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Abstract5

We give a geometric condition that characterizes the di�ere ntial nets hav-
ing a �nitary interpretation in �niteness spaces: visible a cyclicity. This is
based onvisible paths, an extension to di�erential nets of a class of paths
we introduced in the framework of linear logic nets. The char acterization
is then carried out as follows: the di�erential nets having n o visible cy-10

cles are exactly those whose interpretation is a �nitary rel ation. Visible
acyclicity discloses a new kind of correctness for the promotion rule of
linear logic, which goes beyond sequent calculus correctness.

Keywords: Linear Logic, Differential Interaction Nets, Finit eness Spaces.

1 Introduction15

Nets in proof theory. One protagonist of this paper areproof nets [Gir87]
| a graph-theoretical representation of linear logic proof s, made of cells and
wires. Basically, cells correspond to the logical and structural rules, and wires
correspond to the formulas1.

This proof system di�ers from sequent calculus, indeed it yields canonical20

representatives with respect to several commutation equivalences over sequent
proofs. This is a consequence of the way proof nets representsequent rules,
disregarding their contexts in most cases.

Having context-free rules, proof nets are similar to natural deductions. In-
deed they have been calledclassical natural deductions by their inventor, Jean-25

Yves Girard [Gir87]. Why classical? Traditional natural deduction (as de�ned
by Gerhard Gentzen for intuitionistic and classical logic) represents a proof as a
rooted tree, of which the leaves are the hypotheses and the root is the thesis of
the proof. Such a \proof-as-tree" paradigm thinks of a proofas a function from
its hypotheses (the leaves of the tree) to its thesis (the root). In this setting30

� Supported by a postdoc fellowship of R�egion Île-de-France, and French ANR project
\CHOCO".

1Precisely wires also represent the identity rules of axiom a nd cut, following the spirit of
Lafont's interaction nets [Laf95].

1



it was settled the renownedCurry-Howard correspondencebetween traditional
natural deduction (at �rst restricted to intuitionistic lo gic, then enlarged to
wider systems) and functional programming (at �rst � -calculus, later extended).
Basically, this correspondence expresses that: (i) a logical formula can be seen
as a data type (and conversely), (ii) a proof can be seen as a program (and5

conversely), (iii) the cut-elimination in a proof can be seen as the evaluation of
the corresponding program (and conversely). This correspondence emphasizes
the functional paradigm of computation underlying natural deductions.

However proof nets do not �t in such a paradigm. Considering cells as
nodes and wires as edges, a proof net yields a graph more complicated than10

a tree | it can contain cycles and has no speci�c conclusion as root. Instead
of functions from inputs to outputs, proof nets seem rather to express parallel
computations between their conclusions, these last ones seen as communication
channels. Since the inception of proof net theory, a wealth of works appeared
trying to link proof nets to parallel computing (just for an e xample, see [Abr93]).15

When speaking of a proof net as aclassical deduction, we think we should
not refer to classical logic in contrast with intuitionisti c logic, but rather to a
new geometrical shape emerging from proof nets, in contrastwith the proof-as-
tree paradigm adopted by traditional natural deduction (wh ich actually yields
a satisfactory proof system only for intuitionistic logic) . What has driven to20

represent proofs as nets? The answer to this question shouldbe addressed to
our second protagonist | denotational semantics.

The semantics of proofs. One notable merit of functional programming is
that of having given birth to denotational semantics. Denotational semantics
interprets programs as functions between given mathematical structures, like25

sets, topological spaces, vector spaces, etc. The idea is tomodel concrete and
operational properties of programs with abstract and algebraic ones. Thanks to
the Curry-Howard correspondence, denotational semanticsprovides an abstract
interpretation also for natural deductions, thus ful�llin g an old dream dating
back to Arend Heyting, who �gured a semantics for intuitioni stic logic proofs.30

Dana Scott constructed in 1969 the �rst of such semantics, de�ning a class
of topological spaces calledScott domains [Sco72]. His fruitful idea was to
model the �nitary aspect of computation by using the mathematical notion of
continuity, by intepreting data types by topological spaces and programs by
continuous functions. However, topological spaces in general behave badly with35

functional spaces, which are fundamental to model higher order types. Hence
Scott domains are required to meet several constraints, andconsequently they
are better presented as partial ordered setshD; vi , enjoying some properties.
The points of D are calledstates and represent amounts of information,x v y
meaning that y contains all the information in x. From the order over states40

one de�nes a topology, and programs are interpreted as continuous functions in
this topology. However, Scott's topology is linked so much to the order, that
continuous functions can be equivalently de�ned as the increasing functions
which preserve the suprema of directed sets.

A notable class of models living in Scott's semantics is thatof graph models,45

which was isolated in the seventies by Erwin Engeler, GordonPlotkin and Scott
himself. These models are calledwebbedsince they de�ne states as subsets of
a set of more atomic elements, calledweb, and replace the order over states
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with set-theoretical inclusion. In this manner abstract notions take intuitive
meanings (for example, compact elements become �nite subsets, prime elements
singletons). Any Scott continuous function f is completely determined by its
trace, which is the fragment of its graph restricted to the pairs of compact and
prime elements, e.g. in the setting of graph models:5

trace(f ) := fhu; yi ; y 2 f (u); u �nite state, y web elementg : (1)

Functional spaces encode continuous functions by their traces, the web being
then the Cartesian product between the set of the �nite states of the domain and
the web of the codomain. Programs are interpreted as traces in graph models.

Stable functions are a re�nement of Scott continuous functions, introduced
by G�erard Berry [Ber78] in order to catch the operational notion of sequential10

program. Stable functions allow simpler traces | in case f is stable, then
every elementy of the web of the codomain has aminimum �nite state u of the
domain such that y 2 f (u). This minimality expresses the intrinsic determinism
of sequential programs (e.g.� -terms).

Of course not every subset of the web of a functional space is astable trace,15

which opens the quest for criteria marking out those traces which are stable. Gi-
rard's coherence spaces[Gir86] achieved one among the �nest characterizations
of stable traces. A coherence space is a webbed model endowedwith a sym-
metric and re
exive graph having as vertices the elements ofthe web | two
vertices which are incident are saidcoherent. The cliques (i.e. complete sub-20

graphs) of this graph are the states of the model; it turns outthat the cliques of
a functional space are exactly the stable traces. Moreover,Girard noticed that
the spaceA ! B associated with the stable functions fromA to B is indeed
asymmetrical, its web being made of pairs with �nite cliques and web elements
as left and right components, respectively (recall Equation (1)). Girard then25

detected a subclass of stable functions, that oflinear functions, whose traces
are symmetrical in the sense that the minimal cliques occurring in them are
singletons:

for f linear, trace(f ) := fhf xg; yi ; y 2 f (f xg); x; y web elementsg : (2)

Intuitively, linear functions correspond to programs evaluating outputs using
exactly once their inputs. The spaceA ( B of linear functions can be de�ned30

directly from the Cartesian product between the webs ofA and B. Then the
space of stable functionsA ! B decomposes into a space !A , whose web is the
set of �nite cliques of A , and the space of linear functions from !A to B:

A ! B = ! A ( B : (3)

This decomposition led Girard to a new logic, based on linearfunctions |
linear logic [Gir87], LL for short. Linear logic is a re�nement of classical and35

intuitionistic logic characterized by an involutive negat ion (� )? , the splitting
of standard connectives (\and", \or") in two classes (the multiplicatives 
 and
� , and the additives & and � ), and by the introduction of a new pair of dual
connectives, theexponentials ! and ?. Exponentials give a logical status to the
structural rules of classical and intuitionistic logic, and by Curry-Howard to the40

actions of erasing and duplicating data during the evaluation of a program.
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Proof nets arose precisely from this setting. LL proofs are interpreted as
traces in A ( B, and these, thanks to their symmetry, can be equivalently seen
as traces inB? ( A ? . At a logical level, this means that an LL proof from
hypothesis A to thesis B is also a proof fromB ? to A? (and viceversa). Proof
nets provide a graphical representation of this equivalence, they are the syntactic5

counterpart of linear traces, expressing their crucial symmetry between domain
and codomain.

Our question: errors and correctness. Proof nets introduce new objects
in proof theory: wrong proofs. In fact proof nets belong to a wider class of
graphs, that of nets (or proof structures in Girard's terminology). Not every10

net is a proof net (i.e. corresponds to a usual sequent calculus proof), some nets
may contain errors. In Figure 1 we present the rules of sequent calculus for
di�erential linear logic, an extension of LL which we will in troduce shortly. Se-
quent calculus proofs can be translated into nets: Figure 3 gives this translation,
called desequentialization, in the setting of di�erential linear logic. A net is a15

proof net if it is in the image of desequentialization, otherwise it corresponds to
a wrong proof. Correctness criteria have been designed in order to characterize
the set of proof nets. In this paper we will mention one of these criteria |
switching acyclicity (see De�nition 2.3 and Theorem 2.4), introduced by Vin-
cent Danos and Laurent Regnier [DR89] at �rst in the multipli cative fragment20

of linear logic (MLL for short).
The dichotomy between \correct" and \incorrect" net has a semantic coun-

terpart. As we wrote above, proof nets correspond to traces of linear functions.
What about nets in general? By means of the key notion ofexperiment ([Gir87],
De�nition 2.14) one can interpret any net as a subset of the web associated with25

the conclusions of the net. In case the net is a proof net, thenthis subset is a
trace of a linear function (i.e. a clique in coherence spaces):

Theorem 1.1 ([Gir87]) . If a LL net is switching acyclic (i.e. it is a proof net),
then its interpretation is a clique in any coherence space associated with its
conclusions.30

However, in case the net contains \errors", its interpretation might not be a
clique. It turns out that there is a strict relation (but not a n equivalence, as we
will see) between the syntactic correctness of nets and the semantic dichotomy
between subsets of the web which are traces and those which are not.

Girard's theorem 1.1 is proved by a technique linking switching paths2 and35

coherence relations. Basically, it consists in drawing a switching path in a
net following the coherence/incoherence relations between the values of two
experiments of that net. Then from switching acyclicity one easily deduces the
coherence of the elements of the web associated with these experiments.

As this technique is so sharp, one wonders whether it can be reversed, that is40

whether experiments can be built following switching paths. This question was
�rst addressed by Christian Retor�e in [Ret97] for MLL and po sitively answered:

Theorem 1.2 ([Ret97]). If a MLL net is cut-free and it is interpreted as a
clique in any coherence space associated with its conclusions, then it is switching
acyclic.45

2To be precise, Girard's original proof does not deal with swi tching paths, introduced later
by Danos and Regnier, but with a variant of them, called trips .
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Retor�e's theorem adds the hypothesis of being cut-free: incase of cuts one
might have switching cycles invisible to coherence spaces.One should expect
such constraint | the denotational interpretation of a net w ith cuts usually (and
so it is for coherence spaces) does not describe the net itself, but its normal
form. We also want to emphasize the requirement of being a clique in any5

coherence space associated with the conclusions of a net. The interpretation of
the conclusions is in fact not unique, but parameterized by the coherence space
associated with the atomic variables occurring in them, andproving switching
acyclicity needs to interpret such variables as a space having at least three points
in its web, two of them strictly coherent and two strictly inc oherent3.10

Girard's and Retor�e's Theorems prove together that switching acyclicity
expresses in MLL nets the semantic property of being a trace of a linear function
between coherence spaces.

Multiplicative linear logic is an ideal world where syntax and semantics hap-
pily marry, but things become harder as one starts to extend the framework. In15

presence of additives, for example, we mention Paolo Tranquilli's hypercorrect-
ness [Tra08], a �ne criterion on nets corresponding to the semantic correctness
of hypecoherence spaces (a re�nement of coherence spaces able to catch the
strongly stable functions) | it remains an open question whe ther hypercorrect-
ness is equivalent to the correctness induced by sequent calculus. As for the20

present work, we are interested in what happens when exponentials come into
the picture.

Exponentials introduce weakening and contraction in LL. In sequent cal-
culus a proof of the premise of a promotion rule | the sole logical rule of LL
introducing !-formulae (see Figure 1(c)) | may be duplicate d or erased under25

the elimination of a cut between that promotion and resp. a contraction or a
weakening. In this cut-elimination the context of that prom otion plays an active
role, since it changes its formulae into conclusions of contractions (if the above
proof is duplicated) or weakenings (if the above proof is erased). In the setting of
nets, this means that the context of promotion must be left explicit, thus adding30

a bit of sequentialization. Sequent calculus promotion is in fact translated in
nets with the so-called exponentialbox | a special cell having the feature of
being parameterized by a net, this last one standing for the proof of the premise
of the corresponding promotion rule (see De�nition 2.1 and Figure 3). The net
associated with a box is often referred to as the contents of that box.35

How do boxes alter the geometry of nets? How do paths inside a box interact
with those outside? A rough answer is the so-calledblack-box principle [Gir87]:
no interaction is possible, a box is an insuperable wall dividing the inside from
the outside. Danos and Regnier's criterion extends to the multiplicative ex-
ponential fragment of linear logic (MELL) following this pr inciple: a MELL40

net is switching acyclic whenever its boxed subnets are switching acyclic, and
the net itself is switching acyclic if one sees boxes as simple nodes (see De�ni-
tion 2.3). This criterion characterizes MELL proof nets, that is the image of
the desequentialization of MELL sequent calculus.

Here is the problem: semantic correctness is di�erent from switching acyclic-45

ity, in MELL. There are switching cycles \invisible" to cohe rence spaces, and
consequently there are switching cyclic nets interpreted as cliques. It turns out

3 Indeed Retor�e's proof of Theorem 1.2 needs slightly strong er assumptions on the inter-
pretation of variables. Paolo Di Giamberardino has later re duced the hypotheses to the only
existence of three points, two strictly coherent and two str ictly incoherent [Gia04].
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that such invisible cycles always cross exponential boxes and their invisibility
depends on the contents of these boxes, that is, changing thecontents makes
the cycles visible (the reader will �nd examples in Figures 4(b)/5(a) and in
Figure 6). This means that

semantic correctness does not respect the black-box principle.5

In [Pag06] we analyzed this phenomenon and we designed a new notion of
paths, calledvisible paths(De�nition 2.5), yielding an acyclicity criterion weaker
than switching acyclicity. We then proved that visible acyclicity characterizes
the nets interpreted as cliques in non-uniform coherence spaces:4

Theorem 1.3 ([Pag06]). If a MELL net is visible-acyclic, then its interpreta-10

tion is a clique in any (non-uniform) coherence space associated with its con-
clusions.

Theorem 1.4 ([Pag06]). If a MELL net is a value and it is interpreted as a
clique in any non-uniform coherence space associated with its conclusions, then
it is visible-acyclic.15

Let us spend a word about the notion ofvalue appearing in Theorem 1.4.
Values (De�nition 2.8) stand for cut-free nets in Retor�e's Theorem | besides
cuts, the presence of exponentials require to rule outupward cyclesand weak
wires also. Value means then cut-free, upward acyclic, and weak wire-free net.
These are technical details explained in De�nition 2.8 and in the discussion of20

Figure 13.5

The goal of this paper is to generalize Theorems 1.3 and 1.4 toa wider
setting, that of di�erential linear logic and �niteness spa ces. In our opinion,
this means basically to extend the strong pairing between visible acyclicity and
semantic correctness to non-determinism.25

Di�erential linear logic. The di�erential extension of linear logic has risen
from a recasting by Ehrhard of an intuition dating back to Gir ard's quantitative
semantics [Gir88] | stable functions (i.e. non-linear proofs) are ind eed analytic
functions.

In webbed semantics, states are subsets of webs and linear functions over30

states are represented by their traces, i.e. relations between webs (recall (2)).
Indeed, the powerset of a setX can be seen as a modulef 0; 1gX , addition is
componentwise and corresponds to set union. In this settingtraces are matrices
indexed by the Cartesian product of the webs of the domain andcodomain,
and the functions they represent arelinear in a standard mathematical sense,35

i.e. they preserve addition and scalar products. Quantitative semantics takes
this idea forward, and considers modules (usually vector spaces) taking scalars
from rings (usually �elds) richer than f 0; 1g. The clear improvement on \usual"
denotational semantics being that vectors are able to modelsuperimpositions
of atomic states, and linear functions to interpret non-deterministic programs.

4Non-uniform coherence spaces are a variant of Girard's cohe rence spaces introduced by
Antonio Bucciarelli and Thomas Ehrhard in [BE01]. The main d i�erence being that in Gi-
rard's semantics the webs associated with the exponentials depend on the coherence relation,
in Bucciarelli and Ehrhard's one it does not. We adopt moreov er a further variant of Buccia-
relli and Ehrhard's de�nition of non-uniform coherence, gi ven by Pierre Boudes in [Bou03].

