT� ` �x:t : T ! T 0j�

� ` t : T ! T 0j� � ` u : T j�
AppT

� ` (t)u : T 0j�

� ` t : T j� ; � : S
AbsS� ` ��:t : S ) T j �

� ` t : S ) T j � ; � : S
AppS

� ` (t)� : T j� ; � : S

Figure 4: � S : a t yp e system for � � -calculus.

� -abstracted terms in � � -calculus:

� ` t : T j� ; � : S
AbsS� ` ��:t : S ) T j �

� ` t : S ) T j � ; � : S
AppS

� ` (t)� : T j� ; � : S

A t yp e mismatc h. Rule fst do es complicate the de�nition of a t yp e system

for � � that w ould tak e streams in to accoun t: whereas ��:t is of a stream t yp e,

sa y S ) T , the term resulting from ��:t b y applying the fst rule once (namely

�x:��:t [(U)x�= (U)� ] ) should b e of a standard function t yp e A ! B (more

precisely A ! (S0 ) T 0) ). Moreo v er, things should not b e as simple as in the

previous paragraph since streams are streams of terms and th us they should b e

related to eac h other and they should not lea v e in distinct w orlds: one should

b e allo w ed to apply a term to a stream function (for instance (��:t )u ) and con-

v ersely , one migh t w an t to apply a stream to a � -abstracted term (for instance

(�x:t )� ). ) -t yp es and ! -t yp es should b e related in some w a y . fst giv es the

k ey to this connection; w e th us analyze more carefully this rule in the follo wing

paragraph.

A relation o v er stream t yp es. W e recall that fst syn thesized in � � -calculus

as the result of a � -expansion and a � -reduction. In the t yp ed case, the � -

expansion can o ccur only on ! -t yp e terms. This restriction adapted to � � -

calculus results in the condition that ��:t is of a stream t yp e of the form

(T ! S ) ) T 0
. After an application of fst , w e ha v e term �x:��:t [(U)x�= (U)� ]

that should b e of t yp e T ! (S ) T 0) .

Simply t yp ed streams: � S . W e no w de�ne more formally the t yp e system

� S for � � -calculus. The t yp es are pro duced b y the follo wing grammar of simple

t yp es:

T erm t yp es: T ; A; B; : : : ::= o j A ! B j S ) T
Stream t yp es: S; P; Q; : : : ::= ? j T ! S

In addition, w e consider the congruence relation � fst o v er T erm t yp es whic h

is the symmetric, re�exiv e and transitiv e closure of relation � fst de�ned b y

(T ! S ) ) T 0 � fst T ! (S ) T 0) and w e alw a ys consider the t yp es of � S

up to this congruence relation. W e sho w in �gure 4 the t yp e system � S for

� � -calculus.

INRIA



Str e am Asso ciative Nets and � � -c alculus. 11

V arTx : Tx ` x : Tx j

V arTy : S� ) A ` y : S� ) Aj
AppS

y : S� ) A ` (y)� : Aj � : S�
AbsSy : S� ) A ` ��: (y)� : S� ) Aj � : S�

AbsT` �y:��: (y)� : (S� ) A ) ! (S� ) A )j� : S�
AppT

x : ((S� ) A ) ! (S� ) A )) ! (S� ) B ) ` (x)�y:��: (y)� : S� ) Bj � : S�
AppS

x : ((S� ) A ) ! (S� ) A )) ! (S� ) B ) ` ((x)�y:��: (y)� )� : Bj� : S�
AbsSx : ((S� ) A ) ! (S� ) A )) ! (S� ) B ) ` ��: ((x)�y:��: (y)� )� : S� ) Bj
AbsT` call =cc : ((( S� ) A ) ! (S� ) A )) ! (S� ) B )) ! (S� ) B )j

with Tx = (( S� ) A ) ! (S� ) A )) ! (S� ) B ) .

Figure 5: � S t yp e deriv ation for call/cc .

In the t yp ed case, application of the fst rule to term t requires that t has a

t yp e in relation with a t yp e of shap e (T1 ! S ) ) T 2 (this requiremen t is similar

to the condition on the � -expansion application in simply t yp ed � -calculus).

Mo ving from ) to O . Con trarily to what the notation ) ma y suggest, no

dualit y is in v olv ed with this connectiv e. The rule AbsS w ould rather suggest

the ) connectiv e to b e related with the O connectiv e of linear logic. This is

precisely what w e evidence in the presen t w ork: when translating � S in to (a

kind of ) p olarized pro of nets, T1 ! T2 b ecomes as usual ?T ?
1 OT2 while S ) T

is translated in to SOT . The � fst is th us an asso ciativit y prop ert y (namely

(?T ? OS)OT � fst ?T ? O(SOT) ) of O whic h is p erfectly sound logically .

T yping call/cc in � S . The � � -calculus enco ding of call/cc is the term

�x:��: ((x)�y:��: (y)� )� . In the classical t yp e system presen ted in �gure 3, this

term is t yp ed b y the P eirce's La w: ((A ! B ) ! A) ! A . In � S , call/cc

can b e assigned t yp e ((( S� ) A ) ! (S� ) A )) ! (S� ) B )) ! (S� ) B ) as

sho wn b y the t yp e deriv ation in �gure 5. One ma y notice that the structure of

the the P eirce's La w is no w to b e found in the stream t yp e (see the alternation

of S� and S� t yp es).

RR n ° 6431



12 Michele Pagani A lexis Saurin

3 Stream asso ciativ e nets

F orm ulas. In order to em b ed � � -calculus is pro of nets, w e de�ne the follo wing

fragmen t of linear logic form ulas, designed thanks to t yp e system � S :

T -form ulas T; A; B; : : : := o j ?QOT j SOT
Q; D; E; : : : := o? j !T 
 Q j P 
 Q

S -form ulas S; M; N; : : : := s j ?QOS
P; R; U; : : : := s? j !T 
 S

Since w e w an t to consider pure � � -calculus, w e in tro duce the follo wing re-

cursiv e equations (in the same spirit as pure-nets [Dan90 ], [Reg92 ]):

o = ?o? Oo o = sOo s = ?o? Os

o? = ! o 
 o? o? = s? 
 o? s? = ! o 
 s?

This giv es exactly three pairs of dual form ulas:

negativ es: o ?o? s
p ositiv es: o? !o s?

W e shall see that the form ulas o; o? ; !o;?o?
b eha v e as in Danos and Reg-

nier's pure pro of-nets (i.e. o; o?
are linear and !o;?o?

manage duplication and

erasing), but the form ulas s; s?
are of a di�eren t nature and they b eha v e as in

p olarized linear logic (i.e. s; s?
allo w free structural rules on negativ es). The

form ulas s; s?
will b e used to t yp e streams.

4

In the sequel w e will use n to denote without distinction o ccurrences of s or

?o?
.

SANE. Str e am asso ciative nets , or simply nets , are made of c el ls and wir es .

Eac h cell has a typ e , whic h is a sym b ol b elonging to the set f
 ; O; c; !; ?dg, and a

n um b er of p orts , exactly one of whic h is called princip al , or c onclusion , while the

others (if an y) are called auxiliary , or pr emises . Cells are pictured as triangles,

and p orts are dra wn on the b order of these triangles: the principal p ort of a cell

is seen as one of the �tips� of the triangle represen ting it.

A net is a com bination of cells, connected with eac h other b y wir es , as

describ ed in [Laf95 ]. More precisely , an y net has a �nite set of fr e e p orts , also

called c onclusions of the net , and has therefore a set of p orts made of its free

p orts and of the p orts of its cells (these sets of p orts are assumed to b e pairwise

disjoin t). The wiring of the net can b e seen as a partition of this set of p orts

in to sets of cardinalit y 2 or 0 (these latter wires are lo ops, they can app ear

during the reduction of a net).

The cells are giv en in �gure 6, together with their t yping rules. The gener-

alized con traction has a v ariable arit y n � 0, in case n = 0 it corresp onds to

the usual w eak ening rule, in case n = 1 w e adopt the con v en tion to consider it

a simple wire, if n > 1 then it corresp onds to a tree of usual binary con traction

4

One could b e tempted to set the equation ?o? = s, so reducing to only t w o pairs of

form ulas: o; o?
and s; s?

