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Abstract

The paper contains the first complete proof of strong nomatdin (SN) for full second
order linear logic (LL): Girard’s original proof uses a siandization theorem which is not
proven.

We introduce sliced pure structures (sps), a very generailoreof Girard’s proof-nets,
and we apply to sps Gandy’s method to infer SN from weak napagdn (WN). We
prove a standardization theorem for sps: if WN without emgsiteps holds for an sps, then
it enjoys SN. A key step in the proof of standardization is aft@nce theorem for sps
obtained by using only a very weak form of correctness, nameyclicity slice by slice.

We conclude by showing how standardization for sps allowsdwe SN of LL, using as
usual Girard’s reducibility candidates.

Key words: (weak and strong) normalization, confluence, linear logiandardization,
sliced pure structures, proof-nets

1 Introduction

In every abstract approach to computation, the distindigtween terminating and
non-terminating processes is crucial. A rewriting systenoys weak normaliza-
tion (WN) if every term of the system can be executed in a finite numbsteps.

In the A\-calculus (by far the most studied rewriting system), nemteating com-
putations start from-terms that strongly explostelf-applicationevery\-term can
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be applied to itself (see for example [Kri90]). Terminatiails for the A-calculus
(even in its weak formVN), but holds for its notable subsystems the simply typed
A-calculus and its extension Girard’s system F ([Gir72])hiBe these termination
proofs hides a deep connection betw&éN and consistency (in the logical sense)
established by the Curry-Howard correspondence betwemsfgandA-terms (a
proof is a\-term whose execution corresponds to applying the cuthedition pro-
cedure to the proof). A-term associated with a proafcan be executed in such
a way that a result is reached, whercan be transformed into a cut-free proof
(that is a proof without lemmata)V N corresponds exactly to cut-elimination. In
traditional proof-theory (dating back to Gentzen) cutrgtiation is a key property
of a logical system, from which the consistency of the systemrmediately fol-
lows? : WN of the simply typed\-calculus (resp. of system F) corresponds then to
a consistency proof for natural deductidrD (resp. second order natural deduction
ND,).

The Curry-Howard approach is a way to put constraints on dissipility of build-

ing \-terms, and more precisely on self-application: from thggdal point of view,
these constraints are sufficient conditions to prove thesistancy of the corre-
sponding logical systefm While in the simply typed\-calculus self-application is
simply forbidden, in system F a (weak) form of self-applicatis accepted. Sys-
tem F combines then computational strength and termingtiere is the remark-
able interest ofVN for F). The most famous result of mathematical logic (Gédel’
second incompleteness theorem) sheds then a new light 6ditfi@ulty” (and the
deep meaning) of the termination property. Indeed, PeaiithrAetic PA can be
translated inVD,, so thatWN for F cannot be proven withitv D, (and of course
this holds for any subsystem of thecalculus whose corresponding logical system
contains -a copy ofP A).

The terms of system F actually enjeyrong normalizatior{SN), a much stronger
termination property thai’’ N: whatever execution strategy one applies to F's terms
one eventually reaches a result (a normal form). This coatjaurtally relevant vari-
ant of WN has a mathematical counterpart: it corresponds to sayaidhh tree of
the computations starting from a term is well-founded. &&viechniques to infer
SN from WN have been proposed (see for example [S@97]). In [Gir87Ap(p.
159), the author adapted Gandy’s proof for Godel's sysieifsee [Gan80]) to
ND. The general method proposed by Gandy can be applied to gialeystem

S as follows:

e modify S in such a way that “nothing is lost” during normalizatibrfrewrit-

2 Things went actually the other way round: cut-eliminatioasworoven by Gentzeim
order toprove consistency of Peano ArithmefitA.

3 Aterm associated with a proof in a logical system is ofted 8abetyped the conclusion
of the proof is aypeof the term.

4 Thanks to the Curry-Howard correspondence one can userijadge of\-terms for
proofs, and vice versa.



ing steps never erase pieces of proofs): let’s sall, the rewriting rule ofS
“without erasing steps”,

e proveWN for ~_, (we 'l sometimes write in the sequel thétenjoysiV N ™)
and confluence for ~»_,

¢ define on the proofs of an increasing size w.r4._.,

e conclude that enjoysSN.

Notice that this method “computes” an upper bound for thgtlerof the~-_.
reduction sequences starting from any preadf S: the size ofr’s normal form
W.rt.~_..

Linear Logic (LL [Gir87a]) is a refinement of intuitionistiogic and of classi-
cal logic, which gives dogical status to the operations of erasing and copying
(corresponding to thstructural rulesof intuitionistic logic and of classical logic).
This change of viewpoint on structural operations hasisigikonsequences: one
of the most important is the introduction of proof-nets (giyncalled nets in this
paper), a geometric way of representing computations, evtier strict distinction
between inputs and outputs completely vanishes (this isyasteong difference
between nets and-terms). In LL, cut-elimination is defined directly for preo
structures (general graphs which are not necessarily pxcmid nets are the “cor-
rect” proof-structures (the ones satisfying@rectnessondition). The presence
of proof-structures as new computational objects widerssitace of the possi-
ble interactions between (logical) agents: this makesyhtem much richer, more
interesting (and more complicated). We’'ll show how, for teamination property
of LL proof-structures, not only the distinction typed/yped is relevant (this was
already the case fox-terms), but also the one correct/noncorrect (which is4inde
pendent from the typed/untyped one).

We present in the paper the first complete prodSffor full second order LL: we
proveSN for the “modern” version of Girard’s nets (the nets of [TdFOBecause
the system contain® A, by Godel’s theorem the proof &fN cannot be carried
out within P A: it uses Girard’s reducibility candidates (introduced@ir[/2] and
already used for LL in [Gir87a]). However, by applying Gaisdyiethod to LL, we
show that strong principles are needed only to prdie (more preciselyV N ™).

Some readers might be surprised that so many years afterHittts (and after
S0 many papers on the subject) no complete prog¢fofior LL has been given.
In [Gir87a] Girard gives a “proof” ofSN based on the standardization theorem
(theorem 4.25 p.72 of [Gir87a]), which is not proven in th@ea Intuitively, the
standardization theorem states that if a net can be transfbmnto a~>_.-normal
form “without applying erasing steps”, then it enjogdl. This basically corre-
sponds to achieving all the tasks of Gandy’s method, extepptoof of WN ™.

> A rewriting system enjoys the confluence property wheh 6 t; andt — t,, there
always existg’ such thatt; — ¢’ andty — t/, wheret, t1,to,t are terms and» is the
reflexive and transitive closure of the rewriting rule of gystem.



In LL, the absence of a unique output (actually the vanistuhthe distinction
inputs/outputs) entails the absence of a distinguishedsaumething like a “head
cut”). There still exists some kind of hierarchy on cuts in h&ts (namely the so-
called exponential depth but no difference can be made between two cuts with
the same depth. Worse, the reduction of a cut may serioufdgtahe status (and
thus the potential reduction) of other cuts at the same exptoad depth. There is
no analogue of such a meddling of cuts in the life of theirdied with the same
exponential depth in th&-calculus: the3-reduction of a redex may affect other re-
dexes only if these last ones are deeper than the former ohé 8§ terminology:
the affected redexes must have a greater exponential depthitat of the reduced
one). The reader can refer to Paragraph 2.4.2 (where thennoftexponential de-
pendencas introduced to overcome this difficulty) for a more preaigcussion.
All this makes the standardization theorem an essentiabdignt of theSN proof
for second order LL, whicls nota straightforward adaptation of th& N proof.
This is in sharp contrast with what happens for Girard’seaysf (see [Gir72]). The
presence of an head redex in F's terms makes it easy to tupraloéof WN into

a proof of SN (by a slight modification of the definition of reducibility wdidate):
SN is an easy variant dVN. One might find more elegant to distinguigfiN from
SN (following Gandy), but in F it is still possible to mix them thibut loosing con-
trol on the combinatorial part of tH&N proof. This becomes very difficult in LL.
In [Dan90], the “propriété de striction” (théoréme 8.314).@llows to complete
Girard’s proof for second order multiplicative and expatiariLL (MELL ), a sig-
nificant fragment of LL(containing system FIN of several other classical and
linear systems has been proven thanks to appropriate emnigedd MELL, (see
for example [DJS97] and [LQTdFO05]). But up to now, no proofdi is available
for the full system, essentially because of the presendeechdiditive connectives,
whose computational behaviour is difficult to handle (foammple, cut-elimination
is not confluent in presence of the additives, at least inrdmittonal syntax). The
main goal of the paper is to finally fill this (rather big) hole LL’s litterature.
For the sake of completeness, we mention here two previtemmpts to prove this
result: annexe A of [TdF00] and [Oka99]. In annexe A of [TdF&@G0oroof of a
(variant of the) standardization theorem is given but (as é@xplained), it is not
enough to provéN for full LL. In [Oka99], a nice approach to termination using
phase semantics is proposed, which is suitablé¥o¥ (at least in the fragment
MELL 5) but not forSN: on the one hand the proof of standardization for MELL
is not convincing (it is only “sketched” as the author wrjteaad on the other hand
in presence of the additives the considered cut-elimingirocedure is not the full
one (see Subsection 4.2 for a detailed discussion on [Oka99]

Our approach is to start from scratch, having in mind the teltoWing guide-
lines:

e as soon as the system is powerful enough, the combinatariadftheSN proof
(standardization or any of its variants) should be splitrfrihe part involving
strong principles\WN or any of its variants);



e it should be stressed where logic (more precisely types arréatness) comes
into the picture: to which extent is it possible to computéwintyped proof-
structures?

Our true main result is a standardization theorem (Theor@ @roven for “sliced
pure structures” (sps), which are much more general tham net

The notion of “slice” was introduced in [Gir87a] in order teduce the difficulty
of dealing with the additive connectives. In the polarizeahfework, its variant
“sliced proof-structure” is proven to enjoy nice propesti@. TdF04]). The main
reason why we use slices in this paper is that we need to progafauence prop-
erty (remember it is part of Gandy’s method), and it is theydmown syntax for
LLfor which one can hope to prove such a property.

Our sps are an extension of sliced proof-structures tafuypedLL. Indeed, fol-
lowing the idea that types and correctness should be usgdwirén necessary,
we start our analysis with the most general kind of graph weshantyped and
noncorrect. We show in Section 2 how one can always compukesuch general
structures. This is a first novelty of our paper: both in [G&Band [TdFO03], in
presence of the additives, computations are defined onlyefisr (typed and correct
proof-structures). However, without any kind of correstsiecomputations behave
very badly (and this is not related to the presence/absehtges): we give a
counterexample both t&VN and to confluence for such general (noncorrect) sps
(see Figure 12). We then introduce the correctness conditioyclicity slice by
slice” (AC condition, Definition 2.9). It is well-known that this cortidin is far too
weak to characterize proofs (see [Gir96]), and it took a fdiroe to find the right
condition one has to add to the correctness slice by slicedier@o characterize log-
ical correctness (see [HvG03]). What we show here is thapiteits weakness,
the AC condition is enough to prove confluence (Theorem 3.12) asnublsirdiza-
tion (Theorem 3.2): from the computational point of viewyalvery weak form
of correctness is needed.

Let us now describe more precisely the structure of the p#®ethe connection
between the different results is rather delicate and coxpme conclude the in-
troduction by representing the tree-like structure of tapahdencies between the
lemmata, propositions, theorems (see Figure 1). Also, th@evpaper is scattered
with examples and figures: we hope this will help the reader.

Section 2 is devoted to sps. In Subsection 2.1 we define sgsffixa 2.2) and
their cut-elimination (Definition 2.6). Subsection 2.2 idieely devoted to motivat-
ing our results and choices by several examples and couatapes. In Subsec-
tion 2.3 we introduce the weak form of correctness used ipéper and expressed
by the AC condition of Definition 2.9. Subsection 2.4 achieves a fisseatial step
of our proof: Definition 2.11 splits the cut-elimination reting rule (denoted by
~cut) INtO two strongly normalizing reductions, the logical uetion ¢4, proven
to enjoySN in Proposition 2.14) and the structural reductienf., proven to enjoy
SN in Proposition 2.20). These two reductions are disjointted union is~;;
they both enjoysSN on sps satisfying\C, even if their union~,,; does not even



enjoy WN (the untyped\-calculus can be embedded in sps satisfyltg see in
particular the example of Fig. 10). Propositions 2.14 a2@ 2re essential ingredi-
ents in the proof of confluence (Theorem 3.12) of next section

In Section 3 we apply Gandy’s method to sps: we distinguishetiasing cuts from
the non erasing ones and we define-the, rewriting rule for sps (Definition 3.1).
We then explain (Subsection 3.1) wl¥X of ~»_. entailsSN of ~».,;: a postpone-
ment lemma (Lemma 3.3) allows to “delay” erasing steps aftgmon-erasing one,
from which the result easily follows (Proposition 3.5). Sabtion 3.2 shows that
from WN of ~»_, one can deduceN of ~__: the key point here is the confluence
theorem (Theorem 3.12), proven fotabelledversion of sps (see Definitions 3.6
and 3.7). We first prove that labels allow to define an increpsize on (labelled)
sps’, and that (assuming confluence holds) this allows to pie ™ = SN~ for
sps satisfying\C: from this equality and Subsection 3.1 our main result (tha-s
dardization, Theorem 3.2) immediately follows. The resettion 3 is devoted to
the (delicate) proof of confluence, based on the followirsyhts:

(1) confluence of the labelled version of the logical redutti+;,, of Subsec-
tion 2.4: it follows from local confluence (Lemma 3.14) &N (immediate
consequence of Proposition 2.14 of Subsection 2.4)

(2) confluence of the labelled version of the structural otidn ~» ;. of Subsec-
tion 2.4: it follows from local confluence (Lemma 3.16) a8 (immediate
consequence of Proposition 2.20 of Subsection 2.4)

(3) commutation of-»;,, and~ ., (Lemma 3.19)

(4) Hindley-Rosen lemma (see [Kl092], [Py98]): a rewritinge which is the
union of two confluent rewriting rules which commute is itsginfluent.

