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Abstract. We present an extension of the A(n)-calculus with a case con-
struct that propagates through functions like a head linear substitution,
and show that this construction permits to recover the expressiveness
of ML-style pattern matching. We then prove that this system enjoys
the Church-Rosser property using a semi-automatic ‘divide and conquer’
technique by which we determine all the pairs of commuting subsystems
of the formalism (considering all the possible combinations of the nine
primitive reduction rules). Finally, we prove a separation theorem similar
to Bohm’s theorem for the whole formalism.

1 Introduction

Lambda-calculus has been introduced by Church in the 30’s [5] as a universal
language to express computations of functions. Despite its remarkable simplic-
ity, A-calculus is rich enough to express all recursive functions. Since the rise
of computers, A-calculus has been used fruitfully as the basis of all functional
programming languages, from LISP to the languages of the ML family. From the
theoretical point of view, untyped A-calculus enjoys many good properties [2],
such as Church and Rosser’s property expressing determinism of computations.
In Logic, A-calculus is also a fundamental tool to describe the computational
contents of proofs via the Curry-Howard correspondence.

Although arbitrarily complex data structures can be encoded in the pure -
calculus, modern functional programming languages provide primitive constructs
for most data structures, for which a purely functional encoding would be inef-
ficient. One of the most popular extensions of A-calculus is pattern-matching on
constructed values (a.k.a. variants), a problem that has been widely investigated
in functional programming [11,8,12] and in rewriting [14, 6,4, 10, 9].

However, introducing objects of different kinds—functions and constructed
values—in the same formalism addresses the problem of their interaction. What
does it mean to apply a constructed value to an argument? Should the con-
structed value accumulate the extra argument? Or should it produce an error?
Similarly, what does it mean to perform case analysis on a function?

Unfortunately, these problems are usually not addressed in the literature
because they are irrelevant in a typed setting—applications go with functions,



case analyses with variants. However, one should not forget that one of the
reasons of the success of the A-calculus in computer science and in logic lies
in its excellent operational semantics in the untyped case. The best example is
given by Bohm’s separation theorem [3] that expresses that two observationally
equivalent #n-normal A-terms are intentionally equal. In the pure A-calculus, 8n-
normal terms are not canonical forms because they cannot be further reduced;
they are canonical forms because the computational behaviour of a gn-normal
term cannot be expressed by another fn-normal term.

The situation is far from being as clear when we add pattern-matching to
the untyped A-calculus. As far as we know, there is no generalisation of B6hm’s
theorem for this kind of extension. One reason for that is that the notion of
normal form is not as clear as in the pure A-calculus, precisely because the tra-
ditional operational semantics says nothing about the computational behaviour
of ill-typed constructions, such as a case analysis over an abstraction.

An extended operational semantics of case analysis  In this paper, we propose
an extension of the untyped A-calculus with constructors and case analysis that
fills the holes of the traditional operational semantics. Technically, the main
novelty is that we let application and case analysis (written {6]}. M) commute
via the (ill-typed!) reduction rule

(CASEAPP) 16). (MN) — ({6} M)N.

(Here, 6 denotes a case binding, that is a finite map from constructors to terms.)
Symmetrically, we introduce a reduction rule

(CASELAM) 1680z N) — Az.({6). M) (z ¢ FV(8))

to let case analysis go through abstractions. In this way, case analysis can be
understood as a form of head linear explicit substitution. .. of constructors.

Surprisingly, the system we obtain is not only computationally sound—we
will show (section 4) that it is confluent and conservative over the untyped An-
calculus—but it also permits to decompose ML-style pattern matching (with
patterns of any arity) from the construction {#[}. M that only performs case
analysis on constant constructors (section 2).

Finally, we will show (section 5) a theorem of weak separation for the whole
calculus, using a separation technique inspired by Béhm’s [3, 2]. For this reason,
the formalism provides a special constant written "% and called the daimon (fol-
lowing the terminology and notation of [7]) that requests the termination of the
program—something like an exit system call—and which will be used as the
main technical device to observe normal forms and separate them.

1 Observe that M is treated as a function in the Lh.s. of the rule whereas it is treated
as a constructed value in the r.h.s. This rule should not be confused with the rule of
commutative conversion ({0}. M)N = {6N}. M that comes from logic, a rule which
is well-typed. .. but incompatible with the reduction rules of our calculus!



2 Syntax and reduction rules

2.1 Syntax

The A-calculus with constructors distinguishes two kinds of names: wvariables
(written z, y, z, etc.) and constructors (written ¢, ¢', etc.) The set of variables
and the set of constructors are written V and C, respectively. In what follows,
we assume that both sets V and C are denumerable and disjoint.

The terms (written M, N, etc.) and the case bindings (written 6, ¢, etc.) of
the A-calculus with constructors are inductively defined as follows:

Terms M,N ==z (Variable)

| ¢ (Constructor)

| X (Daimon)

| MN (Application)

| Ax. M (Abstraction)

| {6} M (Case construct)
Case bindings 0,6 :=c¢; —= My;...5¢, = M, (¢; # ¢; for i # j)

We denote the set of terms with A, the set of case bindings with B, and the
disjoint union of A¢ and B with A¢+B.

Constructor binding Each case binding 6 is formed as an finite unordered list
of constructor bindings of the form (¢ — M) whose lL.h.s. are pairwise distinct.
We say that a constructor ¢ is bound to a term M in a case binding 6 if the
binding (¢ — M) belongs to the list 6. From the definition of case bindings, it is
clear that a constructor ¢ is bound to at most one term in a given case binding 6.
When there is no such term, we say that the constructor ¢ is unbound in 6.

The size of a case binding § = (¢; — My;...;¢, = M,) is written |f| and
defined by |0] = n.

We also introduce an (external) operation of composition between two case
bindings 6 and ¢, which is written 8 o ¢ and defined by:

Bo(ci = My;...;cn—= My,) = o= {0}.M;...;cn— {0} M,
(where ¢ = (¢y — My;...;¢, = My,)). Notice that this operation is not syntac-
tically associative, since:

(Bod)o(c; = M)ic1.n = (i {00d}.M)im1.n
whereas
Bo(po(ci Mi)iz1.n = (ci= {0} Ad} Mi)i=1..n

However, composition of case bindings only makes sense in the presence of the
case conversion reduction rule {0}.{¢}. M — {0 o ¢}}. M (see 2.2), for which
both right-hand sides above are convertible.



Free variables and substitution The notions of bound and free occurrences
of a variable are defined as expected. The set of free variables of a term M (resp.
a case binding ) is written FV (M) (resp. FV(#)). In particular:

FV((¢; = M;)iz1..n) = FV(My)U---UFV(M,)
FV{6}. M) = FV () UFV(M).

As in the (ordinary) A-calculus, terms are considered up to a-conversion (i.e.
up to a renaming of bound variables). Notice that the renaming policy of the
A-calculus with constructors is strictly the same as in the A-calculus: it only
affects (bound) variable names, but leaves constructor names unchanged.

The external substitution operation of the A-calculus, written M{z := N},
is extended to the A-calculus with constructors as expected. The same operation
is also defined for case bindings (notation: 8{x := N}). In particular:

(ci = M;)iz1.n{x = N} = (¢; = Mi{x := N})i=1.n
({6} M) {z := N} = {0{x := N}}. M{z := N}.

2.2 Reduction rules

The A-calculus with constructors has 9 primitive reduction rules that are de-
picted in Fig. 1.

In what follows, we will be interested not only in the system induced by the
9 reduction rules taken together, but more generally in the subsystems formed
by all subsets of these 9 rules. We write AB¢ the calculus generated by all rules
of Fig. 1, and B¢ the calculus generated by all rules but AppLawm (a.k.a. 3).

Notice that AppLaMm (a.k.a B) and LamApp (a.k.a. 1) are the only reduction
rules that may apply to an ordinary A-term in ABc.

2.3 Examples

ML-style pattern-matching  Constructors and the case construct of \B¢ basi-
cally implement enumerated types. For instance, booleans are represented in AB¢
using two constructors true and false, and by setting:

if N then M; else My = {true — My; false — Mo} N
From the CaseCons-reduction rule of the calculus, we have

if true then M, else M,
if false then M; else M,

{true — Mjy; false — Ms].true — M,
{true — Mjy; false — Ms|.false — M,

However, the CaseAprp-reduction rule permits to go beyond simple case analysis,
and to implement pattern-matching over non constant patterns. To understand
how it works, consider the predecessor function (over unary integers) that maps
0 to 0 and sn to n. In AB¢, this function is implemented as

pred=An. {0 0; s— Az.z}.n



Beta-reduction

ApprLAM (AL) (Ax.M)N - M{z := N}
ApPPDaI (AD) N — K

Eta-reduction

LamApp  (LA) Az. Mz — M (z ¢ FV(M))
LamDar (LD) Az — WK

Case propagation

CaseCons  (CO) {6}.c = M ((c—> M) €0
CaseDar  (CD) {6} . —

CaseApp  (CA) {6}. (MN) — ({6}. M)N

CaseLam  (CL) {0} Az . M — Xz . {0}. M (z & FV(0))

Case conversion

CaseCase  (CC) {6} ol M) — {00 ¢}}. M

Fig. 1. Reduction rules of the A-calculus with constructors

(where 0 and s are distinct constructors). The computation of pred 0 is obvious
from the rules AppLam (=f) and CaseCons:

pred0 — {0~ 0; s— Az.z}.0 — 0.
More interesting is the case of pred (s N) (where N is an arbitrary term)

pred (s N) = {0+—0; s+ Az.z}.(s N)
- ({0—~0;s—Az.2}.s) N = (Az.2) N - N

which shows how the case construct captures the head occurrence of the construc-
tor s via the reduction rule CaseApp. More generally, ML-style pattern-matching
(on disjoint patterns) is translated in AB¢ as follows:

match N with {1 = Azy -y, My
| 01(11?1,...,:1,‘”1) = M1 -

. becomes .
Ci, |—>/\a:1;17nk Mk,

| ck(ml,...,xnk) = Mk I}N

Pattern-matching and recursion — Recursion is implemented in AB¢ in the same
way as in the pure A-calculus, by using a fixpoint combinator such as Church’s Y
or Turing’s @ = (\yf . f(yyf)) (Ayf. f(yyf)). Combining recursion with case



analysis, one can define recursive functions on algebraic datatypes, such as for
example the function ‘append’ that concatenates two lists

append = O (Aflilo . {nil = I5; cons — Aal' .cons z (f ' I2)}.1y)

(where lists are represented as usual with two constructors nil and cons). In what
follows, we will use the following arithmetic operators:

o (Afnm.{[Or—)m; S Ap.s (fpm)]}n)
] ()\fnp.{]O»—>n; s— Ag. f (pred n) q)l}.p)

plus

minus

Variadic constructors  Since constructors have no fixed arity in ABg¢, it is
tempting to use (some of) them as variadic constructors, that is, as constructors
that may be applied to an arbitrary number of arguments.

For instance, a natural idea consists to represent vectors (i.e. variadic tuples)
using a single constructor vec, letting;:

(v1,...,v5) = VveC Ty -+- Ty
With such a naive encoding, it is possible to write the concatenation function
vappend = Avjvs.{vec — v1}.va,

but not the function accessing an element of a vector given by its index. Indeed,
accessing the ith element z; of a vector v = vec z; -- - x,, requires to skip the
first 4 — 1 arguments, but also to drop the n —i — 1 remaing arguments. Alas, the
latter cannot be implemented in AB¢ since there is no way to count the number
of arguments a constructor is applied to.

The solution to fix this problem is to provide the length explicitly, as the
first argument of the constructor vec, and thus to encode vectors as

(V1,...,0p) = VeChi T -+ Tp.

Using this encoding, it is possible to write functions computing the length of a
vector or accessing one of its elements:

skip = © (/\fmc.{IO T S )\pz.fpa:ﬂ.n)
length = Av.{vec — An.skip n n}.v
access = vi.{vec — An.skip i (Az.skip (minus n (s i)) z)}.v

Of course, it is still possible to define the concatenation function, though its code
is slightly more complex than before:

vappend = Avjvuy. {vec — An; . {vec — Ans.vec (plus ny na)f}. vaft. v1



3 Preliminary results

3.1 Free variables and substitution

We start this section by extending standard lemmas of the A-calculus to the
A-calculus with constructors.

Lemma 1. Let M be a term or a case binding, P a term and x a variable. Then
FV(M{x:= P}) C (FV(M)—{z}) U FV(P).

ProoOF: By induction on M. O
Lemma 2. Let P,Q € A¢c + B. If P =5, Q, then FV(Q) C FV(P).

PRrROOF: By induction on P analyzing each one of the rules. Note that the case
of rule CaseCask relies on the fact that FV(f o ¢) C FV(0) U FV(¢). O

Lemma 3. Let M be a term or a case binding, P a term, and x a variable such
that x ¢ FV(M). Then M{x := P} = M.

PROOF: By induction on M. O
We can now state the substitution Lemma for AB¢.