� in this manner ho w ev er it w ould b e allo w ed clashes (i.e. bad t yp ed

cuts), suc h as a cut b et w een a stream O and a promotion.
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o

?o? o

O

o

o

O

s s

O

?o?

s

!o




o?

o?




o?s?

o?

!o s?




s?

?o?

o?

?d

: : :

?o?

?o? ?o?

c

: : :

s

s s

c

(i) generalized con traction

� � �
?o? s

!�

!o

?o? s
� � �

where � is of the form:

��
��
��

��
��
��

� � �
?o? s?o? s

� � �

o

(j) promotion cell

Figure 6: Cells of SANE

rules mo dulo asso ciativit y . The promotion cell is a sp ecial kind of cell parame-

terized b y a net: if � is a net with n + 1 free p orts, then !� is a cell with one

principal p ort and n auxiliary p orts. The net � ma y itself con tain promotion

cells. The (exp onential) depth of a net � is the maxim um n um b er of nested

promotion cells in � 5

; one de�nes as w ell exp onen tial depth of a cell or a p ort in

a giv en net � . Sometimes w e will picture the net asso ciated with a promotion

cell inside the cell itself, as for example in �gure 9.

A typing of a net � is mapping from the oriente d wir es

6

of � to the form ulae

o; o? ; s; s? ; ?o? ; !o, in suc h a w a y that the constrain ts of �gure 6 b e satis�ed and

in suc h a w a y that, if an orien ted wire w is mapp ed to a form ula A , then the

orien ted wire w0
obtained b y rev ersing the orien tation of w b e mapp ed to A?

.

Eac h free p ort of � is equipp ed with a t yp e: the t yp e asso ciated to the wire

connected to this p ort, this wire b eing considered as orien ted to w ards the p ort

under consideration. An axiom is a wire b et w een t w o p orts whic h are auxiliary

(but not of a promotion cell) or free, a cut is a wire b et w een t w o p orts whic h

are principal or auxiliary

7

of a promotion cell.

5

T o b e p edan tic, one should de�ne nets b y induction on the depth.

6

An orien ted wire is a wire equipp ed with an orien tation, that is, an ordered pair of its

ending p orts.

7

A cut with one extremit y auxiliary p ort of a promotion cell is sometimes called c ommu-

tative exp onential .
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3.1 Rewriting rules

A rewriting rule  x on nets is a graph transformation �  x � 0
, consisting in

taking a subnet � of � , called r e dex , and substituting it with a net � 0
, called

c ontr actum , whic h has the same (n um b er and t yp e of ) free p orts of � :

�

!

��
�

��
�

� =  x

!

��
�

��
�

� 0

� 0 =

In the sequel w e de�ne the rewriting rules just b y picturing their redexes

and con tracta (i.e. without men tioning the �con text� ! ).

If  x is con�uen t and normalizing then w e denote with NFx (� ) the unique

and alw a ys de�ned  x -normal form of � .

The rewriting rule w e will study in this pap er is denoted b y  SANE and

it is the union of four more sp eci�c rules: the cut-r e duction  cut , the R e ctor é

r e duction  r , the wir e exp ansion  w and the asso ciativity r e duction  a . These

last t w o are the k eystone of SANE, the ones whic h mak e stream and exp onen tial

to comm unicate.

Cut-reduction. W e start b y recalling cut-reduction  cut , whic h is the usual

one of p olarized linear logic (see [Lau03 ]). W e set  cut as the union of t w o

reductions  o and  s , de�ned b elo w.

The relation  o reduces cuts lab elled b y a form ula o. It is de�ned b y the

follo wing steps:

O?=
 ! :
o o?


O
o

o??o?

!o
 o

o

?o? o?

!o

Os=
 s?
:

o o?


O

s?o

s o?

 o

o

s

s?

o?

Notice that the ab o v e rules do not reduce t w o kinds of o lab elled cuts, pic-

tured in �gure 7: these cuts pla y a crucial role in SANE, since they set a com-

m unication b et w een p orts lab elled b y exp onen tial form ulas and p orts lab elled

b y stream form ulas. This comm unication is indeed only p oten tial: so far those

cuts sta y irreducible, the t w o kinds of p orts cannot b e wired.

The relation  s reduces cuts lab elled b y a form ula s or ?o?
. It is de�ned b y

four kinds of steps: O?s=
 !s?
, !=?d, S=! and S=c. The �rst t w o are as follo ws:

O?s=
 !s?
: 
O

?o?

!os
s s?

s?

 s

s

?o?

!o

s?
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O?=
 s?
: 
O

?o?

o
o o?

o?

s?

Os=
 ! : 
O
o

o o?

o?s

!o

Figure 7: irreducible cuts



!� 1



!� n

n n

n

s

n

s?
s?

s?

!o !o

Figure 8: A generic 
 !s?
-tree

!=?d : ?d!�

s
s

?o?

?o?

?o?!o��
�

��
�

o?  s
��
��
��

��
��
��

o?

s
s

?o?

?o?

��
�

��
�

�
o

Notice that the step !=?d switc hes the p olarities of the reduced cut, i.e. it

creates a wire where the p ositiv e and negativ e extremities are switc hed.

In order to de�ne the remained steps S=! and S=c, w e need to in tro duce

the notion of 
 !s?
-tree (whic h is a straigh t adjustmen t to our framew ork of the


 -tree de�ned in [Lau03 ]). A 
 !s?
-tr e e is a connected and acyclic net whic h

con tains (at depth 0) only cells of t yp e 
 !s?
or promotion and whic h has no

cuts. Note that an y wire of a 
 !s?
-tree is t ypable only b y n (or equiv alen tly n?

)

and not b y o; o?
. Giv en a p ort p of t yp e n?

of a net � , w e call the 
 !s?
-tr e e of

p the maximal 
 !s?
-tree whic h is a subnet of � and whic h has p as a free p ort.

One can pro v e b y induction on the size of a 
 !s?
-tree � that the conclusions of

� are exactly one of t yp e n?
, called the r o ot of � , and m � 0 of negativ e t yp es

?o or s, called the le aves of � . The general shap e of a 
 !s?
-tree is pictured in

�gure 8.

Let no w hp; qi b e a cut lab elled b y a form ula n ( n 2 f s;?o? g), let p b e its

extremit y lab elled b y n?
, � b e the 
 !s?

-tree of p. The cut hp; qi can b e of t w o

t yp es dep ending on q: if q is an auxiliary p ort of a promotion, then w e sa y that

hp; qi has t yp e S=!, and w e reduce it as follo ws:
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S=! : ��
��
��

��
��
��

!� 0
!o

s
s

��
�?o?

?o?

��
� �

?o? ��
�?o?

s

n
s

��
�

n?

 s

?o? ��
�?o?

s ��
� !o

!� 00

��
�

��
�

s
s

?o?

?o?

s

where � 00
is:

��
��
��

��
��
��

��
��
��

��
��
��

s
s

��
�?o?

?o?

��
� �

n
n?

?o?

s

��
�?o?

s ��
� o

� 0

If q is a principal p ort of a con traction, then w e sa y that hp; qi has t yp e S=c,

and w e reduce it as follo ws:

S=c :
��
��
��

��
��
��

c

s
s

?o?

?o?

��
�

��
�

�

��
�

n

n

nn?

 s

��
��
��

��
��
��
��
��
��

��
��
��

s
s

?o?

?o?

�

n

n

�

��
���

�
��

�

��
�

��
�

n?

n?

��
�

��
�

��
�

c

c

c

c

Rectoré reduction. The rule  r is de�ned b y t w o steps, fusion and pul l :

it essen tially amoun ts to consider the con traction links as asso ciativ e op erators

that can �oat freely out of a promotion cell. Di�eren t solutions ha v e b een

adopted for linear logic pro of nets, see for example [CK97 ] or [CG99 ].

fusion : n

n

n
hf

lf c
nc

n

��
�

��
�

 r
n

n

n

n
nc

��
�

��
�

l + hf
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where if l = 0 ; h = 1 , then on the righ t-side w e ha v e a con traction cell of

arit y 1, that is a wire.

pull :
c ��

�
��

�

� 0 !�
n
n

s
!o

 r
c ��

�
��

�
� 0 !�

n
n

s
!o

Wire expansions. The wire expansion  w corresp onds to an orien tation of

the extensional equiv alence. W e de�ne  w b y four rules wo?, wos, w? and ws:

wo? : o? o  wo?