It is important to stress the fact that confluence (so as the reault of the paper
Theorem 3.2) is far from being an immediate consequenceeo$dme result for
MELL. It is only partially true that sps allow to work “sliceybslice”: the addi-
tive commutative normalization step (the nightmare of narpation in presence
of the additives, see Section 4 and Figure 19) is not explicfiresent in our syn-
tax, but it is hidden in other normalization steps (ihg’d) and the(!/!) steps
of Definition 2.6). This is highly moral, since the exponahtionnectives are the
bridge between the additive and the multiplicative worlt®tgh the isomorphism
(A&B) =!A®!B.

The last Section 4 is devoted to prowéN " of ~»,; for (second order LL) nets. As
already mentioned, th&C condition is not enough to provd N for sps, since
AC sps contain the (untyped}calculus: we already know that there is no hope to
proveWN (norSN) without some constraints. One could actually stop at tlisogn
Section 3 and say that any (reasonable version of secondldryieet is anAC sps
which satisfieSVN ™ (proof: adapt Girard's reducibility candidates methodj)t B
in order to obtain a precise and complete result, we consiienets of [TAF03]
with units: this syntax is described in Subsection 4.1. Téx Subsection 4.2 con-

6 Notice that theAC condition is not needed here.



tains the motivations for the strategy we use to prove SN of Tlheorem 4.10),
and relates our results to previous attempts (namely [@]r&id [Oka99]). In Sub-
section 4.3, we notice that it is very easy to associate winyenets its “slicing”
sl() which is an sps, and that the cut-eliminationjofan be simulated by that of
sl(B) (Lemma 4.3 and Figure 23). Finally, in Subsection 4.4 we hatethanks
to the following facts: (i)s/(3) satisfiesAC (Proposition 4.1), (i) ifsl/(3) enjoys
SN theng enjoys SN (Proposition 4.2), (iii}/(5) enjoysWN ™ (Theorem 4.9).
Standardization for sps (Theorem 3.2) allows then to cateclsN for nets (Theo-
rem 4.10).
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Fig. 2. Sps links

2 Sliced pure structures

In this section we define and study sliced pure structures) @pd their reduc-
tion. After the main definitions (Subsection 2.1), we ilhas¢ by means of several
examples the notions previously introduced (Subsecti@j #ie then present the
AC' condition (Subsection 2.3) and we conclude (Subsectioni®.4¢roving two
strong normalization results which will be essential foe #tonfluence theorem
(Theorem 3.12) of next section 3: Proposition 2.14 and Pstpo 2.20.

2.1 Definitions

We start by extending to full LL the definition of “sliced prestructure” given
in [LTdFO4] for the polarized fragment. In the style of [LT@&], we work in an
untyped framework.

Definition 2.1 (Flat) A flat is a finite (possibly empty) labelled directed acyclic
graph whose nodes (also called links) are defined togethdr an arity and a
coarity, that is a given number of incident edges calledghamisesof the node
and a given number of emergent edges calleddatweclusionsof the node. The
valid nodes are in Figure 2.

The!-links and theT-links have a distinguished conclusion (denoted in Figure 2
by a bold arrow) callednainconclusion of the link; the other conclusions are the
auxiliary conclusions. We allow edges with a source but no target, anegalled
conclusionf the flat.

Links will be denoted by Latin lettetsm, . .. Flats will be denoted by initial Greek
lettersa, G, . ..

When drawing a flat we represent edges oriented up-down sovihapeak of
moving upwardly or downwardly in the graph, and of nodes gyesd‘above” or
“‘under” a given node/edge. In the sequel we will not writelexiby the orientation



of the edges.

Definition 2.2 (Sliced pure structure) A slice of depth0 is a flat without!-links.
A sliced pure structurésps for shortpf depth0 is a finite (possibly empty) multiset
of slices of deptl with the same conclusiofs

A slice of depthd + 1 is a flat « such that with every-link o of o with n, +

1 conclusions is associated an sps of depth at mMpstlled thebox of o, with

n, auxiliary conclusions corresponding to thg auxiliary conclusions ob and
another conclusion (thenain conclusion of the box) corresponding to the main
conclusion ob. Moreovera has at least onélink with a box of depthal.

A sliced pure structurésps for shortlof depthd + 1 is a finite multiset of slices of
depth at mos# + 1 with the same conclusions, and s.t. at least one of thesesslic
has depthi + 1.

We denote slices by initial Greek letterss, . . ., sps by final Greek letters o, . . .

Thedepth of a linkl in an spsr, denoteddepth(l), is the number of boxes af
containingl. Thesizeof 7, denotedize(n), is the number of links (at any depth) of
.

The reader should notice that our sps améltisets of slices, and not simply sets,
as itis in [LTdFO04], [LTdFO06]: this quibble is needed to a¥@n unnatural erasing
of slices during cut-elimination. We refer to Subsectiod far examples of this
phenomenon. In the sequel we will speak of a sticef = meaning aroccurence

of the slicea in 7. As a consequence, when we writec 7, we are considering
an occurence af in the multisetr, and when that expression bounds an operator,
as for example i, ., we mean tha}_, .. varies on the set of occurencesnd
slices.

Figure 3 is an example of sps of defththe correspondence between the conclu-
sions of the box of &link and the conclusions of thdink is given in the figure by
the order of the edges (from left to right).

Remark 2.3

¢ Notice that, by definition, the boxes of an sps satishesting conditiontwo
boxes are either disjoint or contained one in the other.

e Once the decision to work without types has been taken, thstigan arising
is: to which extent? A possibility was to use recursive tyftike in [Dan90],
[Reg92]), another one to type onlyedges (like in [LTdFO6]). In the generalL

7 Notice that in our (strongly untyped) framework, this signpieans that two slices have
the same number of conclusions, and that an sps establidfigstion between the con-
clusions of every two different slices.
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Fig. 3. An example of sps

case that we consider here, both the answers are not compsetiesfactory and
we decided to work in a strongly untyped framework. Therelitite surprises
following this choice: the main one is that a clash (Defimt5) might become
reducible after some cut-elimination steps (Definition 2@ example, the cut
of Figure 3 is a clash, but it becomes reducible after the atidu of the cut (see
Subsection 2.2). However such oddities cause no problemaur purposes.

¢ In order to have a very general result we had to use all thesliok[Gir87a],
including T. A possible (and rather natural) choice was to rule out thai land
to represent thel rule as empty sps (like in [Lau02]). Indeed, such a choice
would realize a greater quotient on proofs: this notion of sp“closer” to de-
notational semantics. However, the absencé af sps makes it more difficult to
infer strong normalization oEL nets from strong normalization of sps (Propo-
sition 4.2). More precisely, we would lose Lemma 4.3: thihiésreason for our
choice.

Of course all the nice properties we prove for our sps stildhfor T-free sps

(in particular Theorem 3.2).

Remark 2.4 Concerning the presence of empty structures, notice that:

e the empty flat does exist (and so do the empty slice and spamogtthe empty
slice), and it has no conclusion. Its presence is requiredhieycut-elimination
procedure (Definition 2.6): the procedure applied (for exda) to the sps con-
taining a unique flat consisting of &link a cut and a_L-link yields the empty
graph;

e with a !-link o of an sps, it imeverpossible to associate an sps containing the
empty sliceo has at least one conclusion and this has also to be the caskdor
sps associated withy

e empty sps (that is empty multisets of slices) do exist: tiseome such sps for
every set of conclusions.

Conventions.Given a linkl of an spsr, we will often speak of “the flat of’ always
meaning the biggest flat af containing!.

We will sometimes refer to “the maximal flats of an sps”, megrthe flats which
are not (strict) subgraphs of other flats of the sps.

11



As mentioned in the introduction, our sps are very generatsires: they are un-
typed and they may be incorrect (w.r.t. the proofs of LL). Ewe such a general
setting cut-elimination can be defined and nice propertdd, las we will show in
the sequel of the paper. However, one has to handle carefoifhe strange phe-
nomenons related to this rather “savage” situation, likegresence of cuts which
are not reducible:

Definition 2.5 (Clash and deadlock) The two edges premises of a cut link drel
when:

they are conclusions of @-node and of ag-node,

they are conclusions of @;-node and of & ;-node (fori, j € {1,2}),

they are conclusions of knode and of al -node,

one is the main conclusion of!lanode and the other one is either an auxiliary
conclusion of d-node, or the conclusion of one of the following nodks:?w,
?7d.

A cut node of an sps is:

e a clash when the premises of the cut node are not dual edges and righe o
two is the conclusion of amz-link nor an auxiliary conclusion of & -link;

e a deadlock when the two premises of the cut link are conclusions of éinees
az-link (resp.!-link, T-link);

e reducible otherwise.

In Figure 3, for examplel is a deadlocks is a clash and the five other cuts are
reducible.

We now define the cut-eliminatior-.,; on sps. Let us give an idea of how.;
works on a slicex (the extension to general sps will be immediate). To elit@na
a cut ina means in general to transformin an spsfa];c;, S.t. every slicey;

is obtained fromn by substituting a specific subgraphof o with a subgraphs;
having the same pending edges (i.e. edges with no target sounce) as’, as
pictured below:

cut

The number. and the subgraphs 54, . . ., 3, depend on the cut we want to reduce
(see Fig. 4). In case = 1 thenr, is a singleton, that is a slice (this will be the case
for every type of cut but the typed:;/$;) and(!/?d)); in casen = 0, thenn,, is
the empty multiset of slices.

12



Definition 2.6 (Types of cut and cut-elimination) Let = be an sps, let be a re-
ducible cut link ofr, and leta be the (biggest) slice in containingt at deptho.
We define the multiset of slices = [a}];c;, obtained by applying some transfor-
mations toa (these depend on the type of the QutThe one step reduat of 7 is
obtained fromr by substitutingr,, for a.. All cases are pictured in Figure 4:

e (ax): one premise of is the conclusion of anz-link and the other one is not
the auxiliary conclusion of & -link. In this casd«/] is obtained fromy as usual
(i.e. by erasing the axiom link, its conclusions and the ioikt land by connecting
what has to be connected);

e (®/79): one premise of is the conclusion of &-link, the other one is the con-
clusion of are-link. In this case«/] is obtained fromy by erasing theg-link,
the ®-link and the cut link (and its premises) and by putting two new cut links
between the two left (resp. right) premises of théink and of the-link ? ;

e (1/1): one premise of is the conclusion of a-link, the other one is the conclu-
sion of aL-link. In this cas€g«’] is obtained fromy by erasing the three linkg:,

1 and the cut (and its premises¥;

e (®;/&;): one premise of is the conclusion of @;-link, the other one is the
conclusion of & ;-link. If i = j, then[d'] is obtained fromy by erasing the two
links (and their conclusions) and by moving up the cut linker premises. If
i # 7, thenl = () (we simply erase);

e (!/7d): one premise of is the main conclusion of &link and the other one is
the conclusion of &d-link. Letr be the sps associated with thénk. If 7 = (),
we erasex (i.e. I = (). Otherwise, with each slicg& of 7, we associate the slice
o/ defined by erasing the cut link, thié-link (and its conclusion), by replacing
in a the!-link (and its conclusions) by;, and by cuttings;’s main conclusior!
with the premise of théd-link;

e (!/7w): one premise of is the main conclusion of klink and the other one is
the conclusion of &w-link. In this case, thélink (together with its box) and its
conclusion edges are erased. We then eraséihknk, the cut and its premises,
and we add as manyw-links as the auxiliary conclusions of thdink, thus
obtaining the unique slicg/];

e (!/7¢): one premise ot is the main conclusion of &link, and the other one
is the conclusion of &c-link. In this casea/] is obtained fron as follows:
let’s call [ the !-link, n the 7c-link and a; and a, the two edges premises of
We create a nevirlink I’ by copying the link, and we pairwise contract the
auxiliary conclusions of and!/’: the conclusions of these néwlinks substitute
the auxiliary conclusions dfin a. We then erase (and its conclusion) and,

8 One can also assume thdias depttd in 7: the generalization is straightforward.

9 Notice that this means that the premises ofdther-links areordered we shall see in the
transformation associated with tll&?c) cut link that this is not the case of the premises
of the 7c-links (nor of the premises of the cut links).

10 This case -so as th¢/?w) one- might yield an empty graph.

'We extend here the notion of “main conclusion of a box” to g\wdice of the box.
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and we connect the main conclusion dfesp.!’) with a; (resp.ay) by means of
a cut link. The sps associated witAnd!’ are the same;

e (!/1): one premise of is the main conclusion of &link [, the other one is an
auxiliary conclusion of a-link ’. If we call «’ the auxiliary conclusion of’
premise oft and 7 the sps associated with then[«/] is a obtained fromu by
erasingt and! and its conclusions, and by replacing the conclusioof I’ by
all the auxiliary conclusions of. If 7 = (), with this new-link (which we still
denote by’) is associated the empty spsrIt (), with I’ is associated the sps
obtained by substituting every sliceof 7 by the slice obtained by cutting the
auxiliary 5’s conclusion corresponding t@ with the main conclusion df(the
sps associated withremains unchanged);

e (T — cc): one premise of is an auxiliary conclusion of & -link /; let’s call a
this edge. In this casp/'] is obtained fromy as follows: we (arbitrarily) select
a slice (not containing) having the other premise éfamong its conclusions.
We then substitute the slice composed, @dhe cut link¢ and the sliceG by a
new T-link (which we still calll), having the same conclusions as the origihal
where we have substituted the edgey the conclusions gf (different fromt’s
premise).