Lemma 4 (Substitution lemma). For all terms and case bindings M, for all
terms P, Q) and variables © and y such that x #y and x ¢ FV(Q) we have

M{z = P}y :=Q} = M{y := QH{z := P{y :=Q}}.
ProoOF: By induction on M.
— If M =z we have by Lemma 3 that P{y := Q} = P{y := Q}.
— If M =y, we have that ) = @ since by hypothesis z ¢ FV(Q).
— If M = z(# z,y), we have that z = z.
— If M = c a constructor, we have that ¢ = c.
— If M = X, we have that " = .
— If M = M My, M{z := P}y :=Q} =
Mi{z := P}y := Q}Mx{z .= PH{y := Q} =11
Mi{y .= QH{z := Py := Q}}Mo{y := QH{z := P{y .= Q}} =
M{y := QH{z := P{y := Q}}.
—IfM =Xz My, M{z := P}y :=Q} =
Az.Mi{z = PHy :=Q} =i
Az M{y = QH{z := Ply := Q}} =
M{y = QHz := P{y := Q}}.
—IfM=60= (Ci — Mi)i:l..n; 0{.(17 = P}{y = Q} =
(ci = Mi{z = PHy := Q})i=1.n. =11
(ci = M{y := QH{z := P{y := Q}})i=1.n =
0y == QHz := P{y := Q}}.
— If M ={0}. My, M{z:= P}{y:=Q} =
1642 = PHy = Q4. Mi{o := PHy = Q} =ru
16y :== Q}{z == Py := Q}}. Mi{y = Qo := Py := Q}} =
M{y := QH{z := P{y := Q}}.



3.2 General definitions and commutation results
We first recall some classic definitions.

Definition 1. — An Abstract Rewriting System (ARS) is a pair A = (|A], > 4)
formed by an arbitrary set |A| (called the carrier of A) equipped with a binary
relation — 4 on |A|. We denote by —7 the reflezive closure of — 4, by —% the
reflexive-transitive closure of — 4, and by ~ 4 the reflexive-symmetric-transitive
closure of — 4.

Definition 2. — An ARS A is strongly normalising (SN) if there is no infinite
sequence of objects (M;);en € |A|N such that M; — 4 M;y 1 for all i € N.

Definition 3. — Let (S,—4) and (S,—p) be two ARSs defined on the same
set. We say that:

— A weakly commutes with B, written A //,, B, if for all M,M;, M, such
that M —% M, and M —5 M> there exists Mz such that M, —F Mz and
My =% Ms. In other words, the following diagram holds:

A M B
O\
Mlv * * M2
BN £ a
3

— A commutes with B, written A // B, if for all M, My, Ms such that M —%
M, and M —5 Ms there exists Ms such that M; —% Ms and My —% M;.
In other words, the following diagram holds:

A M B
AN\
M1_* *Mz
BN £ a
3

— A strongly commutes with B if for all M, My, Ms € S such that M — 4 M,

and M —p M, there exists M3 € S such that My ——p M3z and My —7% Ms.
In other words, the following diagram holds:

A M B
Y\
My My

F A
3

B',

ilz Il

Note that strong commutation is not a symmetrical relation.

Definition 4. Let A be an ARS. We say that



— A is weakly confluent, or weakly Church-Rosser (WCR), if A //,, A.

— A is confluent, or Church-Rosser (CR), if A // A.

— A enjoys the diamond property if for all M, My, My such that M — 5o M,
and M — 4 M there exists Ms such that My, — 4 Ms and My — 4 Ms.

Given two ARSs A and B defined on the same carrier set, we write A + B
the (set-theoretic) union of both relations. The confluence proof of AB¢ relies on
standard results of rewriting [1], and in particular in the following lemmas:

Lemma 5. — Let A, B,C be ARSs.

1. IfAJ/Band A// C then AJ/ B+ C.
2.1fA)/,Band A /] C then A//, B+C.

PROOF: Both items are immediate from the definition. O

Lemma 6 (Newman’s Lemma). — Let A be an ARS. If A is weakly confluent
and strongly normalising, then A is confluent.

PRrOOF: See [1] for example. O

In what follows, we will use a generalisation of Newman’s lemma to pairs of
weakly commuting systems:

Lemma 7. — If A //,, B and A+ B is SN, then A /| B.
PRrROOF: Similar to Newman’s Lemma, by a well-founded induction. |
Lemma 8. — If A strongly commutes with B, then A /| B.

PRrOOF: See [1]. m|

3.3 Strong normalization of the B¢-calculus

We now prove that the sub-calculus B¢ = (AB¢ \ AppLaM) enjoys the strong
normalization property (SN), a property which will be a key ingredient in the
proof of confluence of section 4.

Proposition 1 (SN of B¢-calculus). The Be-calculus is SN.

PRrooOF: Consider the function h : A¢ + B — N recursively defined by

h(z) = h(c) = h(¥) =1
h(MN) = h(M)+ h(N)
h(Az.M) = h(M)+1
h({0}. M) = h(0) + (10] + 2)h(M)
h((cz — Mz)z—l n) = Z?Zl h(Mz)
It is routine to check that h decreases at each Be-reduction step. O

Corollary 1 (SN of AB¢-subsystems). — For all subsystems s of the AB¢-
calculus (induced by a subset of the 9 primitive rules), s is SN iff AppLaM ¢ s.
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4 The Church-Rosser property

4.1 Critical pairs and closure conditions

Each of the 9 primitive reduction rules of AB¢ describes the interaction between
two syntactic constructs of the language, which is reflected by the name of the
rule: AppLaM for ‘Application over a Lambda’, etc. These reduction rules induce
13 different critical pairs, that are summarised in Fig. 2 and 3.

Critical pairs occur for all pairs of rules of the form FooBar/BarBAz, which
corresponds to a situation where a FooBaRr-redex and a BArRBaz-redex overlap
on a syntactic agregate of the form

FooBARr-redex [
BAR

I BarBAz-redex
Baz

A quick examination of Fig. 2 and 3 reveals that each time we have to close
such a critical pair, we need to use the third rule FooBaz when this rule exists.
This occurs for the 6 critical pairs (2), (4), (5), (6), (7) and (8) of Fig. 2; in the
other cases, the critical pair is closed by the only rules FooBAR and BARBAz.

This remark naturally suggests the following definition:

Definition 5 (Closure conditions). — We say that a subset s of the 9 rules
given in Fig. 1 fulfils the closure conditions and write s = CC if:

(CC1) AppLAM € s A LamDar € s = AppDAI € s
(CC2) LamAprp € s A AppDal € s = LamDAl € s
(CC3) CASEAPP € s A ApPLAM € s = CASELAM € s
(ccy) CASEAPP € s A AppDAI € s = CaseDAI € s
(CC5) CaseLAM € s A LamApPp € s = CASEAPP € s
(CC6) CaseLam € s A LamDar € s = CaseDAI € s

Intuitively, a subset that fulfils the 6 closure conditions defines a system in
which all critical pairs can be closed, and thus constitutes a good candidate for
Church-Rosser. The aim of this section is to turn this intuition into the

Theorem 1 (Church-Rosser). — For each of the 512 subsystems s of AB¢
the following propositions are equivalent:

1. s fulfils the closure conditions (CC1)-(CC6);
2. s is weakly confluent;
3. s is confluent.

Since the full system (i.e. AB¢) obviously fulfils all closure conditions, we will
get as an immediate corollary:

Corollary 2 (Church-Rosser). — AB¢ is confluent.



(1) AppLaM/LAMAPP

(Az.Mz)N

APPLAy \LjMAPP

[z¢ FV(M)]

(3) LaMApp/ApPPLAM

Az. (Ay. M)z

ApPLAM

[zgFV(M)]

(5) CaseApp/ApPPLAM

{6}. (M\x. M)N

CASEAFV \iPPLAM

({6} Az M)N {6} Jy{w = N})
///
(). N
/"
APPLAM W\

({0} M){z := N}

[z¢FV(0)]

C ASELAM

(7) CaseLAM/LAMAPP

{6} \x .

(2) AppLaM/LAMDAI

Az N
APPLy \LiMDAI
\\
Q
N £ APPDAI
BY

(4) LaAMAprp/ApPPDAI

Az . (Hx)
LAMAV YPDAI
BY Az
N

N\ .
Q
N LamDA1

3
(6) CASEAPP/APPDAI

16}. O N)

CASEAV \A&PPDAI

{[0[} TN {]9]} YK
CASEDAI :

v )

o3 N CASEDAI

APPDAIZ N Q ‘/
K

(8) CAsELAM/LAMDAI

[x¢ FV (M,0)] {6} Ax &
CASELAy Y‘AMAPP CASELAy Y&AMDAI
Az {|9]} (Mz) {6}. M Az . {0} {6 &
Vi : :
CASEAPP Vs CaSEDAI |
v N
/4 s
AT . ({]0]}', M)z / Az . ~ CASEDAI
LAMAPP y /4 LamDar
{6}. M B¢

Fig. 2. Critical pairs 1-8 (/13)
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(9) CaseCase/CAsSECONS

{6} {o}. ¢ [(c—M)€EP]

CASECAy \\iASECONs

{[90¢|}.c {]/19]}M

CaseCons 4

{6y M

(11) CASECASE/CASEAPP

{0} {ol. (M N)
CASECASE/ \\CASEAPP
{000k (MN) {6} ({o} M)N

CASEAPP
cASEAp;_ ({6} {b. M)V

4 4 CaseCase

({6 o ¢} M)N

(10) CaseCase/CASEDAI

{0} {of. &
CASECAy \\iASEDAI
{6 o ¢]} 5 {]9[} YK

CasEDAT Q //f CasEDAI
BS

(12) CASECASE/CASELAM

{6} {o}- Az . M

CASECASE/ \\iASELAM
{00} dx. M {60} Xz.{o}. M
: CaseLam
) v
CASELAM AL . {[9[} {ok. M
Vr'q b ' VVCASECASE
Az {60} M

(13) CaseCAse/CASECASE

{16} ok ol M

CASECAy \\CrSECASE

126 4ob. 1

CasECASE

N

{6h-{dopb-t

CASECASE
'

o (@opl. M

s CASECASE*

{(6o¢)oph. M

Fig. 3. Critical pairs 9-13 (/13)
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The proof of theorem 1 relies on a systematic analysis of the commutation
properties of all pairs of subsystems (s1,s2) of AB¢. For that, we first have to
generalise the notion of closure condition to any pair (s1, s2) of subsystems. This
leads us to adopt the following definition:

Definition 6 (Binary closure conditions). — We say that a pair (s1, s2) of
subsystems fulfils the binary closure conditions and write (s1,s2) = BCC if

(BCC1) ApPLAM € s; A LamDAl € s; = AppPDAI € s
(BCC2) LaAMAPP € s; A AppDAl € s» = LaMDAI € sy
(BCC3)  CaseApp € s; A ApPLAM € s3 = CaseLAM € s
(BCC4) CaseApp € s; A AppDAI € s; = CaseDar € (syNss)
(BCC5) CASELAM € s;1 A LAMAPP € sy5 => CASEAPP € $»
(BCC6) CaseLam € s; A LamDA1 € s; = CaseDar € (s;Nsa)
(BCC7) CASECASE € s; A CASEDAI € s3 = CasSEDAI € s;
(BCC8) CASECASE € s; A CASEAPP € s5 = CASEAPP € s
(BCCY9) CASECASE € 81 A CASELAM € s5 = CASELAM € s

as well as the 9 symmetric conditions (obtained by exchanging s; with ss).

Again, the 9 binary closure conditions come from an analysis of critical pairs.
For example (BCC1) comes from the observation that critical pair (2) of Fig. 2
can be formed as soon as s; contains AppLAM and s; contains LamDAarI, and that
it can be closed only if s; contains AppDAI.

We can also remark that when we take s; = s = s, the binary closure con-
ditions (BCC1)—(BCC6) degenerate to the (simple) closure conditions (CC1)-
(CC6) whereas (BBC7)-(BCC9) become tautologies, so that:

Fact 1 — For all subsystems s of AB¢: s |= CC iff (s,s) = BCC.
We first show that:

Proposition 2. — For all pairs (s1,s2) of subsystems of A\B¢ the following
propositions are equivalent:

1. (s1,82) = BCC (binary closure conditions);
2. 51 [/, 52 (weak commutation).

Proor: (1. = 2.) Let (s1,s2) be a pair of subsystems of AB¢ that fulfils the
binary closure conditions. By induction of M we show that if M —, M; and
M —,, M, (for some 71 € s; and 79 € s2), then there is a term Mj5 such that
My =}, Mz and My —7, Mjs. We distinguish cases depending on the structure
of M and the rules r; and r5. The crucial cases correspond to the critical pairs
(1)-(13), each of them being closed using the rule(s) given by the corresponding
binary closure condition.

(=1. = =2.) Assume (s1, $2) is a pair of subsystems of AB¢ that does not fulfil
(at least) one of conditions (BCC1)-(BCC6). We easily build a counter-example
from the originating critical pair. |
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4.2 The ‘divide and conquer’ proof technique

Let us now consider the 512 x 512 matrix formed by all 131,328 (unordered)
pairs of subsystems of AB¢2. From Prop. 2 and Cor. 1, we have:

S1 //w S1 -~ (81,82) |: BCC
(s1 + s2) is SN & APPLAM ¢ (s1 + $2)

for all pairs (s1, s2) of subsystems of AB¢. From this it is clear that:

Fact 2 — Both relations “sy //,, s2” and “(s1 + s2) is SN” are decidable.
With the help of a small computer program, we easily check that:

— There are exactly 13,396 pairs of subsystems (s,s2) such that s //,, s2.

— There are exactly 5,612 pairs of subsystems (s, s>) such that s; //,, s2 and
(s1 + s2) is SN. From lemma 7, we deduce that (at least) all these pairs
commute, that is: s1 // s2.

The situation is summarised in the following table:

Pairs (s1, s2) $1 = 89
Commuting + SN (=BCC + —AprLAM) 5,612 | 160 CR+SN
Weakly commuting (=BCC) 13,396 | 248 WCR
Total 131,328 | 512

It now remains to show that the commutation property “s; // s2” also holds for

the remaining 13,396 — 5,612 = 7,784 pairs of systems that weakly commute,
but whose union is not SN.