!o

o? O o

o

o? ?o?

wos : o? o  wos O

s

o
oo?

w? : !o ?o?  w? !� ?d ?o?!o

ws : ss?  ws

!o

s? O s

s

s? ?o?

W e underline that  w can b e applied on ev ery wire of t yp e o or s, and not

only on axioms as sometimes it is the case (for example in [Dan90 ]). Observ e

that ws is the only step of  SANE that creates cells of t yp e O?s
and 
 !s?

.

Asso ciativit y reduction. Un til no w, ev erything is quite standard, follo wing

the lines of p olarized pro of-nets ([Lau03 ]). Here w e in tro duce the real no v elt y

of SANE, whic h is the rewriting rule  a , based on the asso ciativit y b et w een

O 's (and dually b et w een 
 's). This rule corresp onds to the relation � fst of the

t yp e system � S de�ned in section 2:
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O
O o

o
s

s?o?
 a O

O o
o
s

?o?

The same holds for the corresp onding cells of t yp e 
 .

Promotion closure. The presence of promotion cells requires to close ev ery

rewriting rule un til no w de�ned to the promotion cells. That is, to ev ery rule

 x , w e add the follo wing case:

� � �
?o? s

!�

!o

?o? s
� � �

 x

� � �
?o? s

!o

?o? s
� � �

!� 0

where �  x � 0
.

Comm utativit y equiv alence. Moreo v er, w e add an equiv alence � comm on

nets generating b y the follo wing basic equation, for ev ery p erm utation � :

c n
n

n ��
� � comm c��
� n

n

n ��
�

�

Notice that this equation do es not in teract with the previous rewriting re-

lations: let � 1; � 0
1 and � 2 b e nets suc h that � 1 � comm � 2 and � 1  SANE � 0

1 ,

then there is a net � 0
2 s.t. � 0

1 � comm � 0
2 and � 2  SANE � 0

2 . This means that

 SANE is compatible with the � comm equiv alence: from no w on w e will th us

consider nets up to � comm .

Concluding remark on asso ciativit y . The k ey p oin t with the asso ciativit y

reduction is that  a +  ws transforms the irreducible cuts of �gure 7 to

reducible ones, for example:
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O
?o?

o
o o?

o?

s?

 w 
O
o o? O

?o?

s?

o?

o
s

?o?

s

 
a




O

o o? O

o?

o
s

?o?

?o?

o?

!o s

In the sequel it will b e usefull to consider the follo wing deriv ed rule  g :


O
?o?

o
o o?

o?

s?

 g
O


o

s
?o?

ss?

o?


O
o

o o?

o?s

!o
 g



s

o?s

o

o

!oO

Notice that  g is deriv able from  SANE , precisely  g=  w  a  o . There-

fore  SANE +  g has the same transitiv e closure as  SANE .

3.2 Correctness criterion

A p ath in a net is a sequence of p orts hp1; : : : ; pn i at exp onen tial depth 0, suc h

that:

ˆ for ev ery i; j � n , i 6= j implies pi 6= pj ;

ˆ for ev ery i � n � 1, pi ; pi +1 are p orts of the same cell or of the same wire;

ˆ for ev ery i � n � 2, pi ; pi +1 ; pi +2 are not p orts of the same cell;

P aths will b e denoted b y Greek letters �;  : : :
A path � cr osses an orien ted wire hp; qi ( p; q b eing the t w o p orts of the wire))

if hp; qi is a subsequence of � . A path � is ne gative whenev er ev ery orien ted

wire crossed b y � has a negativ e t yp e (i.e. t yp e o, ?o?
or s). A ne gative cycle is

a negativ e path hp1; : : : ; pn i s.t. hp1+ n 1; : : : ; pn + n 1; i is a negativ e path (where

+ n denotes the sum mo dulo n ).

De�nition 1 (Correctness, [Lau03]) A net is correct if:

ˆ it do es not c ontain ne gative cycles;
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ˆ the numb er of p ositive c onclusions plus ?d-c el ls at depth 0 is one;

ˆ and r e cursively the nets asso ciate d with the pr omotion c el ls ar e c orr e ct.

Prop osition 2 (Stabilit y of correctness) Corr e ctness of nets is pr eserve d

by  SANE : for every c orr e ct net � , if �  SANE � 0
then � 0

is c orr e ct.

Pr oof . Completely standard, see [Lau03 ]. �

The follo wing prop osition 3 states that  s;r;a is strong normalizing on cor-

rect nets. This prop ert y is false for generalized MELL pure nets (see [PT dF07])

but it holds for pure SANE (as w ell as for the pure nets fragmen t enco ding the

� -calculus), b ecause of the recursiv e t yp es w e ha v e de�ned, sp eci�cally b ecause

w e a v oid form ulas of t yp e !n or ?n?
, for n 2 f s;?o? g. Prop osition 3 will pla y a

crucial role in the pro of of  SANE con�uence (theorem 10, precisely see lemma

6), and in the pro of of the sim ulation theorem (theorem 26).

Prop osition 3 (SN of  s;r;a ) L et � b e a c orr e ct net, every se quenc e of  s;r;a -

steps starting fr om � is �nite.

Pr oof . Under the h yp othesis that � is correct, w e de�ne a degree

8

of � and

w e c hec k that this degree decreases (w.r.t. a w ell-founded ordering) after a

 s;r;a -step: this of course pro v es prop osition 3. More precisely , the degree of

� will b e a triplet of m ultisets hj� jcut ; s(� ); c(� )i : the m ultiset j� jcut pla ys the

most delicate role, decreasing under  s ; the other t w o m ultisets s(� ) and c(� )
instead decrease under  a and  r resp ectiv ely . W e consider m ultisets ordered

b y the m ultiset order, and triplets ordered lexicographically .

W e start de�ning j� jcut : to ac hiev e this goal w e in tro duce a partial order � n ?

on p orts, whic h is the k eystone of j� jcut de�nition, and t w o n um b ers # � (p); l � (p)
asso ciated with ev ery p ort at depth 0 of � .

An n?
-p ath is a path whic h crosses only wires of t yp e n?

. Giv en t w o p orts

p; q, w e write p � n ? q whenev er there is an n?
-path from p to q. Notice that

� n ? is a partial order when � is correct. Giv en a p ort p w e de�ne the set P red(p)
of the imme diate pr e de c essors of p as the set of those p orts q, s.t. p > n ? q and

there is no q0
, p > n ? q0 > n ? q.

F or ev ery p ort at depth 0 of � , w e sim ultaneously de�ne l � (p) and # � (p) ,

b y induction on the depth of � and on � n ? , whic h is a w ell-order:

(# � (p); l � (p)) =

8
>>>>>>>><

>>>>>>>>:

(1; 1) � If P red(p) = ; :
� If p is an auxiliary p ort of a

(# � (p� )# � (q); promotion !� with principal

l � (p� ) + l � (q) + 1) p ort q, and p�
is the free p ort

of � corresp onding to p:
(
P

q2 P red (p) # � (q); � Otherwise.

1 + maxq2 P red (p) f l � (q)g)

Often w e will simply write l (p) or #( p) , when it is clear whic h net � they

refer to. As the reader will con vince himself in the progress of the pro of, for

8

This degree is indeed v ery general and can b e adapted to other net-based systems, suc h as

linear logic pro of-nets (see [PT dF07 ]) and di�eren tial in teraction nets (see [P ag07 ], [T ra07 ]).

Its de�nition is the result of sev eral discussions of the �rst author with P aolo T ranquilli.
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Figure 9: Reduction �  S=! �

ev ery p ort p of t yp e n?
, # � (p) is a maxim um to the n um b er of times p can b e

duplicated b y a sequence of  s;r steps starting from � . Notice that if p is a

p ort of an 
 !s?
-tree of � with ro ot r , then either p is a leaf, or # � (p) = # � (r ) .

W e no w de�ne j� jcut b y induction on the depth of � . Let S(� ) (resp. !(� ) )

b e the set of ro ots of the maximal 
 !s?
-trees (resp. of promotions) at depth 0

of � ; for ev ery promotion !� 2 !(� ) let p!� b e the principal p ort of !� ; w e set:

j� jcut =
X

r 2S ( � )

[l (r )] +
X

!� 2 !( � )

#( p!� ) � j � jcut

As for  a and  r : w e de�ne s(� ) to b e the n um b er of cell of Os?
or 
 !s?

in � and w e denote b y c(� ) the m ultiset of the depths of the cells of t yp e c in

� . Finally w e de�ne:

j� j = hj� jcut ; s(� ); c(� )i

W e th us pro v e that �  s;r;a � implies j� j < j� j . The pro of is b y induction

on the depth of the net � . What w e exactly pro v e is: i) j� j < j� j , ii) for ev ery

free-p ort of � , l � (p) = l � (p); # � (p) = # � (p) .