We denote by(r) the sps? obtained applying the transformation previously de-
fined associated with the cut linkWe'll also refer tot(7) as a one step reduct of
m, and to the transformations associated with the differgpes of cut link as the
reduction steps

In the sequel we will denote the S&IN“ (resp.SN“*) of weakly (resp. strongly)
normalizable sps w.r.t.».,, simply by WN (resp.SN).

Remark 2.7

¢ Notice that the cut-elimination procedure is defined withany reference to
correctness.

e The reader certainly noticed the restriction imposed in the) case: in order
for a cut to be of typéax), not only one premise of thienust be conclusion of an
axiom, but also the other premise cannot be an auxiliary tiesien of aT-link.
This restriction makes every cut link of an sps of a unique:typthe absence
of it, there would be a (unique) case in which a reducible ik t of an sps
might have two different type&ir) and(T —cc)). Notice that this little problem

would not occur ifT were rejected from sps links (see Remark 2.3). Anyway, this

is actuallyno restriction at allbecause there is a(n obvious) — cc) reduction
step having exactly the same effect as(ihe reduction step: erase the axiom
link. Working with reducible cut links having a unique tye(simpler and)
useful in Section 3, when we define the notion of erasing cefir{@ion 3.1).

e Notice that the(T — cc) step gives rise to non deterministic (and non conflu-

12 The fact that(r) is indeed an sps can be easlily checked.
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ent) reductions: for example, a cut whose premises are ianxitonclusions
of two distinctT-links [, I’ can be reduced by erasing eitheor I’. Anyway
such phenomena disappear when one considers only non gresinctions
(see Def. 3.1).

We now give a precise definition of the notions of ancestorras@lue of a node:
the point is to know whether a nodef ¢(r) is “created” by the cut-elimination
procedure or “residue” of somes node.

Definition 2.8 (Ancestor, residue)Let = be an sps¢ be a cut link ofr and ¢(r)
be a one step reduct af associated witht. When a nodé of ¢(w) comes from a
(urique) nodel of r, we say thatl is theancestoof! in r and that! is aresidue
of [ int(m). If this is not the case, therhas no ancestor imr, and we say itis a
createchode. We indicate, for every type of cut neae Definition 2.6, which links
are created in(7) (meaning that the other nodesidfr) are residues of somes
node). We use the notations of Definition 2.6 and Figure 4:

(ax): there are no created nodes #(r);

(®/79): the two new cut links between the two left (resp. right) pses of the

2-link and of thex-link are created nodes;

e (1/1):there are no created nodes ifir);

o (@;/&;):if i = j, then the cut link between the two premises ofthé&;-links
is a created node. If # j, there are no created nodesffr);

e (1/7d): every cut link betweegy;’s main conclusion and the premise of thé
link is a created node;

e (!/7w): all the ?w-links added during this step are created links;

e (!/7¢): the new?c-links having as premises the auxiliary conclusions ehd
I are created nodes. The two cut links having among their mesnihe main
conclusions of and!’ are created nodes?

e (!I/1): every cut link between the auxiliary's conclusion corresponding te

and I’'s main conclusion is a created link. (Notice that the “newlink [’ is

considered a residue of the correspondidgnk of 7, even though it might have
different conclusions);

(T — cc): there are no created nodes #(ir).

We conclude this subsection with a short recall of some st@htérminology in
rewriting theory, which will be used in the sequel (see [KIh9ve refer also to the
clear and simple presentation in [Py98]).

13 Notice thatl and!’ are both residues éf
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Let~-, be a reduction on sps, then:

e ~»— denotes the reflexive closureof,,

e ~ ' denotes the transitive closure-of,,

e ~>* denotes the reflexive and transitive closure-ef.

Normal form: a~-»,-normal form is an sps s.t. there is no sps; with = ~», 7.
Weak normalization: an spsr is weakly~»,-normalizablewhenever there is a
normal formm; s.t. 7 ~* m. We denote byWN?® the set of weakly~,-

normalizable sps.

Strong normalization: an spsr is strongly~»,-normalizablevhenever every se-
guence of-»,-steps starting from is finite. We denote bg§N* the set of strongly
~,-normalizable sps.

Local confluence: ~», is locally confluentf for every =, 71, m S.t. 7w ~», 7 and
T~y To, there isms s.t.m~km3 andme~k 3. We sketch this property with the
following diagram:

T~z T
2 :

¢ é
m& *xV*
T wreveevens %E7T3

Confluence: ~», is confluentf for everyr, 1, my S.t.m ~% 7 andr ~»% m,, there
is g S.t.m ~% w3 andmy, ~ m3. We sketch this property with the following
diagram:

T ~~ed Ty
2 :

¢ :
x&* LV
TOQ e =73

Strong confluence: ~», is strongly confluentf for every =, 7y, m S.t.m ~>, ™
andr ~», my, there ist; s.t.m; ~, w3 andm, ~, 73. We sketch this property
with the following diagram:

7;‘»\/\/\;7'('1

! 5
x& Y
TrQ s =T3

Commutation: two reductions~; and~», commute if for every =, 7y, 5 S.t.
T~ m andrw ~% my, there isrs s.t.m ~% w3 andmy, ~7 m3. We sketch this
property with the following diagram:

e AJ\,¢f7T1
)

{ ;
20, 2
7r2.m_““i,7r3

Postponement: the reduction»; can be postponed w.r.t. the reductten, when
for everym, my, m S.t.m ~» m andm; ~»y my, there isms S.t.m ~»5 73 and
73~ m2. We sketch this property with the following diagram:

7]"\/\/\1>7T1'\/\/*\2>/7T2

oA el
T3
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Fig. 5. The result of applying cut-elimination to the sps @ufe 3

2.2 Examples of reductions

After so many definitions, some examples might be usefulet.us apply cut-
elimination to the sps of Figure 3. If you reduce th:; /@) cutp, the (&, /®,)
cut ¢, and then the two created cuts of type you obtain the sps’ of Figure 5.
Notice that the sps™ associated with thelink m has now two occurences of the
same slice (consisting of an-link): if we had defined the sps a®tsof slices,

we would have missed one occurence of the slice’n so giving an “erasing”
feature to the&;/®;) step which is quite unnatural. As already metioned in the
Introduction, itis crucial in order to apply Gandy’s methodave a good notion of
erasingcut-elimination step: this will appear clear in Section Biere we split cut-
elimination (the~,, rewriting rule) in the erasing and the non-easing reduction
(see Definition 3.1).

Let us go on in the elimination of the cuts in the sp®f Figure 5. If you reduce
the (!/7d) cut r, then you get the sps” of Figure 6. Notice that this reduction
duplicates the unique slice af, since it opens a box containing two slices. This
is a tricky feature of sps (due to the presence of additives)i the reduction of a
cut of type(!/?d) (like r) may duplicate other cuts at the same exponential depth
(like the cutst and s in 7'). We tame this kind of duplication in Subsection 2.4,
where we prove that the “logical” subreductionef,,; (Definition 2.11) is strongly
normalizing (Proposition 2.14).

Yet another remark on the reduction xafnotice that the residues of the clash
of Figure 5 are reducible cuts of Figure 6. Thus, let us redbese residues of,

Fig. 6. The result of applying cut-elimination to the sps @ufe 5

18



Fig. 7. The result of applying cut-elimination to the sps @ufe 6

the (1/L) cuts so obtained and the twé&;/®;) (i # j) cutsu andv in the box
associated witl»: we obtain the sps” of Figure 7. Notice that the two reduction
steps of typé&; /®;) (i # j) have erased both the slices of the sps associated with
o, transforming it in the empty multiset of slices. This islhgdifferent from the
reduction of the cut of typél /L), which has transformed the subgraph consisting
in the1-link, the L-link and the cut in the empty graph: pay attention not to aeaf
empty sps (i.e. empty multiset of slices) with the emptyes(gee also Remark 2.4).
The spst”’ of Figure 7 is a~,,-normal form. Notice howev er that” contains

the deadlock: in generak-»,;,-normal forms may contain non-reducible cuts, i.e.
clashes or deadlocks.

Let us come now to the problem of normalization. The cut-glation procedure
applied to an sps may lead to infinite reduction sequences basically in twe dis
tinct cases: (i) either becauseds untypable (by LL formulas, see the grammar in
Figure 17) or (ii) becauseis not correct (w.r.t. a notion of corretness which will be
introduced in the following Subsection 2.3). We give an eghmof (i) in Figure 9,
and examples of (ii) are in Figure 11 and in Figure 12. Let usroent a bit each
of them.

The spsio of Figure 9 is taken from [Oka99]. Morallys is a net version of the
most famous\-term which is not normalizabldA)A, whereA = Az.(z)z. In
Figure 10 you see a proof that reduces to itself. The sp® is not even weakly

Fig. 9. The slicejd which is not
Fig. 8. The slice). W N (6 is the slice of Figure 8).

19



Fig. 10. A proof thatid ~ 1 56

cut

normalizable, and it is not typable by LL formulas, even ikitorrect in the sense
that it satisfies thé.C condition of Definition 2.9.

Let us now consider the slieeof Figure 11:.« is typable by LL formulas, but it is
not switching acyclic (Definition 2.9) owing to the cycle ssing the cut, thélink
and the’c-link. Morally such a cycle causes the loop pictured in Fegiit.

We can use the slicea of Figure 11 to show a last intriguing example of cut-
elimination. Lety be the (maximal) subslice af which does not contain the cut
link, then consider the slicé defined in Figure 125 is a counter-example both
to the confluence and to the normalization of cut-elimimafmr sps which are not
correct (they don't satisfy thaC condition of Definition 2.9). On the one hand, if
you reduce thé!/!) cut¢, then the created c\t/?d) and last the create@/9)
cut, you obtain the slice pictured on the right®fwhich is not weakly normaliz-
able since reducing the ctitleads to a looping cut-elimination, similar to the one
described in Figure 11. On the other hand, if you reduce the @ 3, then you
obtain the slice pictured belo@; which is even strongly normalizable: its (unique)

Fig. 11. An example of slice s.t.a ~! , . The slicea is typable by LL formulas
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Fig. 12. A counter-example to normalization and confluerfceutelimination. The slice
~ is obtained by removing the cut from the sliegictured in Figure 11

normal form is given on its right (notice that the eubas become a deadlock, so
it is not reducible any more). This example clearly shows thae drop theAC
condition, we loose both confluence and weak (thus stronghalizationeven for
typable sps

The main result of this paper is the standardization thedogroorrect sps (i.e. for
sps satisfying\C, Definition 2.9): for correct sp&/N " impliesSN (Theorem 3.2).
One crucial step in the proof of Theorem 3.2 is Propositi@fér correct sps non-
erasing weak normalization coincides with non-erasingnggmormalization. Ob-
serve that the slicg of Figure 12 gives a counter-example to this equivalence for
sps which are not correct (which don’t satisfy th€ condition of Definition 2.9):

[ can be normalized without applying erasing steps (in theipeesense of Defini-
tion 3.1), but it is not st rongly normalizable. More in dét#his counter-example
is due to (i) the presence of deadlocks (thetdatnot erased by one reduction step
of 3, but it becomes a deadlock), (ii) the failure of the conflieat~-.,; for gen-
eral sps (indeed one of the main ingredients in the proof op&sition 3.9 is the
confluence of (a labelled variant of) cut-elimination onreat sps, Theorem 3.12).
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2.3 TheAC property

Cut-elimination can be performed without any referencedwectness. However
we noticed in the previous subsection that in presence diccsfes there are “bad”
computations (even without additives and even for typapb:sthe weak (and
the strong) normalization property fails, so as the conflegoroperty (recall the
example of Figure 12).

We will then use in this paper the weakest (standard) noti@mooectness known
in the litterature, requiring to our sps to be “switching eay’ (or to satisfy AC).
Switching acyclicity is required “slice by slice” (Definitn 2.9). We use thaC
condition to avoid cyclic sps (not enjoyind'N), and to prove Theorem 3.12.

Definition 2.9 (AC condition) A switchingof a flata is an (undirected) subgraph
of a obtained by forgetting the orientation ofs edges and by deleting one of the
two premises of eacg-node and’c-node ofa.

We say that an sps is switching acyclic(or satisfiesAC) if every switching of
every flat ofr is an acyclic graph.

Examples of sps satisfyin§C are the sps of Figures 8, 9, 10 and all sps pictured
in Section 4.

The following proposition is an important property of spsieh will be used in this
paper to provéN and confluence of ther-reduction (Prop. 2.20 and Prop. 3.17):

Proposition 2.10 Let 7 be an sps and: be a cut link ofr which is not of type
(T —cc) ™. If 7 satisfiesAC andr ~, 7/, thenn’ satisfiesAC.

PROOF. Standard (see [Dan90]). 0J

2.4 Two results of strong normalization

We now define two notable subreductions-ef,;: thelogical reduction~;,, and
the structural reduction~ . (Definition 2.11). These two reductions are disjoint
and their union is- ;. A basic fact, crucial in the next Section 3, is that beth,
and~,,. areSN on sps satisfyingC (Proposition 2.14 and Proposition 3.15), even
if their union~»,; is not everWN (see the example of Fig. 10). More precisely, we

14 One has to refus€T — cc) steps, essentially because they are not “local”; for theesam
reason(T — cc) and(ccad) steps of [Gir87a] and [TdF03] can be performed only in pres-
ence of correctness, and of a much stronger notion of coessttherAC.
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define two measures on sps|;,, and|r|, (Definition 2.13 and Definition 2.18),
and we prove that such measures shrink after every/~,. reduction step. In
addition, we briefly discuss how the reduction,, increasesn|,,, and conversely
how the reduction-»,, increasesr ., in accordance with the fact that.,,,=~,,
U ~s g IS NOtWN.