For that, we propose a simple ‘divide and conquer’ technique to reduce the
number of lemmas to prove. The idea is to deduce the remaining 7, 784 expected
commutation properties from a much smaller set of commutation properties by
mechanically applying the second item of lemma 5

If A//B and A//C, then A// (B+C)

to propagate the knowledge of pairs of commuting subsystems (using the al-
gorithm described in Fig. 4). Actually, this method is sufficient to reduce the
problem of proving the 7,784 expected commutation properties to the problem
of proving the 12 commutation properties of Table 1, since:

Fact 3 — If the 12 pairs of subsystems of Table 1 commute, then all 13,396
weakly commuting pairs of systems commute.

PRroOOF: This is mechanically checked by applying the algorithm of Fig. 4. O

The rest of this section is thus devoted to the proof of the 12 commutation
properties of Table 1.

% In what follows, we count (s1,s2) and (s2, s1) as a single pair of systems.
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) AppLaM // ApPLAM

)  AppLaM // AppDAI

) AppLaM // LAMAPP

)  AppLaM // CaseECONS

) AppLAM // CASEDAI

) AppLaM // CASELAM

)  AppLaM // CASECASE

) AppLAM + AppDAI // LAMDAI

) AppLaM + AprpDA1 // LAMAPP + LAMDAI

0) AppLAM + CASELAM // CASEAPP

1) AppLAM + CASELAM // LAMAPP + CASEAPP

2) AppLAM + AppDAI + CASeDAI + CASELAM //
LAMAPP + LAMDAI 4+ CASEDAI + CASEAPP

(1
(2
(3
(4
(5
(6
(7
(8
(9
(1
(1
(1

Table 1. The 12 initial commutation lemmas

In the following piece of code, C[s1, s2] denotes a symmetric matriz of
booleans indezxed by all pairs of subsystems (s1,s2). We assume that

each assignment C|[si,s2]:=b implicitly performs the symmetric
assignment Cl[s2,s1] :=b in order to preserve symmetry.
Global invariant: Cls1,82] = s1// s2

[Initialise C' with all SN+commuting pairs]
for each (si,s2) do

Cls1,82] := check_bce(s1,s2) A APPLAM ¢ (s1 U s2)
done;

[Manually set the 12 initial commutation lemmas]
for each (si1,s2) € Table 1 do

C[s1,82] := true
done;

[Close matrix using lemma 5]
while

there are s1, s2, ss3 such that :

C[Sl, 82] A C[81, 53] A —|C[51, (52 U 53)]
do C[s1,(s2Us3)] := true done;

[Check that all BCC-pairs commute]
for each (s1,s2) do
assert(C[s1, s2] < check_bee(si, s2)) [Produces an error if not true]
done
[If no error has been produced, then Fact 3 holds]

Fig. 4. Divide an conquer algorithm
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Remarks  The algorithm of Fig. 4 can be refined in order to determine the
smallest possible set of commutation lemmas which is necessary to generate
all the desired commutation lemmas from the rule of inference “if A // B and
A /] C,then A // (B4+C)”. (Actually, it can be shown that such a minimal set of
commutation lemmas is unique, using a simple combinatorial argument based on
the sizes of the sets of rules.) By applying this refined version of the algorithm,
we obtain the minimal set of commutation lemmas—which is precisely the set
formed by the 12 lemmas of Table 1.

This technique for proving the confluence of a system with many reduction
rules is an alternative to the interpretation method [13]—with the benefit that
commutation and confluence results are obtained for all subsystems as well.

4.3 Preservation by substitution

We now prove important basic lemmas which relate substitution with the Be-
rules, to be used in the commutation diagrams of the subsequent lemmas. All
these lemmas state that substitution is preserved under the AB¢-rules.

We formulate these lemmas in a generic way, i.e. treating every calculus rule
generically, in order to have a single statement for each one of them.

We will first need the distribution of substitution over composition.

Remark 1. For all case bindings 6, ¢, for every term P and variable y,

(0 o)y := P} =0{y:=P}og{y:=P}

PRrROOF: Let (]5 = (Ci = Mi)i:l,...,n-

Then (80 6){y := P} = (c; > {0} Mi)i—r,. .y := P}

= (¢; = {0{y == P} Mi{y := P}iza, )

=0{y:=P}o(c; = Mi{y:=P})i=1,.n

=0{y:= P} od{y:= P} ]

Now we can give the generic

Lemma 9. Let R be any rule in the set {ApPLAM, APPDAI, LAMAPP, LAMDAT, CASELAM,
CASEAPP, CASEDAIL, CASECONS, CASECASE}.

1. For all terms and case bindings M, N, for every term P and variable y,
if M - N then M{y:= P} -r N{y := P}.

2. For all terms and case bindings M, for all terms P,(Q and variable y,
if P =g Q, then M{y := P} S5 M{y :=Q}

Proor:
1. By a straightforward induction on M.
— If M = x,y,"H, ¢, the result holds vacuously.
— If the reduction is at the root, we have the following possibilities:
e R = AppLaM, then M = (A2.Q)R = pAppLam @{z =R} =N,

then M{y := P} = (\z.Q{y := P})R{y := P} = AppLam
Qfy := PHa = R{y = P}} =1. 4 Q{x = R}{y == P}
= N{y := P}.
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e R = AppDaI, then M = MM = ppppar " =N,
then M{y := P} = HM:{y :== P} = pApppa; ¥ = N{y := P}.

e R = LamAPP, then M = (Az.Qz) =1, yapp @ where z ¢ FV(Q)
and ¢ # y, then M{y := P} = (\z.Q{y := P})z
—LamApp @{y := P} using Lemma 1, since by the free variable
convention x ¢ FV(P) and z ¢ FV(Q) thus
2 ¢ FV(Q) — {y} UFV(P).

e R =LamDAL then M = Az =1 s, yDar X =N,
then M{y := P} = AzoX{y := P} = Ax X =1 ,yDar
= N{y := P}.

e R = CaseLawm, then M = {6}. \e.M; —=caspLam A2-{0} M
= N, then M{y := P} = {0{y := P}}. (Az.M;){y := P}
={60{y := P}}. \e.M,{y := P}

—CaseLam A0y := p}}. Mi{y := P} = N{y := P}.

e R = CaseApp, then M = {0}. (M1 M) = caspapp 10} M1 My = N,
then M{y := P} = {0{y := P}}. (M1 {y := P}M>{y := P})
—caspApp {{y = P} Mi{y := P}Mo{y := P} = N{y := P}.

e R = CaseDa1, then M = {0} "M > casgDar W = N,
then M{y := P} = {0{y .= P}}."{y := P}
= {0{y := P}} " = aseDar X = N{y := P}.

e R = CaseCons, then M = {(¢; = M;)i=1,.. nl}-¢;

—CasnCons Mj = N, then M{y := P}
={(ci = M;)ima,...n{y := P}}-ci{y := P}
={(ci = Mi{y := P})iz1,.nl-¢;
—CaseCons Mj{y := P} = N{y := P}.

e R = CasECasE, then M = {0}. {¢}. Q = caspCasy 1000} Q =N,
then M{y := P} = {8{y := P} {01y == P}}.Q{y := P)
—CaseCase {0{y == P} o ¢{y := P}}. Q{y := P}
=Remark 1 {(0 0 0){y := P}}. Qfy := P} = ({0 0 ¢} Q){y := P}
= N{y := P}.

—IfM= My M, —R N My with M; —R Nl, then
M{y := P} = Mi{y := P}Mx{y := P}
— If M = MjMs - NoM, with Ms —g N, analogous to the previous
case.
— It M= )\IMl —R )\le with M1 —R Nl, then
M{y := P} = \z.Mi{y := P} -3 \x.N1{y := P} = N{y := P} using
the free variable convention.
—IfM=6= (Ci — Mi)i:L...,n —R (Ci — Ni)i:L...,n = ¢ where M; = N;
for ¢ # j for some 1 < j < n and M; =g Nj, then
M{y:=P}=(c;—» M{y :=P})i=1...n
—)%H (Cz' — Nz{y = P})i:Ln-JL = 6{?] = P}
— It M={6}. My -5 {o}. M1 = N and 6 = ¢, then
M{y:= P} = {0{y := P}}. Mi{y := P}
—i {¢{y = P} Mi{y := P}
= N{y:= P}.
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— It M= {IeﬂMl —R {]6[}N1 = N with M1 —R Nl, then
M{y := P} = {0{y := P}}. Mify := P}
=i {6{y == P}}. Ni{y := P} = N{y := P}.

2. By induction on M.

— If M =y we have P = Q (1 step).

— If M =x # y we have © S « (0 steps).

— If M = "4 we have ¥4 = g % (0 steps).

— If M = ¢ we have ¢ 55 ¢ (0 steps).

- If %II = M My, M{y := P} = Myj{y := P}M,{y := P}
“p Mi{y = Q}Mo{y = Q} = M{y = Q}.

— If M = Xe.M,, M{y := P} = Ae.My{y := P}
« TH
—p e M{y:=0Q}=M{y:=Q}.

—IfM=0= (CZ‘ — Mi)i:lw.,n; M{y = P} = (Ci — Ml{y = P})i:l,...,n
o TH
=g (i Mi{y = Q})i=1,...n = 0{y == Q}.

— If M ={0}. My, M{y := P} = {0{y := P}}. M1 {y := P}

Sn 404y = QY. Mi{y = Q) = M{y := Q).

Actually we need the extension to many-step reductions.

Corollary 3. Let R be any rule in the set {ApPLaM, APPDAI, LAMAPP, LAMDAI, CASELAM,
CaseApp, CaseDA1, CAsECons, CASECASE}.

1. For all terms and case bindings M, N, for every term P and variable y,
if M 55 N then M{y := P} 5 N{y:= P}.

2. For all terms and case bindings M, for all terms P,Q and variable y,
if P 5p Q, then M{y := P} 5g M{y:=Q}

PROOF:

1. By Lemma 9(1) and induction on the length of the derivation
M 5pg N.

2. By Lemma 9(2) and induction on the length of the derivation
P5RQ.

4.4 Commutation of AppLam with AppDai, CaseCons, CaseCase,
CaseDai and CaseLam

We prove the necessary commutation lemmas for these rule systems.

Lemma 10. AprLawm // AppDAI
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PROOF: We prove that the following diagram holds for terms and case bindings
(where we denote both sorts by using the letter M):

M —7 M1

ADl AD
¥

My o My

>

=AL
It is done by induction on M. There is no critical pair. It uses Corollary 3
(1) and (2). Note that the = subscript appear at the AppLam-reduction since
AprpDAI may erase redexes, and a many-step AppDal-derivation appears because
AprpPLAM may erase or duplicate redexes. Since they strongly commute, by the
Commutation Lemma they commute. O

Lemma 11. AppLaM // CasECONS
ProOF: We prove that the following diagram holds for terms and case bindings:

M4>AL M1

col co:
¥

My > Ms

B
=AL

It is done by induction on M. There is no critical pair. It uses Corollary 3
(1) and (2). Note that the = subscript appear at the AppLam-reduction since
CaseCons may erase redexes, and a many-step CaseCase-derivation appears
because AppLAM may erase or duplicate redexes. Since they strongly commute,
by the Commutation Lemma they commute. O

Lemma 12. AppLAM // CASEDAI
PROOF: We prove that the following diagram holds for terms and case bindings:

M == M

CD\L CDV
My Ms

It is done by induction on M. There is no critical pair. It uses Corollary 3
(1) and (2). Note that the = subscript appear at the AppLam-reduction since
CasEDAT may erase redexes, and a many-step CaseDarl-derivation appears be-
cause AppLaM may erase or duplicate redexes. Since they strongly commute, by
the Commutation Lemma they commute. O

Lemma 13. AppLaM // CASELAM
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PROOF: We prove that the following diagram holds for terms and case bindings:
M= M1
OLi CL:
¥
My oy Ms

It is done by induction on M. There is no critical pair. It uses Corollary 3 (1) and
(2). Note that the many-step CaseLam-derivation appears because ApPLaM may
erase or duplicate redexes. Since they strongly commute, by the Commutation
Lemma they commute. O

4.5 Commutation of AppLam+CaseLam with CaseApp

Lemma 14. The following diagrams hold for terms and case bindings:
M —— M; M —— Ml M —— M;

CA CA CA
C’Ll CL CLl
\

M, cA My M CA

CL: C’Li CL
Y

> Ms

My My,

PRrROOF:
1. By induction on M. There is no critical pair.
2. By induction on the length of the CA-derivation using item (1).
3. By induction on the length of the CL-derivation using item (1).

Lemma 15. The following diagram holds for terms and case bindings:

M—— M,

=CL
\
AL
AL
\
My - My

CA

PROOF: By induction on M. There is one critical pair, which closes according
to the diagram. It uses Corollary 3 (1) and (2). Note that ApPLAaM may erase or
duplicate a redex thus the many-step CaseApp-derivation at the bottom. O

Lemma 16. The following diagram holds for terms and case bindings:

M —— M,

CL
v
AL
AL
\
My o Ms

CA
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PRroOF: By induction on the length of the CaseApp-derivation, using Lemma 15
and Lemma 14(3). The picture is:

— N —— M
M —c7= M == M

CL CL
e — >0
CA

AL =CL
AL L4

AL

My —— o ——= /.
27¢ca ca 8

where the left rectangle can be closed by IH. |
Lemma 17. AppLAM + CaseLaAM // CASEAPP
Proor: We show first that the following diagram holds:
M =57 M
CL+AL\L CL+AL
My Ms

using Lemma 14(3) and Lemma 16. Then we conclude by induction on the
derivation M —*>CL+AL M. O

4.6 Commutation of CaseCase with AppLam

To show commutation of CAsECASE with AppLaM we will use the parallel reduc-
tion technique. We define for this a parallel version of AppLam, which will also
help in proving confluence of the latter.