5We must mention here that the original statement of Theorem 1 .4 in [Pag06] has a mistake,
since the weak wire-free hypothesis is missing.
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Let K be a �eld, A and B be two �nite sets. Linear functions between
the vector spacesK A and K B form a spaceK A ( K B having as a basis the
Cartesian product A � B , in the sense that any linear function can be seen as a
matrix in K A � B (and conversely). Compositionu � v betweenv 2 K A ( K B

5

and u 2 K B ( K C corresponds then to the matrix product:

(u � v )a;c :=
X

b2 B

va;b � ub;c ; (4)

where � is the product between scalars. Equation (4) expresses in the quan-
titative setting the superimposition of various possible results of eliminating
non-deterministically a cut between a proof ofA ( B and a proof of B ( C.

Equation (4) is well-de�ned since we are supposingB �nite. Interpreting10

exponentials complicates things, since they require vector spaces with in�nite
dimension. In that case, there is no reason why the sum in Equation (4) should
converge, and the quest for subspaces guaranteeing such a convergence begins.

Noteworthily, coherence spaces have something to say on this matter. Indeed
considering bases as webs of coherence spacesA, B, C, one can take the set of15

vectors having cliques as supports6. Restricted to this set the sum in (4) always
converges, for the simple reason that, �xeda 2 jAj and c 2 jCj, there is a unique
b 2 jBj for which both va;b and ub;c di�er from 0. 7 However the set of vectors
having cliques as support un�ts this setting, since it does not de�ne a vector
space (nor a module), not being closed under the sum (the union of two cliques20

is not in general a clique).
The search for better solutions led Thomas Ehrhard to new webbed seman-

tics | K•othe spaces[Ehr02] and �niteness spaces[Ehr05]. Let us focus on these
latter. The idea is to relax the notion of clique, requiring that the number of
b 2 jBj s.t. both va;b and ub;c di�er from 0 (�xed a 2 jAj and c 2 jCj) is �nite,25

instead of being at most one. This condition su�ces for having the convergence
of (4), and yields a vector space, being closed under �nite sum of vectors (and
of course scalar products).

Concretely, we de�ne an operation over subsets of a powersetP(X ): for
F � P (X ), we set F ? = f v � X ; 8u 2 F; v \ u is �nite g � P (X ). Then30

a �niteness space is a pairX = hjX j; F (X )i , where jX j is a set, the web, and
F (X ) is a collection of subsets ofjX j such that F (X ) = F (X )?? . The elements
in F (X ) are called �nitary subsets of X . The vector space associated withX
will be the collection K hX i of all vectors in K jX j whose support is inF (X ).

Intuitively, �nitary sets play the role of cliques in cohere nce spaces. How-35

ever this analogy fails for two key points: (i) �nitary sets a re closed under
�nite unions, cliques are not; and (ii) cliques are closed under in�nite unions
of compatible cliques8, �nitary sets are not (unless F (X ) = P(jX j )). Point (i)
explains why �niteness spaces give rise to vector spaces, while coherence spaces
do not, and point (ii) why �niteness spaces do not admit Scott's topology, where40

continuity is seen as preservation of directed unions. Indeed, �niteness spaces

6The support of a vector v 2 K X is the set f a ; v a 6= 0 g � X .
7 In fact, for any a 2 jAj (resp. c 2 jCj ), the set of b 2 jBj s.t. v a;b 6= 0 should be a clique of

B (resp. of B? ), and cliques and anti-cliques (i.e. cliques of the complem ent graph) intersect
at most in one point.

8Two cliques are compatible if their union is a clique.
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yield a di�erent topology 9 (studied at �rst by Lefschetz in 1942), and interpret
linear logic proofs as linear (in the algebraic sense) and continuous (in Lefschetz
topology) functions.

This setting yields also a mathematically very appealing interpretation of
non-linear (i.e. intuitionistic) proofs. Linear continuo us functions from K h!Ai5

to K hBi can be seen as theentire functions from K hAi to K hBi, that is the
power series which converge on the whole spaceK hAi . This ful�ls in a standard
algebraic setting Girard's intuition [Gir88] of interpret ing intuitionistic proofs
(i.e. � -terms) as analytic functions.

Analytic functions are smooth, i.e. in�nitely di�erentiab le, and we can won-10

der whether di�erentiation is a meaningful syntactic operation. A positively
answer is given by Ehrhard and Regnier'sdi�erential � -calculus [ER03] and
di�erential linear logic [ER06]10, DiLL for short. Di�erential linear logic is
an extension of LL characterized by a sum rule, expressing addition between
vectors, and three new rules dealing with the ! modality | coweakening, co-15

contraction and codereliction (see Figure 1(e)). These rules are dual of the
corresponding ? rules and give a logical status to di�erentiation, codereliction
expressing in particular the derivative of a function at 0 (see [ER06] for more
details).

Di�erential linear logic has its own nets, di�erential nets | formal sums of20

simple nets made of cells (those of LL plus the ones associated with the new
! rules) and wires. As LL nets correspond to relations between webs, some of
them being traces of linear functions, di�erential nets can be seen as syntac-
tical counterparts of web-indexed matrices, some of them representing linear
continuous functions (with respect to a given basis). It is then natural to look25

for geometrical criteria characterizing the nets associated with the matrices of
linear continuous functions. The main results of this paper(Theorem 3.3 and
Theorem 4.5) prove that the extension of visible acyclicity to di�erential nets
yields such a criterion.

More in detail, consider two �niteness spacesA and B. A net � with conclu-30

sionsA? ; B is interpreted as a matrix J� Kin K jAj�jBj . This matrix describes a
partial function cJ� Kfrom the vector spaceK hAi to the spaceK hBi, but in gen-
eral this function can be non-total (i.e. Equation 4 does notalways converge)
and non-continuous (with respect to the Lefschetz linear topology associated
with K hAi and K hBi). As mentioned above, Ehrhard proves in [Ehr05] that35

cJ� Kis linear (hence total) and continuous if and only if the support of J� Kis a
�nitary set of the �niteness space A ( B (i.e. i� J� K belongs to K hA ( Bi ).
Our Theorems 3.3 and 4.5 then prove that the support ofJ� Kis a �nitary rela-
tion if and only if � is visible-acyclic. Of course Theorem 4.5 holds (and so the
characterization of linear continuous functions by means of visible acyclicity)40

supposingJ� Kenjoys hypotheses analogous to the ones discussed previously for
Retor�e's Theorem (here Th. 1.2) and Theorem 1.4 | � should be a value and
the variables occurring in A? and B should be interpreted with a �niteness

9A sharp contrast between the topology endowed by �niteness s paces and that by Scott
domains is that the former is Hausdor�, the latter is not.

10 Actually [ER06] presents the promotion-free fragment of di �erential linear logic. At the
time of writing, a reference to the whole di�erential linear logic (i.e. with promotion) is still
missing. As partial references, we mention Lionel Vaux's Ph D thesis [Vau07], mainly dedicated
to a polarized version of di�erential linear logic, and Tran quilli's paper [Tra07], focused on
di�erential � -calculus.
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space having two in�nite sets, one �nitary and the other one anti-�nitary (i.e.
�nitary in the dual space).

Waiting for cut-elimination. As written above, �niteness spaces have been
designed to have a notion of linear functions which compose,i.e. for which
the sum in (4) converges. Composition expresses cut-elimination in semantics,5

and the convergence of (4) corresponds to the termination ofcut-elimination.
Having these observations in mind, it becomes natural to expect strict links
between �niteness spaces and normalization properties of di�erential nets.

This feeling is strengthened by Ehrhard's remark that (usual) �xed point
operators are not �nitary [Ehr05]. We recast the remark in th e framework of10

di�erential nets, by considering a net (Figure 10) introduc ed by Rapha•el Mon-
telatici [Mon03]: this net yields a �xed point operator in (a polarized fragment
of) LL. Here we show that the net is visibly cyclic and that its interpretation
is not �nitary.

We will present a strict correspondence between normalization and �nite-15

ness spaces in a forthcoming paper [Pag08], the present one being already quite
long. . . We say that a set of di�erential nets has asafe interaction, when any cut
between two nets in this set can be eliminated in a �nite number of steps. We
will prove in [Pag08] that the set of visible-acyclic nets isexactly the maximum
set of di�erential nets containing the image of the desequentialization of DiLL20

and having a safe interaction. Then, using the correspondence between visible
acyclicity and �nitary sets proved here, we conclude that �n iteness spaces char-
acterize the \closure" of DiLL with respect to safe interaction. Stated otherwise,
the results of this paper and of the forthcoming [Pag08] willshow that �niteness
spaces yield the \maximum" space of vectors interpreting nets, containing DiLL25

and assuring composition (i.e. the convergence of the sum inEquation (4)).
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2 Preliminaries

In this section we introduce all notions and properties we use in this work; since
we want a self-contained paper, the de�nitions abounded; since we want also, as
far as we can, a readable paper, the most of de�nitions are left in normal text,
emphasized with boldface. We reserve a regular de�nition environment only for5

the key notions of di�erential net (Def. 2.1), switching acyclicity (Def. 2.3), visi-
ble acyclicity (Def. 2.5), value (Def. 2.8), �niteness space (Def. 2.9), experiment
(Def. 2.14), and �nitary net (Def. 2.15).

Notation. We denote sets with bracesf g , multisets with square brackets [ ]
and sequences by anglesh i. The left projection (resp. right) of a pair is written10

asp1 (resp. p2): p1(ha; bi ) = a, p2(ha; bi ) = b. We denote sets with capital Latin
letters X; Y; : : : , and multisets with Greek letters �; �; : : : . Given two sets X
and Y , we write X � 1 Y wheneverX is an in�nite subset of Y ; we denote by
P(X ) the power set of X , and by M f in (X ) the set of �nite multisets over X ,
equivalently seen as functions� : X ! N with �nite support (which is denoted15

by supp(� )). We will use the multiset additive notation: [ x; y] + [ x] = [ x; x; y ],
as well as for any natural number n, n[x; y] = [ x; y; : : : ; x; y| {z }

n times

]. We denote by

0 the empty multiset. If X is a set or a multiset, we denote by card(X ) the
cardinality of X .

In the sequel, we will speak of an elementx of a multiset � meaning an20

occurrence of the elementx in � . As a consequence, when we writex 2 � , we
are considering an occurrence ofx in the multiset � , and when that expression
bounds an operator, as for example in

P
x 2 � , we mean that x 2 � varies on the

set of occurrences of� 's elements. At least, to make easier notations, we will
often denote a singleton [x] 2 M f in (X ) with its unique element x. So we have25

for example � =
P

x 2 � x.
As usual, we can drop brackets for arguments of unary operator: for example,

given a multiset � , supp� means supp(� ).

2.1 Di�erential nets

Di�erential linear logic. The formulas of propositional multiplicative ex-
ponential unit-free linear logic, MELL for short, are generated by the following
grammar, whereX is a �xed propositional variable:

A; B ::= X j X ? j A 
 B j A � B j !A j ?A:

In order to avoid useless bureaucracy, we deal with formulasgenerated by a30

unique variable X . However every result in this paper can be easily extended
to the general case of more variables. A real restriction is instead the absence
of the multiplicative units 1 ; ? : this constraint is required by Theorem 4.5, as
we will discuss at the beginning of Section 4.

Linear negation is de�ned through De Morgan laws:35

(X )? := X ? (X ? )? := X
(A 
 B )? := A? � B ? (A � B )? := A? 
 B ?

(!A)? := ?A? (?A)? := ! A?

10



ax
` A; A ?

` � ; A ` A? ; �
cut

` � ; �
` � ; A; B; �

ex
` � ; B; A; �

` � ; A; B
�

` � ; A � B
` � ; A ` B; �



` � ; A 
 B; �

` � ; ?A; : : : ; ?A
?

` � ; ?A
` � ; A

?d
` � ; ?A

` ?� ; A
p

` ?� ; !A

(c) unit-free MELL [Gir87]

empty
`

` � ` �
mix

` � ; �

(d) empty and mix rules

` � � � � ` � sum
` �

` � ; A
!d

` � ; !A
` !A; � 1 � � � ` !A; � n

!
` !A; � 1; : : : ; � n

(e) di�erential rules [ER03]

Figure 1: sequent calculus rules for di�erential linear logic; in the ?-rule we
allow to contract a number n � 0 (n 6= 1) of ?A formulas; the !-rule and the
sum-rule have n � 0 (n 6= 1) premises, in casen = 0 they are initial rules.

The variable X and its negation are atomic , connectives 
 ; � are called
multiplicative , while !; ? are exponential . Also X; 
 ; ! are called positive ,
while X ? ; � ; ? arenegative . A sequent � is a �nite sequence (possibly empty)
of formulas A1; : : : ; An . We denote sequents by capital Greek letters �; � ; : : : .

The degree of a formula A, denoted degA, is the number of connectives5

occurring in A.
Linear logic sequent calculus for MELL is de�ned in Fig. 1(c). 11 Indeed

we will deal with an extension of MELL, de�ned by adding the ru les empty
and mix of Fig. 1(d). This extension is standard in the framework of proof-
nets, allowing simple correctness criteria (see for example [TdF03], see also10

Theorem 2.4). Notice that empty and zeroary ? rules allow to prove ` ?A for
every formula A.

Starting from their work on di�erential � -calculus [ER03], Ehrhard and Reg-
nier introduced the di�erential extension of linear logic, de�ned by the rules of
Figure 1(e); in [ER03, ER06] it is discussed a very appealingmathematical in-15

terpretation of these rules, associating them with di�erential operators over the
proofs of LL, so motivating the adjective di�erential .

We call di�erential linear logic , DiLL for short, the logic de�ned by the
rules of the whole Figure 1. Notice that every formulaA is provable in DiLL by
using a zeroarysum rule; moreover, if every occurrence of the atomsX and X ?

20

11 Actually, Figure 1(c) de�ne a slight variant of usual MELL se quent calculus gathering in
a unique n-ary ?-rule a chain of binary contractions and zeroary weake nings.
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in A is under the scope of an exponential, then we can proveA even without the
sum rule. These peculiar facts show that a theory of DiLL provability should
be quite problematic. On the contrary, a theory of proofs seems really fruitful,
indeed DiLL radically modi�es the viewpoint on linear logic exponentials: not
only these connectives give a logical status to the structural rules of weakening5

and contraction, but also they model, thanks to the di�erent ial rules, a kind of
communication between proofs which is similar to the one described in process
calculi (see [EL08]).

Interaction nets. The proofs of DiLL sequent calculus can be translated into
graphs (more sophisticated than trees) called di�erential nets: in Figure 3 we10

give such a translation. Di�erential nets are introduced in De�nition 2.1. They
are de�ned on top of Lafont's interaction nets [Laf90], so westart by brie
y
recalling these last ones (for more details, we refer to [Maz06]).

An interaction net � is the union of two structures: a directed hypergraph
and an undirected graph on a given set of nodes.15

- The nodes of� are calledports . Every port is crossed exactly by one edge
and at most by one hyperedge. Ports will be denoted by �nal Latin letters
p; q; r : : :

- The directed hyperedges are calledcells or links . Every link l is labelled
by a symbol taken from a given alphabet. Such a label determines thearity20

of l , that is the number of ports crossed by l , and the types of the wires
incident with l . Every link crosses at least one port, the �rst one being
called principal , the other ones (if any) being calledauxiliary .
Cells are typically graphically depicted as triangles with the principal port
on a vertex, the auxiliary ones on the opposed side, and the label inside the25

triangle:

���
� principal port

cell label

auxiliary ports

Cells will be denoted by middle-position Latin letters l; m; o : : :
- The undirected edges of� are calledwires , and they are denoted by initial

position Latin letters a; b; c : : :. We allow wires with only one incident node,
called loops , and we impose that no loop crosses cell ports. A wirea incident30

to the ports p and q has two orientations: from p to q and from q to p. We
denote one of such orientations by" a and the other one by #a; we write
l a meaning indi�erently " a or #a. If l a is an oriented wire from p to q,
then we call p (resp. q) its source (resp. target ). In case of a loop, the
two orientations coincide. We require that to every orientation is assigned35

a MELL formula in such a way that if A is associated with" a, then A? is
associated with#a:

A qp
" a i�

A ? qp
#a

We refer to the label A of an oriented wire l a as its type , and we write l a : A.
By an extension of language we speak also of the type of an unoriented wire,
meaning the type of one of its orientations (so for examplea has type A, as40

well as A? ).
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The ports of an interaction net � which are not crossed by hyperedges nor by
loops are calledfree . We require that � is given together with an enumeration
p1; : : : ; pn of its free ports. An oriented wire l a is a premise (resp. conclusion )
of a cell l whenever its target (resp. source) is an auxiliary (resp. the principal)
port of l ; l a is a conclusion of � whenever its target is a free port of � .5

Usually premises/conclusions will be presented together with their respective
types. Notice that for every free port p of � there is exactly one conclusion
having p as extremity; notice also that it might well be the case that both
the orientations " a; # a of a wire a are conclusions of� . The interface of
� is the sequence of its conclusionsl a1 : A1; : : : ; l an : An , where p1; : : : ; pn10

is the enumeration of � 's free ports, and for every i � n, p1 is the target of
l ai .12 We call the sequent � = A1; : : : ; An the sequent conclusion of � . Let
l c1 : C1; : : : ; l cm : Cm be the interface of another interaction net � , we say that
� and � have the same interface , if n = m and for every i � n, A i = Ci .
Notice that two interaction nets with the same sequent conclusion have the same15

interface.
Our manner of typing oriented wires is taken from [Laf95] and it follows

Girard's basic idea (see [Gir87]) of handling linear negation apart from log-
ical connectives, meaning a switch between two dual con�gurations such as
true/false, input/output, question/answer. In the framew ork of nets, negation20

is the change of wire orientation.
The degree of a wire a, denoted dega, is the degree of one of its types.