Let us stress that thér-measure is really sharp and it can be generalized to other
notions of net (like for example differential nets [Pagd8}a08] or stream asso-
ciative nets [PS08]).

Definition 2.11 We define the following subreductions-ef,,;:

e thelogical reductiondenoted by-,,: a~,,-Step is one of the-»,;,-stepsazx),
(®/7%), (1/L), (®:/&;), (1/?d), and(T — cc);
e thestructural reductiondenoted by ;,.: a ~;,.-step is one of the».;-steps

(1/7w), (1/7¢) and (1/1).

Of course we have:.,;=~»og U ~ g4y

2.4.1 The strong normalization ef,,,

We now prove that-;,, enjoys strong normalization. Contrary to the case-qf.
(where this property holds only for sps satisfyiig': recall for example the slice

of Fig. 11, which does not enjd®yN -and not eveWWN- and does not satisiC),
we show thabN of ~;,, holds foreverysps, regardless its correctness.
Consider an sps which has at most one slice, and recursively s.t. every bax of
has at most one slice. For suchr athe proof that-,, is SN is immediate: every
step of~+,,, strictly decreases the number of linksrofand keeps the property of
having at most one slice in each box). However, in the gemase the links of an
sps might increase aftera,, reduction: ifr has a boxr® associated with &link

o and containing more than one slice, thefi/&d) step “opening’o will duplicate
the links at the same depth asas many times as the number of slicestn This
means we need to find a sharper measure on sps than theirisiaeder to point
out what is decreasing undef,,,. In some sense, the previous remark concerning
a very special case of sps can also be used in the generatltasies to the notion
of single-threaded slicantroduced in [LTdF04}° .

Definition 2.12 (Single-threaded slice, [LTdF04])A single-threaded sli¢cesgth

15 There are actually two differences w.r.t. [LTdFO04]: in thaiper the authors define the
setof sgth of a proof-net, we are instead interested in tingtisetof sgth of an sps (this
difference is due to the fact that our sps are multisets oésland not simply sets, as it
is in [LTdFO04]); the other difference is that while in [LTdEPthere isexactlyone slice
associated with everylink, we have herat mostone slice (this difference is necessary to
deal with the case dflinks having an empty sps inside in Proposition 2.14).
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Fig. 13. The multisetgth(7), wherer is the sps of Fig. 3, consists of four single-threaded
slices, given by the above picture taking, j € {1,2}, h # j.

for short, of depthD is simply a slice of depth; a single-threaded slice of depth
n + 1 is a slicea of depthn + 1 s.t. with every-link at depth0 of « is associated
either the empty sps (with the appropriate conclusion) oimale-threaded slice
(of depth at most).

Given an spsr we definesgth(7), the multiset ofsgth of 7, by induction on the
depth ofr:

e if 7 has depth, thensgth(r) = 7 (which is a multiset ofgth);
e if 7 has deptm + 1, thena € sgth(n) iff « is obtained from a slice’ of = by
choosing for everylink o at depth0 of o
- the empty sps (with the appropriate conclusion), in casegps is associated
witho in
- asgth of the sps associated with otherwise.

For an example see Fig. 13, which showsdig of the spsr of Fig. 3.

Definition 2.13 (Measure for~;,,) Thelog-measure of an spsis a natural num-
ber, denoted byr|;,, and defined as follows:

1Tiog = > size(a)

a€sgth(m)

For example, consider the sp=of Fig. 3: we haver|,,, = 18 x 4 = 72. Notice
that for every spsr, the log-measure ofr is the sum of thdog-measures of the
slices ofr, i.e.(7|iog = Y ner [iog-

Proposition 2.14 The reduction-,, is SN on the sps.

PROOF. We prove thatr ~,, 7 implies |7|,,, > [710,- Actually we can restrict
to the caser has exactly one slice. The general case can be deduced as follows.
Supposer ~,, T, then there is a slice € 7 and a multisetr, C 7 S.t.a ~p 7,
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andr\[a] = 7\, '¢. By hypothesis we have thét|,,; > |74|i0g, SO:

1T l10g = [T\ [ |10g + [0t]10g
= [T\ Taliog + [c]i0g
> |7\7Ta|log + |7Ta|log

= |7|log

S0, we suppose ~»j,, T, and we proveal,, > |4, The proof splits in the
six cases associated with the types of thg, steps: we treat in detail only the
case of g!/7d) cut at depth) in «, the other cases being immediate. Recall Fig. 4
and the notation of Def. 2.6 in th¢/?d) step. Let[5,, ..., 3,] (n > 0) be the sps
associated with thelink [ of «, so thatr, = [of,...,a,]. If n = 0, thenr, is
empty ¢ is erased) and clearlyy|;,, > |ma|i0s " - Otherwise, one can associate
with every: < n the multisetsgth(«); of sgth of o choosing the sliceg; for [
(thussgth(a); C sgth(w)). Notice thatsgth(a) = >, sgth(w);, so in particular
|ti0g = Yi<n | 88th()i|104; MoOreover to every and everyy € sgth(a); it corre-
sponds exaclty one elemet € sgth(a}) andsize(y) = size(7y') + 2 (in 4/ the
I-link I and the?d-link abovet have been erased), sth(a); |10y > |f]i0g- Since
1Taliog = 2i<n |0 |10g, WE CONClUdE (105 > |Tqi0g- O

Notice that the above proof uses the property that aftes;g step the number
of elements of the multiset aisth of an sps cannot increase:f~»,, 7, then
sgth(7) has at most the same cardinalitysgsh(r). It is remarkable that this prop-
erty fails under-,.: for example, ifr ~, 7 is obtained by g!/?c) step then
sgth(7) might have more elements thagth(7), since we have duplicated the pos-
sible choices one has to do on the duplicdtédk in order to obtainsgth(7). The
increase of the number efth in 7 entails the increase of tHeg-measure: in the
(1/7¢) case, we can very well have|;,, < |T|iog-

2.4.2 The strong normalization e#;,

We now want to prove that>,,. enjoysSN on sps satisfying\C (Prop. 2.20). As
already mentioned in the Introduction, the delicate poettibd Prop. 2.20 is that
the reduction of a cut may affect the reduction of other cuts, even at the same
exponential depth as The critical pairs presented in the proof of Lemma 3.16

16 We use here the standard set notation for multisets of sifoegxampler\[a] is the
multisetr of slices without one occurrence of the sliee

17 This case motivates our variant Definition 2.12sgfh: if exactly one slice were asso-
ciated with every-link, in this case we would havesth(w) = sgth(7) = () and nothing
would decrease.
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Fig. 14. Behaviour of an exponential path meeting struttimks (i.e. !-, 7w-, ?c-links)
and cuts (it stops on all the other links); @erlinks a path can choose which premise to
follow.

of the next Section 3 are examples of this “meddling” ofta-reduction step in
anotherstr-reduction step, the most evident example being the slicecase 2 of
the mentioned proof: in that case the reduction of thet @uen changes the type
of the cutr from (!/!) to (!/?¢).

This meddling makes delicate the proof of SN for,;,.. Let us explain why this
phenomenon is peculiar to linear logic and absent-talculus: inA-calculus the
(-reduction of a redex may affect other redexes only if thasédnes are deeper
than the former one (in LL’s terminology: the affected reglexust have a greater
exponential depth than that of the reduced one). Contrawyhiat happens in-
calculus, in LL there are cuts at the same exponential depiichnaffect each
other. Something similar to what we have here can be find anMcalculi with
explicit substitution (see for example [DCKPO03]).

The key ingredient we found to tame this meddling of cuts @lifie of their fellows
with the same exponential depth is the following notioexonential dependence
(Definition 2.15). Roughly speaking, exponential depewddmas two main prop-
erties:

e giventwo cuts at the same exponential demhdr, thestr-reduction oft affects
the str-reduction ofr only if the premises of “depend exponentially” on the
premises of;

e exponential dependece is (in some sense) stable uhdesduction.

These properties are at the base of the proof of Propositkih 2

Definition 2.15 (Exponential dependence) et be an sps, and let be a(n ori-
ented) path in a flat of. We say that is exponentialvhen (see Figure 14):

e ¢ crosses only structural links (i.e. links of typ€w or ?¢) and cuts;

e if ¢ crosses an edge upward, therc is an edge (conclusion or premise) of a
structural ?-link (i.e. a link of type?w or 7c¢) or an auxiliary conclusion of a
I-link;

e if ¢ crosses an edgedownward, then: is the main conclusion of &link and
premise of a cut link.

Given two edges andb, we say that: exponentially depends dnwhenever there
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is an exponential path fromto b. Given an edge, we denote byred(a) the set
of theimmediate predecessors®f.e. the set of those edgesuch that there is an
exponential path from to b crossing exactly one node.

The following fact allows to make induction on the maximaidéh of the expo-
nential paths starting from a given edde

Fact 2.16 If = satisfiesAC, then every exponential path ofis finite.

PROOF. Immediate consequence of the fact that every exponerdtal @f 7 is a
path of some switching of (remember Definition 2.9): hence if satisfiesAC,
thenn has no exponential cycle. O

Given an spg satisfyingAC, we define two functionsd™ andin™) associating an
integer with every edge (resp.!-link o) of 7. What happens (as the reader will see
during the proof of Proposition 2.20), is that for evétink o at depth) of 7, on the
one handvd™ (o) is an upper bound for the number of timesan be copied during

a str-reduction sequence starting framand on the other harid™ (o) is an upper
bound for the depth aof's residues during atr-reduction sequence starting from

A first evidence that the length of ther-reduction sequences starting from an sps
7 is bounded, is the existence of these two functions: thetimme/d™ “measures”
the maximal “width” ofr’s reducts while the functiom™ “measures” the maximal
depth ofr’s reducts.

Definition 2.17 Let = be an sps satisfyingC and leta be an edge ofr (at any
depth). We defined” (a) (thewidth of a in 77) andIn”(a) (thelengthof a in ) by
double induction: the first componentdspth(r), the second one is the maximal
length of the exponential paths ofstarting froma.

1 if Pred(a) =0,
1 4+ max (In”(a)) + In"(b) if a is an auxiliary conclusion of &
. “eel) link with main conclusiot, boxp and
In"(a) = p(a) is the set of the conclusions of the
slices ofp corresponding tai,
1+ max (In"(b)) otherwise.
bePred(a)

18 One could also make induction on the following well-foungedtial order on the edges
of an sps satisyind\C: a >.,, b whenever there is an exponential path franto b.
However, the proof that .., is indeed a partial order is not immediate, and this papes doe
not lack delicate proofs...
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1 if Pred(a) =0,

( > de(a')> wd”(b) if a is an auxiliary conclusion of &
wd™(a) == a'€p(a) link with main conclusiom, boxp and
p(a) is the set of the conclusions of the
slices ofp corresponding ta,

> wd™(b) otherwise.
bePred(a)

We extendvd™ andIn”™ to the!-links of r, by setting for d-link o with main con-
clusionb: In" (o) = In™(b) andwd™ (o) = wd" (b).

We will often simply writén(a) or wd(a) (resp.ln(o) or wd(o)), when there is no
ambiguity on the sps we refer to.

Finally the long-awaited definition oftr-measure:

Definition 2.18 (Measure for~»,;,.) The str-measure of an sps satisfyingAC
is a natural number, denoted By|s, and defined as follows (by induction on
depth(m)):

[7lser =3 (wd™(0) - (In"(0) + |7°|tr))

o€l()

where!(w) denotes the set dflinks at depth0 of = (and #° denotes as usual the
sps associated with tHdink o).

Consider for example the slideof Fig. 8, we havén’ (b) = 1,1n’(a) = 1+1+1 =

3 andln’(d) = 1 + max{1,3} = 4; as for the widthwd’(b) = wd’(a) = 1,
wd’ (d) = 2. Thus|§| s, = wd’(b) - (1n5(b) + o) = 1. Then consider the slic® of
Fig. 9, we havén® (¢) = 1 + In®(d) = 1 + In’(d) = 5 andwd® (e) = wd®(d) =
wd’ (d) = 2. So that|65 |y, = 1 + wd®(e) (ln‘”(e) + |5|m) = 13. The reader can
check that thetr-reducts ob (i.e. the slices pictured in the above line of Fig. 10)
have astr-measure striclty less thand|,,.. Moreover, notice that the reduction
56 ~1, 86 containdog-steps (thel ones represented in the lower part of Fig. 10).

The following fact shows some kind of “modularity” and of “matonicity” of

the functionsln andwd, two ingredients of Proposition 2.20. We use the (rather
intuitive) notion of module: it is a subgraph of a flat (defioit 2.1) and can thus
have edges without target as well as edges without soureeéthof these edges is
often called “the interface” of the module).

Recall that a slice is the data of a flat and a function assogiatith every!-link

an sps: itis then always possible to treat a slice as a flatfGreget the function).
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Fact 2.19 (Modularity) Let« and«a’ be two swiching acyclic slices and suppose
that the flat’ is the flata where the modulg’ substitutes the modulg as pictured
below:

If bis an edge of the interface ¢f, denote by’ the corresponding edge of the
interface of(3’. The following properties hold:

(1) leta be an edge of the interface @fand suppose thatexponentially depends
only on edges of (i.e. ifa depends om # a, thenc is not an edge of). Then
In®(a) = In® (¢/) andwd®(a) = wd® (a');

(2) property (1) holds even in case some edges of the intedBe (resp.5’) are
among the conclusions ef(resp.«’). In this case, the interfaces gfand 3’
need not coincide: they do only on the edges that are not smnia ofa: and
o

(3) if d is an edge ofx which is not an edge of and if for every edge of
the interface of3 we haveln®(b) = In® (V') (resp.ln®(b) > In® (")), then
In®(d) = In® (d) (resp.In®(d) > In® (d)); the same holds fowd.