Base of induction. If the step �  s;r;a � is not a promotion closure, i.e.

the redex reduced is not in a promotion of � , then w e split in sev eral cases,

dep ending on the t yp e of the  s;r;a step applied to � .

Case S=!. If the step �  s;r;a � reduces a cut hv; pi of t yp e S=!, let v b e the

ro ot of the maximal 
 !s?
-tree � in v olv ed in the reduction, p b e the auxiliary

p ort of the promotion !� 0
wired to v , and let q b e the principal p ort of !� 0

(see

�gure 9). W e will pro v e that j� jcut < j� jcut , whic h implies j� j < j� j .
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W e set S(� ) = f vg [ S ! (� ) (notice ev ery ro ot in S! (� ) is a ro ot in ! or it

is q) and w e split !(� ) in three disjoin t disjoin t sets: the set !� (� ) of the !(� )
promotions whic h are in � , the set !! (� ) of the !(� ) promotions whic h are in !
and f !� 0g. Observ e that:

S(� ) = f vg [ S ! (� )

S(� ) = S! (� )

!(� ) = f !� 0g[ !� (� )[ !! (� )

!(� ) = f !� 00g[ !! (� )

W e start computing j� 00jcut . As an easy consequence of the de�nition w e

ha v e: j� 00jcut = j� 0jcut +
h
l � 00

(v)
i

+
P

!� 2 !� ( � ) # � 00
(p!� )j� jcut . F or ev ery !� 2 !� (� ) ,

v is the ro ot of the (maximal) 
 !s?
-tree con taining p!� , so (as w e noticed b efore)

# � 00
(p!� ) = # � 00

(v) . Moreo v er, remark that # � 00
(v) = # � 0

(p� 0
) , th us:

j� 00jcut = j� 0jcut +
h
l � 00

(v)
i

+ # � 0

(p� 0

)

0

@
X

!� 2 !� ( � )

j� jcut

1

A

No w w e pro v e that for ev ery p ort t in ! , # � (t) = # � (t) . In fact, for ev ery leaf u
of � , let u b e the corresp onding auxiliary p ort of !� 00

in � (see �gure 9): w e pro v e

that # � (u) = # � (u) . This easily implies 8t 2 ! , # � (t) = # � (t) . By de�nition

# � (u) = # � 00
(u)# � (q) ; of course, # � (q) = # � (q) , since no predecessor of q is

in v olv ed in the reduction step �  s � . As for # � 00
(u) , w e set x = # 
 (u
 ) if u

is an auxiliary p ort of a promotion !
 , otherwise let x = 1 : in this w a y w e can

sa y # � 00
(u) = x# � 00

(v) . Since # � 00
(v)# � 0

(p� 0
) , w e ha v e: # � 00

(u) = x# � 0
(p� 0

) .

T o sum up: # � (u) = # � 00
(u)# � (q) = x# � 0

(p� 0
)# � (q) = x# � (p) = # � (u) .

In a similar w a y , w e pro v e that for ev ery p ort t in ! , l � (t) = l � (t) . This

reduces to v erify l � (u) = l � (u) . By de�nition l � (u) = l � 00
(u) + l � (q) + 1 . Set

l � 00
(u) = x + l � 00

(p� 0
) , where x only dep ends on the 
 !s?

-tree � ; notice that

l � 00
(p� 0

) = l � 0
(p� 0

) . So w e ha v e: l � (u) = l � 00
(u) + l � (q) + 1 = x + l � 0

(p� 0
) +

l � (q) + 1 = x + l � (p) = l � (u) .

I c hanged the t w o o ccurrences of inequalit y: # � (q)
h
l � 00

(v)
i

< l � (v) in to

# � (q)
h
l � 00

(v)
i

< [l � (v)] .]

W e conclude that condition ii) holds: for ev ery free p ort t of � , l � (t) = l � (t) ,

# � (t) = # � (t) . As for the condition i): b y collecting all the results, the reader

can c hec k that the inequalit y j� jcut < j� jcut can b e reduced to # � (q)
h
l � 00

(v)
i

<

[l � (v)] . By de�nition of l , w e ha v e: l � (v) = 1 + l � (p) = 2 + l � 0
(p� 0

) + l � (q) =
1 + l � 00

(v) + l � (q) , i.e l � 00
(v) < l � (v) . This implies, b y de�nition of the m ultiset

order: # � (q)
h
l � 00

(v)
i

< [l � (v)] . W e conclude j� jcut < j� jcut , whic h implies

j� j < j� j .

Case S=c. If the step �  s;r;a � reduces a cut hv; pi of t yp e S=c, let v
b e the ro ot of the maximal 
 !s?

-tree � in v olv ed in the reduction, let p b e the

principal p ort of the cell of t yp e c wired to v , and p1; : : : ; pn ( n = 0 or n > 1)
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Figure 10: Reduction �  S=c �

b e its auxiliary p orts. Moreo v er let � 1; : : : ; � n (resp. v1; : : : ; vn ) b e the copies

of � (resp. of the ro ot v ) in � (see �gure 10). As in the former case w e shall

sho w that j� jcut < j� jcut , whic h implies j� j < j� j .

W e set S(� ) = f vg [ S ! (� ) , and w e split !(� ) in t w o disjoin t sets: the

set !� (� ) of the !(� ) promotions whic h are in � , and the set !! (� ) of the !(� )
promotions whic h are in ! . Notice that:

S(� ) = f vg [ S ! (� )

S(� ) = f v1; : : : ; vn g [ S ! (� )

!(� ) = ! � (� )[ !! (� )

!(� ) = ! � 1 (� ) [ � � � [ !� n (� )[ !! (� )

where !� i (� ) denotes the set of the !(� ) promotions whic h are in the i -th cop y

of � .

W e start noticing that # � (v) = # � (p1) + � � � + # � (pn ) = # � (v1) + � � � +
# � (vn ) , and l � (v) > l � (vi ) for ev ery i � n .

As in the former case, w e pro v e that for ev ery p ort t in ! , # � (t) = # � (t) as

w ell as l � (t) = l � (t) . W e c hec k only # � (t) = # � (t) , the other v eri�cation b eing

a straigh tforw ard v arian t. Indeed it is enough to pro v e that: for ev ery leaf u of

� , b y denoting with u the corresp onding principal p ort of the cell c created in

� (see �gure 10), w e ha v e # � (u) = # � (u) . By de�nition one easily infers that:

# � (u) = # � (u1) + � � � + # � (un ) . As in the former case, w e set x = # 
 (u
 ) if u
is an auxiliary p ort of a promotion !
 , otherwise let x = 1 ; in this w a y w e can

sa y # � (ui ) = x# � (vi ) , so that # � (u) = x(# � (v1) + � � � + # � (vn )) = x# � (v) =
# � (u) .

W e conclude that condition ii) holds: for ev ery free p ort t of � , l � (t) =
l � (t) , # � (t) = # � (t) . As for the condition i): b y collecting all the results,

the reader can c hec k that the inequalit y j� jcut < j� jcut can b e reduced to�
l � (v1) + � � � + l � (vn )

�
< [l � (v)] . Since w e ha v e noticed l � (v) > l � (vi ) for ev ery

i � n , the inequalit y holds b y de�nition of the m ultiset order.

Case !=?d. The case where �  s;r;a � reduces a cut of t yp e !=?d, is an easier

v arian t of the preceding ones, and w e left it to the reader.

RR n ° 6431



24 Michele Pagani A lexis Saurin

Case  r or  a . The cases where �  r � or �  a � 0
can b e easily solv ed

b y sho wing that j� jcut = j� jcut and, for  a simply b y pro ving s(� ) < s (� ) , for

 r b y pro ving s(� ) = s(� ) and c(� ) < c (� ) .

Inductiv e step. If the step �  s;r;a � is a promotion closure, then � is

obtained b y replacing in � a promotion !� 0
with a promotion !� 0

, and �  s;r � 0
.