Definition 7. We define the parallel AppLaM reduction as follows:

M=M N=N'

———— (pRef
(Az.M)N = M'{z := N'} (pdppLam) M = M ( )
M= M M= M.,i=1,...,n
————— (pLam) . : p (rCB)
.M = .M (ci> M;)i=1,.n = (ci = M])i=1,.n
M=M N=N M=M 06=¢
(pApp) (pCase)

MN = M'N' {6}. M = {6'}. M’
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Now we state Proposition 3 which provides a sequence of easy but useful
structural properties to be used afterwards:

Proposition 3 (Structure preservation by AppLam, CaseCase and =).
For all terms M, My, My, N, case bindings 8, ¢ and variable

1. if Xe.M —qaspCasg IV then there exists M' such that N = Az.M' with
M —=cpspCase M’

2. Zf My M, —CASECASE N then

— either there exists M| such that N = M| M, with My —CaspCase M1
— or there exists M, such that N = M1M2 with Ma = CaspCase Ms

3. if0 = CaspCasy @ then there exist My, ..., My, N, and constructorsci, ..., Cp,
with n > 1 such that 0 = (¢; = M;)i=1,.. n and there exists 1 < j <n such
that ¢ = (¢; = N;)i=1,....n with N; = M; for i #j and M; = CaspCase NVj

4- if 40} M —caspcase IV then

— either there exists 8 such that N = {6'}. M with 0 = ssxCase &'
— or there exists M' such that N = {0}. M' with M —cixspCase M’
— or there exists ¢, M' such that M = {¢}}. M' and N = {6 o ¢}. M’
5. if \e.M = N then there exists M' such that N = Az.M' with M = M’
6. if My Ms = N then
— either there exist M|, M} such that N = M{M} with My = M| and
My = Mé
— or there exists P,P', M} and a variable y such that M; = \y.P and
N = P'{y := M}} with P = P’ and M, = M,

7. if 0 = ¢ then there exist My,...,M,, N, and constructors cy,...,cy,, with
n > 1 such that 6 = (¢; = M;)i=1,.n and ¢ = (¢; = Ni)i=1,..n with
M; = N; for1<i<n

8. if {0}}. M = N then there exists ', M' such that N = {6'}. M' with 6 = ¢’
and M = M’

PROOF: All items are proved by induction on M or 6, the same way as in the
classical A-calculus. a

Having defined parallel AppLaMm reduction (Definition 7) we will prove that it
commutes strongly with CaseCase (Lemma 21), which will imply that AppLam
commutes with CaseCase (Corollary 5). In other words, we will prove that the
following diagram holds for terms and case bindings:

M =55 M,

|

Ml »Mg

We need the following technical lemmata. All these lemmas will be formulated
for A¢ terms as well as for B case bindings. Proofs will be by simultaneous
induction on terms and case bindings. In what follows, we also use Barendregt’s
free variable convention whenever necessary.

Similar to Lemma 9, substitution is preserved under parallel ApPLAM reduc-
tion.
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Lemma 18. For every term and case binding M, for all terms P,Q and every
variable y, if P = Q, then M{y := P} = M{y := Q}

ProoOF: By induction on M.

If M =y, then we have P = Q.

If M =z # y, then by reflexivity z = z.

If M =X, then by reflexivity M = Y.

If M = ¢ a constructor, then by reflexivity ¢ = c.

If M = M, M, then by IH and pApp M{y := P} = M,{y := P} M>{y := P}
= Mi{y := Q}Mx{y := Q} = M{y := Q}.

If M = Az.M,, then by IH and pLam M{y := P} = \z.M {y := P}
= M. Mi{y = Q} = M{y = Q}.

If M =0 = (c; = M;)i=1,...n, then by IH and (pCB)

M{y = P} = (Ci — Ml{y = P})i:l,...,n

= (¢ = Mi{y == Q})i=1,...n = 0{y :== Q}.

If M = {0]}. N, then by IH and pCase

M{y := P} = {6{y := P}}. N{y := P}

= {6{y == Q}}- Ny = Q} = M{y == Q}.

The following is a generalization of the previous lemma:

Lemma 19. For all terms and case bindings P, Q, for all terms R, S and every
variable y, if P = @Q and R = S, then P{y := R} = Q{y := S}

PROOF: By induction on the derivation of P = Q).

if (pRef) was applied, P = (), then by Lemma 18 P{y := R} = Q{y := S}.
for (pAppLam), P = (\e.M)N, Q@ = M'{z := N'} with M = M’ and
N = N', then (Az.M)N){y := R} = (Az.M{y := R})N{y := R}. By IH,
M{y := R} = M'{y:= S} and N{y := R} = N'{y:= S}, thus
(M.M{y:=R})N{y:=R} = M'{y:=SHa:=N'{y:=S}} =14
M'{z:=N'}{y := S} = Q{y := S} since z is fresh by the free variable
convention.

for (pApp), (MN){y := R} = M{y := R}N{y := R} ="
M'{y:=S}N'{y:=8}=M'N'{y:=S5}

for (pLam), (Az.M){y := R} = \z.M{y := R} = \a.M'{y = S} =
M. M"){y =S}

for (pCB), (Ci = Mi)i:l,...,n{y = R} = (Ci — Mi{y = R})i:l,...,n :>IH
(c; — Ml{y = S})z’:l,...,n = (¢ — M{)z:1n{y =S}

for (pCase), {0}. N{y := R} = {6{y := R}}. N{y := R} ='H#

{6'{y := S} N'{y :== S} = {6'}. N'{y := S}

We still need the following

Lemma 20. For all case bindings 6,0",¢,¢’, if 0 = 6" and ¢ = ¢' then

o

o=00g.
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PROOF: Let ¢ = (dz — Ni)izlv_“’n = (dl — N{)i:l,...,n = ¢I with Ni = Nzl for
all1 <i<n.Then 6o ¢ = (dz = {[0|}.N,-),-:17,__7n = (dz = {lelI}~NiI)i:1,...,n =
6'og'. O

Then we get

Lemma 21 (parallel AppLam and CaseCase strong commutation). For
all terms M, My, M, if M = My and M —caqpCasg M2, then there exists

My such that My S caspCasg M3 and My = M. And analogously for case
bindings. In other words, the following diagrams hold:

PROOF: We reason by induction on the derivation M = M;. We have the
following cases:
1. (pRef) was applied, with M = M, take M3 = M.
2. (pAppLam) was applied, with M = (Az.P)Q, M, = P'{z .= Q'}, P =
P',QQ = @', so by Proposition 3 (2) and (1) we have that either
— M, = (Ax.P")Q with P - spcasg P that is

(Az.P)Q ——= (\z.P")Q

ﬂ

Pz = @)
By IH the following diagram holds for some P'"':

P—==P"

cc”
ﬂ v

I s I
PP

By Corollary 3, P'{z := Q'} Scaspcasy P"{z = Q'}, and since
P" = P" and @Q = @', (\xz.P")Q = P"{z := @Q'} so the diagram is
closed taking Ms = P"{z := Q'}.

— or My = (Az.P)Q", in which case

(\2.P)Q —5o= (Az.P)Q"

ﬂ

Pz :=Q'}
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By IH the following diagram holds for some Q"':

Q el QEII

v

QI C(?) QIII

By Corollary 3, P'{z := Q'} _*>CASECASE P'{z := Q"'}, and since
P = P'and Q" = Q", (\x.P)Q" = P'{z := Q"} so the diagram is
closed taking M3 = P'{z := Q"'}.
3. (pLam) was applied, with M = Az.P, M; = Az.P"” with P = P", in which
case by Proposition 3 (1) there exists P’ such that

Az.P oo \z. P’

ﬂ

Az.P"
By IH we have
P—> P' then )\mE.EP’
P e 1 \z.P" e \z.P!"

4. (pCB) was applied, with 0 = (¢; = N;)i=1,...n, 0" = (i = N/')i=1,...n,
N; = N/ for 1 <i < n, in which case by Proposition 3 (3)

ﬂ cc 4
9"

so for some 7 we have by IH the diagram

Nj — N}
co J
v

N s N
J cC J

then taking 0" = (¢; = N;")i=1, . with N;" = N"if i # j

0/

1o T
0"
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5. (pApp) was applied, with M = PQ, M; = P"Q", so by Proposition 3 (2)
we have that either
— My = P'Q with P = agpCasy P’ in which case

i
PIIQII
with @ = Q" and P = P", and by IH we have the diagram

P oo P' then P'Q

ﬂ v v

P! pit P'O" > PO
el Q cc Q

—or My = PQ" with Q —=CaspCasg @', in which case the diagram is
closed analogously.
6. (pCase) was applied, with M = {60}.Q, M; = {0'}.Q', 0 = 6" and Q = @',
so by Proposition 3 (4) we have that either
— CaseCase was applied at the root, i.e. @ = {¢}. P, so by Proposition 3
(5) Q' ={¢'}. P! with ¢ = ¢', P = P’ and we have

{0449} P —o> {90 6} P

ﬂ

16"} o' 7

By Lemma 20, § o ¢ = §' o ¢', thus {6 o ¢}}. P = {#' o ¢'}. P'. Since
{0’} P! = Caspcase 16’ 0 ¢'[}- P', the diagram is closed.
— or an internal CaseCasE was applied, then either
® 0 =5 (CaspCasg 95 so we have

163.Q = 107).Q

{6} @'
and by IH we have
0 —g5= 0" then 1)
ﬂ v v
0! ,,C,;C?,elll {]QII}QI B C(?’ {IGIHI}-QI

e or Q = CaseCase @, and the diagram is closed analogously.
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As a generalization of the results in Corollary 3 for AppLaM we have:

Corollary 4. For all terms and case bindings M, N, for all terms P,Q and
variable y, if M 5 pApppan NV and P =5 pApppan @, then M{y :== P} 5 A ppLam
N{y:=Q}

PROOF: Since M 5 5 ppp,am N, by Corollary 3 (1) we have that
M{y = P} 5 appLanm N{y := P}, then by Corollary 3 (2)
M{y = P} = pppLam Ny = Q1. =

Lemma 22. i)APPLAM = 3

PROOF: We first show that — Appr,am € = (it essentially uses the reflexivity
rule). For this we show that M — pppy,ay IV implies M = N by induction on
M.

— If M = z,¢,"K, the result holds vacuously.

— If the reduction takes place at the root, say (Ax.P)Q — AppLam P{2 = @},

then (Az.P)Q = P{z := Q} using P = P and @ = @ (pRef).

— If M = PQ = pppram PPQ =N, by IH P = P'so M = N by (pApp).

— If M = PQ = pppram PQ' = N, analogous.

— If M = X2.P 5 ppppay A2.P' =N, by IH P = P’ so M = N by (pLam).
—IfM=20 — AppPLAM 9’, let 8 = (Cz' — Mi)i:L...,n with Mj — AppPLAM MJI
for some 1 < j < n and 6" = (¢; — M/)j=1,..n where M] = M, for i # j,

then by IH M; = M thus § = ¢' by (pCB).
—If M= {0}.M1 = Appram 16} M1 = N,byIHO = 0 so M = N by
(pCase).
— It M = {0}. M1 = ppppam 10} M{ = N, by IH M; = M{ so M = N by
(pCase).
Since — AppLam © =, it follows that > AppLan C =-
Now we verify that = C <5 pAppLam (50 = C > AppLan Will follow). We prove
that P = A ppLay @ by induction on the derivation of P = Q:
— if (pRef) was applied, trivial
— for (pAppLam), P = (Az.M)N = pppLam M{z := N} S appran M'{z :=
N'} = @Q, where the latter derivation uses Corollary 4, since by TH M = A ppLan
M and N <5 ppppam NV
— for (pApp), P = MN 5 pppray M'N' = Q since by TH M 5 5 ppLay M’
and N _*>APPLAM N’
— for (pLam), P = Ax.M 5 pppp,an Az-M' = Q since by TH M 5 A pppam M’
— for (pCB), P = (¢; = M;)iz1,...n > AppLam (€ = M})iz1,...n = @ since by
TH M; 5 pApppay M} for 1<i<n
— for (pCase), P = {0}. M = pppLan 10'}- M' = Q since by TH 0 5 A ppLan
0" and M QAPPLAM M’
O
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Now we get,

Corollary 5 (AppLam and CaseCase commutation). For all terms and case
bindings M, My, My, if M 5 appran M1 and M 5caspcase Mo, then there
exists My such that My = caspCasy Mz and Mas =5 A pp1,an M3 In other words,
the following diagram holds:

M =G M

ALi AL
¥

Moo My

Proor: Using Commutation Lemma and Lemma 21 we get that = commutes
with = agpCage, therefore by Lemma 22 we conclude. |

4.7 Commutation of AppLam with AppLam

We can extend the confluence of f-reduction on A to the confluence of AppLam
on A¢ + B.