PROOF It is a consequence of Definition 2.17. 0J

As for thelog-measures, thetr-measure ofr is the sum of thetr-measures of the
slices ofr, i.e.|7|str = S nen |7 str-

Proposition 2.20 The reductionv,,. is SN on the sps satisfyingC.

PROOF. For 7 satisfyingAC, we prove thatr ~,. 7 implies ||y, > [T|s AS
for the proof of Prop. 2.14, we can restrict to the cases exactly one slice (the
extension to the general case is obtained exactly as in tdoé pf Prop. 2.14).

So leta be a switching acyclic slice and ~»,, 7. First remark thatr, contains
a unique slice (a glance at Figure 4 will convince the readef)thenr, = {a/}
and lett be the cut link ofx reduced during the-;,. step under consideration. We
prove that:

(1) |Oé‘str > ‘O/‘str) -
(2) for every conclusiod o_f>a, let d bethe conclﬁion al’ corresponding td,
one hagn®(d) > In® (d ) andwd®(d) > wd® (d ).

The proof is by induction of the depth af
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Fig. 15. The(!/?¢) case of the proof of Proposition 2.20

Base of induction.If ¢ has deptl), then we have three cases, depending on the

type oft.

Case(!/?¢). If tis a cut of typg!/?c), then (see Figure 15) lé(resp.o) be the?c-
link (resp.!-link) whose conclusiom (resp. whose main conclusiohis a premise
of t, let a1, ay be the premises df and letor, 0, be the two copies aof in o: o;
anda; (i € {1,2}) are premises of a cut link.

We setl(a) = {o} U S, i.e. S is the set ofl-links at depth0 of « different
from o. Observe thj}t everylink v € S has a unique residue’ in o’: we have
l(a/) = {o7,0,} U S. Let us define:

|S]str = Zves (Wd*(v) - (In%(v) + [7°]sr))

S atr 1= S (wd® (T) - (0 (T) + |77 ) ) -

Then by definition we have:

] ser = wd®(0)(In%(0) + |7°str) + | |str
’ ’ — ’ ’ — —
|| =wd® (07) (In”(37) + 7)) + wd® (33) (In*'(33) + 7%) + 'S |aur-

Consider any conclusiod of o in « different fromb, denote asd tﬂ)egonclusion
of the 7c-link created ina’ and corresponding td, and denote ad;, d, the two
premises of thigc-link, one being an auxiliary conclusion @f, the other one
being an auxiliary conclusion af; (see Figure 15). We prove®(d) = lna'(ﬁ))
andwd®(d) = wd® (d).

Note that the edge; (i € {1,2}) does not exponentially depend on any edge

involved in the reduction of, so by Fact 2.19-1, one has(a;) = In(a;) and
wd(@;) = wd(a;). Then the following equalities hold (where for € = (resp.
~ € 7°) we denote byl” the conclusion of; corresponding tad):

30



In“(d) = 1 + max,ero (In?(d”)) + In“(b)
= 2 + max e (In7(d”)) + In“(a)
= 3 + max,ezo (In7(d”)) + max{In(a ), In(az)}
—>
ot max (maxvewo-l» (In"(d")) + In(ay) ) ,
(max In”(d")) + In(as) + )
[ T
= 1+ max{In® (d;),In" (d2)}
e
=In”(d).

WEW@ (

/

-
As for wd*(d) = wd® (d ):

This implies by Fact 2.19-3, that for every € S one hasln(v) = In(
wd(v) = wd(7'), and that for every conclusiai of a, In®(d) = In®(

),
wd®(d) = wda'(ﬁ)) in particular we have condition 2.

) and
) and

—
v

—
d

As for condition 1, notice that for every € S the box associated with in 7 is
the same sps as the box associated withn o/, so that|7"|,, = |77 |s.. This

means thatS |y, = \§|m. We can thus reduce the inequaligys;. > || to the
following one:

wd(0)(In(0) + |7°| ) > wd(o7)(In(o7) + \wo‘jm) +
+wd(03)(In(03) + 7% |ser ).

Notice thatin(o) = 1 + max {In(o7),1In(03)}, so thatin(o) > In(o;) (i € {1,2}).
Notice also thatvd(o) = wd(o;) +wd(03), as well ast® = 7% (i € {1,2}). From
these remarks the above inequality easily follows. We agtely |y, > | |5
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Fig. 16. The(!/!) case of the proof of Proposition 2.20

Case(!/!). If t is of type(!/!), then (see Figure 16) let(resp.u) be the!-link of
which the main (resp. an auxiliary) conclusiar(resp.b) is a premise of, let ¢
be the main conclu5|on af, let @ be the residue ofi in o/ and for every slice

ﬁ er®, leto? be the copy ob which* entered thé-link « during the reduction
of ¢ and finally lett? be the cut created ||7jf by the reduction of.

We setl(a) = {u,0} U S, i.e. S is the set of-links at depthD) of « different from
u ando. Observe that eachlink v € S has a unique residu@’ in o/, so that

(/) = {@W}U S. Letus define:

[Slstr = Yes (wd®(v) - (In%(v) + |7°[a1r))

Sl = Sez (wa®(7) - (0 (V) + 77 |ar))

Then by definition we have:

lafser = wd(u) (In(u) + [7%]s) + wd(0) (In(0) + |7°|str) + [S]str
0|y = wd() (In(W) + 77 ) + [ S ot

Consider any conclusiod of u in « different fromb, and denote asl the con-
clusion of @ in o corresponding tal. If d = ¢, thend does not exponentially
depend on any edge involved in the reductiont.o60 by Fact 2.19-1, one has
In%(c) = lna'(?). Otherwise, letr* (resp.7 ™) be the box associated with(resp.
7). By Definition 2.17 (with the same notations), one has:

In*(d) =1+ maxeequ(a) (ln”u(a)) +In“(c)

— u
In*(d):=1+ max, . w7 (ln” (a)) + In®

/

().

Notice that every edge conclusion ofr* exponentially depends only on edges
which are not involved in the reduction tfso by Fact 2.19-2 we have™ (g) =
In™" (¢’). Since we already noticed thiat*(c) = In“(¢’), we can eventually con-
clude that for every conclusiahof « in 7 different fromb one hadn(d) = ln(?),
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and in the same way one obtains the equalityd) = wd(?). (In particular,
In(u) = In(w) andwd (u) = wd().)

Then, consider any auxiliary conclusidwof o in «,, and denote bﬁ the concluii)on
of W in o/ corresponding ta. Also in this case we will provén®(d) = In® (d )
andwd®(d) = wd® (d ). Still by Fact 2.19-2 we have that’(b?) = In” (b7 ). The
following equalities hold (where, like in thg/?c)-case " denotes the conclusion
of the slicey corresponding td):

In“(d) = 1+ maxyezo (In7(d”)) + In%(a)
= 2+ max,ero (In7(d7)) + In*(b)
= 34 max,ecro (In7(d7)) + maxge u (1n5(b5)) + In“(c)
= 3+ max,eq (In7(d”)) + max <ln§(bﬁ) +In¥(¢)

— 34 max (m (In"(d")) + 1n?(b?)) I (7)
= 2+ maxy <maxﬁ/€ 5 (In7(d7)) + lnﬁ(aﬁ)> +In¥(7)
= 1+maxz, <ln > +In¥(¢)
= In® ( ).

In a similar way we prove thatd® (d) = wd® (d ):

wd*(d) = (Zyer wd'(d7)) - wd?(a)
= (Sem (@) - wd(0)
= (Z'y@ro wd (dv)) (dewuw (bﬁ)) wd®(c)
= (Tyene wd (@) - (S50m wd? (07) ) - wd' ()
= (Zﬁeﬁ (Zwew"_ﬁ Wd”(d’*)) wdﬁ(bﬁ)> wd® (7))
— (Sgee (S, w0(@)) - wd? (@) ) - wd”'(7)

Like in the (!/?c)-case, this implies by Fact 2.19-3, that for everyc S one
hasln(v) = In(7’) andwd(v) = wd(@’), and that for every conclusias of o

!

In®(d) = In* (7) andwd®(d) = wda,(j), in particular we have condition 2.
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As for condition 1, notice that for every € S the box associated with in « is

. —
the same sps as the box associated witin o/, so that|S|.;. = | S |« Thus the
inequality|a|y, > |o/|s» can be reduced to the following one:

wd(u) (In(w) + |7%[sr) + wd(0) (In(0) + |7°|se) > wd (W) (m( )+ |7 ® |m).

We know thatwd(u) = wd (%) andIn(u) = In(%’). Moreover we have:

—>

‘7T7|st7" = Zﬁewﬂ’ (‘6|Str +Wd5 06) (11’1

( (07) + [r° |m))
= |7%|gr + Eﬁeﬂ’ (wdﬁ(oﬁ) <ln

) + 1 |) )

This allows to reduce the inequaliy|.;,. > |o/|. to:

wd(0) (1n(o) + 7]ar) > wd(@) ¥ (wd? (07) (107 (07) + 17" | ) ).

ﬁGWT
By definitionln(o) = 2+In(u)+maxgequ (lnﬁ(bﬁ)), so we have (using Fact 2.19):

wd(0) (In(0) + [7%]str) > wd(0) (2 + maxgep (In°(H%)) + 7] )
= (wd(u) Spene wd’(b9)) (2 + maxpep (In°(6%)) + 7o)
= wd(1) Cenn (wd’(b) (2 + maxger (I07(b9)) + |71, ) )
> wd(u) Spenn (wd’(0%) (2 + 0’ (b9) + 7% ))
= wd(T) 5= (wdﬁ(b ) (2 1P (7)) + | Em))
] (09) (107 (07) + |7r0§|m)>
> (@) e (wd7 (07) (107 (07) 77 ) ).

We thus concludé@y|g, > | |si-

|
[S—
+
=
=
IS
\g!
@/
2]
7 N
=
o,
@/
)

Case(!/7w). If tis of type(!/?w), then the case is simple and left to the reader. No-
tice that in this case the values of length and width can éseresince the reduction
of t erases &link.

Inductive step. If ¢ is a cut in a-link o of o/, thend' is obtained by replacing the
box 7 associated witly with a box7 s.t. 7° ~»;,. w°. By induction hypothesis
we know that (1)7|, < |7°|s, and (2) for every conclusiod of 7, In™ (d) >

=, 77 o 5,77
In™ (d),wd™ (d) >wd™ (d).
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By Fact 2.19-3, this implies the conditions 1 and 2dor'. O

We conclude the subsection by noting that (in a perfectlyragtnic way w.r.t. the
log-measure) thetr-measure may increase undey,,: indeed, the reductior:,,
can change the exponential paths of an sps and their lengthswrease (think for
example of the main conclusion of-#ink o which is the premise of &l-link itself
cut with al-link «: after the reduction of thé€!/?d) cut, some exponential paths
disappear and some new ones starting feoamd crossing edges afs box might
appear and might be longer than the erased ones: this idyexdwt happens in
the last reduction step of Fig. 10). If the length of exporeqtaths grows, so do
also the values of the functiohs andwd, and consequently ther-measure.
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3 Standardization for sliced pure structures

In this section we prove our main result: the standardipati@orem for sps (The-
orem 3.2). Basically, the standardization theorem redtleeproblem ofSN to a
problem of WN w.r.t. a subreduction of».,;, callednon-erasing reductionThe
non-erasing reduction steps have a key property: they remase cuts different
from the reduced on€ . We are thus going to distinguish, among reducible cuts,
those cuts whose reduction can erase other cuts (calleth@rdiom the others
(called non erasing):

Definition 3.1 (Erasing cut) A cut link! is erasingwhen (exactly) one of the fol-
lowing holds:

e [ is of type(®;/&;) fori # j, (I/?w) or (T — cc),
e [ is of type(!/?d) (resp.(!/7p)) and the empty sps is associated with Hiak
whose main conclusion (resp. auxiliary conclusion) is anpse ofl.

Theerasing reductiofresp.non-erasing reductigns the restriction of-».,; to the
erasing (resp. non-erasing) steps, and it is denoted-hyresp.~_.).

Theorem 3.2 (Standardization for sps)Letr be an sps which satisfiadsC. If 7 €
WN™, thenw € SN.

With respect to the description of Gandy’s method given m ititroduction, the
standardization theorem achieves all the tasks exceptrtiod pf WN ™. We split

the proof of Theorem 3.2 in two parts: in Subsection 3.1 wev@rbatSN is a
consequence &N (Proposition 3.5), in Subsection 3.2 we prove the equivaden
betweerN ™ andWN ™ (Proposition 3.9). This last step is the most delicate one,
and uses the key notion of labelled sps and labelled redugiefinition 3.6 and
Definition 3.7).

3.1 SN is aconsequence 6N

In this subsection we prove Proposition 33 is a consequence &N °. The

proof is based on two simple facts: (i) erasing steps canyas\wa postponed after
non-erasing ones (Lemma 3.4); (ii) there is no infinite seqaeof erasing steps
(the~», reduction clearly decreases the size of an sps). Then seppee exists

19 The notion of non-erasing reduction has to be definexy carefully: not only a non-
erasing reduction step does not erase cuts, but also it dbesase (nor change the non-
erasing nature of) “future cuts”, that is of cuts which carncbeated during any reduction
sequence. This might sound a bit mysterious by now, but it agpear in full light in
Subsection 4.2.