Notice dega is well-de�ned, since degA = deg A? .

Di�erential nets. In the speci�c case of di�erential nets, cells will be labelled
by the logical (
 ; � ) and structural (? ; ?d; !; !d; p) rules of the sequent calculus25

in Figure 1. Apart from promotion (which we discuss separately below), the
principal port (resp. auxiliary ports) of a cell stands for t he active formula in
the conclusion (resp. in the premises) of the correspondingsequent calculus
rule. Wires set connections between cells, they corresponds to sequent calculus
identities (axiom and cut) and, more in general, to formula occurrences in a30

proof.
Di�erential nets actually go out of the interaction net para digm for two

reasons: they have boxes, and they are linear combinations of simple nets.
Boxes are necessary to represent linear logic promotion: they are a special
kind of cells parameterized by a net, this last one standing for a proof of the35

premise of the corresponding promotion rule. In sequent calculus, the context
of promotion plays an active role in cut-elimination: this r equires to add a bit
of sequentialization in our nets, by \boxing" the subgraph corresponding to the
proof of the premise of a promotion rule. The introduction of boxes makes
fundamental results like con
uence or normalization far harder than in usual40

interaction net paradigm, since it introduces commutative cuts.
The di�erential extension of linear logic requires a secondstep forward: for-

mal sums have to be introduced in order to represent the sum rule in Figure 1(e).
The way we manage these sums is very similar to the handling oflinear logic
additives in sliced proof-nets (see [PTdF07]). In a generalsetting, di�erential45

nets are �nite linear combinations of simple nets with coe�c ients in a commu-
tative semiring with units. More precisely, taken a commutative semiring R

12 Remark one can have i; j � n such that " ai = #aj .
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A � B

A B
�

par or � -cell

A 
 B

A B



tensor or 
 -cell

!A

?C1 � � � ?Cn

!�

promotion or box

?A

?d

A

dereliction or
?d-cell

?A

?A

?
� � � ?A

contraction or ?-
cell

!A

!d

A

codereliction or
!d-cell

!A

!A

!
� � � !A

cocontraction or
!-cell

Figure 2: cells for di�erential nets, together with their ty ping rules. Contrac-
tions and cocontractions are commutative (their auxiliary ports are indistin-
guishable and interchangeable) and cannot have two ports.

with unit, and denoted by S the set of simple nets, the set of di�erential nets
with coe�cients in R is the R-module RhSi generated byS. That is, a generic
element of RhSi is written as

P
� 2 S c� � , with c� 2 R and for all but a �nite

number of � 2 S, c� = 0. In this paper however we will consider only the case
R = N, and in such a caseNhSi is in fact M f in (S), and each sum can be written5

without coe�cients, as for � 2 NhSi = M f in (S) we can write � =
P

� 2 � � , as
explained in the paragraph on notations.

Simple nets and di�erential nets are de�ned simultaneously, by induction on
their exponential depth:

De�nition 2.1 (From [ER06]). A simple net of depth 0 is an interaction10

net de�ned from the links of Figure 2, without the box. A simple net of depth
d + 1 is an interaction net � de�ned from the links of Figure 2, such that every
box o of � is labelled by a symbol!� , where � is a di�erential net of depth
at most d, called the contents of o. Moreover, together with o it is given a
�xed correspondence between the conclusions of every simple net � 2 � and15

the premises and conclusions ofo: for every premise/conclusion l a of o we
denote byl a� the corresponding free port of� . This correspondence enjoys the
following typing conditions:

- if l a : !A is the conclusion ofo, then the conclusionl a� of � must have type
A;20

- if l a : !A is a premise of o, then the conclusion l a� of � must have type
?A? .

Finally, � has at least one box with contents a di�erential net of depthd.
A di�erential net � of depthd and sequent conclusion� is a �nite multiset

of simple nets of depth at mostd, with sequent conclusion� , and such that at25

least one of these simple nets has depthd. We denote bydepth � the depth of� .
We de�ne DN as the set of di�erential nets. We denote simple nets by initial
Greek letters �; � : : : , di�erential nets by �nal Greek letters �; �; � : : : .

Notice that, following the terminology of interaction nets , we call premise
(resp. conclusion) of a celll an oriented wire l a having the target auxiliary port30

(resp. the source principal port) of l . In particular, remark the di�erence with
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respect to the standard terminology on proof-nets in casel is a box.
With the sake of simplifying �gures, we often omit to write ty pes, if unim-

portant; we also avoid to denote ports with explicit dots, as they correspond to
wire extremities. Sometimes we present a box with its contents pictured inside,
as for example:5

���
� P

� 2 �

?C n

?C 1

A
!A

��
�

?C n

?C 1

:= ��
�

! �
?C n

?C n

!A :

We also adopt the convention of barring wires, meaning bunches of multiple
wires, as for example:

? := ��
�

? :

We refer to a port/cell/wire of a di�erential net � as to a port/cell/wire
of a simple net in � ; we refer to a port/cell/wire of a simple net � as to a
port/cell/wire of � view as an interaction net: this means in particular that the10

ports/cells/wires of � are not ports/cells/wires of a simple net containing !� as
a box.

A cut is a wire connecting two principal ports or a principal port and the
auxiliary port of a box. An axiom is a wire which does not connect any principal
or box auxiliary port. We will call n-contraction (resp. n-cocontractions )15

one which hasn +1 ports; 0-contractions (resp. 0-cocontractions) are also called
weakenings (resp. coweakenings ). We denote by Box(� ) the set of boxes of
� . We extend this notation to di�erential nets: Box � := [ � 2 � Box � .

The size of a simple net � , as well as of a di�erential net � , is de�ned by
induction on their depths:20

size� := number of ports in � +
X

!� 2 Box �

size�;

size� :=
X

� 2 �

size�:

Many de�nitions of this paper are done by induction on the depth of di�er-
ential nets, as we did for the size: let us skip to say it explicitly, when evident.
So, we de�ne a di�erential net � cut-free whenever every� 's simple net is
cut-free; and we de�ne a simple net� cut-free whenever� has no cut and for
every !� 2 Box � , � is cut-free.25

As mentioned at the beginning of the paragraph, the proofs ofDiLL sequent
calculus can be translated in di�erential nets. This translation is named dese-
quentialization : given a sequent proofP with conclusion ` �, the desequen-
tialization of P, denoted DesP, is the di�erential net with sequent conclusion �
de�ned inductively by the rules of Figure 3. Notice that prom otion is the only30

non linear rule { sums remain within the boxes. Desequentialization enjoys sev-
eral properties: it simulates cut-elimination, it o�ers ca nonical representatives
for several commutative equivalences, it preserves denotational semantics inter-
pretation, etc. . . . What we are interested in here is that switching acyclicity
(which will be introduced in the next paragraph) geometrically characterizes35
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exactly those di�erential nets which are the translation of DiLL sequent proofs.

Paths and acyclicity. One of the main tools in our investigation is the notion
of path. Paths allow us to walk in a simple net, and they provide a geometric
account to syntactic and semantic behaviors of nets.5

A path � in a simple net � is a sequencehla1; : : : ; l an i of oriented wires of
� such that for every di�erent i; j � n, ai 6= aj , and for every i < n , the target
of l ai and the source ofl ai +1 are ports of the same cell. We say that� starts
from l a1, of from a1, and ends in l an , in an . The length of � is n, that is
the number of wires composing� . A di�erential net � contains � if � = � + � 0,10

and � is a path of � .
We say that � crosses a wire a (resp. an oriented wire l a), and we write

a 2 � (resp. l a 2 � ), whenever there is ani � n such that a = ai (resp.
l a = l ai ). Notice that l a 2 � entails a 2 � ; converselya 2 � entails l a 2 � or
#a 2 � . We say that � crosses a cell l , if � crosses at least two wires incident15

to that cell.
The path � is a cycle whenever the target of l an and the source ofl a1 are

the same port (i.e. � is a loop) or are ports of the same cell. Of course if� is a
cycle, any cyclic permutation hlak ; : : : ; l an ; l a1; : : : ; l ak � 1 i of � 's wires (k � n)
is a cycle.20

We de�ne the composition � �  of two paths � = hla1; : : : ; l an i and
 = hlc1; : : : ; l cm i wheneverl an = l c1, and for every i < n , and j , 1 < j � m,
ai 6= cj . The composition is then:

� �  := hla1; : : : ; l an = l c1; : : : ; l cm i :

Notice that the wires and cells crossed by� �  are exactly the ones crossed
by � plus the ones crossed by .

!X ?

?

!X ?

?

?X

?X " b

" a

An oriented wire l a is upward whenever the source ofl a is
either auxiliary or free, and the target of l a is principal. Notice
that neither axioms nor cuts can have upward orientations. A25

path is upward, if it is a sequence of upward oriented wires. A
wire a is above another wire b in � , a > � b for short, if there is
an upward path of length at least 2 from a to b. Notice that in
general> � is not an order on wires, due to the possible presence

of upward cycles in� . For example, in the simple net at left we have an upward30

cycle h"a; "bi , so that a > � b > � a.

Proposition 2.2. Let � be a simple net with no upward cycles, then> � is a
well-founded order over the wires of� .

Proof. First, we prove the transitivity of > � . Assumea > � b, and b > � c. We
will prove that there is an upward path from a to c. Clearly if a 6= c, then this35

path has length � 2, hence provinga > � c.
The assumptionsa > � b and b > � c entail that there are two upward paths

� and  , both of length � 2 and � from a to b,  from b to c. Let b0 be the
�rst wire crossed by � which is also in  . Notice that such a b0 should exist,
since� and  share at leastb. Notice also that both � and  must crossb0 with40

the same orientation, in fact: " b0 2 � i� (being � 0 upward) the source of" b0 is
free or auxiliary, and the target of "b0 is principal, i� (being  upward) "b0 2  .
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Des
�

ax
` A; A ?

�
:=

A A ?
Des

�
empty

`

�
:= empty

graph

Des




P1

` � ; A

P2

` A? ; �
cut

` � ; �



 :=

X

� 2 Des P1
� 2 Des P2

�

��

�

A

Des




P

` � ; A; B; �
ex

` � ; B; A; �



 :=
X

� 2 Des P
� �

�

B A

Des




P

` � ; A; B
�

` � ; A � B



 :=
X

� 2 Des P

�

�
A � B

`

Des




P1

` � ; A
P2

` B; �



` � ; A 
 B; �



 :=

X

� 2 Des P1
� 2 Des P2

�




� �

�

A 
 B

Des




P

` � ; A
?d

` � ; ?A



 :=
X

� 2 Des P

?A

?d

�

�

Des




P

` � ; ?A; : : : ; ?A
?

` � ; ?A



 :=
X

� 2 Des P

�

�
?A

?
� � �

Des




P

` ?� ; A
p

` ?� ; !A



 :=
�

! d

!A?�

X

� 2 Des P

Des




P1

` �
P2

` �
mix

` � ; �



 :=

X

� 2 Des P1
� 2 Des P2

�

� �

�

Des

 P1

` � � � �
Pn

` � sum
` �

!

:=
nX

i =1

DesPi

Des




P

` � ; A
!d

` � ; !A



 :=
X

� 2 Des P �

�

!A

! d

Des




P1

` !A; � 1 � � �
Pn

` !A; � n
!

` !A; � 1; : : : ; � n



 :=

X

� 1 2 Des P1

...
� n 2 Des Pn

!

!A

� 1

� 1 � n

� n

� � �

Figure 3: desequentialization of the proofs of the DiLL sequent calculus; as
for the 0-cocontraction, we mean that its desequentialization is the simple net
consisting of a unique !-cell.
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?d

�

?!X

!X

?X ? � ?!X

!X

?X ?

# e

" a

" a0

# b0

# b
?!X

?X ? !! X

" c0

# d # c

(a) switching acyclic

?

?d

?!X ? 
 ??X

?X




!?X

!

?d

?X

" a ??X

?

!?X ?

# b
# c

(b) switching cyclic

Figure 4: example of switching acyclicity and switching cyclicity (Def. 2.3).

Then de�ne � 0 (resp.  0) as the subpath of � (resp.  ) from a (resp. from b0) to
b0 (resp. to c). Remark that � 0 and  0 share the only wireb0, hence they can be
composed. Their composition de�nes an upward path froma to c.

Second, we prove that> � is antisymmetric on upward acyclic � 's. Indeed
from a > � band b > � a, one deduces similarly as above an upward cycle crossing5

a and b. Hence> � is a strict order whenever� has no upward cycles.
At least, > � is well-founded, since� has a �nite number of wires.

We now introduce Danos and Regnier's correctness criterion, called switch-
ing acyclicity. Actually, the original Danos and Regnier's criterion speaks of
switching acyclicity and connectedness, where the sole role of switching con-10

nectedness is to invalidate themix rule (Figure 1(d)) in MLL. However as one
extends MLL with multiplicative units or with exponentials , mix -free proofs
are not characterized by switching connectedness (see [Reg92]) | indeed, as
far as we know, at the time of writing there is no satisfactorycorrectness crite-
rion corresponding to the mix -free sequent calculus of MLL with units or with15

exponentials. Moreovermix is accepted by all the denotational semantics we
consider, hence we decide to accept it in sequent calculus and to drop switching
connectedness from Danos and Regnier's criterion.

De�nition 2.3 ([DR89, ER06]). A path is switching if it never crosses both
premises of a� nor more than one premise of a contraction.20

A di�erential net is switching acyclic whenever each of its simple nets is
switching acyclic. A simple net � is switching acyclic if � has no visible cycle
and for every box!� 2 Box � , � is switching acyclic.

We denote asAC the set of di�erential nets which are switching acyclic.

A �rst example of switching cycle is h"a; #bi in Figure 4(b). By the way25

notice that h"a; #bi is not upward. An example of a switching acyclic simple net
is in Figure 4(a), in particular the cycle h"a; #bi is not switching.

As mentioned, switching acyclicity geometrically characterizes those di�er-
ential nets which correspond to DiLL sequential proofs: this is stated in The-
orem 2.4. The proof of Theorem 2.4 consists in a simple generalization of the30

proof of the corresponding theorem in linear logic (see [Gir87, DR89]). For this
reason and since also we do not use Theorem 2.4 to achieve our main results
(Theorems 3.3, 4.5), we omit its proof.
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?

!X

?d

??X ? 
 ?!X




!! X

?d

" a ?!X
!?X ?# c# b

(a) ha; bi visible, cond 1;

?d

??X ? 
 ?!X




!! X

?

?d

?X ?
!X

" a
# b !?X ?

?!X
# c

(b) ha; bi visible, cond. 2;

?

!

?d

!X

?

?d

??X ?

?X ?

!?X ?

?!X 
 !?X ?




!?X ?
# a

" b
# c

(c) hb; ci visible, cond. 3.

Figure 5: examples of visible cycles (De�nition 2.5).

Theorem 2.4. For every di�erential net � , there is a sequent proofP such that
DesP = � i� � is switching acyclic.

As an example the reader can check that the switching acyclicsimple net in
Figure 4(a) is an image of Des, while it is not the switching cyclic simple net in
Figure 4(b).5

A passage of a path � through a box !� is a pair ha; bi of wires incident
to !� such that there is an orientation l a of a and an orientation l b of b such
that hla; l bi is a subsequence of� . Recall the simple net � in Figure 4(b): the
pair ha; bi is a passage of the pathh"a; #bi through the box in � . Notice that
switching paths can pass through boxes by means of any pair oftheir incident10

wires. This means that switching paths enjoy theblack-box principle: changing
the contents of the boxes in a simple net does not change the switching paths
in it. We now set a subclass of switching paths which will be sensitive to the
boxes's contents.

De�nition 2.5 ([Pag06]). We de�ne simultaneously the visible passages through15

a box!� with conclusion #c and the visible paths in a simple net� . The de�nition
is by induction on the depth of resp.!� and � .