Lemma 23. = satisfies the diamond property
Proor: We prove that the following diagrams hold (respectively for terms and

case bindings):

L]

by induction on the derivation of M = M; (respectively 8 = 6;). We have the
following cases:
1. (pRef) was applied, with M = M, take M3 = M.
2. (pAppLam) was applied, with M = (A\z.P)Q, M; = P'{z := Q'} with
P = P Q= Q,so by Proposition 3 (5) and (6) we have that
— either My = (Az.P")Q"” with P = P", Q = Q", in which case

(\2.P)Q =——> (\z.P")Q"

Pz :=Q'}
By IH the following diagrams close for some P Q"':

Pp==p" Q==Q"
I

By Lemma 19, the original diagram is closed taking Ms = P"'{z := Q"'}.



29
— or My = P"{z:=Q"} with P = P", ) = Q", in which case
(Az.P)QQ —— P"{z :=Q"}
Pz :=Q'}

By IH the following two diagrams close for some P"', Q"":

By Lemma 19, the original diagram is closed taking M3 = P"'{z := Q"'}.
3. (pLam) was applied, with M = Az.P, My = Az.P', P = P", and by Propo-
sition 3 (5) My = Az.P’ with P = P’, in which case

\z.P —= \z.P'

Az.P"
By IH we have
P === P' then Az.P’
| !
P> i Az P!> A P

4. (pCB) was applied, with 8 = (¢; = N;)i=1,...n, 8" = (¢; = NJ')i=1,.n with
N; = N/ for 1 < i < n and by Proposition 3 (7) ' = (¢; = N/);=1,... n With
N; = N; for 1 <i < n, in which case

0:>0’

ﬂ

9//
so for every 1 < i < n we have by IH the diagram

!
?

.

N s> N

then taking 60" = (¢; = N/")i—1,..»n
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5. (pApp) was applied, with M = PQ, M; = P"Q" with P = P" Q = Q",
so by Proposition 3 (6) we have that
— either My = P'Q’ with P = P', Q = @', in which case

PQ _ PIQI

PIIQII

and by IH we have the diagrams

P=—=P Q=—=Q then P'Q’
P> plit Q” s Q/u P”Q” s> PIIIQIII

—or My = N{z := Q'} with P = \a.N, N = N' and Q = @', in
which case by Proposition 3 (5) P" = Az.N"” with N = N'. This case
is symmetrical with the first item of case 2, so the diagram is closed
analogously.

6. (pCase) was applied, with M = {6}. Q, M; = {6"}.Q", so by Proposition 3
(8) we have that My = {#'}. P’ with § = ¢', P = P’ and

{6} P —— {0'}. P’

|

{]6//[}. PII
and by IH we have

Q=—=Q H§=—=20" then {]0’]}.@

ﬂvﬂv

N
Q” G QIII Q1 > gt ﬂ0’1|}- QII > {]9///]}‘ Q”

Corollary 6 (Confluence of AppLam). AprLam is confluent.

PROOF: By previous lemma = satisfies the diamond property and hece it is
confluent. We conclude by Lemma 22 that AppLawm is confluent. |
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4.8 Commutation of AppLam+ AppDai with LamDai
Lemma 24. The following diagram holds for terms and case bindings:

Mo ———>o

AL\L AL+AD |

PRrROOF: By induction on M. There is only one critical pair, which closes (Figure
3). It uses Corollary 3 (1) and (2). Note that AppLAM may erase or duplicate
redexes, thus the = arrow. O

Lemma 25. The following diagram holds for terms and case bindings:
Me ——e

LD .
ADl AD:

PROOF: By induction on M. There are no critical pairs, thus it closes. Note that
APPDAI may erase redexes, thus the = subscript. O

Lemma 26. AppLAm + AppDar // LAMDAI

ProoOF: By induction on M. Use lemmas 24 and 25 to conclude that AppLAM +
AppDar1 strongly commutes with LamDari, therefore they commute. O

4.9 Commutation of AppLam with LamApp

Just as in the classical A-calculus, 8 (here AppLam) commutes with 7 (here
LamApp). To prove strong commutation between both rules we will use Lemma
9 (1) and (2) for LamAPP.

Lemma 27 (AppLam and LamApp strong commutation). For all terms
and case bindings M, My, My, if M —1,spApp M1 and M — pAppr,an M2, then

there exists My such that My — A ppLay= Mz and My 51, yapp Ms. In other
words, the following diagram holds:

M == M

AL\L AL=
\
My oy M

PROOF: By induction on M.
— If M = x,¢,"H it holds vacuously (no redexes).
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— for M an application and when the AppLam-redex occurs at the root, we
have the cases:

1. internal LAMAPP at the left
(Ax.P)Q i (A\z.PHQ
ALl
Pla = Q)

with P =1, yapp P, so by Lemma 9 (1),
P{z = Q} = amApp P'{z := Q} thus

(Ae.P')Q
AL

'
P{z:=Q} - e P{z:=Q}

and the diagram is closed
2. internal LAMAPP at the right

(Az.P)Q —i (Az.P)Q'
ALl
P{z :=Q}

with @ =1,,yApp @', s0 by Lemma 9 (2),
P{z:= Q} S1mapp P{z := Q'} thus

(w.P)Q
AL

v
P{z :=Q} e Plz:=Q'}

and the diagram is closed
3. the AppLawm-redex overlaps with the LamApp-redex, i.e.

(A\z.Px)Q - e
ALl
(Pz){z = Q}

with z ¢ FV(P), but then (Pz){z := Q} = P{z := Q}z{z := Q} = PQ
so the diagram is closed (in 0 steps).
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— For M = P@ and both AppLam and LamAppP-reductions internal to P
PQ — PQ
ALi
PQ
by IH there exists P; such that

P4>P1

LA
ALl AL=
\
Pg"' »P3

LA
thus taking M3 = P3(Q the diagram is closed
— For M = P(Q and both AppLAM and LamApp-reductions internal to )

PQ ——> P
ALi
PQs

it is analogous
— For M = P(Q and one of the reductions occurs in P and the other in Q, the
diagram is one of the following two:

PQ—3 PO PQ—3>hQ
ALl ALl
PQ P,

and both close to P;(); in one step
— For M = A\z.P and the LamAppP-redex is internal, we have

Az P ——> Az.Py
ALl
At Py
so by IH there exists P; such that
P——DP

LA

ALl AL=
\
By s

thus taking Ms = Az.Ps the diagram is closed
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— For M = Az.P and the LaMAPP reduction at the root, we have two cases
according to the occurrence of the AppLam-redex:

M. Pz —P Azx.(Ay.M)z STunS Ay.M

LA
AL\L ALi ALi /
o4

Ae.Pox o> Py Ap M{y =z}

since x ¢ FV(P), z ¢ FV(P), x ¢ FV(M), x ¢ FV(\y.M).
— For M =60 = (C,’ g Ni)i:l,...,n; with M1 =§ = (C,’ > Nll), M2 =§" =

(¢; = N!'), then
1. there is a j such that both redexes occur in N;, then by IH

Nj —— N
LA~ " J

ALl AL=
\
N s N

J LA 7

so take 8" = (¢; = N/");=1,.., where N;” = N; for i # j and the
diagram is closed
2. the AppLam-redex occurs in N; with reduct N} and the LamApp-redex
occurs in Ny, with reduct Ny, then take 6" = (¢; = N;");=1,... n where
N;" = N; for i # j,k, N} = Nj’, N}/ = Nj and the holds closes
— For M = {6}}. P and
{6}. P I {61}. P

AL

16:]). P

by IH there exists 65 such that

O —a 0

AL\L AL=

02 LA

v
03

thus taking Mz = {63]}. P the diagram is closed
— For M = {6}. P and

{6}. P —> {6} P,
AL

{6} P,

it is analogous to the previous case
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— For M = {0}. P with the AppLam-redex in P and the LamApp-redex in 6,
take Mz = {6,]}. P; and the next diagram holds:

03P — = {6:). P
AL AL%

\

— For M = {0}. P with the AppLam-redex in 6 and the LamApp-redex in P,
analogously.
O

Now we get

Corollary 7 (AppLam and LamApp commutation). For all terms and case
bindings M, My, Ms, if M 57 uapp M1 and M 55 appLay Mo, then there

exists My such that My =5 Appan M3 and My 51 uApp Ms. In other words,
the following diagram holds:

M= M
ALi AL

¥
My Ms

PRrOOF: By the previous lemma they strongly commute, therefore by the Com-
mutation Lemma they commute. O

4.10 Commutation of AppLam-+AppDai with LamApp-+LamDai

Lemma 28. The following diagram holds for terms and case bindings:

MHLA M1

ADl =AD'
\

My = M.
Lra+rp3

ProOF: By induction on M. Note that AppDAI may eliminate redexes, thus the
—— derivation. a

Lemma 29. The following diagram holds for terms and case bindings:

— M
MLA+LD -
AL+ADJ/ =AL+AD '
\
My 3= M.
2LA+LD8
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PROOF: By induction on M, using lemmas 24, 25, 28 and 27. O
Lemma 30. AppPLAM + APPDAI // LAMAPP + LaMDAl

Proo¥F: Using Lemma 29, they strongly commute, therefore by the Commutation
Lemma they commute. O

4.11 Commutation of AppLam+CaseLam with LamApp-+CaseApp
We begin with auxiliary lemmas.
Lemma 31. The following diagram holds for terms and case bindings:
_ >
M= M

ul or
Y

My o= i M

e
=CA

ProOOF: By induction on M. The interesting cases are the overlaps given by
1. an external CasgLam-reduction as

{10}. (\x.Mz) T {6}. M

. |

e.({6). (M) - = Aa. ({6} M)z = {0} M

where x ¢ FV(0), v ¢ FV(M), thus z ¢ FV(8) U FV(M) = FV({6}. M)
and the diagram holds.
2. an internal CaseLam-reduction M —cagpLam M’ as
. Mx 7) M
ul ”
\
Ar.M'z Tz M’

where x ¢ FV (M), and since by Lemma 2 FV(M') C FV(M),x ¢ FV(M’)
and the diagram holds.
O

Lemma 32. The following diagram holds for terms and case bindings:

— M

M i
=CL

AL+CL v
=AL

\

> M3
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PROOF: We reduce the proof to check the four cases given respectively by the
following diagrams:

o ——>o e ——eo e ——>o e — > e
cA” LA CA” LA :
CL\L CcL: ALl —AL =CL: CL\L =CL:
Y 4 Y Y
. ...>@ o . ...>e AL . @ > > @
CA LA : =CA LA

AL

Y

o ...>>0

CA

The first diagram holds by Lemma 14. The second diagram holds by Lemma 27
from last subsection. The third diagram holds by Lemma 15. The fourth diagram
holds by Lemma 31. O

Remark 2. The diagrams in the proof of Lemma 32 show that

1. LamAppr+CasEAPP strongly commutes with CaseLam (and hence they com-
mute, by the Commutation Lemma), since the following diagram is a direct
consequence of the 1¢ and 4" diagrams above:

o— >
LA—&-CA;
(‘Ll :

=CL:

\

o .. >e
LA+CA

2. CaseApp strongly commutes with CaseLawm.
The first item above will be used in the next lemma:
Lemma 33. The following diagram holds for terms and case bindings:

—
M LA+CAM1

CL

4

AL+CL

=AL
\
Ms

My a2
PROOF: The proof is done by induction on the (LamMAPP+ CaseAprp)* derivation,
using Lemma 32, Remark 2(1) and the Commutation Lemma. We distinguish
the following cases:
— If the derivation M 1>LA+CA M; has 0 steps, the result is obvious.
— If it has 1 step, it is Lemma 32.
— So let us assume it has > 2 steps. We proceed by lexicographic induction on
the pair (LA + CA + CL-depth of M, length of the LA + C A-derivation).
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The picture is

— s M! — > M
M e e

CL CL
M?') — > e

LA+CA

AL+CL CL
—AL [ ]

=AL
Mo —s> M! ——s M.
2LATCA 2LAtCATS

The left rectangle is closed by IH since the second component of the pair
decreases. The upper right square can be closed by Remark 2. At M} the
lexicographic pair is clearly less than the value at M, since the length of
M 514004 M!is > 1, so the IH allows to close the lower right rectangle.
O

So finally we get
Lemma 34. AppLam + CaseLAM // LAMApp + CASEAPP

Proor: Consequence of the previous lemma, using induction on the length of
the AppLAM + CAsELaAwM-derivation. O

4.12 Commutation of AppLam-+ AppDai+CaseLam-+CaseDai with
LamApp-+LamDai+ CaseApp-+ CaseDai

For simplicity, let us call

— S; = AppLAM + AppDaAI + CASELAM + CASEDAI
— S5 = LAMAPP + LAaMDAI + CASEAPP + CASEDAL

Then we can give the
Lemma 35. The following diagram holds for terms and case bindings:

MHM1
Sa .