36



an infinite sequence of.,, steps starting from an sps(i.e. supposer ¢ SN).
This sequence should contain an infinite number of non+egadieps: by iterating
Lemma 3.4 we then obtain an arbitrarily long sequence oferasing steps starting
fromm,i.e.m ¢ SN™°.

Lemma 3.3 Letw andn’ be two sps. Ifr ~. 7/, then every cut link’ of 7’ has an
— —
ancestort’ in «. If ¢’ is non erasing, the two cutsand ¢’ have the same type.

PrRoOOF. The only links which might be created by an erasing redactep ar€w-

links (see Definition 2.8)t’ and? might have a different type only if is erasing.
O

Lemma 3.4 (Postponement of+,) The reduction», can be postponed w.r.t. the
reduction~_., i.e.:
T oy T T

—eN T

PROOF. Lett (resp.u) be the cut reduced in; ~_. m (resp. inTt ~», 7). By
(L_emma 3.3 and by t(h_e hypothesis that. 7, we dedu(ge that has an ancestor
t in 7 and that and ¢t have the samgype: in particular is non-erasing.

We definer; as the result of reducing in 7 (sor ~_. m3). By inspection of
cases one can check that reducing the residueg(which are all still erasing) in
w3 yieldsmy, i.e.m3 ~F m. O

Proposition 3.5 Letw be an sps. Ifr € SN thent € SN.

PROOF. Suppose that ¢ SN and consider an infinite reduction sequence starting
fromm: R = 7 ~vopt T ~eut T2 ~eut - - .. First remark that in? there is not
an infinite suffix of erasing reduction steps. Indeed, thelmemof links strictly de-
creases when performing an erasing step.

We will define for any numbern a sequencé) of ~»_. steps of length. start-
ing from m, hence proving that ¢ SN ™. Let k be the first number (if any) s.t.
TE ~e Tre1. We define) by induction onn — k.

If £ > n or k does not exist, then simply takg as the prefix ofR of lengthn.

If £ < n, letm be the first integer s.tn > k andr,, ~_. 7,1 (thism does
exist since inR there is not an infinite suffix of erasing reduction steps)pl&p
m — k times Lemma 3.4, in order to obtaining an (infinite) sequesfaeductions
R’ which has a prefix of length + 1 of ~»_, steps. We obtai) by applying the
induction hypothesis t&’. OJ
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3.2 SN “isaconsequence &Y N

This subsection is devoted to prove Proposition 3.9: thekveeal strong normal-
ization of ~»_, are the same property for sps satisfyig’. This result is quite
delicate and it is based on a confluence theorem (Theorem Bi&& is the more
intriguing step of Gandy’s method: the basic idea is to findemsurdn|, on sps
which is a natural number and to prove that|(i), strictly increases undet-_.,
(ii) ~_. is confluent. Then if an sps has a normal formr’ (i.e. if 7 € WN™),
we can deduce that the numbet|, maximizes the length of every_. reduction
sequence starting from(and thusr € SN ™).

In order to define this increasing measure, we change a bisyhtax of sps,
defining the labelled sps (Definition 3.6) and the labelletdetimination (Defi-
nition 3.7). The labelling plays the role of “counting” thember of steps applied
to an sps, thus allowing the definiton of an increasing meaddefinition 3.8).

Our guidelines in the definition of labelled sps and of theit-elimination are the
following: (i) labels will be used to define the measure whes to increase under
cut-elimination (ii) to apply Gandy’s method we need confices forlabelledsps.
We then introduce “new” links (actually dummy links) whoseique role is to
participate (by means of their labels) to the measure of pise we call themx-
links. These dummy links are the only labelled ones. The isl¢éa associate with
every maximal flat of an sps a uniqudink, whose label is actually “the label of
the flat”.

Definition 3.6 (Labelled sps) A x-link is a link without premises nor conclusions.
Alabelled sliced pure structurgps for short, is a couplér, ¢) s.t.7 is an sps with
exactly onex-link in every maximal flat of, and/ is a function from the-links of

7 to the natural numbers, which is thegelling of (r, ¢).

Thedegree of the labelling ofr, ¢), denoted by/|, is the sum of’s values on the
x-links of 7.

Definition 3.7 (Cut elimination for s’ps) Lett be a cut of(x, £). We allow to re-
ducet only in case it is non erasing. The result of the reductiort & the $ps
(', (') defined as follows:

1. 7’ is the result of the reduction oin = defined as in Definition 2.6, except is
of type(!/7d): in that case, first erase thelink of the flat oft and then proceed
like in Definition 2.6; in such a way, every maximal flatrdfcontains exactly
onex-link;

2. letr be ax-link of 7/, we defing’(r). Let 7 be the ancestor of in 72° . There
are three possible cases:

20 The definition of ancestor/residue ofdink is straightforward, from the definition of
given in step 1: every-link of 7/ has exactly one ancestorin
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(a) in caset is of type(ax), (1/1), (®/%) or (#;/&;), if the flat of 7 is the
same as the flat af set?’(r) = ¢() + 1; otherwise set’(r) = ((r);

(b) in case is of type(!/7d), letv (resp.o) be thex-link (resp.!-link) in 7 erased
by the reduction of. If 7 has depttp in the sps associated with then set
O'(r) = £(7) + £(v) + 2; otherwise set’(r) = ((7);

(c) in caset is of type(!/?c) or (!/?p), sett'(r) = £(7).

We introduce the notatiot{(r, ¢)) as usual.

Definition 3.8 (Measure for~»,) Let (r, ¢) be an $ps,c be the number oflinks
of 7, d be the sum of the depths of thénks of (r, ¢). The/-measure ofr, () is a
natural number, denoted By, ¢) |, and defined as follows:

| (70, 0) |¢:= (€] + ¢)* +d

As we wrote at the beginning of the subsection, the reduetiphas two key prop-
erties: (i) it strictly increases thémeasure (Lemma 3.10) and (ii) it is confluent
(Thereom 3.12). These properties are used in the proof @dBrtion 3.9:

Proposition 3.9 Let 7 be an sps which satisfiegC. If 7 € WN™ thenm € SN ™.

PROOF. Supposer is an sps satisfyindC and s.t.r € WN™. For every/, (r, ()
satisfiesAC and(r, /) € WN*. We prove thatr, ¢) € SN*, which clearly implies
thatm € SN™.

Let (n’, ¢') be a normal form ofr, ¢): we prove that the length of every reduction
sequence starting frorfar, ¢) is bounded by (7', ¢') |,.

Suppose(m, £) ~y (m1,01) ~>q ...~y (T, L,). By Lemma 3.10 we know that
| (s €n) l¢ > | {7, £)]¢ + n. Since(r, ) satisfiesAC we deduce by confluence
(Theorem 3.12) thatr,,(,) ~, (7',¢'), hence by Lemma 3.10,(7",¢) |, >

| (7, £n) |¢- We then conclude thatr’, ¢') |, > n. O

Lemma 3.10 Let(r, £) be an $ps: if (7, £) ~, (7', '), then| (z/, ') |, > | (m, ) |,

PROOF In caseg(n’, (') is the result of arfax), (1/1), (/%) or (&;/&;) step, then
|| =14+ 1,¢ =c,d =d, hence (n',0') |, > | (7, {) |s.

In case(n’, ¢') is the result of d!/7c) step, then?’| > |¢|,¢ > c¢+1,d" > d, hence
| (7 ) [e > | {m, 0) |e.

In case(n’, ¢') is the result of 4! /7p) step, then?’| > |¢|, ¢ > ¢,d’ > d+1, hence
| (7' ) e > | (. 0) e

In case(n’, ') is the result of a!/?d) step, then|¢’| > |¢|+ 2, > ¢ — 1,
d' > d—c+1. We deducel (7', ') |, > (|{|+c+1)*+d—c+1 > | (7, £) [;+c+1.0
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3.2.1 Confluence of:,

The rest of this section is devoted to the proof of confluerfcéreduction (The-
orem 3.12). Our-reduction (as well as usual LL cut-reduction) is locallyneo
fluent but not strongly confluent: it is not the case that() ~, (m,¢;) and
(70, 0) ~y (ma, L) imply the existence of anfjgs (r3, £3) S.t. (my, £1) ~7 (73, (3)
and(m, (2) ~7 (ms, 3). The reader can find counter-examples to the strong con-
fluence property in the proofs of Lemma 3.14 and Lemma 3.16.

We thus prove the confluence 6feduction (Theorem 3.12) by decomposing
into its logical and structural subreduction,,,, and~,,, exactly as we did for
~ ey IN Definition 2.11. Then we show that both,,,, and~»,, are confluent
(Proposition 3.15 and Proposition 3.17) and that they cotarfiLemma 3.19). We
conclude that», is confluent since it is the union of two confluent reductiomso
commute (Hindley-Rosen Lemma, see [KI092], [Py98]).

Definition 3.11 We define the following subreductions-of:

e the/-logical reductiondenoted by.»;,,.: & ~,4.-Step is one of thé-steps(ax),

(@/7%), (1/ L), (@:/ &), (1/7d);

e the /-structural reductiondenoted by~»;,,: a ~,..-Step is one of thé-steps

(I/1)and(!/?c).
Of course we have: ;=~»,50 U ~> 1.

Notice that~ ., is defined precisely by thogesteps which leave unchanged the
labels of thex-links.

Theorem 3.12 The reduction-+, is confluent on the‘ps satisfyingAC.

PROOF. Consequence of Prop. 3.15, Prop. 3.17, Lemma 3.19 and theiett
Rosen Lemma [Kl092], [Py98]. O

In what follows we prove that-;,,, and~»,, are confluent and commute. The
difficult part of the proof is already achieved: it consistisestablishing that both
~10ge ANG~> 0 @reSN, which is an immediate consequencesdtof ~,,, (Propo-
sition 2.14) and of,, (Proposition 3.15): the labelling ofs plays no role w.r.t.
SN.

Remark 3.13 One can easily adapt Theorem 3.12 and prove the confluence of
~ o fOr T-free sps satisyin@ C: just check that-;,, and~-,, are locally con-
fluent (i.e. add the erasing steps to the proof of Lemma 3.t14.amma 3.16) and
that they commute.
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Confluence of;,,,. We prove the confluence of,,,, (Proposition 3.15) by ap-
plying the Newman Lemma ([Klo92],[Py98]): a relation whishocally confluent
andSN is confluent. The local confluence f,;,, is proven by Lemma 3.14, and
the SN of ~,,, is an immediate consequence of Proposition 2.14.

Neither in the proof of Proposition 2.14 nor in the one of Lemn8114 theAC
condition is used, so that confluence-of,, is established for the whole set of
s'ps.

Lemma 3.14 The reduction,, is locally confluent on the'ps.
PROOF. We prove that for every slicey, ¢) the following diagram holds:

<Oé, €> ST <7T2? £2>

logl
5
logty logZ\E/*
<7T1, £1> ....... ibfé<ﬂ-3’ £3>

This immediately entails local confluence for genefpks

Establishing that the previous diagram holds is not imntedvaly when at least
one reduction is of typ€ /?d): in this casé' the slice(a, ¢) is duplicated a number
of times equal to the number of slices of the box opened by {ti€) reduction. Let
us consider for example the cage () ~»,, (11, ¢1) isa(!/?d) step andc, £) ~>o,
(ma, 02) is a(®/72) step (the other cases are similar and left to the reader). 2 h

the reduction of the cutopens the box of thelink o and duplicates the sligex, ¢)
n times, giving as result the followindss (notice that the labelling of thelinks
changes):

21 We can suppose without loss of generality that the reducelinkLhas depttd in «.
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Instead, by reducting the cutin («, ¢), one obtains the following slice:

If we reduce the cutt’ in (9, £5), we obtain the following‘ps (again notice that
the labelling of thex-links changes):

The same ‘ps can be obtained by reducing the residogs. . , 7, of the cutr in
<7T1, €1> We conclude tha(\tﬂ'l, €1> /\")zkogé <7T3, €3> and<7r2, €2> P logl <7T3, €3> L]

Notice that the critical pair analysed in the proof of Lemma43is a counter-
example to the strong confluence-of,,.

Proposition 3.15 The reduction-,,,, is confluent on the'ps.

PROOF. Consequence of Lemma 3.14, Proposition 2.14 and the Newerama
[Klo92], [Py98]. OJ

Confluence of~»g,,. As for ~,,, the confluence of,, (Proposition 3.17)

is obtained using the Newman Lemma. The local confluence:gf, is proven

by Lemma 3.16, and theN of ~ ., is an immediate consequence of Proposi-
tion 2.20.

In sharp contrast with the case of the,,,, rewriting rule, the reader should re-
mark that theAC condition plays a crucial role both for Lemma 3.16 and Propo-
sition 2.20: in Subsection 2.2 we have given counter-examfdee Fig. 11 and
Fig. 12) both to the local confluence and th§ of ~»,;,. for sps which do not
satisfy AC.

Remark that the labelling of thelinks does not play any role in the confluence
of ~ ¢, Since thel function is invariant under;,,. We nevertheless picture
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explicitely thex-links in the figures illustrating the following lemma, indar to
stress that confluence holds tabelledsps.

Lemma 3.16 The reduction . is locally confluent on theps satisfying\C.

PrROOF. The local confluence of-;,, is quite a standard result, the proof is morally
the same as that of the local confluence of the exponentiakctiesh in MELL
given by V. Danos in its PhD thesis [Dan90]. The local confeesaf~-;,, can be
reduced to the following diagram:

<Oé, €> \/\/s\ﬁg<ﬂ-2? £2>

strey str@\é/*

This immediately entails local confluence for genefpks

The proof is by inspection of all possible cases, we treagtaitlonly the following
two critical pairs (the considered cuts have ddpth «).