By induction h yp othesis w e kno w that i) j� 0j < j� 0j , ii) for ev ery free-p ort of � 0
,

l � 0
(p) = l � 0(p); # � 0

(p) = # � 0(p) . This easily implies i), ii) for �; � . �

INRIA



Str e am Asso ciative Nets and � � -c alculus. 25

4 Con�uence theorem

In this section w e pro v e the con�uence of  SANE (theorem 10). The pro of

follo ws these p oin ts. First, w e consider  SANE;g and not  SANE : indeed the

con�uence of the former implies that of the latter, since the t w o reductions

ha v e the same transitiv e closure. Second, w e split  SANE;g in three disjoin t

subreductions,  o;g ,  w and  s;r;a and w e pro v e the con�uence of eac h of

them (lemmas 4, 5 and 6). Then, w e pro v e the comm utation of  o;g and  s;r;a

(lemma 7), whic h implies the con�uence of  cut;g;r;a (prop osition 8). Finally ,

w e pro v e the comm utation of  cut;g;r;a and  w (lemma 9), so concluding the

con�uence of  SANE;g (theorem 10).

Lemma 4 The rule  o;g is c on�uent.

Lemma 5 The rule  w is c on�uent.

Pr oof . The ab o v e lemmas are immediate, since there are no critical pairs. �

Lemma 6 A ny union of the rules  a ;  s;  r is c on�uent on c orr e ct nets.

Pr oof . It is kno wn that  s;r is lo cal con�uen t on correct nets: there are sev-

eral critical pairs that w e omitted here b ecause their solution is standard (see

[PT dF07] for the details). It is then straigh t to deduce the lo cal con�uence of

an y union of the rules  a ;  s ;  r . Since  s;r;a is also strong normalizing on

correct nets (see prop osition 3), the statemen t follo ws b y the Newman lemma. �

Lemma 7 The two rules  o;g and  s;r;a c ommute.

Pr oof . The reader can c hec k that if �  o;g � 0
and �  s;r;a � 00

then there is

� 000
s.t. � 0 =

 s;r;a � 000
and � 00 �

o;g � 000
. Precisely the only critical pairs are those

pro duced b y  o;g and  a , whic h are four, t w o pro duced b y applying  a to


 cells, and other t w o completely symmetric, pro duced b y applying  a to O
cells. In �gure 11 y ou �nd the solution for these last ones. �

Notice that the topmost diagram of �gure 11 sho ws that rule  o do es not

comm ute with  a (and in general with  s;r;a ). This is the main reason w e

in tro duce the reduction  g .

Prop osition 8 The rule  cut;g;r;a is c on�uent on c orr e ct nets.

Pr oof . This is an immediate consequence of Lemmas 4, 6, 7 and the Hindley-

Rosen lemma. �

The last step to ac hiev e the con�uence of  SANE is to add  w . F or this task

it is con v enien t in tro ducing the parallel  w : w e de�ne �  wk � 0
b y induction

on the size of � , as follo ws.

�

!

��
�

��
�

� =  wk

��
�

��
�

� 0 =
� 0

! 0
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Figure 11: Critical pairs for lemma 7
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where �  w � 0
and either ! = ! 0

or !  wk ! 0
(whic h is de�ned, since the size

of ! is less than that of � ). As exp ected, the relations  wk and  w ha v e the

same transitiv e closure.

Lemma 9 The rule  w c ommutes with  cut;a;g;r .

Pr oof . The reader can c hec k that if �  cut;a;g;r � 0
and �  wk � 00

then there

is � 000
s.t. � 0 =

 wk � 000
and � 00 �

cut;a;g;r � 000
. This implies b y a simple diagram

c hase that  cut;a;g;r and  wk comm ute. Hence  cut;a;g;r and  w comm ute,

since  w and  wk ha v e the same transitiv e closure. �

Theorem 10 (Con�uence theorem) The r e duction  SANE (as wel l as  SANE;g )

is c on�uent on c orr e ct nets.

Pr oof . The con�uence of  SANE;g is an immediate consequence of Lemmas

9, 5 and the Hindley-Rosen lemma. The con�uence of  SANE follo ws, since

 SANE;g and  SANE ha v e the same transitiv e closure. �
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5 Separation theorem

De�nition 11 (SANE V alue) A net is a value when it do es not c ontain cuts

nor r e dexes for any rules but the axiom exp ansion rules.

The SANE v alues corresp ond in this framew ork to � � -calculus canonical

normal forms de�ned in [Sau05 ].

De�nition 12 (Nets 0 and 1) W e de�ne two p articular values, 1 and 0 , that

wil l b e use d to sep ar ate nets. The values wil l b e de�ne d mo dulo a c ertain numb er

of 0-ary c ontr action c el ls, playing the r ole of garb age:

1 =

c

c

c

?o?

?o? ?d

s

s

garbage

o

��
�

0 =

c

c

c

?o?

?o? ?d

s

s

��
�

garbage

o

In the sequel the garbage of 1 and 0 will nev er disturb the pro of of separation

theorem, hence w e will omit to men tion.

De�nition 13 ( � n
) L et n b e an inte ger, one de�nes the net � n

as fol lows:

� n = ?o??d
o?

o

s? s?

O


 


o o
OO

o

s
s

o?

o

n

De�nition 14 (Con texts) The c ontexts of typ e I ar e de�ne d as nets with an

additional c el l, namely [] which has p orts I. Corr e ct nets ar e simply c orr e ct nets

with this additional c el l.

L et � b e a net of c onclusions I , then C(� ) is de�ne d to b e the net obtaine d fr om

C by r eplacing al l o c curr enc es of [] in C by � . The c orr e ction of � and C implies

the c orr e ction of C(� ) (notic e that the c onverse is not true).

A p articularly imp ortant class of c orr e ct c ontexts ar e the he ad c ontexts: H = <
[]jx1 : 	 1; : : : ; xn : 	 n > wher e x1; : : : xn ar e c onclusions of the hole (when it

wil l not b e ambiguous we shal l often write simply H = < []j	 1; : : : ; 	 n > ). In

the c ase of he ad c ontexts, one also writes H(� ) as � ~	
.

De�nition 15 ( A (� ; � ) ) L et n b e an inte ger, we de�ne the net A
�
O?; n

�
as

the tr e e c omp ose d by n c el ls of typ e O?
:

O oO
o

?o?
o o

?o? ��
�

Similarly one has A (x; n) , for x 2 f Os; O?;s ; 
 !; 
 s?
; 
 !;s?

g.
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De�nition 16 ( klmn -nets) klmn -nets ar e the c orr e ct nets such that one �nds

the subnet in �gur e 12 starting fr om their o c onclusion.

One asso ciates a mesur e (k; l; m; n ) to these nets as fol lows: entering the

c onclusion o, ther e is one maximal o?
-p ath: it cr osses O c el ls and then 
 c el ls

and �nal ly r e aches the der eliction at depth 0:

(i) k is the numb er of Os
c el ls that ar e cr osse d on the o?

-p ath;

(ii) l is the numb er of O?
c el ls that ar e cr osse d after the last Os

c el l is p asse d

and b efor e r e aching the O?
c onne cte d to the der eliction;

(iii) n is the numb er of 
 !
that ar e cr osse d b efor e the �rst 
 s?

is r e ache d;

(iv) m is the numb er of 
 s?
that ar e cr osse d b efor e r e aching the der eliction.

Lemma 17 Given two klmn -nets � and � 0
having me asur es (k; l; m; n ) and

(k0; l0; m0; n0) r esp e ctively, if (k; l; m; n ) 6= ( k0; l0; m0; n0) then ther e is a he ad

c ontext C such that C(� )  ?
SANE 0 and C(� 0)  ?

SANE 1 .

Pr oof . (i) if k < k 0
. Let C b e the con text in �gure 13.

where � 1 and � 2 are resp ectiv ely:

A
�
O?; l0+ 1

�

?d

c

cc

?o?

� � �

cc

s
� � �

A (Os; m + k0 � k)

o?

?o?

?o?

?o? s

o

o

and

cc

?o?

� � �

c

?d

cc

s
� � �

?o?

?o?

?o?

o?

A
�
O?; n0

�

s

o

A (Os; m0) o

One can c hec k that if one cut C with � on conclusion of t yp e resp ectiv ely

o? � o, one gets C(� )  ?
SANE 0 and C(� 0)  ?