A passageha; bi though !� is visible i� at least one of the followings holds:

1. there is a simple net� 2 � , and a visible path in � from a� to b� ,

2. there is a simple net� 2 � , and a visible path in � from c� to b� ,20

3. b = c,

where recall that a� (resp. b� , c� ) is the wire of � corresponding to the wirea
(resp. b, c) incident to !� . A path in � is visible whenever it is switching and
every its passage through boxes of� is visible.

A di�erential net is visible-acyclic whenever each of its simple nets is25

visible-acyclic. A simple net � is visible-acyclic if � has no visible cycle and for
every box!� 2 Box � , � is visible-acyclic.

We denote asVAC the set of di�erential nets which are visible-acyclic.

Clearly switching acyclicity entails visible acyclicity, and visible acyclicity
entails upward acyclicity, but the vice versa of each implication does not hold,30

in general. For example, the simple net in Figure 4(b) is switching cyclic but
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Figure 6: example of the importance of directedness in the notion of visibility.

visible-acyclic, in fact both passagesha; bi and hb; ai are not visible; in Fig-
ures 5(a)-(c) we have three examples of visible-cyclic simple nets, which are
however upward acyclic. In particular the passageha; bi of the cycle h"a; #bi
in Figure 5(a) (resp. Figure 5(b)) is visible by Condition 1 (resp. Condition 2)
of De�nition 2.5, while the passagehb; ci of h"b;#ci in Figure 5(c) is visible by5

Condition 3.
Visible paths introduce two noteworthy novelties with respect to switching

paths. First, as above mentioned, visible paths partly break the black-box
principle: the visibility of a passage through a box dependson what is inside
the box. Changing the contents of a box may alter the visible paths outside10

it: for example the cycle h"a; #bi is visible in Figures 5(a)-(b), but it is not
in Figure 4(b), where only the contents of the box change. Second, visibility
is sensitive to direction: the passageha; bi (resp. hb; ci ) in Figure 5(b) (resp.
Figure 5(c)) is visible, even if its reversehb; ai (resp. hc; bi ) is not. More in
general, a path from a wirea to a wire b may be visible, even if the \reverse"15

path from b to a is not. In Figure 6 we have an example of the role played
by directedness in visible acyclicity: the simple net in Figure 6(a) is visible-
cyclic, since the cycleh"b;#c;"d;#ai is visible, so being the passageshb; ci and
hd; ai ; instead the simple net in Figure 6(b) is visible-acyclic, since the cycle
h"b;#c;"d;#ai and its reverseh"a; #d; "c;#bi are not visible, each having a non-20

visible passage (resp.hd; ai and hc; bi ).
Remark that switching and visible acyclicities are totally independent from

types.

A digression: correctness and visible graphs. As known, the notion of
correctness graph [DR89] allows to de�ne switching acyclicity in an alternative25

but equivalent way with respect to De�nition 2.3. In this par agraph we present
an analogous notion of graphs corresponding to visible acyclicity. In the sake
of brevity, the presentation is kept informal and the proofs of Propositions 2.6,
2.7 are omitted; indeed the following results will not be used in the sequel.

We start recalling Danos and Regnier's de�nition of correctness graph. A30

switching of a cell l is an undirected graph � l de�ned following Figure 7:
the nodes of� l are the ports of l and the edges are de�ned depending on the
label of l . In particular, notice that pars (resp. n-contractions, for n � 2) have
two (resp. n) possible switchings. Observe also that the switchings of boxes are
independent from their contents: once again the black-box principle.35

A correctness graph of a di�erential net � is a correctness graph of one
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Figure 7: switchings associated with the cells for di�erential nets. In case of
n-(co)contractions, we supposen � 2.

of its simple nets; a correctness graph of a simple net� is an undirected graph
� � having as nodes the ports of� and as edges the wires of� plus the edges
obtained substituting every cell with one among its switchings. Clearly if � has
p pars and k contractions not weakening of arity resp.n1 + 1 ; : : : ; nk + 1, then
� has 2p Qk

i =1 ni correctness graphs { a number exponential in the size of� .
5

The reader can easily check that the switching cycles in a simple net �
exactly correspond to the cycles in a correctness graph of� , and vice versa.
Hence:

Proposition 2.6. Let � be a di�erential net, � is switching acyclic with respect
to De�nition 2.3 i� every correctness graph of � is an acyclic graph and for10

every !� 2 Box � , � is switching acyclic.

It should be mentioned that an easy extension of a result by Guerrini [Gue99]
shows that the switching acyclicity of a di�erential net can be decided in linear
time with respect to its size, even if the number of its correctness graphs is
exponential.15

What about visible acyclicity? We de�ne visible graphs, and we state they
are the graphs covered by visible paths (Proposition 2.7). Visible graphs are
obtained like the correctness ones, by substituting every cell with one among
its switchings. What changes is the switching associated with boxes, which we
call visible switching to di�er it from that of Figure 7. The visible switchings20

associated with a box !� are de�ned recursively, supposing we already know the
visible graphs of the contents� ; these switchings introduce some edges which
are directed.

A visible graph of a di�erential net is a visible graph of one of its simple
nets; a visible graph of a simple net� of depth 0 is a switching graph of� ; a25

visible graph of a simple net � of depth d + 1 is a directed graph � � having
among its nodes the ports of� and among its edges the wires of� , intended
as unoriented edges (i.e. edges that can be crossed in whatever direction), in
addition � � has the nodes and edges obtained substituting every cell except
boxes with one among its switchings, and every box with one among its visible30

switchings; at last, the visible switching of a box !� is de�ned as follows. Let
p0; p1; : : : ; pn be the ports of !� , p0 being the principal one. If � = 0 then ! �
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has one visible switching, which is adirected version of the usual switching for
boxes:

!0

p 1 p n� � �

p 0

7!

p 1 p n� � �

p 0

If � 6= 0, then choose � 1; : : : ; � n visible graphs (with possible repetitions)
associated with� , wheren is the number of auxiliary ports of !� . For eachi; j �
n, call qj

i the node of� j corresponding topi . Choose alsoi 1; : : : ; i n 2 f 0; : : : ; ng.5

These choices de�ne the following visible switching:

!�

p 1 p n� � �

p 0

7!

p 1 p n

� � � � � �

p 0

� � �
� � �

� � �

qn
nqn

1

� � �

q1
nq1

1

q1
0 qn

0q0
0

i n
1 n0 1 n0

i 1

� � �

� 1 � n

where pj , for j 2 f 1; : : : ; ng, is connected with q0
0 if i j = 0, else it is connected

with qi
i j

. Notice that the edges between the thepj 's and q0
0 are downward

directed, hence a visible switching of !� is a directed graph.
Counting the number of visible graphs of a simple net is more complicated10

than for switching graphs, since this number depends on the contents of the
boxes in the simple net. In fact, consider a box !� with n auxiliary ports and
such that � 6= 0. Suppose we know that � has a number v of visible graphs,
then the possible visible switchings of !� are

(n + 1) n
�

v + n � 1
n

�
;

where the binomial coe�cient
�v+ n � 1

n

�
denotes the number of multisets of car-15

dinality n, with elements taken from a �nite set of cardinality v [Sta97]. In our
case

�v+ n � 1
n

�
denotes the number of di�erent choices of the multiset [� 1; : : : ; � n ],

while (n+1) n is the number of di�erent choices of the sequencehi 1; : : : ; i n i . This
means that the number of visible graphs of a simple net� is a tower of expo-
nentials whose height depends on the depth of� { much more than the number20

of its correctness graphs!

Proposition 2.7. Let � be a di�erential net, � is visible-acyclic with respect to
De�nition 2.5 i� every visible graph of � is a directed acyclic graph.

It might be interesting knowing whether there is a linear algorithm deciding
the visible acyclicity of di�erential nets, as it is for swit ching acyclicity, in spite25

of the huge di�erence between the numbers of correctness andvisible graphs.
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Figure 8: elementary steps of the elimination of weak wires:in the step pictured
at left, the contraction in the reduct which comes out to have 2 ports is a
convention to denote a single connecting wire.

Values. We now introduce our notion of value (De�nition 2.8), which w ill be
used to state Theorem 4.5. One would like to de�ne a value simply as a cut-free
di�erential net, but this is not enough to achieve Theorem 4.5 (see the discussion
on the simple nets in Figure 13). Indeed we need to rule out also upward cycles
and weak wires, these last ones de�ned down here.5

A weak wire is a wire a having one orientation l a such that one of the
followings holds:

� l a is conclusion of a weakening and premise of a contraction, or

� l a is premise of a box !� and for every � 2 � , l a� is conclusion of a
weakening.10

The di�erential nets having no weak wire and recursively having no box with
weak wires in its contents, are exactly the normal forms of the reduction de�ned
by the elementary steps depicted in Figure 8. Such a reduction will be studied
in [Pag08]. All the simple nets depicted up to now do not have weak wires.
Figure 13 shows examples where they are present.15

De�nition 2.8. A di�erential net is a value if each of its simple nets is a
value. A simple net � is a value, if the following holds:

1. � has no cut and no weak wire,

2. � has no upward cycle,

3. for every box!� 2 Box � , � is a value.20

2.2 Finiteness spaces

Finiteness spaces. In the purely relational model of linear logic, formulas
are interpreted as sets and nets as relations between these sets. Multiplicative
connectives are interpreted as cartesian products and exponentials as the oper-
ation which maps a setX to the set M f in (X ) of �nite multisets with support25

in X . Finiteness spaces are obtained adding to the relational model a notion of
\�nitary" relation satisfying a closure condition. This co ndition is based on an
algebraic duality, modelling linear negation.

Let X be a set andF � P (X ), we de�ne the dual of F , denotedF ? , as the
set

F ? := f u0 � X ; 8u 2 F; u \ u0 is �nite g � P (X ):
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Notice that F ? contains every �nite subset of X , and it is closed downward
(that is, if v � u0 2 F ? , then v 2 F ? ) and under �nite unions. Moreover, we
have the usual properties of duality:

- if F � G, then G? � F ? ,
- F � F ?? ,5

- F ??? = F ? .

De�nition 2.9 ([Ehr05]). A �niteness space X is given by a pairhjX j; F (X )i ,
wherejX j is a set called theweb of X , and F (X ) is a subset ofP(jX j ) satisfying
F (X )?? = F (X ). The elements ofF (X ) are called the�nitary sets ofX . We
denote byF 1 (X ) the set of in�nite �nitary sets of X .10

We write �niteness spaces by mathcal capitol Latin lettersX ; Y : : :

Notice that u 2 F (X ) \ F (X )? i� u is �nite; in particular u 2 F 1 (X )
entails u =2 F (X )? ; we have also thatu 2 F (X )? i� 8v � u, v =2 F 1 (X ).

We associate with linear negation and with positive connectives (
 , !) a
corresponding operation on �niteness spaces.15

Negation: jX ? j := jX j , and F (X ? ) := F (X )? .

Tensor: jX 
 Yj := jX j � jYj , and

F (X 
 Y ) := f u � v ; u 2 F (X ); v 2 F (Y)g?? :

Of course: j!X j := M f in (jX j ), and

F (!X ) := fM f in (u) ; u 2 F (X )g?? :

Let X be a set and supposew 2 P (M f in (X )), we de�ne the global support
of w, denoted supp(w), as the set

S
� 2 w supp(� ), which is an element ofP(X ).

Through De Morgan laws we derive also the operations associated with neg-
ative connectives: X � Y := ( X ? 
 Y ? )? , and ?X := (! X ? )? .20

By means of these operations we can associate a �niteness space JAKX with
any MELL formula A and any �niteness spaceX , called the X interpretation
of A. The de�nition is by induction on deg A:

JX KX := X ; JX ? KX := X ? ;
JA 
 B KX := JAKX 
 JB KX ; JA � B KX := JAKX � JB KX ;

J!AKX := ! JAKX ; J?AKX := ?JAKX :

Remark that by de�nition JA? KX = JAK?
X . We set the interpretation of a

sequent � = A1; : : : ; An as J� KX :=

 n

i =1 JA i KX , we disregard any problem of25

bracketing, and consider the web ofJ� KX as made up ofn-tuples. We adopt the
convention of writing J� ? KX :=

Nn
i =1 JA?

i KX , so that J� ? KX = J� K?
X .

Properties of �niteness spaces. We present some results on �niteness
spaces useful in the sequel. Except for Lemma 2.13, these results come from
[Ehr05], so we omit their proofs.30

Lemma 2.10 ([Ehr05]). Let w � jX 
 Yj . One hasw 2 F (X 
 Y ) i� p1(w) 2
F (X ) and p2(w) 2 F (Y).
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The next lemma is expressed in [Ehr05] by using the linear implication (
instead of � . One get the original statement by setting X ( Y := X ? � Y.

Lemma 2.11 (From [Ehr05]) . Let w � jX � Yj. One has w 2 F (X � Y) i�
the two following conditions hold:

1. for any u 2 F (X )? , one has w(u) = f b 2 jYj ; 9a 2 u; (a; b) 2 wg 25

F (Y), and

2. for any v 2 F (Y)? , one hasw? (v) 2 F (X )? , wherew? = f (b; a) ; (a; b) 2
wg � jX j � jYj = jX ? � Y? j is the transpose ofw.

For the following lemma we recall that supp(w) denotes the global support
of w.10

Lemma 2.12 ([Ehr05]). Let w � j !X j . One hasw 2 F (!X ) i� supp(w) 2 F (X ).

Lemma 2.13. Consider a �niteness space!X , n � 1 indexed sets

u1 := f � 1
i gi 2 I ; : : : ; un := f � n

i gi 2 I � j !X j ;

and the set

w :=
n nX

j =1

� j
i

o

i 2 I
:

The followings hold:

8j � n; u j 2 F (!X ) () w 2 F (!X ) (5)

9j � n; 9u0 � uj ; u0 2 F 1 (?X ) () 9 w0 � w; w0 2 F 1 (?X ) (6)

9j � n; u j in�nite () w in�nite (7)

8j � n; u j 2 F (?X ) =) w 2 F (?X ) (8)

Proof. (5). 8j � n; u j 2 F (!X ) i� (by Lemma 2.12) 8j � n; supp(uj ) 2 F (X )
i� (by �nite union closure)

Sn
j =1 supp(uj ) = supp( w) 2 F (X ) i� (again by

Lemma 2.12)w 2 F (!X ).15

(6). It is equivalent to property 5, since by de�nition of �nitary relation w 2
F (!X ) i� 8w0 � w; w0 =2 F 1 (?X ? ).
(7). ) Supposeu1 in�nite (the case uj is in�nite for j 6= 1 is analogous) and
de�ne the following equivalence overu1's elements: � 1

i � � 1
l i� � 1

i +
Pn

j =2 � j
i =

� 1
l +

Pn
j =2 � j

l . Clearly if w is �nite, there is a � -equivalence classv � u1 with20

in�nite elements: let � 1
i +

Pn
j =2 � j

i be the w's multiset associated with v: for

every � 1
l 2 v we have that the elements of� 1

l are in � 1
i +

Pn
j =2 � j

i so that the

cardinality of � 1
l is less or equal to that of � 1

i +
Pn

j =2 � j
i . Since � 1

i +
Pn

j =2 � j
i

is a �nite multiset, we deduce that v must be �nite, which contradicts the
hypothesis. We conclude thatw is in�nite.25

The case( is immediate: if for every j � n, uj is �nite, then the cardinality
of w is less or equal to the product of the cardinalities ofu1; : : : ; un .
(8). Supposew =2 F (?X ), then there is I 0 � I s.t. f

Pn
j =1 � j

i gi 2 I 0 2 F 1 (!X ? ).

By (5) we have 8j � n; f � j
i gi 2 I 0 2 F (!X ? ), and by (7) there is j � n such that

f � j
i gi 2 I 0 is in�nite. We conclude that there is j � n such that uj =2 F (?X ).30
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Figure 9: conditions required to experiments. Experimentsare pictured as
wire/box's labelling. In case of a box !� , we set � 0 := � � � j , for every � j 2 � .

Notice that the converse of property (8) does not hold. For anexample,
consider a �niteness spaceX with f x i gi 2 N 2 F 1 (X ) and f yi gi 2 N 2 F 1 (X )? :
de�ne u := f [x i ]gi 2 N and v := f [yi ]gi 2 N, and w := f [x i ; yi ]gi 2 N. Clearly v =2
F (?X ), since it is an in�nite set of F 1 (!X ? ) (by Lemma 2.12), nevertheless we
have w 2 F (?X ), since there is no in�nite w0 � w belonging to F 1 (!X ? ) (in5

fact if w0 is in�nite, then supp( w0) =2 F (X ? ) because of itsx i 's elements, and
this prevents w0 to be in F (!X ? ) (Lemma 2.12)).