=CL+CD
s Y
=5
\
MQ . > M3
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PROOF: We reduce the proof to check the different cases. In this proof, when
there is no critical pair, the diagram can be closed with a single step, noting that
certain reduction steps can eventually erase the other redex (thus the presence
of “=” subscripts in those cases), and also an AppLam-reduction step may erase
or duplicate the other redex (thus the presence of a = arrow). For the cases
where there is a critical pair, we refer the reader to Figures 2 and 3. We have
sixteen cases given respectively by the following diagrams:

(1) (2) (3) (4)

o —> 0 o —> 0 o ——> 0 e —— 0
LA LD CA CcD :
AL\L =AL ALlALJrAD =CL ALi =AL:
\ \ \ \
. ...>>0 . ....>>® AL e . ...>>0
LA LD CcD
AL
\
o ....>>0
CA
(5) (6) (7) (8)
[ —— [ JE—— [ —— [ J——— 3
LA LD CA D
ADl =AD' AD\L AD' =CD: ADl =AD'
Y Y Y Y
. ....>0 o ....>0 AD . o . ....>0
=LA+LD =LD ; =CD

AD

Y

o .>e

=CD+CA

o ———> 0 o —> 0 e ——>0 e ——>0

LA LD CA cD
CLJ/ =CL CLl CL+CD': CLl CL CLl =CL

Y Y Y Y

@ > > @ @ > > @ o . .>0 o .>0
=CA LA =CD LD CA cD

(13) (14) (15) (16)

o — 0 o — 0 e —> 0 o —> 0

LA™ LD CA co

GDJ/ =CD | ODl CcD GDJ/ oD C’D\L =CD

' \ \ \

e . ....>e e . ... >0 e ... >e o ... >0
=LA =LD =CA =CD

Remarks for the preceding diagrams:
1. use Lemma 27 to close, note that AL may erase or duplicate the LA-redex
2. one critical pair, AL may erase or duplicate the LD-redex
3. one critical pair, AL may erase or duplicate the CA-redex
4. no critical pair, AL may erase or duplicate the CD-redex, CD may erase the
AL-redex
5. one critical pair, AD may erase the LA-redex and LA may erase or duplicate
the AD-redex
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no critical pair, AD may erase the LD-redex

one critical pair, AD may erase the CA-redex

no critical pair, AD may erase the CD-redex and CD may erase the AD-redex
9. one critical pair, LA may erase the CD-redex

10. one critical pair, these rules do not erase nor duplicate redexes

11. no critical pair, these rules do not erase nor duplicate redexes

12. no critical pair, CD may erase the CL-redex

13. no critical pair, LA may erase the CD-redex and CD may erase the LA-redex

14. no critical pair, CD may erase the LD-redex

15. no critical pair, CD may erase the CA-redex

16. no critical pair, one CD may erase the other CD-redex

N>

Lemma 36. The following diagram holds for terms and case bindings:

M ——= M;
Sg :
Sll S
\
M, ""5'2'» M;

Proor: By well-founded induction on the Sy + CaseLam + CaseDai-depth of
M. If the length of the Si-derivation is 0, trivial. If it is 1, use Lemma 35. Else,
the picture is:

M— M ——>e

Sa Sa
:CL+ODi Sli
S1 M/ ——> o

Sa
- i ” i

(] [ [
Sa Sa

where the left rectangle can be closed by Lemma 35, and the top right and lower
right squares can be closed by IH since we have that depth(M') < depth(M)
and depth(M'") < depth(M). |

Lemma 37. S; // S,

PROOF: By Lemma 36 and induction on the S;-derivation. |

4.13 General commutation and confluence

We have proved the 12 commutation lemmas of Table. 1, following the corre-
spondence

(1) Cor.6p. 30 (5) Lemma 12 p. 19 (9) Lemma 30 p. 36
(2) Lemma 10 p. 18 (6) Lemma 13 p. 19 (10) Lemma 17 p. 21
(3) Cor. 7p. 35 (7) Cor. 5 p. 28 (11) Lemma 34 p. 38
(4) Lemma 11 p. 19 (8) Lemma 26 p. 31 (12) Lemma 37 p. 40
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From this we can now deduce:

Proposition 4 (General commutation). — Given two subsystems s; and ss,
the following propositions are equivalent:

1. (s1,s2) F BCC (binary closure conditions);
2. 51 [/, 52 (weak commutation).
3. s1 /] s2 (weak commutation,).

ProoOF: From Prop. 2 we already now the equivalence 1. & 2.. Implication
2. = 3. follows from the divide and conquer technique combined with the proof
of the 12 lemmas of Table. 1. Finally, 3. = 2. is obvious. a

The proof of confluence for the entire 9-rule system is given in Fig. 5. (Notice
that not all the 12 initial commutation lemmas are needed.)

Corollary 8. — AB¢ is conservative over An-calculus, in the sense that:
VM, My eA ()\BC '=M1 =M, = A’I] |= M, ZMQ)
(Where A denotes the set of ordinary A-terms.)

Proo¥r: Follows from Cor. 1 using the concluding remark of subsection 2.2. O

5 Separation

5.1 Quasi-normal forms

Definition 8 (Head term). — We call a head term (and write H, H,, H',
etc.) any term that has one of the following four forms:

Head term H:=z | ¢

| {6}.-z | {6}.¢ (c ¢ dom(6))

When a head term H is of one of the first three forms (variable, constructor,
case binding on a variable), we say that H is defined. When H is of the last
form (case binding on an unbound constructor), we say that H is undefined.

Definition 9 (Quasi-head normal form). — A term M is a said to be in
quasi-head normal form if it has one of the following two forms

Qua’s’i-hnf M n= BS | Aﬂfll’nHNlNk

where H is an arbitrary head term, called the head of M, and where Ny, ..., Ny
are arbitrary terms.
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Each item of the following (mechanically constructed) proof states a commutation
property (s1 // s2) which is either:

— an item of Table 1;
— a consequence of (s1,s2) = BCC and (s1 + s2) |= SN;
— a consequence of two former items using the rule of inference:

=
W N =O O

H
e

15.
16.

17.

18.

19.

20.

21.

e A S ad

(
(
(
(
(
(
(
(
(
E
. (AL // CD + CL + CC) since (CD // AL) [4] and (CL + CC // AL) [11]]
(
(
(
(
(
(
(
(
(
(
(

if A//Band A// C, then A// (B+C).

AL |= CR) [Table 1:1]
AL // AD) [Table 1:2]
AL // CO) [Table 1:4]
AL // CD) [Table 1:5]

AL // CL) [Table 1:6]

AL // CD + CL) since (CD // AL) [4.] and (CL // AL) [5.]

AL // AD + CD + CL) since (AD // AL) [2.] and (CD + CL // AL) [6.]

AL // AL+AD+ CD+CL) since (AL = CR) [1.] and (AD+CD+CL // AL) [7.]
AL // CC) [Table 1:7]

LA+ LD+ CD+ CA // AL+ AD + CD + CL) [Table 1:12]

AL // CL 4+ CC) since (CL // AL) [5.] and (CC // AL) [9.]

AL // CO + CD + CL + CC) since (CO // AL) [3.] and

CD+ CL+CC // AL) [12.]

AL // AD + CO + CD + CL + CC) since (AD // AL) [2.] and
CO+CD+CL+CC// AL) [13]

AD+CD+ CL // AD 4+ CO + CD + CL + CC) since BCC + SN

AL+ AD+CD+ CL // AD + CO + CD + CL + CC) since

AL // AD 4+ CO + CD + CL + CC) [14.] and
AD+CD+CL // AD+ CO +CD + CL + CC) [15.]

AL+AD+CD+CL // AD+ LA + LD+ CO + CD + CA + CL + CC) since
LA+LD+CD+ CA // AL+ AD + CD + CL) [10.] and
AD+CO+CD+CL+CC // AL+ AD+ CD + CL) [16.]
(AL+AD+CD+CL // AL+ AD+ LA+ LD+ CO + CD + CA + CL + CC)
since (AL // AL+ AD + CD + CL) [8.] and
(AD+LA+LD+CO+CD+CA+CL+CC// AL+ AD+ CD +CL) [17]
(LA+LD+CO+CD+CA+CL+CC // AD+LA+LD+CO+CD+CA+CL+CC)
since BCC + SN

(AD+LA+LD+CO+CD+CA+CL+CC//

AL+ AD+ LA+ LD+ CO + CD + CA 4+ CL + CC) since
(AL+AD+CD+CL //AD+LA+LD+CO+CD+ CA +CL+CC) [17.] and
(LA+LD+CO+CD+CA+CL+CC//

AD+LA+LD+CO+CD+ CA+CL+CC) [19.]
(AL+AD+LA+LD+CO+CD+ CA+ CL+ CC = CR) since
(AL+AD+CD+CL // AL+ AD+LA+LD+CO+CD+ CA +CL+CC) [18]
and (AD+LA+LD+CO+CD+CA+CL+CC//

AL+ AD+ LA+ LD+ CO+ CD + CA 4+ CL + CC) [20.]

Fig. 5. Proof of confluence of AB3¢
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Here, the prefix ‘quasi’ expresses that such terms are in head normal form
w.r.t. all the reduction rules, but (possibly) the rule LamAprp (a.k.a. n). For
instance, the term Az . cx is in quasi-head normal form according to the definition
above, but still contains an n-redex at root position. In what follows, ‘quasi’” will
systematically refer to ‘all the reduction rules but LamAPP’.

As for head terms, we distinguish defined quasi-head normal forms from
undefined ones, by saying that a quasi-head normal form M is defined when it
has one of the forms

M == M | Axyp---x, HNy---Ng (where H is defined)
and that M is undefined otherwise, that is, when M has the form
M == Axy---z,. ({0} )Ny --- Ny, (c ¢ dom(h))

More generally, we call a defined term (resp. an undefined term) any term that
reduces to a quasi-head normal form which is defined (resp. undefined). The
class of defined terms is closed under arbitrary reduction, as for the class of
undefined terms. Moreover, the class of undefined terms is closed under arbitrary
substitution. (The notion of substitution will be defined in subsection 5.6.)

Definition 10 (Quasi-normal form). — A term (resp. a case binding) is said
to be in quasi-normal form when it is in normal form w.r.t. all the reduction rules
but LAMAPP (a.k.a. m).

Terms (resp. case bindings) that are in quasi-normal form are simply called
quasi-normal terms (resp. quasi-normal case bindings). In particular, we call a
quasi-normal head term any head term H which is in quasi-normal form. These
notions have the following syntactic characterisation:

Proposition 5. Quasi-normal terms, quasi-normal head terms, and quasi-normal
case bindings are (mutually) characterised by the following BNF:

Q.n.-terms Nuo=» | Azy---x,.HNy---Ng
Q.n.-head-terms H:=z | ¢ | {0}z | {0}.¢ (c¢ dom()
Q.n.-case bind. 0:=ci—= Nis...5cp = N,

5.2 Separation contexts

The notion of context with one hole (notation C[], C'[], etc.) is defined in the
A-calculus with constructors as expected. The term obtained by filling a context
with one hole C]] with a term M is written C[M], and the composition of two
contexts C[] and C'[] is written C’[C]]].

In what follows, we will mainly use contexts of a particular form, namely,
evaluation contexts:

Evaluation contexts E[] == [[Ni---Np, | {0}.[]N1-- Ny
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(The second form should be read ({6}.[])N1 - Np.)

Notice that the composition E'[E][]] of two evaluation contexts E[] and E'[]
is not always an evaluation context, but that it always reduces to an evaluation
context using zero, one or several steps of the CaseApp rule, possibly followed
by a single step of the CAseCasE rule:

[]Nl"'Nk]N{"'N]Iy = [Ny - NpNj--- N,

L0 DNt -+ Ny [Ny Nppo= - {0} [Ny - NNy - N
{00 ONi---Ng |N{---NL =% {@'}.[IN1---NyN!--- NI,
16’} [ {6} 0Ny -+~ Ny, I Ny -+ NL, —* {8 0 8} [Ny -+ - Ny NI --- N},

Remark 3. An evaluation context E[] can always be regarded as a term (of a
particular form) that contains exactly one occurrence of a distinguished variable
depicted [[—the hole. In particular, since the unique occurrence of the hole [] in
an evaluation context E[] is outside the scope of all the binders of E[], the oper-
ation of replacement E[M] works just as the ordinary operation of substitution
E{[] := M} of A-calculus. (This is of course not the case for the general notion
of context with one hole—think of C[z] where C[] = Az .[].)

The daimon »X which represents immediate termination naturally absorbs all
the evaluation contexts:

Lemma 38. In any evaluation context E[| one has EPH —* "l

Symmetrically, each subterm of the form {6}.c (with ¢ ¢ dom(é)) blocks
the computation process at head position so that undefined terms absorb all
evaluation contexts as well:

Lemma 39. Given an undefined term U, the term E[U] is undefined in any
evaluation context EJ].

The daimon " and undefined terms are thus natural candidates to define the
notion of separation:

Definition 11 (Separability). We say that two terms My and M, are:

— weakly separable if there exists a context with one hole C|| such that either:
o C[M;] =* " and C[M>] is undefined, or
o C[M;] =* Y& and C[M;] is undefined;
— strongly separable if there exists two contexts C1[] and Cs[] such that
o C1[My] =* 4 and C1[Ms] is undefined, and
o C9[Ms] —* 1 and Ca2[My] is undefined.

On the other hand, two undefined terms cannot be separated each other
(precisely because their heads block all computations), so that we have to exclude
them from our study of the separation property.

Definition 12 (Completely defined quasi-normal term). 4 quasi-normal

term M 1is said to be completely defined if it contains no subterm of the form
{6}. ¢, where ¢ ¢ dom(6).