SANE 1 .

(ii) if k = k0
and l < l 0

. This case is solv ed similarly b y using sligh t v arian ts

of C; � 1 and � 2 .

(iii) if k = k0
, l = l0

and m < m 0
. Let C b e the follo wing con text (recall that

� m 0
is the net de�ned in de�nition 13):

!o
o?

?o? ?o?

� � �

o?

� � �

s s

!� m 0

A
�

 !; l

�
A

�

 s?

; k
�

oo?

then C(� ) and C(� 0) reduce to nets � 0 and � 0
0 whic h are klmn -nets with

k� 0 6= k� 0
0

and one can conclude thanks to (i).

(iv) if k = k0
, l = l0

, m = m0
and n < n 0

. The case is treated similarly to case

(iii) with a con text di�ering from the ab o v e C b y an easy v arian t of � n
whic h

reduces the problem to case (ii). �
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!� 2 !� 1 c c
!o
o?

?o? ?o?

� � �

A
�

 !; l0

�
o?

� � �

s s

A
�


 s?
; k0 � k

� !o
o?

?o? ?o?

� � �

A
�

 !; l

�
o?

� � �

s s

A
�


 s?
; k

�

o?o? ?o?

o?

Figure 13: Con text used in case (i) of lemma 17.
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Lemma 18 If � and � 0
ar e non e quivalent values with the same c onclusions

and such that ther e ar e O c el ls at depth 0, then ther e is a c orr e ct he ad c ontext

C such that C(� )  ?
SANE � 1 and C(� 0)  ?

SANE � 0
1 wher e � 1 and � 0

1 ar e non

e quivalent values with the same depths as � and � 0
and such that � 1 and � 0

1 have

no O c el l at depth 0.

Pr oof . The pro of is easy b y an easy induction on the n um b er of O cells at

depth 0. One studies the negativ e conclusions of � and � 0
that ha v e cells O?

, Os

or O?s
at depth 0, those conclusions are necessarily of t yp e o or s. The remo v al

of cells of kind O is done b y rep eatedly cutting � and � 0
with cells of t yp e 


( 
 !
, 
 s?

or 
 !s?
) dep ending on what in �; � 0

is ab o v e the conclusion. W e only

study one case whic h is the most complex: there is a conclusion of t yp e o ab o v e

whic h there is a O?
in � and a Os

in � 0
. Then one cuts this conclusion of the

nets with a 
 !
. The cut in � is reducible but the one in � 0

is not. W e reduce

the cut in � and obtain a net for whic h the n um b er of O cells has decreased b y

one. Concerning � 0
one �rst expand (thanks to  ws ) the wire of t yp e s whic h

is auxiliary p ort of the cell Os
, then applies an asso ciativit y rule whic h replaces

an irreducible cut Os=
 !
b y a reducible cut O?=
 !

. After reducing the cut, w e

obtain a pair of nets ha ving one O cell less than then original nets.

The pro cess ends only when there is no O cell a depth 0 an ymore and it do es

terminate since eac h of these steps reduces the n um b er of O cells at depth 0 b y at

least one. The pro cess preserv es equiv alence as w ell as the depths of the nets. �

De�nition 19 (Maximal p ositiv e sub-nets) L et � b e a c orr e ct net. One

de�nes � + , the maximal p ositive subnet of � , and we distinguish a p articular

c onclusion of the net, x � , as fol lows:

ˆ If � has a p ositive c onclusion x , then x � = x and � + is the maximal 
 -tr e e

which is a sub-net of � with c onclusion x .

ˆ If � has a der eliction at depth 0, then x � is the unique c onclusion which is

b elow the der eliction and � + is the sub-net c ontaining the c el ls fr om x � to the

der eliction and the maximal 
 -tr e e.

Theorem 20 (Separation for SANE) L et � and � 0
b e two c orr e ct nets with

the same c onclusions that ar e non e quivalent values ( � 6�SANE � 0
). Ther e exists

a (he ad) c ontext C such that C(� ~� )  ?
SANE 0 and C(� 0~� )  ?

SANE 1 .

Pr oof . A ctually , w e pro v e the follo wing stronger statemen t:

(*) let � and � 0
b e t w o correct nets with the same conclusions I = f x t 1

1 ; : : : ; x t k
k g

that are non equiv alen t v alues ( � 6�SANE � 0
).

F or an y J = f x? o?

i 1
; : : : ; x? o?

i l
g � I , if N = f n1; : : : ; nl g is a family of

distinct in tegers that are large enough and if

~� = < []jx i 1 : � n 1 ; : : : ; x i l :
� n l > , then, there exists a head con text C suc h that C(� ~� )  ?

SANE 0 and

C(� 0~� )  ?
SANE 1 .

W e do not pro vide a fully detailed pro of whic h w ould b e to o long but w e

tried to treat the main and most complex cases. The pro of go es b y induction on

the sum of the depth of � and � 0
. Let J b e a subset of the conclusions of t yp e
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?o?
. Thanks to lemma 18, one ma y supp ose that neither � nor � 0

ha v e an y O
cells at depth 0: there is a con text in whic h the nets reduce to non-equiv alen t

v alues of iden tical the depths and with no O cells at depths 0. Let x i = x � and

x j = x � 0
.

One shall reason on the structure of the maximal p ositiv e subnets � + and

� 0
+ :

1. If there is a p ositiv e conclusion x (and th us x = x i = x j ), w e reason

on the t yp e of x .

(a) If the p ositive c onclusion is of typ e ! o, w e ha v e:

�=� 0 =

� 1=� 0
1

c c
o
!o

: : :

� r

� 1=� 0
1

cc o

: : : !o

= ~�= ~� 0

W e can th us apply the induction h yp othesis to nets � 1=� 0
1 with

the appropriate con traction so that they ha v e the same conclusion

except for the !o whic h is no w an o. One �nds a separating con text for

� 1
~� =� 0

1
~�

: C = < []j n ?

1 ; : : : ;  n ?

l 0 ;  o?

l 0+1 > and adding a dereliction

cell to the conclusion of t yp e o?
of  o?

l 0+1 mak es a separating con text

for ~� ~� =~� 0
~�

and th us for � ~� =� 0~�
.

(b) If the p ositive c onclusion is of typ e o?
, w e study the shap e of the


 -trees ro oted in x and compare the trees, pro ving separation b y

induction on the n um b er of 
 s?
in the tree. The �rst case is when

b oth 
 trees con tain 
 s?
:

� = � 1

� k










s?

!o

!o

� 0

s o?

o?

o?

� 0 =

� 0
l







s?

!o

!o

s o?

o?
� 0

1

� 0
0



o?
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If � 0 6� � 0
0 , one separates � 0

~�
and � 0

0
~�

, with C = < []j o
0 ;  n ?

1 ;  n ?

l 0 >

and b y c hanging  0 in to

O
o

os
c  0

, w e separate � ~�
and � 0~�

.

If � 0 � � 0
0 , either there is i � k; l suc h that � i 6� � 0

i or k 6= l or the

wires t yp ed b y s reac h t w o di�eren t conclusions of I . In an y of these

cases, one can separate: b y using induction in the �rst case or b y

using a wire expansion of the conclusions of t yp e s, an asso ciativit y

reduction and then the metho d of the �rst case.

The cases when some of the trees only con tain 
 !
cells or when there

is an axiom link but no 
 at all are treated fairly similarly .

(c) If the p ositive c onclusion is of typ e s?
, w e pro ceed essen tially as in

the previous case b y induction on the n um b er of 
 !s?
on the 
 -trees.

2. If there is a dereliction at depth 0 and x i ; x j 62J . W e kno w that

x i and x j are of t yp e ?o?
(indeed, w e supp osed that there is no O cell at

depth 0).

(a) if i 6= j , one de�nes t w o con texts  i and  j as follo ws:

 i = � ?
+

?d

?o? !o?o?

c  j = � 0?
+

?o? !o

c

?o?

?d

where � ?
+ is an O tree dual to the 
 -tree comp osing the maximal

p ositiv e subnet of � where all left auxiliary p orts are w eak ened

9

.

Th us one has < � ~� j i ;  j >  ?
SANE 0 and < � 0~� j i ;  j >  ?

SANE 1 .