Experiments. We de�ne the interpretation of nets using the notion of ex-
periment. Experiments were developed by Girard in [Gir87] to give a way to
directly interpret multiplicative linear logic proof nets in coherent semantics,10

without passing through sequent calculus. The following de�nition extends ex-
periments to di�erential nets:

De�nition 2.14 (From [Gir87]) . Suppose an interpretationX of the variable
X . An experiment e on a di�erential net � , denotede : � , is an experiment on
one of � 's simple nets. An experimente on a simple net � is a function which15

associates with every box!� 2 Box � a multiset [e1; :::; ek ], for k � 0, of experi-
ments on � , and with every wire a of � an element ofjJAKX j = jJA? KX j, where
A; A ? are the pair of dual types associated witha. We require moreover that e
satis�es the following conditions (see Fig. 9): for every wires a, b1; : : : ; bn ,

- if l a is the conclusion of a 
 =� -cell with premises l b1; l b2, then e(a) =20

he(b1); e(b2)i ;
- if l a is the conclusion of a!d=?d-cell with premise l b1, then e(a) = [ e(b1)];
- if l a is the conclusion of a!=?-cell with auxiliary ports l b1; : : : ; l bn (n � 0),
then e(a) =

P
i � n e(bi ); in particular if l a is the conclusion of a (co)weakening,

then e(a) = 0 ;25

- if a is incident to a box !� , let e(!� ) = [ e�
1; : : : ; e�

k ] (k � 0), and for every
j � k let � j be the simple net of� on which e�

j is de�ned. We denote by
a� j the wire of � j associated with a. If l a is the conclusion of !� , then
e(a) =

P
j � k

�
e�

j (a� j )
�
; if l a is a premise of !� , then e(a) =

P
j � k e�

j (a� j ).
If l a1 : A1; : : : ; l an : An is the interface of � , then the result of e, denoted by30

e(� ), is the elementhe(a1); : : : ; e(an )i of j

 n

i =1 JA i KX j.
The interpretation of a di�erential net is the union of the interpreta-

tions of its simple nets; the interpretation of a simple net is the set of the results
of its experiments:
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Figure 10: Montelatici's �xed point operator applied to ide ntity and two simple
values giving it as an interaction.

J� KX :=
[

� 2 �

J� KX ;

J� KX := f e(� ) j e experiment on � g ;

which are subsets ofjJ� KX j, with � sequent conclusion of� and � .

Obviously the interpretation of the empty sum is the empty set. Notice that
the empty sum is actually the only value interpreted by the empty set. De�ning
an experiment e on a value � is in fact easy: one has to declare the values ofe
on axioms and, inductively, on boxes, thene is univocally extended to all wires5

of � by using the conditions of De�nition 2.14. In presence of cuts or upward
cycles, the existence of experiments on� might be a tough problem: indeed this
problem is strictly related to the cut-elimination of � , as showed in [DCPTDF]
in the framework of pure nets.

For an example of a net with cuts and with empty interpretatio n, consider the10

simple net 
 depicted in Figure 10(a). This example is taken from Montelatici's
[Mon03], where the author shows how one can use switching { wewould say
visible { cycles to de�ne a �xed point operator. In particula r, the simple net 

corresponds to such an operator applied to the identity, andindeed 
 reduces
to itself. We will discuss the cut-elimination of 
 in [Pag08], here let us argue15

that the interpretation J
 KX is empty, for any X . Suppose by absurdum that
there is x 2 J
 KX , then there is an experimente : 
 with result x; by Def. 2.14
we should have that e(a) = e(b) + [ x], and by the contents of the box of 
 that
e(a) = e(b), i.e. a contradiction. We conclude that J
 KX is empty. Consider now
the simple values� and � in Figure 10(b). Notice that a cut between � and �20

reduces to
 . However, � and � have non-empty interpretations, being values.
Indeed:

J� KX = fh�; � i ; � 2 j !X jg;

J� KX = fhh�; � + [ x]i ; xi ; � 2 j !X j ; x 2 jX jg :

As a simple consequence of Lemma 2.11,J� KX is a �nitary set of ? X ? � !X ;
we now prove that J� KX is not �nitary in (! X 
 ?X ? ) � X whenever there is
u 2 F 1 (!X ) and x 2 jX j . Indeed we haveu0 = fhh�; � + [ x]i ; xi ; � 225
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ug 2 F 1 ((!X 
 ?X ? )? 
 X ? ) by Lemma 2.10 and fh�; � + [ x]i ; � 2 ug 2
F 1 (?X ? � !X ) (Lemma 2.11). We concludeJ� KX =2 F ((!X 
 ?X ? ) � X ), since
u0 � J� KX .

We will see in [Pag08] that Figure 10 yields a particular example of a very
general property of �niteness spaces: whenever a cut between two values (here5

� and � of Figure 10(b)) is not normalizing, at least one of the two values has
not a �nitary interpretation.

Let us change example: consider the simple net� in Figure 4(b), and let
� be its sequent conclusion ?!X ? 
 ??X; !?X ? . As previously discussed,� is
visible-acyclic but not switching acyclic. Let us prove that J� KX is a �nitary set10

of J� KX . We have:

J� KX = fhhn [0] ; n [0]i ; n [0]i ; n 2 Ng:

Notice supp(f n [0]gn 2 N) = f 0g, hence by Lemma 2.12 we havef n [0]gn 2 N �ni-
tary in J!?X ? KX . We use Lemma 2.11 to deduceJ� KX 2 J� KX . For every
set of indexesI � N, we clearly haveJ� KX (fhn [0] ; n [0]ig n 2 I ) = f n [0]gn 2 I 2
F (J!?X ? KX ); conversely, if one hasf n [0]gn 2 I 2 F (J!?X ? KX )? , then I is �-15

nite, so it is J� K?
X (f n [0]gn 2 I ) = fhn [0] ; n [0]ig n 2 I , hence J� K?

X (f n [0]gn 2 I ) 2
F (J?!X ? 
 ??X KX ). We conclude J� KX 2 J� KX .

Let us compare the previous example with the simple value� of Figure 5(c):
� and � look similar, indeed they behave quite di�erently. We noticed that � is
visible-cyclic, let us proveJ� KX is not �nitary in J� 0KX , where � 0 is the sequent20

conclusion ??X ? ; ?!X 
 !?X ? of � . We have:

J� KX = fhn [0] ; hn [0] ; n [0]ii ; n 2 Ng:

Similarly to how we argued in the previous case, Lemma 2.12 entails that the
set f n [0]gn 2 N is �nitary in J!!X KX as well as inJ!?X ? KX , in particular we have
f n [0]gn 2 N =2 F (J?!X KX ). Then by Lemma 2.10, fhn [0] ; n [0]ig n 2 N =2 F (J?!X 

!?X ? KX ). So we haveJ� KX (f n [0]gn 2 N) = fhn [0] ; n [0]ig n 2 N =2 F (J?!X KX ), even25

if f n [0]gn 2 N 2 F (J??X ? K?
X ). We conclude J� KX =2 F (J� 0KX ) by Lemma 2.11.

Notice the di�erence with respect to the previous case: the tensor between ?!X
and !?X ? \neutralizes" the �niteness of f n[0]gn 2 N in !?X ? , which is at the base
of the �niteness of J� KX .

The simple net in Figure 4(a) requires a subtler discussion which will be done30

in the next Section 3. Consider instead the other examples ofvisible cyclicity
in Figure 5. Call � and � the simple values respectively in the sub�gures 5(a),
5(b), and let � be their sequent conclusion ??X ? 
 ?!X; !?X ? . We prove that
the interpretations of � and � are not �nitary in J� KX , for a suitable X . We
have:35

J� KX = fhh�; � i ; n [0]i ; � 2 M f in (M f in (jX j )) and n = card � g;

J� KX = fhhn [0] ; � i ; � i ; � 2 M f in (M f in (jX j )) and n = card � g:

Let us start with � : supposef � i gi 2 I is an in�nite set �nitary in J!X KX , for
example choose� i = i [0], I in�nite set of integers. By Lemma 2.12, f [� i ]gi 2 I 2
F 1 (!!X ) and thus f [� i ]gi 2 I =2 F (??X ? ). By Lemma 2.10, fh[� i ] ; [� i ]ig i 2 I =2
F (??X ? 
 ?!X ), and by downward closure,fh�; � i ; � 2 M f in (M f in (jX j ))g =2
F (??X ? 
 ?!X ). This means J� K?

X (f [0]g) = fh�; � i ; � 2 M f in (M f in (jX j ))g =240
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F (??X ? 
 ?!X ), even if clearly f [0]g 2 F (!?X ? )? , being a singleton. We
concludeJ� KX is not �nitary in J� KX by Lemma 2.11.

In case of the simple value� of Fig. 5(b) the choice of the in�nite set �nitary
in J!X KX should be subtler: we start from f x i gi 2 I an in�nite set �nitary in X ,
which we suppose exists, and then we considerf [x i ]gi 2 I , which is in F 1 (J!X KX )5

by Lemma 2.12. Notice there are �niteness spaces for which such a f x i gi 2 I does
not exist, as every space having �nite web, however what we want to prove is
that J� KX is not �nitary for a well-chosenX , and not for every �niteness space.
This is in accordance with Theorem 4.5, and it explains why wehave omitted
the multiplicative units, which would have introduced form ulas (the ones with10

no occurrence of variables) whose interpretation has �niteweb.
So let us considerf [x i ]gi 2 I 2 F 1 (J!X KX ). Similarly to the previous example

we deduce from Lemmas 2.10 and 2.12 thatfh[0] ; [[x i ]]ig i 2 I =2 F (J??X ? 

?!X ? KX ). This means we haveJ� K?

X (f [[x i ]]gi 2 I ) = fh[0] ; [[x i ]]ig i 2 I =2 F (??X ? 

?!X ? ), even if we havef [[x i ]]gi 2 I 2 F (!?X ? )? by Lemma 2.10. We conclude15

J� KX is not �nitary in J� KX by Lemma 2.11.
Notice that in the above argumentations, in case of Figures 5(a), 5(b) we

have used results of experiments associating always one experiment with the ex-
ponential box, while in case of Figure 5(c) we have used a family of experiments
associating an ever higher number of experiments with the exponential box.20

De�nition 2.15. A di�erential net � with sequent conclusion� is �nitary , if
for every �niteness spaceX , J� KX is a �nitary set of J� KX .

We denote asFIN the set of di�erential nets which are �nitary.

It seems from De�nition 2.15 that to decide whether a di�erential net � is
�nitary we need to check J� KX for every X . Actually, a notable corollary of our25

results will be that whenever � is a value, � is �nitary i� J� KX 2 F (X ), for any
�niteness spaceX with both F 1 (X ) and F 1 (X ? ) not empty (Corollary 4.6).
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3 Visible acyclicity ) �niteness

In this section we prove the soundness theorem: every visible-acyclic di�erential
net is �nitary (Theorem 3.3). This result extends Girard's s oundness theorem
for linear logic: every proof-net (i.e. switching acyclic proof-structure) is a clique
in coherent spaces [Gir87]. As the reader will notice, such an extension is very5

close, in the sense that our proof of Theorem 3.3 generalizesthe technique
developed by Girard in the so-calledCompatibility Lemma [Gir87]. Precisely,
Theorem 3.3 is based on Lemma 3.2, this last one taking originin Girard's
Compatibility Lemma (see also [Pag06]).

Let us see an example showing the main ideas behind the proof of Theo-10

rem 3.3. Consider the simple net� in Figure 4(a). We have:

J� KX =

(


 nX

j =1

� j ;
nX

j =1

[� j ]
�
;

nX

j =1

� j ;
nX

j =1

[� j ]
�

; n 2 N; � j ; � j 2 M f in (jX j )

)

:

Since � is visible-acyclic, J� KX should be a �nitary set of J� KX , where � =
?X ? � ?!X; ?X ? ; !X is the sequent conclusion of� . Let us prove it by showing
that for every u � J� KX , u 2 F (J� ? KX ) implies that u is �nite. Assume there
is a family f ei gi 2 N of experiments over� such that f ei (� )gi 2 N 2 F (J� ? KX ), we15

argue that f ei (� )gi 2 N is �nite. By f ei (� )gi 2 N 2 F (J� ? KX ) and Lemma 2.10, we
have

f ei (a)gi 2 N :=
n n iX

j =1

� j
i

o

i 2 N
2 F (!X ); (9)

f ei (b)gi 2 N :=
n n iX

j =1

[� j
i ]

o

i 2 N
2 F (!?X ? ); (10)

f ei (d)gi 2 N :=
n n iX

j =1

� j
i

o

i 2 N
2 F (!X ); (11)

f ei (c)gi 2 N :=
n n iX

j =1

[� j
i ]

o

i 2 N
2 F (??X ? ): (12)

We prove that all the above fours sets are �nite, so concluding f ei (� )gi 2 N

�nite.
Supposef ei (c)gi 2 N is in�nite, then f ei (c)gi 2 N =2 F (!!X ), hence by Lemma 2.12,20 S

i 2 N supp(supp(ei (c))) =
S

i 2 N supp(ei (d)) =2 F (X ), and sof ei (d)gi 2 N =2 F (!X ),
which contradicts claim (11). We conclude that f ei (c)gi 2 N is �nite. Notice that
this argumentation \draws" in � the visible path h"c;#di , in the precise sense
that it deals with the values of f ei gi 2 N �rst on c and then on d. As for the wire
d: if f ei (d)gi 2 N were in�nite, then f ei (c)gi 2 N would be in�nite too, contrary to25

what we have proven. This argumentation draws the visible path h"d;#ci .
Supposef ei (a)gi 2 N is in�nite, then we split in two cases, depending whether

the sequence ofni 's increases arbitrary. In case for everyi there is a j such
that ni < n j , then f ei (c)gi 2 N is in�nite: this clashes either with claim (11) or
with claim (12), as we argued before. This reasoning followsthe path h"a; #ci or30
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the path h"a; #di , in both cases visible. In case the sequence ofn i 's has a max
m, then by Lemma 2.13.(7) and the supposed in�nity of f ei (a)gi 2 N, there is a
j � m such that the set f � j

i gi 2 N is in�nite, where we consider � j
i = 0 whenever

j > n i . We then deducef � j
i gi 2 N 2 F 1 (!X ) (Lemma 2.13.(5)), and thereafterS

i 2 N supp(f ei (b) =2 F (?X ? ), since it contains the in�nite subset f � j
i gi 2 N. By5

Lemma 2.12, we infer a contradiction with claim (10). Noticethis argumentation
follows the path h"a; #bi . In a symmetric way, one argues thatf ei (b)gi 2 N is �nite.

We conclude that every family f ei gi 2 N of � 's experiments which is �nitary
in J� ? KX should be �nite. So J� KX is a �nitary set of J� KX .

We have underlined that every case in the above argumentation draws a path10

in � which is visible. This is the key which makes the proof of Theorem 3.3 to
work: following the values of a family of � 's experiments draws a visible path in
� and this always succeed in proving that the set of the resultsof such experi-
ments is �nitary, since this this path cannot be a cycle, being � , by hypothesis,
visible-acyclic. This technique is developed in Lemma 3.2.15

We call a family f x i gi 2 I injective whenever for everyi; i 0 2 I , i 6= i 0 implies
x i 6= x i 0. As an immediate application of the axiom of choice we have:

Fact 3.1. For every indexed setf x i gi 2 I :

1. there is I 0 � I s.t. f x i gi 2 I 0 is injective and f x i gi 2 I 0 = f x i gi 2 I ;20

2. if f x i gi 2 I is injective, then for every subsetI 0 � I , f x i gi 2 I 0 is injective;

3. if f x i gi 2 I is injective and I is in�nite, then f x i gi 2 I is in�nite.

Lemma 3.2 (Key lemma). Consider a visible-acyclic simple net� , a �niteness
spaceX , a family f ei gi 2 I of experiments on� , and a conclusion#a : A of � .

If f ei (a)gi 2 I 2 F 1 (JA? KX ), then there is a subsetI 0 � I and a visible path25

� in � starting from "a : A? and ending in a conclusion of� such that:

1. for every oriented wire l c : C crossed by� , f ei (c)gi 2 I 0 2 F 1 (JCKX ).

Proof. The proof is by induction on the depth of � .
We de�ne a procedure giving a sequence ofvisible paths � 0 � � 1 � : : : and

a sequence of in�nite subsetsI � I 0 � I 1 � : : : , s.t. � 0 = "a, and for each� j ; I j30

(j � 0), for every oriented wire l c : C crossed by� j , the following holds:

1. f ei (c)gi 2 I j 2 F 1 (JCKX );

2. f ei (c)gi 2 I j is injective.