In what follows, we will show that distinct completely defined normal terms
are weakly separable.
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5.3 Tuples and Casuples

In order to retrieve subterms in a given term in normal form (the so called
‘Bohm-out’ technique), we need tuples, that are encoded as usual by setting
(My;...; My,) = Ap.pM;y -+ M,. In what follows, we will use a slightly more
general notation to represent the partial application of the n-uple constructor
to its first k arguments and waiting the remaining n — k arguments:

(My;...; My %p—g) = Apgr - 2pp.pMy - Mgz -2 (0<k <n)

With these notations, the n-uple constructor is written (x,). Its arguments are
successively filled in as follows:

<*n>M1M2 . Mn — (Ml, *n—1>M2 e Mn — = <M1,M2, . ;Mn> ,
the n 4+ 1th argument finally acting as an eliminator:

When a tuple—or a partial application of the n-uple constructor—is attacked
on the lefthand side by a case construct

0. (M%) = {8} A@p.pMz  —* Aap.{0).pMz,

the case construct goes through all the abstractions and stops in front of the
head variable (which is here the elimination variable). We then obtain an hybrid
object formed as a combination of a case construct with a tuple—a casuple—that
will be written:

{0 | My;...; My %) = Aopqr - zpp. 0. oMy - Mpxpqq - @y
Casuples work just as ordinary tuples

160 | #p) M1 Mo -+ - M,, — {6 | My;%q_1)Ms--- M,
= = {0 My Ma; .. M),

except that they preserve the entangled case construct through the successive
partial applications. When the tuple is finally eliminated, the case is then re-
stored and put in head position:

{6 | My; Mo;...; Mp) P — {6} PMy My --- M, .

5.4 Encoding names

In the A-calculus with constructors, booleans are represented by two reserved
constructors true and false. The corresponding ‘if” operator is then defined by

if = Abzy. {true — x;false —» y}.b.
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Natural numbers are represented using two reserved constructors 0 and s:

n = s(---(s0)---) (n € w)

The function which tests equality between two natural numbers is defined as

eq = OAfzy. {0~ {0 true; s +— Ay'.false}. y;
s Az’ {0~ false; s — Ay . fz'y'}ylt. x)

where ©® = (\yf . fyyf))(Ayf . f(yyf)) is Turing’s fixpoint combinator. We eas-
ily check that

T s true ifn=m
eqmm .
false ifn#m

for all n,m € w.

To each variable name z of the A-calculus with constructors, we associate a
numeral written x (using the same name written in typewriter face), which we
call the symbol of . We assume that this encoding is into so that the term eqxy
reduces to true if and only if  and y are the same variable.

5.5 Disagreement

Definition 13 (Skeleton equivalence). We say that two defined head terms Hy
and Hs have the same skeleton and write H, ~ H> if either:

— Hy = a1 and Hs = x5 for some x1,x2 €V, and x1 = x2; or

— Hy = ¢ and Hy = ¢y for some ¢1,c2 € C, and ¢1 = ¢2; or

— Hy = {61}. 1 and Hy = {6:}. z2 for some case bindings 61,02 and for some
x1,x2 € V, and dom(6,) = dom(6s) and z1 = z,.

Considering the negation of the former equivalence, it is clear that two defined
head terms H; and Hy have not the same skeleton (H; % Hs) when either:

— H, is a variable, and H» is a constructor (or symmetrically); or

— H, is a case-variable, and H, is a constructor (or symmetrically); or

— H; is a case-variable, and Hj is a variable (or symmetrically); or

— Hy and H, are both variables, but not the same variable; or

— Hy and H, are both constructors, but not the same constructor; or

— Hy = {61}. 21 and Hy = {#:]}. z2 for some case bindings 61,6, and for some
x1,x2 € V, and either z1 # x5 or dom(6;) # dom(6-).

(Notice that we do not consider the case of a head term of the form {6}}. ¢ where
¢ ¢ dom(#), which is excluded from our definition.)

Definition 14 (Disagreement at depth d). For each numeral d € w, we
define a binary relation on the class of completely defined quasi-normal terms,
called the disagreement relation at depth d. This relation, written disg(My, Ms)
(‘M and M disagree at depth d’), is defined by induction on d € w as follows:
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— (Base case) We write disg(M1, Ms) if either:
o My ="M and My = Axy -+ 2, . HNy - -+ Ny, or
e My =Axy-+xn,.HNy - Ny, and My =X, or
o M1 = Al’l Ty - H1N1’1 e Nl,k1 and
Mg = /\.1'1 T - HQNQ’l e N27k2 and
H, % Hs.
— (Inductive case) For all d € w, we write disgy1 (M, Ms) if
M1 = )\2121 Ty . H1N171 e N17k1 and
Mg = )\$1 Ty . HQNQJ s N27k2 and
H, ~ H,, and if either
o Hy = {0i}.y and Hy = {62}.y for some case bindings 61,02 and for
some variable y, and there is a constructor ¢ € dom(6;) = dom(6s) such
that disg(61(c),82(c)); or
e There is a position 1 < k < min(ky, k2) such that disq(N1,x, N2 k).

Lemma 40 (Cooking lemma). If M; and M, are two completely defined
normal terms (w.r.t. all the reduction rules including LAMAPP = 1) such that
My # M,, then one can find two completely defined quasi-normal terms M|
and Mj such that My —; My, My —» Ms, and disq(M;7, M) for some d € w.

PRroOF: This is proved by induction on the maximum (or the sum) of the sizes
of M and M, doing case analysis on M; and Ms:

— Case 1. M; = K and M> is of the form Ms = Axy -2, . HNy - -+ N, (or
symmetrically). Then M; and M, disagree at depth 0 by definition.

— Case 2. M; and M5 are of the form
M1 = )\331 o Tpy - H1N171 v vakl and
Mg = )\acl Ty, - H2N271 s Ngka.

Without loss of generality, we can assume than ny < no, and that the first
ny abstractions of Ms use the same variable names as the n; abstractions
of M;. We distinguish two cases, depending on n; = ns or ny # ns.

— Case 2.1. n; = ns = n. We distinguish three cases: H,; % Hs, H, ~ H; but
H1 ;é Hg, and ﬁnally H1 = HQ.

— Case 2.1.1. Hj % H,. In this case, M, disagrees with Ms at depth 0.

— Case 2.1.2. H; ~ Hs but Hy # H,. This means that Hy and Hs are
of the form Hy; = {6,}.y and Hy = {6:}.y, with dom(f;) = dom(6>).
Since Hy # H,, there exists a constructor ¢ and two terms P; and P, such
that (c —» P;) € 6; for i = 1,2, and P; # P». By induction hypothesis,
there are defined quasi-normal terms P/ —; P; (for i = 1,2) such that
disq(Pr, Py) for some d € w. For i = 1,2, let 8, be the case binding 6; in
which the binding (¢ + P;) has been replaced by the binding (¢ — P}), and
let M = Axy -2, . ({0i}.y)Niy--- Nix, We have M/ =y M; for i = 1,2,
and disgy1 (My, MJ).

— Case 2.1.3. H; = Hy = H. In this case, our initial assumption M; # M,
expresses that the lists (N1,1,...,N1x,) and (Na1,..., Ny y,) differ. Again,
we distinguish two cases:
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— Case 2.1.3.1. There exists 1 < k < min(ky, k2) such that Ny # N2 . By

induction hypothe51s there are terms Ny, (i = 1,2) such that N, —} N;
and disq(N] 5, Ny ;) for some d € w. Let then define M! (i=1 2) from M;
by replacmg the subterm Ni . by Nzyﬂ We have M/ =y M; fori = 1,2, and
disgyq (M7, M}).

Case 2.1.3.2. For all 1 < k < min(k;, k), one has Ny = Napj. From
M, # Msy, we get ki # ky. Without loss of generality, let us assume that
k1 < ko, and consider a fresh variable y. Since y # N3, 11, there exists by
induction hypothesis two terms Ny , ., and Ny, ., such that Ny , ., =7 v,
Ny o1 = Nogy+1 and disg(Ny g 11, Ny g, 1) for some d € w. Let us set
M =Xty ---xy HNy - NU“N{?,“Jr1 and

Mﬁ = AT Tpy. HN2,1 T N2,k1N§7k1+1N2,k1+2 e Nz,kzy-

By construction we have M] —, M; for i = 1,2 and disq1 (M7, M3).

Case 2.2. ny < ns. In order to keep the same number of abstractions in M,
and Ms, let us n-expand M; by letting

M{ = ACEl o Tpy - HlNl,l ce N17k1xn1+1 Ty

Notice that M| # M, since M5 is in n-normal form whereas M/ is not. The
rest of the proof proceeds as in case 2.1, replacing My by M.

(The reader is invited to check that the proof of case 2.1. only relies on the
fact that n; = no, and does not use the fact that M; and M, are n-normal
forms—which is no more the case when we replace M; by Mj.)

O
5.6 Substitutions
A substitution is a finite set of pairs of the form
o={(x1:=M);...;(xn:= M)}
(where w1, ...z, are variables and M,..., M, terms). Given a term M (resp.

a case binding 6) and a substitution o, we write M[o] (resp. 8[o]) the term (resp.
the case binding) defined by

_ | M if z bound to M in o

to] = z if z unbound in ¢
clo]l=¢

(A . M)[o] = Az . M]o] (z fresh w.r.t. o)

(MN)[o] = M[o]N[o]
({6} M)[o] = {6[o]}. M]o]
(c1 = My;...5¢n = My)[o] = (c1 = Mio];...;¢n = Mylo])
Given a finite set of variables X = {z1;...;z,} and an integer K > 0, we write
ok = {(z1 = (i) o5 (@0 = (Rni %))}

the substitution which maps each variable x; € X to a (K + 1)uple constructor
which is partially applied to the symbol x; of the variable x;.
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5.7 The separation theorem

Let M be a term in quasi-normal form. We call the application strength of M
the largest integer k£ > 0 such that M has a subterm of the form HN; --- Ng.

Lemma 41. Let M be a defined quasi-head normal term which is not the dai-
mon, that is, a term of the form

M = Mpy---x,. HN, - Ny

(where H is defined). Given a finite set X of variables such that FV(M) C X
and an integer K > k, one can find an evaluation context F1[| such that

Ei[M[o%]] =" X
and another evaluation context Es[| such that
By [M[oX]] is undefined.

ProoF: Let us write X' = X U{z1;...;z,}. We distinguish the following cases,
depending on the shape of the head H.
1. H =y (variable). Take

Ei] = [[{x1; %K) - (Xn; %) Thpr - - TiR
where 7gy1,..., 7k are arbitrary terms. We have

5 -

E1 [M[Ugg]] = (Al’l e Tp le .- 'Nk)[agg](Xl; *K) s <Xn; *K>?k+1 - ?K%

—* (v, %) N1 [0 %]+ N[0 B 201 - 70K
—* 1y Ni[of] - Ni[o%)] 2hqr 7k
—*

Similarly, for Es[] we take
Byl = 00xa; %K) - (i #5) T - Tk U

where 7;11,...,7x are arbitrary terms, and where U is an arbitrary unde-
fined head term.

2. H = {0}.y (case variable). It suffices to take the very same evaluation
contexts F1[] and Es[] as above. The additional case construct is absorbed
both by the daimon "X and by the undefined head term U.

3. H = c (constructor). Set Eq[] = {c — "X}.[]. We check that

{e=H 1} Azy -+ @ . eNy - Ng)[o K]
({e 1} (Azy -2 .eNy -+ Nyp)) [05]
—=* (Az1 - 2. (fe = R} )Ny -+~ Ni) [0¥]
—*

By [M]oX]]

Similarly, for Es[] we take Ea[] = {|}.[] (empty case construct).
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d

Proposition 6 (Separation of disagreeing terms). Let K > 0 be a natural
number, and My and My two completely defined quasi-normal terms whose ap-
plication strength is less than or equal to K and such that My and M, disagree
at some depth d € w. Then there exists an evaluation context E[] such that either

— E[M[o¥]] =* & and E[M,[c%]] is undefined, or
— E[Ms[o¥]] =* & and E[M:[0%]] is undefined, or

where X is any finite set of variables that contains at least the free variables
of My and Ms, and where o%§ is the substitution defined in subsection 5.6.

ProOF: The proof proceeds by induction on the depth d of the disagreement
between M; and M>. We distinguish the following cases:
1. M; and M, disagree at level 0. We distinguish the following cases:

— My ="and Ms = Axy -+ -xp . HNy -+ - Np.

In this case, take an evaluation context E[] such that E[M,[o¥]] is
undefined (by Lemma 41) and conclude using Lemma 38.

— M1 :/\Z'll'nHNlNk and M2 =
This is the symmetric case (see above).