(b) if i = j , then w e are essen tially in the same case as with a p ositiv e

conclusion, ho w ev er there is a sligh t subtilit y b ecause the conclusion

x i is of t yp e ?o?
and th us it can b e con tracted. This con traction

could in terfere with an induction step and to cop e with this problem,

w e shall use the nets � n
.

Let p; q b e the n um b ers of 
 s?
in the 
 -trees of � and � 0

resp ectiv ely .

One cuts the conclusion x i of �=� 0
with � n

with n > p; q (and n b eing

distinct from all the indices in N ).

9

This subnet � ?
+ pla ys the role of an eraser of nets.
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n?



o?

?d
o?



n?

x0
i x00

i o

� n

!o

� n

!o
: : :

c

< � ~� j� n > �

 ?
SANE

O

O




O

� n

!o

o










.

.

.

n?

n?

s?

s?

= ~� ~�;� n

x0
i

c

: : :

o?

?d

The net pictured as equiv alen t to < � ~� j� n > is indeed equiv alen t

since they b oth reduce to the same net when reducing the cut S=c.

~� ~�;� n
is obtained b y reducing the cut on the derelicted conclusion

x00
i in the ab o v e �gure. ~� ~�;� n

(and its coun terpart

~� 0
~�;� n

) are klmn -

nets.

If p 6= q then the lemma 17 can b e applied (since k = n � p and

k0 = n � q) in order to ha v e separation. Otherwise, b y cutting the

conclusion of t yp e o with a net of shap e:



!o

A
�


 s?
; k

�

s
: : :
s?o? o? o

s?
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After reduction w e obtain a net with dereliction as conclusion cell

(there is no con traction an ymore). If w e consider the nets without

the derelictions, then they ha v e a p ositiv e conclusion, ha v e the same

depth as the original nets and no w J has b ecome J [ x0
i (the head

con text

~� is replaced b y

~�; � n
), this can b e separated b y head con text

C = < []j 0;  1; : : : ;  l 0 > . Let  o
0 b e the elemen t of the separating

con text whic h is cut with the conclusion of t yp e o?
.  o

0 has a con-

clusion of t yp e o its other conclusions ha v e t yp e n , as a consequence

 o
0 can b e enclosed in a promotion b o x leading to net  0

0
!o

and to a

separating con text for � ~� =� 0~�
.

3. Finally , if there is a dereliction at depth 0 and if f x i ; x j g \ J 6= ; .

Let k; k0
b e the n um b ers of 
 s?

in the 
 maximal p ositiv e trees of �=� 0
.

(a) if i 6= j , there are t w o cases: either x i 2 J and x j 62J or f x i ; x j g �
J . W e only consider the case when they b oth are in J since the

other case can b e treated similarly as w e shall see.

By h yp othesis, w e kno w that w e ha v e n i 6= nj and that w e can

c ho ose ni and nj to b e as large as w e w an t. Consider n i > k and

nj > k 0
. � ~� =� 0~�

ha v e the follo wing structure:

x j
ox i

n?

� n j

� n i

!o

!o

?o??o?



o?

: : :

� ~� =

n?



o?

?d

c

ox i

n?

� n i

!o



o?

o?



n?

� 0~� =

: : :
?d

x j

� n j

!o

?o?

c

?o?
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And th us w e ha v e:

� n i

!o

� n j

!o

� n i

!o
n?



o?

?d
o?



n?

ox0
i xx0

j

c

: : :
� ~� �

 ?
SANE

� n j

!o
O

O




x0
i x0

j

O

� n i

!o

o










.

.

.

n?

n?

s?

s?

o?
= ~� ~�

?d

c c

: : :: : :

By renaming x j as x0
j and x i as x0

i or x in ~� ~�
(w e do the same thing

with � 0~�
: x i b ecomes x0

i and x j b ecomes x0
j or x in

~� 0
~�

).

And if k = k0
then ni � k 6= nj � k0

so that the lemma 17 can b e

applied and if k 6= k0
then the lemma can also b e applied since the

m = ni and m0 = nj so that w e can �nd a separating con text.

The case where x j 2 J and x i 62J is treated similarly: in this case

w e can c ho ose what to cut x i with and in particular w e can c ho ose

a � n i
.
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(b) if f x i ; x j g � J and i = j . In that case, let us consider n i > k; k 0
.

Then w e ha v e:

n?



o?

?d
o?



n?� ~� �

x0
i x00

i o

� n i

!o

� n i

!o
: : :

c

 ?
SANE

O

O




O

� n i

!o

o










.

.

.

n?

n?

s?

s?

= ~� ~�

x0
i

c

: : :

o?

?d

If k 6= k0
w e can again conclude thanks to lemma 17.

If k = k0
, then it is p ossible to cut the conclusion of t yp e o of ~� ~�

with:










s?

s?

!o

.

.

.

?o? s o? o
z

s
: : :

� 1� n i � k
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and it reduces to:

!o

� n i









s?

o
z� 1

?o?

s?

: : :
� n i � k

x0
i

c

: : : 

o?

?d

These ~� 0=~� 0
0 ha v e same depths as �=� 0

and ha v e no w conclusions

in J [ f z? o?
; � s

1; : : : ; � s
n i � k g and a dereliction at depth 0 with x~� 0 =

x ~� 0
0

62J , whic h is treated b y the second case of the pro of, whic h

ensure that there exists a separating con text for � ~� =� 0~�
and whic h

concludes the pro of.

�
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6 Sim ulation theorem

W e no w giv e a translation, denoted b y ( ) �
, of � � -terms in to correct stream nets.

A ctually what w e translate is a triplet (t; L; M ) , where t is a term, L is a set of � -

v ariables, M is a set of � -v ariables and F V (t) � L [ M ; moreo v er the translation

brings a one-to-one corresp ondence b et w een the conclusions of the net (t; L; M ) �

and the set L [ M [ f tg, in suc h a w a y that: i) t is asso ciated with the unique

conclusion of t yp e o, ii) ev ery v ariable of L is asso ciated with a conclusion of

t yp e ?o?
and iii) ev ery v ariable of M is asso ciated with a conclusion of t yp e s.

F or the purp ose of the translation, w e lab el the free p orts of (t; L; M ) �
of t yp e

?o?
or s with the corresp onding v ariable in L [ M .

Let L = f x1; : : : ; x l g and M = f � 1; : : : ; � m g, then:

ˆ (x; L [ f xg; M ) �

� � � � � �
?o? ?o? ?o? s s

o

x1 x l � 1x � m

?w ?w ?d w w

ˆ (�x:t; L; M ) �

���������
���������
���������

���������
���������
��������� � � �

?o? ?o?

x1 x lx

o

?o? o
O

� m� � �� 1

s s

(t; L [ f xg; M ) �

ˆ (��:t; L; M ) �

���������
���������
���������

���������
���������
���������� � �

?o? ?o?

x1 x l � m� � �� 1

s s

o

O
o

�

s

(t; L; M [ f � g) �

ˆ (( t)u; L; M ) �
, let � b e the follo wing net:

�����
�����
�����

�����
�����
�����

o

x l

?c ?c

� � �
?o? ?o?

x1 � 1

� � �� � �

o o? !o

cc

� � �
s s

� m




� � � � � �

(t; L; M ) �
!(u; L; M ) �
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then (( t)u; L; M ) � = NFr (� ) .

ˆ (( t)�; L; M [ f � g) �
, let � b e the follo wing net:

���������
���������
���������

���������
���������
���������� � �

?o? ?o?

x1 x l




c

o

o o?

�

� m� � �� 1

s s

s

s?

(t; L; M [ f � g) �

then (( t)�; L; M [ f � g) � = NFr (� ) .

Prop osition 21 (Injectivit y of ( ) �
) The tr anslation ( ) �

is inje ctive: if t 6= u
then t � 6= u�

.

Pr oof . By induction on t . �

With the follo wing de�nition w e c haracterize those nets whic h translate � � -

terms (theorem 23):

De�nition 22 ( � � -net) A � � -net is a net � s.t.:

1. � is c orr e ct;

2. � do es not c ontain c el ls of typ e O?;s
or 
 !;s?

;

3. � is a normal form w.r.t.  s;r;a ;

4. every fr e e p ort of � is ne gative;

5. and r e cursively the nets asso ciate d with pr omotion c el ls ar e � � -nets.

Theorem 23 (Sequen tialization) L et � b e a net, � is a � � -net i� ther e is a

� � -term t s.t. � = t �
.