Since � is �nite and visible-acyclic, then this sequence eventually stops with
a visible path � k ending in a conclusion of� : the pair � k ; I k then satis�es35

condition 1 of the lemma.
Before showing this procedure, let us note that:

(� ) both properties 1 and 2 hold for every in�nite subset I 0 � I j

This is due to the injectivity of f ei (c)gi 2 I j : if f ei (c)gi 2 I j is injective, then so it
is f ei (c)gi 2 I 0 (Fact 3.1); as for property 1, if f ei (c)gi 2 I j 2 F 1 (JCKX ), then by40

downward closuref ei (c)gi 2 I 0 2 F (JCKX ) and by Fact 3.1, f ei (c)gi 2 I 0 is in�nite.
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Figure 11: main cases of the proof of Lemma 3.2.

As written above, we de�ne � 0 = "a; as forI 0: since by hypothesisf ei (a)gi 2 I 2
F 1 (JA? KX ), we deduce that there is an in�nite subset I 0 � I , such that
f ei (a)gi 2 I 0 is injective and f ei (a)gi 2 I = f ei (a)gi 2 I 0 (Fact 3.1): we then set
I 0 = I 0.

Let us now de�ne � j +1 ; I j +1 from � j ; I j , where � j is supposed visible and5

� j ; I j are supposed satisfying the above conditions 1 and 2. Let#c : C be the
last oriented wire crossed by� j (we denote by#c the last oriented wire crossed
by � j , but we could have denoted it indi�erently by " c), and let p be the port
target of #c. If #c is a conclusion of� (i.e. p is a free port of � ), then the
procedure stops: we set� = � j and I 0 = I j . Otherwise, p is a port of a cell l ,10

we then split in three cases: case 1,#c is premise ofl (i.e. p is auxiliary), and,
set #d : D the conclusion ofl , f ei (d)gi 2 I j 2 F 1 (JDKX ); case 2,#c is premise of
l , and f ei (d)gi 2 I j =2 F 1 (JDKX ); case 3,"c is conclusion ofl (i.e. p is principal).

Case 1 (#c premise of l , conclusion of l in F 1 ). Suppose#c is premise of a15

cell l , having #d : D as conclusion (see Fig. 11(a)), and supposef ei (d)gi 2 I j 2
F 1 (JDKX ).

First, we show that d =2 � j . By condition 1 on � j ; I j , we know that "d =2 � j .
As for #d, we argue using� 's visible acyclicity: if #d 2 � j , then � j = � 0

j � � 00
j ,

with � 0
j (resp. � 00

j ) ending in #d (resp. #c) and � 00
j starting in #d; then � 00

j would20

be a visible cycle, violating the hypothesis of� visible-acyclic.
Second, sinceI j is in�nite, then there is an in�nite subset I 0 � I j , such that

f ei (d)gi 2 I 0 is injective and f ei (d)gi 2 I 0 = f ei (d)gi 2 I j (Fact 3.1).
Then, we set � j +1 := � j � # d and I j +1 := I 0. Clearly � j +1 ; I j +1 meet both

conditions 1 and 2 (recall the remark (� )).25

The proof of this case is not yet �nished, since we need to check the visibility
of � j +1 . If l is a box, then clearly the passagehc; di added to � j +1 is visible,
being # d the conclusion of l13. It remains to check that � j +1 is switching.
Indeed, the only case in which� j +1 might miss to be switching is because#d is
a premise of a� =?-cell r already crossed by� j : we prove that this case violate30

either the hypothesis f ei (d)gi 2 I j 2 F 1 (JDKX ) or � 's visible acyclicity.
We supposer is a ?-cell (the � -cell case is an easy variant): this means

D = ?B for a suitable formula B . Let # b :?B be the conclusion ofr and
#a1 : ?B; : : : ; #am : ?B , for m � 1, be the premises ofr di�erent from #d. The
path � j can crossr either from " b to " ai (see at left of Fig. 12), or from #ai35

13 Remark that the passage hc; di is visible thanks to condition 3 of De�nition 2.5.
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Figure 12: proof that � j +1 does not violate switching acyclicity.

to #b (at right of Figure 12), for an i � m. In case " b 2 � j , then by condi-
tion 1, we know that f ei (b)gi 2 I j 2 F 1 (!JB ? KX ), hence by Lemma 2.13.(5) we
have f ei (d)gi 2 I j 2 F 1 (!JB ? KX ), which contradicts the hypothesis f ei (d)gi 2 I j 2
F 1 (JDKX ) = F 1 (J?B KX ). In case #b 2 � j , then � j = � 0

j � � 00
j , with � 0

j (resp.
� 00

j ) ending in #b (resp. #c) and � 00
j starting in #b; then h#d;#bi � � 00

j is a visible5

cycle, violating the hypothesis of � visible-acyclic.

Case 2 (#c premise of l , conclusion of l not in F 1 ). As before, suppose#c is
premise of a celll , having #d : D as conclusion (see Fig. 11(a)), but now let
f ei (d)gi 2 I j =2 F 1 (JDKX ). This case is subtle and it deserves more attention. We
start by proving that under these assumptionsl is either a 
 -cell or a !-cell or a10

box. Indeed,l cannot be a (co)weakening, because it has at least one premise, #c;
l cannot be a (co)dereliction, otherwise the hypothesisf ei (c)gi 2 I j 2 F 1 (JCKX )
would entail f ei (d)gi 2 I j = f [ei (c)]gi 2 I j 2 F 1 (JDKX ). As for � =?-cells: suppose
l is a ?-cell and let us prove a contradiction (the� case is an easy variant).
In this case we haveC; D = ?B for a suitable formula B . At �rst notice that15

f ei (d)gi 2 I j is in�nite, since f ei (c)gi 2 I j is in�nite (use Lemma 2.13.(7)). This
means that f ei (d)gi 2 I j =2 F 1 (JDKX ) implies f ei (d)gi 2 I j =2 F (JDKX ): i.e. there
is a subsetI 0 � I j , such that f ei (d)gi 2 I 0 2 F 1 (J!B ? KX ), in particular notice
that I 0 must be in�nite. We deduce by Lemma 2.13.(5) (use Lemma 2.10 in the
� case) that f ei (c)gi 2 I 0 2 F (J!B ? KX ). Last step: the injectivity of f ei (c)gi 2 I 020

(condition 2 and Fact 3.1) and the hypothesis that I 0 is in�nite imply that
f ei (c)gi 2 I 0 is in�nite, so violating the hypothesis f ei (c)gi 2 I j 2 F 1 (J?B K).

We conclude that l is either a 
 -cell or a !-cell or a box. Let us split in the
three subcases.

Subcase 2.1 (!-cell). If l is a !-cell, then C; D = ! B for a suitable formula B .25

By hypotheses we havef ei (c)gi 2 I j 2 F 1 (J!B KX ) and f ei (d)gi 2 I j =2 F 1 (J!B KX ).
By the in�nity of f ei (c)gi 2 I j , we deduce that of f ei (d)gi 2 I j (Lemma 2.13.(7)),
hencef ei (d)gi 2 I j =2 F (J!B KX ). Then by Lemma 2.13.(5), there is a premise of
l #b : !B di�erent from #c such that f ei (b)gi 2 I j =2 F (J!B KX ). This means that
there is an in�nite subset I 0 � I j such that f ei (b)gi 2 I 0 2 F 1 (J?B ? KX ). By30

Fact 3.1, there exists an in�nite subset I 00� I 0 s.t. f ei (b)gi 2 I 00 is injective and
f ei (b)gi 2 I 00 = f ei (b)gi 2 I 0. We thus de�ne � j +1 := � j � " b and I j +1 := I 00. By
construction and by remark (� ), � j +1 ; I j +1 meet conditions 1 and 2. As for
� j +1 's visibility, one argues similarly to the preceding case 1.

Subcase 2.2 (
 -cell). The casel is a 
 -cell is a simpler variant of the former35

subcase 2.1 and it is left to the reader (one has to use Lemma 2.11 instead of
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Lemma 2.13.(5)).

Subcase 2.3 (box). If l is a box !� , then for every i 2 I j , let ei (l ) = [ ek
i ]k � m i ,

with mi 2 N, and let C = ! B , D = ! E for suitable formulas B and E (see
Figure 11(b)). Moreover, for every i 2 I j and every � 2 � , let K �

i be the set5

(possibly empty) of the superscripts of the experiments inei (l ) which are de�ned
on � . We set:

� �
i :=

X

k2 K �
i

ek
i (c0); � �

i :=
X

k2 K �
i

[ek
i (d0)];

where " c0 (resp. #d0) is the conclusion of � with c0 (resp. d0) associated with c
(resp. d), as in Figure 11(b). Notice that:

ei (c) :=
X

� 2 �

� �
i ; ei (d) :=

X

� 2 �

� �
i : (13)

We further split in two subcases, depending iff ei (d)gi 2 I j is �nite or not.
10

1. If f ei (d)gi 2 I j is �nite , then it is de�ned max i 2 I mi , where recall that mi

is the cardinality of ei (l ), hence also ofei (d).

By the left equation (13) we deduce that f
P

� 2 � � �
i gi 2 I j = f ei (c)gi 2 I j . So

by f ei (c)gi 2 I j 2 F 1 (!JB KX ) and Lemma 2.13.(5), we have thatf � �
i gi 2 I j 2

F (!JB KX ), for every � 2 � . Furthermore, the in�nity of f ei (c)gi 2 I j entails15

that there is a simple net � 2 � s.t. f � �
i gi 2 I j is in�nite (use Lemma

2.13.(7). Observe that it is crucial in this passage that the di�erential
net � contains a �nite number of simple nets). In particular we have
f � �

i gi 2 I j 2 F 1 (!JB KX ): let us �x such a � .

Now for every i 2 I j and k � maxi 2 I mi , we de�ne � k;�
i := ek

i (c0) if20

k 2 K �
i , otherwise � k;�

i := 0. Notice that:

� �
i =

X

k � max i 2 I m i

� k;�
i : (14)

Sincef � �
i gi 2 I j 2 F 1 (!JB KX ), we use Lemma 2.13.(5) and Lemma 2.13.(7)

as above, and we deduce that there is ak � maxi 2 I mi s.t. f � k;�
i gi 2 I j 2

F 1 (!JB KX ): let us �x such a k (notice it is crucial in this passage that
maxi 2 I mi is de�ned).25

Let now I k;�
j � I j be the set of indexes s.t.f ek

i gi 2 I k;�
j

is the set of ex-

periments on � with appendix k in
P

i 2 I j
[e1

i ; : : : ; em i
i ]. In particular we

have f ek
i (c0)gi 2 I k;�

j
= f � k;�

i gi 2 I j , so f ek
i (c0)gi 2 I k;�

j
2 F 1 (!JB KX ). Since

� is a visible-acyclic simple net and depth� < depth � , we can apply
the induction hypothesis to � and f ek

i gi 2 I k;�
j

and obtain an in�nite set30
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I 0 � I k;�
j and a visible path � � in � starting from #c0, ending in a conclu-

sion "b0 : H of � , and enjoying the condition 1 of the lemma. In particular
f ek

i (b0)gi 2 I 0 2 F 1 (JH KX ).

Let b be the wire incident to l corresponding tob0. Notice that b should be
di�erent from d, since by hypothesisf ei (d)gi 2 I j is �nite, so

S
i 2 I j

suppei (d)5

is �nite, while b = d would imply that f ek
i (b0)gi 2 I 0 �

S
i 2 I j

suppei (d),

which violates the in�nity of f ek
i gi 2 I 0(b0). We conclude b 6= d, hence one

orientation of b, say #b, is a premise ofl .

Let then " b : ?F , as well asH = ?F (recall always Figure 11(b)). Notice
that for every i 2 I 0,10

ei (b) = � i + � i ;

where � i = ek
i (b0) and � i is the sum of the values onb0 of the experiments

di�erent from ek
i in ei (l ). Since f � i gi 2 I 0 2 F 1 (J?F KX ), then by Lemma

2.13.(6) there isI 00� I 0 s.t. f ei (b)gi 2 I 00 2 F 1 (J?F KX ). We apply Fact 3.1
and get I 000� I 00s.t f ei (b)gi 2 I 000 is injective and equal to f ei (b)gi 2 I 00. We
thus set � j +1 := � j � h#c;"bi and I j +1 := I 000.

15

As always � j +1 and I j +1 meet conditions 1 and 2 (recall remark (� )). As
for visibility, we check the switching property exactly as in case 1, and we
moreover notice that the passagehc; bi added to � j +1 is visible14, thanks
to � � .

2. If f ei (d)gi 2 I j is in�nite , then the assumption f ei (d)gi 2 I j =2 F 1 (J!EKX ),20

implies f ei (d)gi 2 I j =2 F (J!EKX ).

Recall the above de�nition � �
i :=

P
k2 K �

i
[ek

i (d0)], for every simple net � 2

� and index i 2 I j . Since f
P

� 2 � � �
i gi 2 I j = f ei (d)gi 2 I j and f ei (d)gi 2 I j =2

F (J!EKX ), we deduce that there is a simple net� 2 � such that f � �
i gi 2 I j =2

F (!JEKX ) (use Lemma 2.13.(5)): let us �x such a � .25

By Lemma 2.12,f � �
i gi 2 I j =2 F (!JEKX ) implies that f ek

i (d0)gi 2 I j

k2 K �
i

=2 F (JEKX ).

This means there is an in�nite set I 0 � I j and a family of �nite subsets
K 0

i � K �
i (for i 2 I 0), s.t. f ek

i (d0)gi 2 I 0

k2 K 0
i

2 F 1 (JE ? KX ). From the in�nity

of f ek
i (d0)gi 2 I 0

k2 K 0
i

and from the fact that each K 0
i is �nite, we deduce there

is a function15 s� which associates with everyi 2 I 0 an index s� (i ) 2 K 0
i30

such that f es� ( i )
i (d0)gi 2 I 0 is in�nite. Of course by downward closure we

have alsof es� ( i )
i (d0)gi 2 I 0 2 F 1 (JE ? KX ).

Since � is visible-acyclic and size� < size� , we can apply the induction

hypothesis to� and f es� ( i )
i (d0)gi 2 I 0 and get a subsetI 00� I 0, and a path � �

in � starting from "d0 and ending in a conclusion"b0 :?F of � , and enjoying35

the condition 1 of the lemma. In particular f es� ( i )
i (b0)gi 2 I 00 2 F 1 (J?F KX ).

Now for every i 2 I 00, we set:

14 Remark that the passage hc; bi is visible thanks to condition 1 of De�nition 2.5.
15 Here we are using the axiom of choice.
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ei (b) = � i + � i ;

where� i = es� ( i )
i (b0) and � i is the sum of the values onb0of the experiments

in ei (l ) with superscript di�erent from s� (i ). We then argue exactly as
in the above subcase and �ndI 000� I 00s.t. f ei (b)gi 2 I 000 is injective and in
F 1 (?JF KX ).

We thus de�ne the path � j +1 := � j � h#c;"bi and I j +1 := I 000. As always5

one notice that � j +1 ; I j +1 enjoy conditions 1 and 2. As for visibility, we
check the switching property exactly as in case 1, and we moreover notice
that the passagehc; bi added to � j +1 is visible since there is a visible path,
i.e. � � , from "d0 to "b.16

Case 3 (" c conclusion of l ). The last case is when" c is the conclusion a celll10

(see Figure 11(c)). If l is a box, then we argue exactly as in the former case 2.3.
Indeed the hypothesis of case 2.3 is thatl is a box, and the set off ei gi 2 I j values
on the conclusion ofl is not �nitary: here in fact condition 1 applied to #c 2 � j

gives f ei (c)gi 2 I j =2 F (J!B KX ), with "c : !B .
The other cases (l a � = 
 =!=?-cell) are very similar each other, all of them15

are easy variant of case 2.1. For example, supposel is a !-cell, and let " c : !B ,
for a suitable formula B . As written above we have f ei gi 2 I j (c) =2 F (J!B KX ).
This means, by Lemma 2.13.(5), that there should be a premise" d : !B of l
such that f ei (d)gi 2 I j =2 F (J!B KX ). Hence there isI 0 � I j such that f ei (d)gi 2 I 0 2
F 1 (J?B ? KX ). By Fact 3.1, we �nd I 00 � I 0 such that f ei (d)gi 2 I 0 is injective20

and equal to f ei (d)gi 2 I 0. We thus de�ne � j +1 := � j � h#c;#di and I j +1 := I 00.

Theorem 3.3 (Soundness theorem). Let � be a di�erential net with conclusion
the sequent� .

If � is visible-acyclic, then � is �nitary, i.e. 8X �niteness space, J� KX is a25

�nitary relation of J� KX .