Q) If {a, €) ~>g (1, ¢41) IS the reduction of a cutof type (!/!) and(«, £) ~ g,
(mq, £o) is the reduction of a cut of type (!/!) and if the two cuts are in
opposition as pictured below:

then the reduction of will bring a copy ofv in each slice3 of the $ps asso-
ciated witho and it will transform the premise of the cutr in an auxiliary
conclusion of the residue of theink o in (7, ¢;). On the other hand the
reduction ofr in («, ¢) will bring a copy ofu in each slicey of the $ps as-
sociated withv. The $ps (m3, £3) is obtained from(r,, ¢;) by reducing the
(unique) residue of in (my, ¢3), which results in bringing, and hence, in
each slice of the‘ss associated with:
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(2)

The $ps (m3, £5) can also be obtained frokry, ¢,) in two steps (recall we
are proving only local confluence e#,,,): first, we reduce the residue of
in (7, ¢1) thus obtaining for each slicg in the box ofo a cut between an
auxiliary conclusion of a copy af and a copy of;, and then we reduce every
such cut, thus bringing a copy afin every slicey in the boxes of the various
copies ofv, as sketched in the above figure.

If (o, €) ~> g0 (1, £1) IS the reduction of a cutof type(!/7c) and{a, £) ~> g0
(mq, £o) is the reduction of a cut of type (!/!) and if the two cuts are in
opposition as pictured below:

then the reduction ofwill duplicateo in (m, ¢;) and will transform the cut
in a cut of type(!/7¢c) between the residue of thdink « and a createdc-link
with premises the auxiliary conclusions corresponding &b the two copies
of 0. On the other hand, the reductionsoin («, ¢) will bring a copy ofu in
each slices of the $ps associated with. The $ps (r3, £3) is obtained from
(19, £5) by reducing the (unique) residue oin (s, ¢5), which duplicates,
and hence::

The $ps (3, £3) can also be obtained frory, ¢;) in three steps (also in
this case we have only local confluence and not strong com)efirst, we

44



reduce the residue ofin (m,, £5), which is a cut of typg! /?¢); this duplicates
u and creates two cuts of tydé/!), one between the first copies efandu
and the other one between the second copiesaofdu. We obtain(rs, /3) by
further reducing the twg!/!) cuts.

The critical pairs treated in the proof of Lemma 3.16 are teraxamples to the
strong confluence of-;,,.

Proposition 3.17 The reduction-s,,, is confluent on the’ps satisfyingAC.

PROOF. Consequence of Lemma 3.16, Proposition 2.20 and the Newerama
[Klo92], [Py98]. O

Commutation of ~»,,, and~»,,. The last step allows to merge;,,, and~ .,
together, proving that the two reductions commute (Lemr8)3this is achieved
by applying a lemma by Di Cosmo, Piperno and Geser ([Py98i¢hvteduces the
commutation of-;,,, and~- ., to the diagram pictured in Lemma 3.18.

Like in the proof of confluence fors,,, (and contrary to the proof of confluence
for ~ 4,.¢) the AC condition is not needed in this paragraph.

Lemma 3.18 For every $ps the following diagram holds:

<7T,€> “/\/\><7T2?€2>

logl

strN strﬁ\é/*

(101, 0y ) o (13, )

logl

PROOF. Also for this lemma we restrict ourselves to the case) is a slice(a, ¢):
the general case follows immediately.

Let ¢ (resp.r) be the cut link ofa reduced in{a, ¢) ~sg,p (m1,¢1) (resp. in
(0, €) ~>1000 (T2, 05)). The proof is by induction on the depth of We split the
proof in three cases.

Case (i).The cutr is at depth) in («, ¢): this case is immediate, since the reduction
of ¢ does not affect. The only slightly delicate case is wheris of type(!/?d) (so
that its reduction duplicategy, ¢)) andt is duplicated a number of times equal to
the number of slices, say, of the opened exponential box; = [a1, ..., a,]. In
particular, lett,, ..., t, be then residues of in (m,, ;). We have two subcases:
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(i) if one of the two premises af is an auxiliary conclusion of thelink opened
by the reduction of-, then we do not need to reduce the residuesstofclose the
diagram:(ms, (3) = (mo,{y) *2; (ii) otherwise the reduction of the residuestof
in (m, £3) gives as result the saméps as the one given by the reduction of the
(unique) residue of in (my, 4).

Case (ii). Both ¢t andr are cuts in boxes oft. Let o (resp.u) be the!-link at
depth0 of « containingt (resp.r). If o andwu are different!-links, then this case
is immediate; if they are the sandink o, let (7°, £°) be the box associated with
o. We have(n®, (%) ~»g,p (19, 09) and (1, £°) ~» .00 (75, 45). We apply the in-
duction hypothesis and we obtain dps(r3, (3) s.t. (79, £7) ~f , (9,43) and
(15, 05) ~*, , (73, £3). The $ps (s, £3) is then obtained fronir, ¢) by associating
with o the Sps (73, 43).

Case (iii). The cutt is at depth0 andr is contained in the-link o at depthO of
«: then we can have two critical pairs, since tHenk o may be involved in the
reduction oft.

One critical pair is wher is of type(!/?c) ando is the!-link which is duplicated
by the reduction of:

The reduction of duplicateso, hencer, in (7, ¢1), but does not change the con-
tent of the box nor the labels of thelinks. On the other hand, the reductionrof
changes the’ps associated with, without affecting the cut nor the label of the
x-link at depthO of «, but possibly changing the labels of thdinks insideo. The
reader can check that reducing the two residuesmfr,, /,) gives the same result
(w3, ¢3) as reducing the residue oin (7, ¢5). By the way notice that the reduction
(71, 01) «»;;gé (w3, £3) costs two steps, due to the duplication-of

The other critical pair is when is of type (!/!) ando is one of the twad-links
involved in the reduction of (i.e. in the figure below = « or o = v):

22 Notice that in this case (and only in this case) théseesidues might also be non re-
ducible cuts.
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The reduction of brings one copy of: in each slice of the box associated with
v (notice thatv contains at least one slice, since,,, is a non-erasing reduction
step): however, this reduction does not change the associated with nor the
labels of thex-links. On the other hand the reductioniah (o, ¢) changes the'ps
associated with, or that associated with, depending on whether= v oro = v.

If o = u, then the case is simple: 16t,..., 7, (wheren > 1, as we noticed
above) be the residues oin (7, ¢;). Reducing these cuts gives the same result
as reducing the unique residuetah (m, (5).

If o = v, then one has to notice that even if the reduction cdfanges the box"
associated with (bringing “insidev” the !-link ), this reduction does not affect
any residue of any cut of any slice of. In particular we can reduces residue
in (1, ¢,) like the reduction stepu, £) ~»,,0 (2, {2) does, thus obtaining théps
(73, {5) which is also the result of reducing the residue of (m, £5). O

Lemma 3.19 The reductions-;,, and~»;,,, commute, i.e.:

<7T7 €> MV[BZ*@(W?? €2>

¢
strN* stréy,,

(1, 1) 2, €3)

PROOEF Itis a consequence of Lemma 3.18, Prop. 2.14 and a LemmaGp$no,
Piperno and Geser ([Py98]): let,,~+, be two reductions s.t.»; is SN and the
following diagram holds

T~y (T2)

4 |
2 24s
(1) 1>+ (1)

then~»; and~», commute. O
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Fig. 18. An example of additive box

4 Strong Normalization for Linear Logic

We now want to apply our (rather general) main result (TheoBe2) in order to
prove strong normalization for full second order LL (Theurd.10). As proof-
nets, we take here the more general currently used notidajngal by combin-
ing [Gir87a], [Gir91] and [Dan90], and by generalizing tliead) and the(T — cc)
reduction steps (see below). These proof-nets are defifédh®3]: let’s call them
simply nets and denote them with initial Greek letterss . . .

This last section requires some knowledge on nets, maimhesacquaintance with
the additive and second order cut-elimination and the natfosequentialization:
all the precise definitions are in [TdF03].

4.1 The syntax of nets

There are two main differences between nets and sps: (ianetyped by second
order LL formulas (Figure 17 recalls the grammar of LL) angr{ets use additive
boxes to handle th& rule. Let us comment this last feature.

In the framework of nets{-links behave liké-links (see
Figure 18): they have premises anad + 1 conclusions,
1 | L a distinguished one (the main conclusion, of type, say,
2 A& B) and possibly others (the auxiliary conclusions);
® F | FoF ) . . : .
with every &-link with n» 4+ 1 conclusions are associated
0 | T two nets/; and (3,, calledfirst (or left) and second (or
F@F | F&F right) component qf thez-link. Thg_netsﬁl andﬁ_Q have
the same: conclusions as the auxiliary conclusions of the
P | 7F &-link (called the auxiliary conclusions of the component
Va.F |3aF of the &-link) and one distinguished conclusion (of type
respectivelyA and B, and called the main conclusion of
Fig. 17. Grammar the component of th&-link).
The presence of additive boxes has two main conse-

F:=a | at

of LL formulas
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o (&/d)

o (ccad)

Fig. 19. The cut-elimination steps associated with thetagdbox

guences in the definition of the cut-elimination steps: KiEye¢ is a unique additive
step(&/@;) which combines an erasing feature (like the siep/@;) with i # j,
i,7 € {1,2} in sps) and a non-erasing feature (like the tep/@;) in sps); (2) it
yields a new type of cut-link (calle@:cad)), which is the nightmare of this way of
representing proofs (the same holds for tfie— cc) cut of Definition 2.6).

The step(&/@;). A cutt of a net is of type (& /;) if one premise is the main
conclusion of a&-link and the other premise is conclusion oftalink (see Fig-
ure 19). We reduce by erasing thep;-link, by substituting thek:-link with its "
component and cutting the premise of the erasetink and the main conclusion
of thei*" component of thé:-link. As already mentioned, this reduction step has
both an erasing nature (it erases one component of:thek) and a non-erasing
nature (it modifies the cut formula like for example tfe/>>) step). This mix is
critical with respect to standardization, as we will discus details in the next
Subsection 4.2.

The step(ccad). A cut t of a netj is of type (ccad) if one of its premises, say
a, IS an auxiliary conclusion of &-link [ (see Figure 19). We should reducby
selecting a subnet of 3 (not containing) having the premise df different from
a among its conclusions. We then substitytine cut linkt anda by a new&-link
(which we still calll), having the same conclusions as the originghere we have
substituted the edgeby the conclusions af (different fromt’s premise). The'"
component of the new linkis obtained by cutting the conclusion corresponding to
the edge: of thei'” component of the origindland the conclusion af which is
a premise of. The point is that it is not clear which subnetshould be selected
(for example, in [Gir87a}x is theempire ofa, in [TAFO03] « is any subnet having
among its conclusions). We take here the (more generaropfi[ TdF03], which
is also applied to théT — cc) step. Notice that, as faiT — cc) (Remark 2.7), the
presence ofccad)-reduction steps entails the failure of confluence.
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Fig. 20. An untyped MELL net which i8VN but notSN (¢ is the slice of Figure 8)

Despite these differences, the cut-elimination proceflraps is the key tool to
proveSN for nets. We associate (Subsection 4.3) with everysig$ set of slices
sl(3) (which is an sps), and we prove thate SN by proving thatsl(5) € SN.
More precisely, we prove that for every net (i) sl(5) satisfiesAC, (i) § € SN

if sl(3) € SN, (iii) sl(8) € SN if sl(3) € WN™, (iv) sl(5) € WN™™. Paint (i) is
trivial (Proposition 4.1); point (ii) is Proposition 4.2pmt (iii) is a consequence of
point (i) and of our standardization theorem (Theorem 3®)tally this is the real
missing point in Girard’s original proof; point (iv) is thelifficult” part of the SN
proof (which is outside Peano arithmetic): one uses Gisaietlucibility candidates
to provesl(3) € WN™. Itis well known that this kind of tool is very powerful and
can be adapted to a lot of different situations. Indeed, i@sgroof of [Gir87a]
works perfectly well if one substitutes “strong normalieat with “weak normal-
ization”, and the reader acquainted with reducibility adates is probably already
convinced that the changes needed to prdie) € WN™ (instead ofg € WN)
present no major difficulty. We nevertheless give the peedefinition of reducibil-
ity candidate (Definition 4.8) that we need in order to provedrem 4.9 (that is
point (iv)), thus concluding with the strong normalizatibieorem for second order
LL nets (Theorem 4.10).

Apparently, an alternative solution was to use Theorem 8 @rder to prove the
original Girard’s standardization theorem (Theorem 4.2Z2pf [Gir87a]). We ex-
plain in the next Subsection 4.2 why this alternative fails.

4.2 A digression on standardization

Before proving the points (i)-(iv) stated above, let us d&scthe alternative solution
mentioned, namely to use Theorem 3.2 in order to prove thggnali standardiza-
tion theorem (Theorem 4.25 p.72 of [Gir87a]). We claim tippm@ach fails, since
the original standardization is based on a “wrong” defimitdd standard reduction.
To help the reader, we reproduce verbatim Definition 4.24Tr&brem 4.25 p.72
of [Gir87a].
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4.24. Definition. A contraction istandard when it does not erase any sym-
bol CUT besides the one explicitly considered. Concretéig means that
some parts of the configuration we replace have to be cutiegaely:

- in (&/ &, —SC), B, must be cut-free,

- in (&/ @2 —SC), f1 must be cut-free,

- in (!/?7w — SC), B, must be cut-free,

- in (T — SC), eA+ must be cut-free.

A reduction is standard when made of standard contractions.

4.25 Theorem (Standardization Lemmagt 3 be a proof-net and as-
sume that there is a standard reduction from [ to a cut-free (3.
Then 3 is SN.