- M1 = Al’l T - H1N1’1 R N17k1 and M2 = )\331 Ty - H2N271 ce N27k2
and H; % H,. We distinguish the following cases, using the characteri-
sation of the negation of skeleton equivalence (Def. 13) at the begining
of subsection 5.5:

e H; =y (where y is a variable), and Hs = ¢ (where ¢ is a constructor).
Take:

El] = {c = BE (k) - s %) Ty 1 - Tk U

where 7,11, ..., 7k are arbitrary terms, and where U is an arbitrary
undefined head term. Writing X' = X U {z1;...;2,}, we get

E[M[o¥]] = ({c= "} (Azy -2y yNig - - Nygy)[oK])

(xi5%k)  (Zns*K) Ty 1 - TR U

—* (Ail,‘l Ty . ({[C — ’Eﬂ’ y)Nl,l s Nl,k1)[0)[§]
(x15%K) - (Xny ¥ ) Tk 41 Tk U

=" ({e =2} (v;#k))
NialoX] - N (05 %k 11 76U

—* e = H |y xx ) Nialox] - Nig, [0%] 7%, 41 7k U

= (Je = B U)yNialok ] - Nug (0% 700417k

the latter term being undefined by lemma 39, whereas

E[M[o¥]] = ({c— . (Aw1 @y . cNoy -+ Nog,)[0X])
(x5 %K) - (Xns*K) k41 - T RU
—* (Al’l Ty . ({[C — >El}.c)]\fg’l s N27k2)[0§]
(x5 %K) (Xns ¥ K ) Thy 41 - KU
—* ()\.’1,'1 BRI P %NQJ tee N27k2)[0')1§]
(x5 %K) (Xni*E) 41 - TRU
—*
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The symmetric case is treated the same way.
H, = {0}.y (where 6 is a case binding and where y is a variable),
and Hy = ¢ (where c is a constructor). Again, let us take

El ={c— R} (x5 %K) - - (0 #5) k1 - T U

where 7,11, ..., 7k are arbitrary terms, and where U is an arbitrary
undefined head term. As in the latter case, we check that E[M; [o%]]
is undefined whereas E[M>[o%]] —* 4. (The reader is invited to
check that the additional case {6]}._ plays no essential role during
reduction.) The symmetric case is treated the same way.
H, = {0}.y1 (where 0 is a case binding and where y; is a variable),
and Hy = y» (where y» is a variable). Take
Ell ={c— "1} [[(x1; %K) - (Xnjxk) €00 ¢C

K+1 times
where ¢ is an arbitrary constructor such that ¢ ¢ dom(#). Writing
X' =X U{zy;...;z,}, we get

E[M1 [O')Ig]] = ({[C — >I*]} ()\.’L'l Ty . {[0“’.le171 v NLkl)[G')Ig])
(x1%k) - (ni*K) g0

K1
—=* (Azy- -z (e ) 00}y )Ny - Nl,kl)[oﬁ((]
(X3 %K) o (Xns ¥ ) Co
K1
=" ({(c =) 0 0051} (v, %))
Nia[of] - Niwlokle ¢
K+1
=" {(c ) 0 0[o%.] | y1; %K)
Nia[of] - NiwloXle ¢

K41
—=* ({(c = X)) 0 flal ]} )
ViNaloX] - N [o§] e ¢
K

this term being undefined since ¢ ¢ dom((c — ") 0 #) = dom(f). On
the other hand we have
E[M[o¥]] = ({c = "} ¢) yoNaa[oK] - Noyy[oK]e---c
K
—* M Yo N2,1[0'§/] s N27k2 [U)Ig/] C---C
K

—* P
The symmetric case is treated the same way.
Hy, = y; and Hs = yo (where y; and y» are variables), but y; Z yo.
Take

P=Xz.if (eqzy,) U
Bl = s i) (s #1c) PooP

S——
K41 times
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where U is an arbitrary undefined head term. Writing X’ = X U
{z1;...;2,}, we get

E[Ml[a§]] = (A1 2n .91 N1y - Nig,)[ok]
(xisxp) - (s x ) L2 P
K+1

=" (yi;*k)NaloX ] N oK ]2 - P
K+1
—)*Plel’l[U)[g/]"'Nl’kl[Ug((/]P"'P

K
—* W Ny [o%] N[5 1P P

K
—*
On the other hand we have
E[Ms[o¥]] = Py,Noy[o%)] -+ Nop,[oK]P--- P

—* UN2’1[U)I§I] s Ng’kz [0’?1] P---P
K

which is undefined by lemma 39.
e Hy =c¢; and Hy = ¢» (where ¢; and ¢y are constructors), but ¢; Z co.
Take
0 (Cl — ’I‘, Co > U)
B[ = {6}.

where U is an arbitrary undefined closed head term. We check that

E[Ml[agg]] = 0]}.()\:61"'217”.01]\[171"'NLkl)[O'g((]

NN A

—* Azy - (§0)-c1)Nig o Nig,)[o k]
—=* (AT1 -2y SHNy 1 - Ny g, ) [0 ]
—*

whereas

E[MQ[O‘?]] —* ()\wl Ty . ({[0& 02)N271 B N27k2)[0)[§]
—* ()\.’El BRI P UN2’1 cee N27k2)[0')1§]

which is undefined.

e Hy = {6:1}.y1 and Ho = {bs}.y> for some case bindings 6,6, and
for some variables y;,y2, and y; Z y2. This case is treated similarly
to the case where H; and H are distinct variables, by setting

P=Xz.if (eqzy) U
E[l = [[{x1; %K) - - Xn; %K) P+ P
K+1 times

(where U is an arbitrary undefined head term). The reader is invited
to check that the presence of additional case constructs {6;}. - does
not essentially change how reduction proceeds.
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o Hy = {6:1].y and Hy = {6,}.y for some case bindings 6;,6> and for
some variable y, and dom(6;) # dom(6s). Without loss of generality,
assume that ¢; is a constructor such that ¢; € dom(#,) and ¢; ¢
dom(#3) (the other case is treated by symmetry). Writing X' =
X U{xy;...;2,} as usual, let us set:

P =221 k.1
Eof] = [I(x15 %K) -~ (gns*6) £ - - P
K+1

We have:

Bo[Mifo§]) = (i A6 Dy Ny -+ Nig)[oK]
(x1;xg) - (xp;*) P P

K1
—=* ({01[o X} (v k) NialoX ] Nog [0 1P - P
K+1
= {01o% ]| v5#x)N1aloK] - Nig, [0X]P--- P
K+1
=" ({0ilo% 1} P)yNialo%]- - Nip, o] P--- P
K

—* (AZOZl 2K {[01[0')[?]]} Cl)
yNLl[U')Igr] R Nl,k:1 [Ug((/] P---P

K
—* /\Zk1+K+1 L LR2OK {lel[dgglm. C1
= Nepy e ka1 - 22k - 01(c1)[0%)]

whereas
EO I:MQ[O')Ig]] —* )\Zk2+K+l L 29K - {[02[0’?,]” C1

which is undefined. The term 6;(c;), which is a subterm of M, is a
completely defined quasi-normal form, and so is the term

T=Xepy 4 k41 - 22K - 01(c1) .
Thus by lemma 41, there exists an evaluation context F[] such that
F[To%]] = F[Aaktk+1--. 22k .01(c1)[o%]] —*
Finally, let us set E[| = F[Eo[]]. We then get
EDLoK]] = FIE[MS]] » FITR]] - %
whereas
E[M[o%.]] = F[Azkyikt1 .. 22k {0:2[0% ]} c1]

which is undefined by lemma 39.
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2. M, and M, disagree at level d+ 1. By definition, M; and M, are of the form
M1 = Al‘l Ty . H1N171 . N17k1 and M2 = A,’L‘l e Tp . H2N271 . N27k2,
with Hy ~ H,. Let us write X' = X U {z1;...;2z,}. By definition of the

relation of disagreement (at depth d + 1), there are two possible cases:
— There is a position 1 < k < min(k1, k2) such that disq(Ny g, Nag). By
induction hypothesis, there exists an evaluation context Eg[] such that

Eo [Ny k[o%)]] =% & and Eo[Ns [o%/]] is undefined
(or conversely). By case distinction on the shape of H; ~ H2:
e Hy = H, =y. Let us set

P =MXzpz1 ... 2K . Eglzg]
Bl = (x1;5x) -+ (Fns*x) £ - P
K+1

We check that

E[Ml[a)lg]] = (A.’El R -le,l . 'NLkl)[U)Ig]
(xis*K) + (xni*x) P P

K+1
= (y;xx)NiafoX ] - Nypy oK )P P
K K K+1
_)* PyN171[0-X!] Tt Nl’kl [JXI] P R P
K

—* Ey I:Nl,k[g)[g/]] P---P
k1
—* 4 pP...P
——
k1
—*
whereas
E[Ms[oX]] =% Eo[NoploX ]| P---P
ko
which is undefined by lemma 39.
e Hy ={01]}.y and Hy = {6:}.y. This case is treated similarly to the
latter case, using the same evaluation context E[].
e Hy = Hs = c. Let us set
6= (C — AZl L2 Eo[zk])
E[l = {0} [[(x15%k) -+ (%3 k)
We check that
E[Ml[U)Ig]] = {]9]} (Al'l Ty . CN1’1 s NLkl)[O'g({]
(x15%K) - (Xns *K)
—)* (A.’L’l eIy - ({[0]} C)Nl,l e Nl’kl)[agg]
(13 %K) - (Xns *K)
=" ({6} ) N1 a[0K.]- - Nig, 0]
=" Eo [Ny glo 5] Ny graok] - Nug, [0%0]
—* %NLk_;,_l[O')Ig,] v N17k1 [O'g((/]
—* K
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whereas

E[M,[o]] =% ({0} ¢)Naa[oK.] -+ Nog,l0%]
—" Eo [Nz,k[axr]]Nz,kH[U)I?]"'Nz,k2[0§f]

which is undefined by lemma 39.

— Hy; = {6,}.y and Hy = {6-]}.y for some case bindings 6, , 6> and for some
variable y, and there is a constructor ¢ € dom(#;) = dom(63) such that
disg(01(c), 02(c)). Again, we distinguish two cases, depending on whether
k1 = ks or not.

(a) ki = ko = k. By induction hypothesis, we know that there exists an
evaluation context Ejy[] such that

Ey[01(c)[oX]] = and  Ey[f:(c)[oX/]] is undefined
(or conversely). Let us then set

P=MXxpz1...25 . C

E'] = {xa3%K) - Enixx) 2o P
K+1—k

We have

E'[M[oX]] = A\zy -2y {01} yNijg - Ny g)[oK]
(x1; %K) (xp;*x) P+ P

K+1—k
= ({0ulo% I} v xx ) N1alo k] - Niglof] P - P
K+1—-k
= {010 %] | v, * &) NialoX] - Niglo ]2 P
K41k
=" ({0u[o %1} P)yNialo%] - NiploR]P--- P
K-k

—* ()\2‘02’1 W RK - {[01[0')[?,“} C)
le,l[Ug((/] e Nl,k[ag((/] P . P

K-k
= {biloXbc = bi(0)ok]

Similarly we have
B [Mofo]]] = {alo]h.c — (005
Thus if we take E[] = E,[E'[]] we get
EPLlE]] = B[E ALK+ Effi@k] -
whereas
EDLE]] = BB DLlE]] - Bolba(oll]),

which is undefined.
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(b) k1 # ko. Without loss of generality, assume ki < ko and set

El] = [{xixx) - (Xnsxx) 22U 2270
K—ko ko—ki—1

where ‘?’s denote arbitrary terms, and where U is any undefined

head term. We then get

E[Ml[O')Ig]:I = ()\.Tl Ty - {Igll}.yNLl A ~N17k1)[a§]
(x1: %K) - (Xns ki) 22U 7007 ¥

K—ko ko—ki—1
=* ({1[o %1} (v5 #x))
Nyafo%]- "Nl,kl[ff)[gr]u(fu’l*
K—ko ko—ki1—1
= {01[o%.] | yi#x)
Nia[o%]- - Nog 0812 2U 22K
K—ko ko—ki—1

—* {[01[0§,]ﬂ. %yNLl[a)Ig,] o Nig, [a)lg,] ?7...2U07...7
K—ko ho—ki—1
—* X
whereas
E[Ms[o¥]] =" {b2[0%] | y3 %K)
N271[0§,] - Na g, [G')Ig/] 7--2U0 7.7
K—ky ko—Fki—1
—* {[02[0’?,“} UyN2’1 [Ug((/] s NQ’kQ [O')Ig/] 77770
K—ko ko—ki—1

which is undefined.
O

Theorem 2 (Separation). Let My and My be completely defined terms in nor-
mal form. If My £ Ms, then M, and Ms are weakly separable.

PROOF: Assume M; and M- are distinct normal terms. By the cooking lemma,
there exists two completely defined quasi-normal terms M| and M} such that
M| —y M; (for i = 1,2) and disq(M], M) for some d € w. Set X = FV(M;)U
FV(M)}) and define K as the maximum of the application strengths of M]
and Mj. From the latter proposition, there exists an evaluation context E[] such
that

E[M{[oX]] 5% and  E[Mj[o%]] undefined  (or symmetrically)
It suffices to set
Oll = B[z 2y ok (21) -+ 0% (24)]

(where x1, ..., 2, are the elements of X) and we are done using the Church-
Rosser property. O
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6 Conclusion

We have introduced an extension of A-calculus, AB¢, in which pattern matching
is implemented via a mechanism of case analysis that behaves like a head linear
substitution over constructors. We have shown that the reduction relation of AB¢
is confluent and conservative over the An-calculus, but also that it is complete
in the sense that it provides sufficiently many reduction rules to identify all
observationally equivalent normalisable terms.

Using the divide-and-conquer method for other proofs of confluence  An original
aspect of this work is the way we proved confluence by systematically studying
the commutation properties of all pairs of subsystems of AB¢. Surprisingly, the
mechanical propagation rule

“if A // Band A [/ C then A // (B+C)”

(combined with the primitive knowledge of all commutation properties between
subsystems that do not involve AppLam) is sufficient to reduce the proof of the
expected 7,784 non-trivial commutation lemmas to only 12 primitive lemmas,
that are established by hand. It would be interesting to investigate further to see
whether the same method can be used to prove the confluence of other rewrite
systems with many reduction rules—typically, systems with explicit substitu-
tions.

A notion of Béhm tree for ABe  The separation theorem we proved suggests
that head normal forms of AB¢ could be the adequate brick to define a notion
of Bohm-tree [3, 2] for ABc—and more generally, for ML-style pattern-matching.
However, the fact that it is a weak separation theorem also suggests that the
observational ordering is non-trivial on the set of normal forms. Characterising
observational ordering on normal forms could be the next step to deepen our
understanding of both operational and denotational semantics of A\B¢.

Which type system for \B¢?  The reduction rules CaseAprp and CaseLam which
are the starting point of this work deeply challenge the traditional intuition of
the notion of type, for which functions and constructed values live in different
worlds. However, the good operational semantics of the calculus naturally raises
the exciting question of finding a suitable type system for AB¢.
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