Proof. Let � be visible-acyclic and with conclusion � = C1; : : : ; Cn . We have to
prove J� KX 2 F (�) X = F (


 n
j =1 JCj KX ). Suppose this is false, that is, suppose

there is a subsetu � J� KX s.t. u 2 F 1 (J� ? KX ). We prove a contradiction.
For every simple net � 2 � , let u� be equal tou \ J� KX . Since by de�nition30

u =
S

� 2 � u� and since � contains a �nite number of simple nets, then the
in�nity of u implies that there is an � 2 � , s.t. u� is in�nite. Let us �x such
an � . By downward closure, we have alsou� 2 F 1 (J� ? KX ). This means
there is a family of experiments on � s.t. fj ei jgi 2 I 2 F 1 (J� ? KX ). By the
in�nity of fj ei jgi 2 I we deduce that there is a conclusion# ck : Ck of � s.t.35

f ei (ck )gi 2 I is in�nite: let us �x such a conclusion #ck : Ck . By Lemma 2.10
we deduce that f ei (ck )gi 2 I 2 F 1 (JC?

k KX ). We can thus apply Lemma 3.2 to
�; f ei gi 2 I and obtain a set I 0 � I and a conclusion#ch : Ch , s.t. f ei (ch )gi 2 I 0 2
F 1 (JCh KX ). But this means f ei (ch )gi 2 I =2 F 1 (JC?

h KX ), thus (Lemma 2.10)
u� =2 F 1 (J� ? KX ), which contradicts the assumption.40

We conclude that J� KX is a �nitary relation of J� KX .

16 Remark that the passage hc; bi is visible thanks to condition 2 of De�nition 2.5.
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4 Finiteness ) visible acyclicity

In this section we prove Theorem 4.5, which is the inverse of Theorem 3.3
for values. Corollary 4.7 uses these results to show the equivalence on values
between visible acyclicity and �niteness.

Theorem 4.5 states the visible acyclicity of a value� from the �niteness of5

its interpretation J� KX , for a suitable X . The proof uses a general method based
on Lemma 4.4 { morally the inverse of Lemma 3.2. Consider a simple value �
with sequent conclusion �. Lemma 3.2 associates with a family of experiments
f ei gi 2 N a visible path proving f ei (� )gi 2 N 2 F (J� KX ); Lemma 4.4 instead is
used in Theorem 4.5 to associate with a visible cycle a familyof experiments10

f ei gi 2 N such that f ei (� )gi 2 N =2 F (J� KX ), or equivalently such that there is a set
of indexesI � N such that f ei (� )gi 2 I 2 F 1 (J� ? KX ).

Let us give the idea of how the family f ei gi 2 N is de�ned by considering
an example. Let � be the simple value in Figure 6(a), which contains the
visible cycle � = h"b;#c;"d;#ai . Let � be the sequent !?X 
 !!X ? ; ?!X ? 
 ??X ,
conclusion of� . We de�ne f ei gi 2 N by assigning the values of eachei on the boxes
in � (and also on the conclusions of the axioms, in the general case): such an
assignment gives always an experiment on� , since� is cut-free. The values ofei

are given depending whether and how� crosses a box, what we want in general
is that for every oriented wire l e : A crossed by� , f ei (e)gi 2 N =2 F (JAKX )? , or
equivalently there is a set of indexesI � N, such that f ei (e)gi 2 I 2 F 1 (JAKX ).
So in our example we need:

f ei (c)gi 2 N; f ei (b)gi 2 N =2 F (!?X )? ; (15)

f ei (a)gi 2 N; f ei (d)gi 2 N =2 F (??X )? : (16)

Claim (15) can be achieved by de�ning for everyi 2 N, ei (o) = i [eo], where
eo is the unique experiment over the contents ofo. In this way we have in
fact f ei (c)gi 2 N = f ei (b)gi 2 N = f i [0]gi 2 N, which is an in�nite set in F 1 (!?X )15

by Lemma 2.12, and consequently it is not inF (!?X )? . As for claim (16), we
should suppose a setf x i gi 2 N 2 F 1 (X ), so to de�ne ei (u) = [ eu

i ], whereeu
i is the

experiment over the contents ofu, taking value [x i ] on the axiom inside the box
u. So de�ning, we havef ei (a)gi 2 N = f ei (d)gi 2 N = f [[x i ]]gi 2 N, which is a set not
in F (??X )? , by Lemma 2.12 and the fact that supp(supp(f [[x i ]]gi 2 N)) =2 F (X ? ).20

We then have the following set of experiment results:

f ei (� )gi 2 N = fhhi [0] ; [[x i ]]i ; hi [0] ; [[x i ]]ii ; i 2 N; f x i gi 2 N 2 F 1 (X )g;

which is a set not in J� KX , by Lemmas 2.10, 2.11 and claims (15), (16).
Let us conclude the example stressing once more the key role played by the

visibility of the passageshb; ci , hd; ai of � through o and u. If one considers the
simple net � in Fig. 6(b), in which the passagehd; ai is not visible, one has:25

J� KX = fhhi [0] ; j [0]i ; hi [0] ; j [0]ii ; i; j 2 Ng;

which is a �nitary set of J� KX , for every X .

The above example uses a setf [x i ]gi 2 N 2 F 1 (?X ) as the set of values of a
family of experiments f eu

i gi 2 N on an axiom"d : ?X . In the general case we have
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to assure that for every formula A there is such a setu 2 F 1 (JAKX ), and this
is true if one supposeF 1 (X ) and F 1 (X ? ) non-empty, as proven in the next
Proposition 4.1.

Proposition 4.1. Let X be a �niteness space such that bothF 1 (X ) and
F 1 (X ? ) are non-empty. Then the same holds for the interpretation ofevery5

formula A, i.e. 9uA 2 F 1 (JAKX ) and 9vA 2 F 1 (JAK?
X ).

Proof. By induction on degA. Apart from the immediate base of induction
(A atomic), we have two cases, depending if the topmost connective of A is
multiplicative or exponential. We treat only the latter cas e, the former one
being an easier variant.10

SupposeA = ! B (the caseA = ?B is symmetric), by induction hypothesis we
haveuB 2 F 1 (JB KX ) and vB 2 F 1 (JB K?

X ). De�ne uA := M f in (uB ) and vA :=
f [b] s.t. b 2 vB g. Clearly uA ; vA are both in�nite. Moreover uA 2 F (!JB KX ) by
de�nition, and vA 2 F (?JB K?

X ) because there is no in�nite v0 � vA belonging to
F 1 (!JB KX ): if in fact v0 were an in�nite subset of vA , then suppv0 =2 F (JB KX ),15

being an in�nite subset of vb 2 F (JB K?
X ), and this would prevent v0 to be in

F 1 (!JB KX ) (Lemma 2.12).

Notice that there are �niteness spacesX such that both F 1 (X ) and F 1 (X ? )
are non-empty. For example, let 1 be the �niteness space withthe singleton f�g
as web, and consider !1� ?1. Clearly (!1� ?1)? = ?1 
 !1, since 1? = 1. One can20

easily check that the set fhn [� ] ; n [� ]i ; n 2 Ng is an element ofF 1 (!1 � ?1),
and the set fh[� ] ; n [� ]i ; n 2 Ng is an element ofF 1 (?1 
 !1).

Another trick used in the example of Figure 6(a) is the set f ei (b)gi 2 N as-
sociated with the premise " b : !?X of the box o, which is in�nite even if it
has a �nite global support (in the example supp(f ei (b)gi 2 N) = f 0g), so that25

f ei (b)gi 2 N 2 F 1 (J?X K?
X ) by Lemma 2.12. To assure that this trick is always

possible we need the next notion of exhaustive experiment and Proposition 4.3.
The following de�nition is morally an extension to di�erent ial nets of the

de�nition of exhaustive experiments for proof-nets in [DCPTDF]. 17

De�nition 4.2. An exhaustive experiment of a di�erential net is an ex-30

haustive experiment of one of its simple nets; an exhaustiveexperiment of a
simple net � is an experiment e : � such that:

� for every wire a, e(a) = 0 i� a is incident to a (co)weakening,

� for every box!� , e(!� ) contains only exhaustive experiments of� .

Exhaustive experiments always exist over values:35

Proposition 4.3. Given a simple value� , there exist exhaustive experiments
over � .

Proof. By induction on the depth of � . De�ne e: � by assigning a web element
di�erent from the empty multiset to the axioms and by setting for every box
!� 2 Box � , e(!� ) =

P
� 2 � e� , where e� is an exhaustive experiment on� (which40

exists by induction hypothesis).

17 Actually there are minor di�erences between our de�nition a nd that of [DCPTDF], but
we do not want to bore the reader with such technicalities.
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(a) variant of Fig.5(c);
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?
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(b) variant of Fig. 5(b).

Figure 13: examples of visible-cyclic nets which are not values.

So de�ned e, we prove it is exhaustive: consider a wirea of � which is not
incident to a (co)weakening, we provee(a) 6= 0 by induction on the number of
wires abovea. Notice this induction makes sense, since� is a value, hence it is
upward acyclic, hence> � is a well-founded order on the wires (Proposition 2.2).
The only delicate case is when#a is the premise of a box !� . In this case notice5

that a is not a weak wire, since� is a value. This means that there is at least
one simple net
 2 � such that the conclusion#a
 of 
 associated witha is not
incident to a weakening. By de�nition we have e
 (a
 ) 6= 0, hence e(a) 6= 0 since
e
 (a
 ) � e(a).

The hypothesis of� weak wire free plays a crucial role in the above Proposi-10

tion 4.3, and consequently in Lemma 4.4 and Theorem 4.5. Indeed these results
do not hold for upward acyclic cut-free simple nets which arenot values. For an
example, consider the simple nets� 0 and � 0 respectively in Figures 13(a), 13(b),
which are non-value variants of resp. Figures 5(c), 5(b). The interpretations of
� 0 and � 0 are:15

J� 0KX = fhn [0] ; h0; n [0]ii ; n 2 Ng;

J� 0KX = fhh0; � i ; � i ; � 2 M f in (M f in (jX j ))g:

The two simple nets are visible-cyclic, but one can check that both J� 0KX and
J� 0KX are �nitary for every X . These examples motivate the de�nition of value
(De�nition 2.8) and explain why the following lemma cannot suppose� to be
only cut-free and upward acyclic.18

Lemma 4.4 (Key lemma). Let � be a simple value, letX be a �niteness space20

having F 1 (X ) and F 1 (X ? ) non-empty, and let � be a path between two con-
clusions of � .

If � is visible, then there is a family f ei gi 2 N of experiments on� such that
for every oriented wire #c : C, we have:

1. for every I � 1 N, if c 2 � then f ei (c)gi 2 I is in�nite;25

2. if #c =2 � , " c is not a conclusion of a cell and#c is not premise of a box,
then f ei (c)gi 2 N 2 F (JCK?

X ).

18 The de�nition of value corrects a mistake in [Pag06]: in that extended abstract only the
cut-free hypothesis was supposed.
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a j

� j
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Figure 14: the three cases of the de�nition off ej
i gi 2 N, proof of Lemma 4.4.

Proof. Given the simple value� , the �niteness spaceX , and the path � as in the
hypotheses, we de�ne a familyf ei gi 2 N of exhaustiveexperiments on� satisfying
conditions 1 and 2 for every wirec. As usual, f ei gi 2 N is de�ned by induction
on depth � .

For every formula A we have 9uA 2 F 1 (JAKX ) and 9vA 2 F 1 (JAK?
X )5

(Proposition 4.1). Let us �x, once for all a pair of such uA ; vA and two enumer-
ations f xA

i gi 2 N = uA , f yA
i gi 2 N = vA , for every positive formula19 A.

Each experiment ei (i 2 N) is de�ned by assigning its values on the axioms
and boxes at depth 0 of� . Such an assignment gives always an experiment on
� , since � is a simple value.10

� Let a be anaxiom of � , and let "a : A be its orientation with A positive,
we set

ei (a) :=






xA
i if "a 2 � ,

yA
i if #a 2 � ,

xA
1 otherwise (i.e. a =2 � ).

� Let !� be a box in Box � . Before giving the value of ei on !� , we need
to de�ne some preliminary experiments. First, we �x, independently
from the index i , an arbitrary exhaustive experiment e!� on !� , which15

always exists since� , hence !� , is a value (Proposition 4.3). Second, let

a1; b1

�
,. . . ,



ah ; bh

�
, for h � 0, be the passages of� through !� , if any: we

associate with eachj � h a family of exhaustive experimentsf ej
i gi 2 N on

!� , as follows (see Figure 14).

(a). If bj is incident to the principal port of ! � , then we set, for every20

i 2 N,

ej
i (!� ) := ie!� (!� ):

(b). If bj is incident to an auxiliary port of ! � , and if there is a simple net
� j 2 � and a visible path � j in � j starting from the conclusion of � j

corresponding to the conclusion of !� and ending in the conclusion
of � j corresponding tobj , then we apply the induction hypothesis to25

19 We recall that a formula is positive if it is X or its topmost connective is a ! or a 
 ; notice
A is positive i� A ? isn't.
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# c
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� j
i� 0+
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?D # c 0

" c

(d) case 3

Figure 15: main cases in the proof of Lemma 4.4.

� j and � j . So we get a familyf e� j

i gi 2 N of exhaustive experiments on
� j satisfying conditions 1, 2. We set, for everyi 2 N,

ej
i (!� ) := i

h
e� j

i

i
:

(c). If bj is incident to an auxiliary port of ! � , and the former case (b)
does not hold, then from the visibility of



aj ; bj

�
follows that there

is a simple net � j 2 � and a visible path � j in � j starting from the5

conclusion of � j corresponding to aj and ending in the conclusion
of � j corresponding to bj . We apply the induction hypothesis to � j

and � j , obtaining a family f e� j

i gi 2 N of exhaustive experiments on� j

satisfying conditions 1, 2. We set, for everyi 2 N,

ej
i (!� ) :=

h
e� j

i

i
:

Once we have de�ned the familiesf e1
i gi 2 N, . . . , f eh

i gi 2 N associated with10

the h passages of� though !� , we eventually set, for everyi 2 N:

ei (!� ) :=

(P
j � h ej

i (!� ) if h > 0;

e!� if h = 0 :

We have so settled the de�nition of f ei gi 2 N. Notice the way we de�ne ei on
the boxes of� assures the exhaustivity of everyei (to formally prove this one
should argue as in the proof of Prop. 4.3). The rest of the proof is devoted to
show that f ei gi 2 N enjoys conditions 1 and 2. Let#c : C be an oriented wire of15

� , we prove conditions 1, 2 by induction on the number of wires above c. As
for Proposition 4.3, notice that this induction makes sense, since � is upward
acyclic (Proposition 2.2).

The proof splits in three cases, depending onc: case 1,c is an axiom; case 2,
one orientation of c is conclusion of a cell; case 3, one orientation ofc is premise20

of a box. Notice that these cases are disjoint and complete since � is a value,
in particular since � is cut-free.

Case 1 (c axiom). If c is an axiom, then both conditions 1 and 2 straight follow
by the de�nition of f ei gi 2 N.

Case 2 (#c or "d conclusion of a cell). Assume#c : C is the conclusion of a cell25

l (the case"c is the conclusion ofl is symmetric). We split in further subcases,
depending on the type ofl .
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Subcase 2.1 (l is a ?-cell). If l is a ?-cell, then #c : C = ?D, for a suitable
formula D (see Figure 15(a)).

Let us prove condition 1: let I � 1 N and assumec 2 � , we show that
f ei (c)gi 2 I is in�nite. If c 2 � , then there is a premise#b : ?D of l such that
b 2 � (recall � is a path between two conclusions of� ). By induction hypothesis5

(condition 1) f ei (b)gi 2 I is in�nite. We conclude that f ei (c)gi 2 I is in�nite by
Lemma 2.13.(7).

As for condition 2: suppose#c =2 � , we prove f ei (c)gi 2 N 2 F (!JD ? KX ) (the
symmetric case" c =2 � straight enjoys condition 2, being #c conclusion of l ).
From #c =2 � and the visibility of � , we deduce for every premise#b : ?D of l that10

#b =2 � . By induction hypothesis (condition 2), we havef ei (b)gi 2 N 2 F (!JD ? KX ).
Since for everyi 2 N, ei (c) is equal to the sum of theei values onl 's premises,
we concludef ei (c)gi 2 N 2 F (!JD ? KX ) by Lemma 2.13.(5).

Subcase 2.2 (l is a !-cell). If l is a !-cell, then #c : C = ! D , for a suitable
formula D (see Figure 15(b)). Condition 1 is proven exactly as in subcase 2.1.15

Let us show condition 2: suppose#c =2 � , we prove f ei (c)gi 2 N 2 F (?JD ? KX )
(as above, the symmetric case"c =2 � is immediate). This case is more delicate
than the former subcase 2.1, since� can cross some premises ofl . We thus split
in two subcases.