The problem with the above definition of standard reductwon{ractionin the
language of [Gir87a]) was already pointed out in [Dan90he testricted MELL
framework: recall the slicéé of Figure 9, which can be considered an “untyped
MELL net” 23 . As we pictured in Figure 10, we hayé ~~,, 56. Now consider the
untyped nef3 of Figure 20. By reducing the cptof 5 one obtains a strongly nor-
malizing untyped net; howevét is notstrongly normalizing (reduce the cgiand
you will get a net having the néb of Figure 9 as subnet), despite the fact that the
reduction step associated withs standard in Girard’s sense (Definition 4.24 p.72
of [Gir87a]). From our point of view, this means that Theor25 p.72 of [Gir87a]

is “morally wrong”, even though it is “technically corredit deals only with typed
nets, so its conclusion is true...). The solution proposelan90] was to freeze
the cut linkp and consider “strict” reductions, that is the rewritingerabtained

by forbidding(!/?w) reduction steps: this leads to théoréme 8.31 p.64 of [Dan90]
allowing to proveSN for MELL nets.

In presence of the additives, the same phenomenon occuithesolution cannot
be that simple, as we now explain. Consider the untyped oéFigure 21. Again,
by reducing the cut one obtains a strongly normalizing untyped net; howekisr
notstrongly normalizing (reduce the apénd the ccad) created by the reduction of
q), despite the fact that the reduction step associatedpuglstandard in Girard’s
sense. Following Danos, one would be tempted to freezmut this wouldn’t be
correct. Indeed, we should then freeze all the cuts of ty¥pé®d;), and we see
very well that such a freezing hides infinite reduction seqes: the untyped net
would be in normal form w.r.t. the rewriting rule induced Ihyst freezing, despite
the fact that? ¢ SN. The difference between the reduction st€p3w) and(& /&)

is that while the first one is purely erasing, the second orneoth erasing and
non erasing. A key feature of the introduction of slices isqmely to separate the
erasing aspect of the:/®;) reduction step (taken into account by tfte;/®;)

23 In this short discussion, we use the expression “untypel referring to the untyped
version of the nets considered in this Subsection 4.1. Appaat net is not necessarily an
sps because of the presence of additive boxes.

51



Fig. 21. An untyped LL net which i8VN but notSN (¢ is the slice of Figure 8)

steps withi # j) from its non erasing aspect (taken into account by(thg @;)
steps).

For this reason the standardization theorem for full LL carctrrectly stated only
for sliced pure structures (as we did in Theorem 3.2) andaratéts.

Another attempt to prove SN for LL (in presence of the addgivis contained in
Okada’s work ([Oka99]). The method proposed is to use phas®ustics, which
works well for WN, but for SN the same problem as in [Gir87a$es (the proof of
the standardization theorem), and we have to mention hat€like for [Gir87a])
the way Okada argues on this point cannot be consideredraongi (the author
himself uses the expression “Sketch of proof”). Indeed:

(1)

(2)

Okada claims that (in certain circumstances) i».,; 4’ and the reduced cut
is of type(!/!) and if 3’ € SN, theng € SN (“Sketch of Proof” of lemma 6.6
p.364 case (4) of [Oka99]). Of course (like Theorem 4.25 mi7&5ir87a))
the statement above is true since eventually all nets tutricobe strongly
normalizable. However, the author claims that it is pogsibl‘simulate” any
reduction sequence gf by a reduction sequence of. This is as difficult
as proving standardization, and it is the motivation forotiééne 8.31 p.64
of [Dan90]: in order to solve the problem Danos had to makefitise very
sharp analysis of the rewriting rule induced by LL cut-ehation (in partic-
ular he had to prove confluence for MELL);

in presence of the additivesvary “restricted” cut-elimination procedure is
defined (see the&-box entering rule” of p.373 of [Oka99]), so that even
in case the proof were considered convincing (and we belteskouldn’t
be) it would still be incomplete. With respect to this restid procedure the
extension to the additives is analysed (“Sketch of ModifieaoPof lemma
6.6” p.379 of [Oka99]). Actually, Okada’s restriction is awto eliminate the
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intrinsic difficulty of the (ccad) reduction step: in this paper we found a way
to keep control on this step in presence of all the other LLneatives.

4.3 Slicing nets

Let us come back to the proof 8N for nets. We hinted in Subsection 4.1 that the
SN of a net is related to theN of the sps which is “behind” that net. Indeed, a net
£ can beslicedin an spssl(/3) which has the same number of conclusiong éan
example is given in Figure 22). Following [Gir87a] we defitg?) by induction on

a sequentialization of: 24

e if 5 is anax-link (resp.1-link, T-link), thensl(3) has only one slice, consisting
of anax-link (resp.1-link, T-link);

e if Jisa&-link [ s.t. with/ is associated the left (resp. right) componéntresp.
(8"), thensl(53) is obtained by adding &;-link (resp.&.-link) to every slice of
sl(4') (resp.sl(3”)) and by taking the union of these multisets of slices;

e if gisal-link [ s.t. with!l is associated a net, thensl(/3) has only one slice
consisting of al-link corresponding td and s.t. with that link is associated
s1(3");

e if a conclusion off3 is conclusion of ag-link (resp. of al-, &;-, Tw-, 7d-, 7c-
link) 7, let 3’ be the subnet of obtained by erasing(and its conclusion), then
sl(3) is obtained by adding to every slice df ) the 'g-link (resp. L-, &;-,
?w-, 7d-, Tc-link) corresponding ta;

e if a conclusion off is conclusion of a/- or 3-link [, let 3’ be the subnet of
obtained by erasing(and its conclusion), thesi(5) = sl(5');

e if a conclusion of3 is conclusion of ar-link (resp. cut)l s.t. 5 is the union
of two disjoint subnets?’, 5" and ofl, thensl((3) is obtained by connecting
every slice okl(3') and every slice ofl(5”) by means of thex-link (resp. cut)
corresponding te.

We first note that the slicing of a net is switching acyclic:

Proposition 4.1 If 3 is a net, therl(3) satisfiesAC.

PROOF. By the correctness criterion for nets (see [Gir87a],[T8lfF@nd the defini-
tion of sl. 0J

24 The procedure oflicing is actually independent from the chosen sequentializaiuh
it can be applied also to non-sequentializable proof-atres (see [Gir96]).
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Fig. 22. An example of slicing a net

Then we turn to the crucial point: the cut-elimination ofieén be simulated by
that of its slicing, i.e.

An example of this simulation is given in Figure 23. The re@agteuld notice that
a sequence of steps of typead) or (V/3) (denoted by, «/3)) is “invisible”
in sps: this might be a problem to deriec SN fromsl() € SN, but actually it
isn’t thanks to Lemma 4.4. We thus have:

Proposition 4.2 Let 3 be a net. I&l(3) € SN then € SN.

PROOF. Immediate consequence of lemmata 4.3 and 4.4. O

Lemma 4.3 (Simulation) Let3, 3 and3” be three nets, let be a cut link of3’ s.t.
B~ 8" is nota(ccad) nor a(v/3) reduction step. I8 ~7...4) /3 B~ B,

thensl(3) = sI(5’) ~T sl(3").

Lemma 4.4 There is no infinite sequence of reduction steps of ty@el) or (V/3)
starting from a net.

PROOF. We use here (a straightforward variant of) the separatiopgrty proven
in [TAFO3]: if 3 ~{,.ua) v/z 3 @andly, I, are two residue$ in 3’ of a &-link
of 3, then there exists &-link I’ of 8’ which “separatesl; andl;, meaning that

25 \We refer here to the obvious adaptation to nets of the notisaduced in Definition 2.8
for sps.
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I} (resp.ly) is a link of the component (resp.j) of I’ andi # j (in particular,l}
cannot be a link of a component Kf nor the converse).

Let us define the additive depth of a lih&f a net3 as the number d&-components
of § containingl, and the additive depth gf as the maximal additive depth of its
links.

The separation property implies that for every fgewhich contains: &-links, if

B~ caay (v/3) B then the additive depth gf’ must be less or equal than It is
then easy to define a size on evétyud), (V/3)-reduct of 3 which shrinks at every
(ccad) or (V/3) step: consider the-uple whose' component is the number of
links of the net having additive depthand order these-uples lexicographically.]

4.4 Strong normalization for nets

Finally the last point: we prove for every ngtthatsl(5) € WN™ (Theorem 4.9).
Here we need Girard’s reducibility candidates. We give thetigular definition of
reducibility candidates (Definition 4.8) required to praueorem 4.9, and then we
just sketch the proof of the theorem, being standard afteBJ@].

Definition 4.5 Aterm of typeA is a nets together with a distinguished conclusion
which is labelled byA. If 5 (resp.’) is a term of typeA (resp. A'), we denote
by CUT(3,3") the net obtained by connectingand 3’ by means of a cut with
premises the two distinguished conclusiehsi+.

Definition 4.6 (duality) Let X be a set of terms of typé; we defineX* as fol-
lows:

Xt = {ﬁ’ s.t.3' term of typeA™ andsl(CUT(3,3')) € WN™ for every3 X}
Proposition 4.7 Let X be a set of terms of typé:

(1) if X contains the axiom link with conclusiof, A+, then for every3 € X+
one hassl(3) € WN™;

(2) if for every € X one hassl(3) € WN™, thenX~ contains the axiom link
with conclusion4, A*.

PROOF. Immediate by the definitions. 0J

Definition 4.8 (reducibility candidate) A reducibility candidate of typél is a set
X of terms of typel s.t.:

(1) X #0;
(2) foreverys3 € X, one hasl(8) € WN™;
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(3) X = X+t

Theorem 4.9 (WN ™ theorem) If 3 is a net, theml(3) € WN™™.

PROOF. Girard's proof of Theorem 4.26 ([Gir87a]) works perfecilyone substi-
tutes 5 is SN” with “sl(5) € WN™". We just give here the idea of how to adapt
the original proof. In what follows we use the notations aefirdtions of [Gir87a].
Let 5 be a net with conclusion€ (whereC = (C4,...,C, is a sequence of LL
formulas), we prove that is reducible which means that the following holds (see
Definition 4.26.8 of [Gir87a]): let (= ay, . .., a,,) be the list of all free variables
of C, then for every sequence of formulBs(= By, ..., B,,), every sequencX

(= X1,..., X, of reducibility candidates of typd3 and every sequence of terms
t (= ty,...,t,) in RED(C*[X/a]) (see Definition 4.26.6 of [Gir87a]), one has
s(CUT(B[B/a];t)) € WN™.

The proofis by induction on a sequentializationdphence it splits i 6 cases (the
number of rules of LLuz, cut, ®, 1,79, L, &, T, @1, @, |, 7w, 2d, 7¢, V2, 3?). We
consider only two cases: tlde- and!-cases, which show how works our version of
reducibility candidates.

&-case: § is obtained fromg; and 3, by the &-box in Figure 18. After sim-
plification, we see that we have to check thRHCUT(3;c, ®1t)) € WN™
andsl(CUT (B;c, ®yu)) € WN™ for anyc € RED(C)', t € RED(A)*,
andu € RED(B)*. By induction hypothesisl(CUT(f;c,t)) € WN™ and
sl(CUT(Bq; c,u)) € WN™. In particular, by Proposition 4.7, we deduce that
sl(CUT(Gy;¢)) € WN™ (sinceu can be chosen as an axiom) afi@p;t) €
WN™ (since the slicing of every element of a reducibility caradedisWN ™).
Consider nowl(CUT(3; ¢, ®1t)) = o1 + 09, Whereo; (resp.oz) is the multiset
of the slices ofCUT(3; ¢, ©1t) which contain the componemt (resp. ;) of
the &-box. Notice thatr) ~ (g, /a,) sI(CUT(5:;¢,t)), hences; € WN™. But
pay attention that we cannot yet infer that alse WN ¢, because for reducing
o to sl(CUT(fy;c,t)) we should perform severdk,/@®;) reductions, which
are erasing. Nevertheless we deduce thas WN ™ sincesl(CUT(0,;¢)) €
WN™ andsl(@:t) € WN™ ando, is obtained by connecting every slice of
sl(CUT(Bq; c)) and every slice ofl(®,t) by means of d&./@®;) cut link. We
conclude thatl(CUT(5; c, ®1t)) € WN™.

For symmetric reasonsl(CUT(3; c, @®ou)) € WN™.

I-case: (is al-link with conclusiond A, 7CY, . .., ?7C,, whose associated box is the
net 3. The induction hypothesis is tha{ CUT'(5';c,t)) € WN™ for all ¢ €
RED(?C)* andt € RED(A)*; and we want to conclude thdtCUT(3; ¢, u))
€ WN™ for all c € RED(?C)* and for allu in RED('A)*. Now, it is easy
to show that we can make a simplification on the whole sequentamely that
c is of the form!d, ford € RED(C)*. By several(!/?p) reduction steps we
reduceCUT(B;c,u) to CUT(ICUT(F';c),u). Now, by induction hypothesis
CUT(#';c) € RED(A), hencelCUT(';¢c) €!RED(A) C RED(!A). Thus
sCUT(ICUT(B';¢),w)) € WN™. Finally, sincesl(CUT(B;c,u)) ~i/2
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s(CUT(ICUT (' ¢),u)), we conclude thatl(CUT'(5; c,u)) € WN™.

We can eventually conclude:

Theorem 4.10 6N theorem) If § is a net, thens € SN.

PROOE If (is a net, thenl() satisfiesAC (Proposition 4.1) andl(3) € WN™
(Theorem 4.9). We can then apply Theorem 3.2 and provesthat € SN, from
which we conclude that € SN (Proposition 4.2). O
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