Mor e over, ther e is a natur al 1 � 1 c orr esp ondenc e b etwe en the cuts of t �

and the � � -cut s of t s.t. a cut of typ e O?=
 !
(r esp. O?=
 s?

; Os=
 !; Os=
 s?
)

c orr esp onds to a � � -cut of typ e (T )T (r esp. (T )S , (S)T , (S)S ). In p articular,

t �
is cut-fr e e (henc e a  cut;g;a;r normal form) i� t is c anonic al.

Pr oof . The direction ) is an easy insp ection of the case de�nition of the

translation ( ) �
. The direction ( is a simple v arian t of the pro of of the sequen-

tialization theorem, see [Dan90 ],[Reg92 ],[Lau03 ]. �

Let us turn our atten tion to the dynamics of  � � . In what follo ws w e will

pro v e that  SANE sim ulates  � � : if t  � � u , then t �  � � u�
(theorem 26).

The follo wing t w o lemmas are easy v arian ts of the corresp onding ones in

[Lau03 ].
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Lemma 24 ( � -substitution) L et � b e the fol lowing net:

� =

o

� � � � � �

!o

?o? � � � � � �x

x l

?c ?c

� � �
?o? ?o?

x1

cc

� � �
s s

� m� 1

!(v; L; M ) �

(u; L [ f xg; M ) �

then NFs;r (� ) = ( u[v=x]; L; M ) �
.

Pr oof . By induction on u . �

Lemma 25 ( � -substitution) L et � b e the fol lowing net:

� =




x l

?c ?c

� � �
?o? ?o?

x1

cc

� � �
s s

� m� 1

o

s
�

� � � � � �

� � � � � �

s?s
�

!o

!(v; L; M ) �

(u; L; M [ f � g) �

then NFs;r;a (� ) = ( u[(t)v�= (t)� ]; L; M [ f � g) �
.

Pr oof . By induction on u . W e consider only one case (the one where  a pla y

a crucial role), lea ving the other cases to the reader.

If u = ( w)� , then � is the  r -normal form of this net:
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x l

?c ?c

� � �
?o? ?o?

x1

cc

� � �
s s

� m� 1

s
�

� � � � � �

!o






c

o

o o?
s?

s?s
�� � �� � �

!(v; L; M ) �

(w; L; M [ f � g) �

Whic h b y one  s step and one  a step reduces to the follo wing net � 0

c ccc

x l

?c ?c

� � �
?o? ?o?

x1

cc

� � �
s s

� m� 1

c






o o?

� � �� � �

� � �� � �

!o



s?

� � �� � �

� � � � � �

�
s

s
�




o

!o

s

!(v; L; M ) �

(w; L; M [ f � g) �

!(v; L; M ) �

By induction h yp othesis NFs;r;a (
 ) = ( w[(t)v�= (t)� ]; L; M [ f � g) �
, so w e

conclude that NFs;r;a (� ) = (( w[(t)v�= (t)� ])v�; L; M [ f � g) �
. �

Theorem 26 (Sim ulation) L et t; u b e two � � -terms, then:

1. t ! � T u implies t �  o �  �
s;r u�

2. t ! � S u implies t �  o u�

3. t ! fst u implies t �  ws �  �
s;r;a u�

4. t ! � T u implies u�  wo? �  w? t �
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5. t ! � S u implies u�  wos �  w? t �

Pr oof . One can restrict to the case the redex reduced in t  � � u is the

head-redex of t , the more general case will follo w b y a straigh t induction on the

complexit y of t .

If t  � T u , then the redex reduced corresp onds to a cut of t yp e O?=
 !
of

t �
(theorem 23): b y reducing this redex w e obtain a net � as that pictured in

lemma 24; b y this lemma w e conclude NFs;r (� ) = u�
.

If t  � S u , then the redex reduced corresp onds to a cut of t yp e Os=
 s?
of

t �
(theorem 23): b y reducing this redex w e obtain straigh t u�

.

If t  fst u , let t = ��:v . W e ha v e:

t �  ws �  w?

O

O




?o?!� ?d
!o

s

s

o�

o

s

v�

 a

O




O

!� ?d
!o

s o�

o

v�

o
?o?



s

then b y lemma 25 w e ha v e that NFs;r;a (
 ) = v[(w)x�= (w)� ]� , so w e con-

clude: �x:��:v [(w)x�= (w)� ].

The cases t  � u and t  � s u are directly sim ulated b y  w .

�

Concluding remark. The relationships b et w een � � -calculus and SANE are

deep as the previous sim ulation theorem mak es it clear. W e close this �nal

section b y few additional remarks related with the question of sim ulation.
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ˆ Other � � -based rules can b e sim ulated, in particular the � rule ( (��:t )u !
��:t [(v)u�= (v)� ]) whic h is sim ulated b y  g �  �

s;r;a . Since � rule can

itself b e sim ulated b y � � -calculus rules, there is no surprise ab out sim-

ulating it in SANE, but it is in teresting to see that � can b e sim ulated

using  g .

ˆ There seems to b e another in teresting underlying calculus in SANE that

w e w ould hop e to sim ulate thanks to SANE: this w ould b e a real stream

language where the main structure w ould not corresp ond to O?
and 
 !

but

to O?s
and 
 !s?

. This w ould probably b e the stream-calculus � S already

suggested in [Sau05 ].

ˆ A notion of explicit substitutions seems to b e underlying in the pro of

of sim ulation. This w ould corresp ond toreductions  s;r in SANE. This

explicit substitution has go o d prop erties since it is strongly normalizing

(prop osition 3) and con�uen t (lemma 6).

ˆ Bey ond sim ulation, bisim ulation: w e guess that one can ha v e ev en a bisim-

ulation result: if t �  �
SANE u�

then t  �
� � u . Ho w ev er the pro of of

bisim ulation is v ery delicate, since  �
SANE allo ws m uc h more reductions

b et w een t �
and u�

, than those used to sim ulate  � � .
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7 Conclusion

W e in tro duced SANE, a new class of nets whic h lies in b et w een usual linear logic

pro of-nets and p olarized pro of-nets for whic h w e pro v ed strong normalization

for the exp onen tial cut-elimination, con�uence and separation:

ˆ The strong normalization is pro v ed b y induction on a mesure whic h is

indeed v ery general and can b e adapted to other net-based systems.

ˆ The con�uence pro of is original in the sense it is not a direct consequence of

the pro of of con�uence for MELL pro of-nets, in fact  SANE has  a and

 w in addition to  cut;r (con�uence is already hard to pro v e ev en in the

m ultiplicativ e fragmen t in presence of  a ). Moreo v er, it is an in teresting

result since w e w ere able to pro v e con�uence for all kinds of correct nets,

whereas in � � -calculus con�uence holds only for � -closed terms.

ˆ W e w ere esp ecially in terested in ha ving separation since w e considered it as

a design requiremen t for our nets and since this is one of the few separation

results that exist for pro of-nets (other kno w results are [MP07, MP94 ]).

Our initial aim w as to study � � -calculus thanks to the p o w erful tec hniques

of pro of-nets. In particular w e obtained a sim ulation of � � -calculus. More-

o v er w e ha v e, as a b y-pro duct of the sim ulation theorem, a notion of explicit

substitutions for � � -calculus whic h is the one sim ulated b y the  s;r of SANE.

This explicit substitution has go o d prop erties since it is strongly normalizing

(prop osition 3) and con�uen t (lemma 6). The enco ding of � � -calculus in SANE

and the w a y � � -calculus reduction rules are sim ulated shed an in teresting ligh t

on the reduction rules, in particular with resp ect to the fst -rule that relates

� -v ariables with � -v ariables.

In addition, the sim ulation result suggests that there exists another calculus

hidden in SANE in whic h the asso ciativit y rule w ould go in the other direction.

F or this reason w e are optimistic ab out SANE b eing a platform in whic h to

study con tin uation calculi.

F uture w orks. This w ork is b eing pursued in t w o directions:

ˆ W e are in v estigating an extension of the sim ulation result in the form of

a bisim ulation. Indeed, in addition to the sim ulation of � � -calculus b y

SANE w e hop e to obtain a con v erse result.

ˆ A natural dev elop emen t of the study of separation w ould b e to lo ok for a

t yp ed result since our theorem only deals with pure nets.
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