1. If no premise ofl is in � , then we deducef ei (c)gi 2 N 2 F (?JD ? KX ) exactly20

as in subcase 2.1, but using point (8) of Lemma 2.13 instead ofpoint (5).

2. If � crosses some premise ofl , then it must cross one premise upwardly.
In fact if #b : !D is a premise ofl such that #b 2 � , then there is another
premise#a : !D such that "a 2 � , being � a path ending in a conclusion of
� and #c =2 � (recall Figure 15(b)). So assume"a 2 � , this implies #a =2 � .25

By induction hypothesis (condition 2) we know f ei (a)gi 2 N 2 F (?JD ? KX ).
Moreover, by condition 1 we infer for every I � 1 N that f ei (a)gi 2 I is
in�nite. The downward closure allows then to deduce for every I � 1 N,
f ei (a)gi 2 I 2 F 1 (?JD ? KX ).

Now, suppose by absurdumf ei (c)gi 2 N =2 F (?JD ? KX ). This means there30

is I � 1 N, s.t. f ei (c)gi 2 I 2 F 1 (!JDKX ). By Lemma 2.13.(5), we have
f ei (a)gi 2 I 2 F (!JDKX ), so contradicting f ei (a)gi 2 I 2 F 1 (?JD ? KX ). We
concludef ei (c)gi 2 N 2 F (?JD ? KX ).

The reader should notice that the above reasoning uses the fact that con-
dition 1 holds for every in�nite subset I of N and not simply for N.35

Subcase 2.3 (l is a 
 =� =!d=?d-cell). The casel is a � -cell (resp. a
 -cell) is an
easier variant of subcase 2.1 (resp. subcase 2.2). Ifl is a (co)dereliction cell then
the conditions 1, 2 are immediate consequences of the induction hypothesis.

Subcase 2.4 (l is a box). If l is a box !� , then we haveC = ! D , for a suitable
formula D (see Figure 15(c)). The reader will notice a strict similarity between40

this case and the cocontraction case (subcase 2.2).
We start by proving condition 1. Suppose� crossesc, then there is a passage


aj ; bj
�

of � through !� such that c = aj or c = bj . Since #c is the conclusion
of !� , then the family f ej

i gi 2 N of experiments on !� associated with the passage
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aj ; bj

�
is de�ned in accordance with the above case (a) or case (b): that is for

every i 2 N,

ej
i (c) =

(
i e!� (c) if c = bj ,

i [e� j

i (c0)] if c = aj ,

where, in casec = aj , #c0 is the conclusion corresponding to#c of the simple
net � j of � on which e� j

i is de�ned (see Fig. 15(c)).
Notice for every I � 1 N, f ej

i (c)gi 2 I is in�nite, since it contains multisets5

of arbitrary large cardinality. Lemma 2.13.(7) allows then to conclude that
f ei (c)gi 2 I is in�nite (in fact f ei (c)gi 2 N = f

P
j � h ej

i (c)gi 2 N). We conclude that
condition 1 holds for c.

As for condition 2: suppose#c =2 � , we prove f ei (c)gi 2 N 2 F (?JD ? KX ) (as
always, the case"c =2 � is immediate, being#c conclusion ofl ).10

If � does not cross !� , then f ei (c)gi 2 N = f e!� (c)g, which is clearly in F (?JD ? KX ),
being a singleton. Otherwise, let



a1; b1

�
; : : : ;



ah ; bh

�
, for h > 0, be the

passages of� through !� : by de�nition f ei (c)gi 2 N = f
P

j � h ej
i (c)gi 2 N. We

prove that for every j � h, f ej
i (c)gi 2 N 2 F (?JD ? KX ). From this follows

f ei (c)gi 2 N 2 F (?JD ? KX ), by applying Lemma 2.13.(8).15

So consider


aj ; bj

�
for a j � h: notice that c 6= bj , since #c =2 � . Hence

the family f ej
i gi 2 N has been de�ned as in case (b) or in case (c). Let� j (resp.

� j ) denote the simple net of� (resp. the visible path in � j ) associated with the
passage



aj ; bj

�
, and let #c0 : D denote the conclusion of� j corresponding toc

(recall Fig. 15(c)). We split in two subcases.20

1. If the family f ej
i gi 2 N has been de�ned following case (b), then we have

ej
i (c) = i

h
e� j

i (c0)
i

;

and also that � j starts from " c0. This means that, from condition 1
applied to f e� j

i gi 2 N, we have for everyI � 1 N that f e� j

i (c0)gi 2 I is in-
�nite; and from # c0 =2 � j , condition 2 and the downward closure we
have f e� j

i (c0)gi 2 I 2 F (JD ? KX ). We conclude that for every I � 1 N,25

f e� j

i (c0)gi 2 I 2 F 1 (JD ? KX ).

Now suppose by absurdumf ej
i (c)gi 2 N =2 F (?JD ? KX ). This means there

is I � 1 N such that f ej
i (c)gi 2 I 2 F 1 (!JDKX ). By Lemma 2.10 we de-

duce f e� j

i (c0)gi 2 I = supp f ej
i (c)gi 2 I 2 F (JDX K). But we have already

remarked that f e� j

i (c0)gi 2 I 2 F 1 (JD ? KX ) (being I in�nite 20), so we get30

a contradiction. We conclude f ej
i (c)gi 2 N 2 F (?JD ? KX ).

2. If the family f ej
i gi 2 N has been de�ned following case (c), then we have

ej
i (c) =

h
e� j

i (c0)
i

:

20 Again, remark that it is crucial in this reasoning that condi tion 1 holds for every in�nite
subset I of N and not simply for N.
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Since #c0 =2 � j , we can apply condition 2 to f e� j

i gi 2 N and � j and obtain

f e� j

i (c0)gi 2 N 2 F (JD ? KX ). We easily concludef ej
i (c)gi 2 N = f [e� j

i (c0)]gi 2 N 2
F (?JD ? KX ).

Case 3 (#c or "c is premise of a box). Assume#c is premise of a box !� 2 Box �
(the case " c is a premise of !� is symmetric). Then we have C = ?D, for a5

suitable formula D (see Figure 15(d)).
We �rst prove condition 1: supposec 2 � , let us show that for every I � 1 N,

the set f ei (c)gi 2 I is in�nite.
Since c 2 � , there is a passage



aj ; bj

�
of � through !� such that c = aj

or c = bj . Let f ej
i gi 2 N be the family of experiments on !� associated with the10

passage


aj ; bj

�
. We prove that for every I � 1 N, the set f ej

i (c)gi 2 I is in�nite.
This entails that also f ei (c)gi 2 I is in�nite (Lemma 2.13.(7)). The proof splits
in two cases.

1. If f ej
i gi 2 N has been de�ned in accordance with case (a) or case (b), then

we have:15

ej
i (c) =

(
i e!� (c) if case (a),

i e� j

i (c0) if case (b),

where, in case (b),� j is the simple net on which are de�nede� j

i , and c0 is
the wire of � j corresponding toc (recall Fig. 15(d)).

By the exhaustivity of e!� (resp. e� j

i ) we deduce thate!� (c) (resp. e� j

i (c0)) is
non-empty. Hencef ej

i (c)gi 2 I is in�nite for every I � 1 N, having multisets
of arbitrary large cardinality. 21

20

2. If f ej
i gi 2 N has been de�ned in accordance with case (c): let� j (resp. � j )

denote the simple net of� (resp. the visible path in � j ) associated with
the passage



aj ; bj

�
, and let #c0 : ?D be the conclusion of� j corresponding

to c (recall Fig. 15(d)). We have:

ej
i (c) = e� j

i (c0)

Notice that c0 2 � j , so by de�nition (condition 1) of f e� j

i gi 2 N, for every25

I � 1 N, f e� j

i (c0)gi 2 I = f ej
i (c)gi 2 I is in�nite.

Let us prove condition 2. As always we suppose#c =2 � , since the symmetric
case" c =2 � is immediate, being #c a premise of a box. We provef ei (c)gi 2 N 2
F (!JD ? KX ). If � does not cross !� , then f ei (c)gi 2 N = f e!� (c)g, which is clearly in
F (!JD ? KX ), being a singleton. Otherwise, let



a1; b1

�
; : : : ;



ah ; bh

�
, for h > 0,30

be the passages of� through !� : we have f ei (c)gi 2 N = f
P

j � h ej
i (c)gi 2 N, by

de�nition. We prove f ej
i (c)gi 2 N 2 F (!JD ? KX ), for every j � h. From this we

have f ei (c)gi 2 N 2 F (!JD ? KX ), by applying Lemma 2.13.(5).

21 This argumentation uses the hypothesis that e! � =e� j

i are exhaustive. Exactly for this
passage we have introduced De�nition 4.2.
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So consider


aj ; bj

�
for a j � h, we have for anyi 2 N:

ej
i (c) =






i e!� (c) if ej
i is de�ned following case (a),

i e� j

i (c0) if ej
i is de�ned following case (b),

e� j

i (c0) if ej
i is de�ned following case (c),

where in cases (b) and (c),� j (resp. � j ) denotes the simple net of� (resp. the
visible path of � j ) associated with the passage



aj ; bj

�
, and #c0 : ?D denotes

the conclusion of� j corresponding toc. Since#c =2 � , then #c0 =2 � j .
In case (a), notice

S
i 2 N supp(ej

i (c)) = supp( e!� (c)) is �nite, hence it is in5

F (JD ? KX ). By Lemma 2.10 this entails f ej
i (c)gi 2 N 2 F (J!D ? KX ). In the

cases (b) and (c), we have# c0 =2 � j , hence by de�nition (condition 2) we

have f e� j

i (c0)gi 2 N 2 F (!JD ? KX ). So Lemma 2.12 entails suppf e� j

i (c0)gi 2 N 2

F (!JD ? KX ); moreover, being suppf e� j

i (c0)gi 2 N = supp f ej
i (c)gi 2 N, we conclude

(again by Lemma 2.12)f ej
i (c)gi 2 N 2 F (!JD ? KX ).10

Theorem 4.5. Let � be a value with conclusion the sequent� , and let X be a
�niteness space such that bothF 1 (X ) and F 1 (X ? ) are non-empty.

If J� KX is a �nitary relation of J� KX , then � is visible-acyclic.

Proof. Let us �x once for all a �niteness space X with F 1 (X ) and F 1 (X ? )15

non-empty. Let � be a value which is not visible-acyclic: we prove thatJ� KX =2
F (J� KX ). The proof is by induction on size� .

Case 1 (linear combination) . If � is a linear combination of more than one
simple net, then we can consider� = � 1 + � 2 s.t. size� i < size� (i = 1 ; 2) and
at least � 1 is not visible-acyclic. By induction hypothesis J� 1KX =2 F (J� KX ).20

SinceJ� 1KX � J� KX , we concludeJ� KX =2 F (J� KX ) by the downward closure.

The other cases deal with a value� which is simple: let us call it � , let
also � = C1; : : : ; Cn . We prove that there is a family f ei gi 2 N of experiments
on � , such that f ei (� )gi 2 N 2 F 1 (J� ? KX ). This is of course equivalent to prove
J� KX =2 F (J� KX ).25

Case 2 (mix-rule) . If � is a simple net � with more than one component, let
� 1, � 2 be any non-trivial partition of � 's components in two simple subnets.
We can assume w.l.o.g. that the� 's conclusions are enumerated in such a way
that the �rst h < n conclusions are the conclusions of� 1. That is C1; : : : ; Ch

(resp. Ch+1 ; : : : ; Cn ) is the sequent conclusion of� 1 (resp. � 2).30

Of course size� i < size� , for i = 1 ; 2, and we can suppose that at least one
of the two simple subnets, say� 1, is not visible-acyclic. By induction hypothesis
there is a family of experimentsf e� 1

i gi 2 N s.t.:

f e� 1
i (� 1)gi 2 N 2 F 1 (

hO

i =1

JC?
i KX ) (17)
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Fix now an arbitrary experiment e� 2 on � 2 (which always exists, being� 2 a
value), and de�ne for every i 2 N, the experiment ei on � as the disjoint union
of e� 1

i and e� 2 . We have:

f ei (� )gi 2 N = fhe� 1
i (� 1); e� 2 (� 2)ig i 2 N

By the above claim (17) and Lemma 2.10, we immediately havef ei (� )gi 2 N 2
F 1 (

Nn
i =1 JC?

i KX ) = F 1 (J� ? KX ).
5

Now we can suppose� being a connected simple value. In this case we have
only two possibilities: either � has at depth 0 a cell l which is not a box, and
whose conclusion is a conclusion of� , or � is made of only one box !� at depth
0. We thus split in these two cases.

Case 3 (terminal cell, no box). Assume� has a cell l which is not a box and10

whose conclusion#c is also a conclusion of� . Suppose w.l.o.g. the type of
#c is C1. Then the proof splits in several subcases, depending on thetype of
l . We consider only the casel is a !-cell, the other cases (
 = � =?=!d=?d-cell)
are similar or easier. If l is a !-cell, then C1 = ! D , for a suitable formula D .
Let � 0 be the simple net obtained from � by removing l and the wire c, and15

let !D; : : : ; !D; C1; : : : ; Cn be the sequent conclusion of� 0, where !D occurs as
many times as the number of premises ofl .

Since l is a !-cell, we can have visible cycles in� which are not in � 0 (these
are speci�cally the cycles crossingl), in particular � 0 could be visible-acyclic.
Thus we split in two subcases.22

20

Subcase 3.1. If � 0 is not visible-acyclic, we apply the induction hypothesis to
� 0, obtaining a family f ei gi 2 N of experiments s.t.:

f ei (� 0)gi 2 N 2 F 1 (J?D ? 
 : : : 
 ?D ?
nO

i =2

C?
i KX ):

For every i 2 N we extend ei to � in the obvious way, i.e.

ei (c) :=
X

#a
premise of l

ei (a): (18)

By Lemma 2.10 and Lemma 2.13.(7)-(8), we havef ei (� )gi 2 N 2 F 1 (J� ? KX ).

Subcase 3.2. If � is visible-acyclic, then every visible cycle of� crossesl . This25

means that there is a visible path � between two premises#a1, #a2 of l , which
are conclusions of� 0. Suppose w.l.o.g.� starts from " a1 and ends in #a2. We
then apply Lemma 4.4 to � 0 and � , obtaining a family of experiments f ei gi 2 N

enjoying conditions 1 and 2 of the lemma. In particular, for every I � 1 N,
f ei (a1)gi 2 I 2 F 1 (?JD ? KX ) and for every conclusion##g : G of � 0 di�erent from30

#a2, we havef ei (g)gi 2 N 2 F (JG? KX ).
We extend everyei (i 2 N) to � as in the above equation (18). One can show

(as we did in the proof of Lemma 4.4) that f ei (c)gi 2 N 2 F 1 (?JC? KX ), since for
every I � 1 N, f ei (a1)gi 2 I 2 F 1 (?JC? KX ). We conclude, using Lemma 2.10,
f ei (� )gi 2 N 2 F 1 (J� ? KX ).35

22 Notice that if l is a cell of type ?, � , !d, ?d, then every visible cycle of � is a visible cycle
of � 0, hence the proof of those cases follows directly subcase 3.1.
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Case 4 (only a box). If � is a box !� , then let #c1 : !D1, #c2 : ?D2; : : : ; #cn : ?Dn

be the interface of � , where #c1 (resp. " c2; : : : ; " cn ) is the conclusion (resp. are
the premises) of !� .

Clearly, the hypothesis � not visible-acyclic, implies that neither � is visible-
acyclic (recall � is made of the only box !� ). We thus apply the induction5

hypothesis, obtaining a family f e�
i gi 2 N of experiments on � s.t. f e�

i (� )gi 2 N 2
F 1 (JD ?

1
Nn

i =2 !D ?
i KX ). For every i 2 N, we de�ne an experiment of � simply

by setting ei (!� ) := [ e�
i ]. Clearly we havef ei (� )gi 2 N 2 F 1 (J� ? KX ).

Theorem 3.3 and Theorem 4.5 have two notable consequences with respect10

to the notion of �nitary value (De�nition 2.15).

Corollary 4.6. Let X be any �niteness spaces withF 1 (X ) and F 1 (X ? ) non-
empty. For every value� with sequent conclusion� , we have:

J� KX 2 F (J� KX ) i� � is �nitary, i.e. 8Y �niteness space; J� KY 2 F (J� KY ):

Proof. The right-to-left implication is obvious. As for the left-t o-right one: if
J� KX 2 F (J� KX ), then by Theorem 4.5, � is visible-acyclic, then by Theorem 3.3,15

� is �nitary.

Corollary 4.7. For every value � , � 2 FIN i� � 2 VAC .

Proof. Immediate consequence of Theorem 3.3 and Theorem 4.5.
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