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Abstract

Given a testable universal theory A (i.e. formed with universal formulæ
built upon experimentally testable predicates), we show how to extract
from a mathematical proof of inconsistency of A (formalized in classical
second-order arithmetic) a physically effective algorithm that performs
a finite set of experiments on A before stopping in finite time on a set
of parameters experimentally falsifying an instance of a formula of the
theory A. From this result, we deduce a method to extract, from a math-
ematical proof of A⇒ B (where A and B are testable universal theories)
combined with an experimental falsification of B, a program of tests of A
that eventually stops on an experimental falsification of the theory A, thus
realizing the experimental version of the modus tollens.

1 An experimental arithmetic

In this section, we present a formalism which we call the experimental arithmetic.
Basically, this formalism is an extension of second-order Peano arithmetic (PA2)
with primitive predicate symbols (written p, q, r, etc.) expressing experimentally
testable facts. By this, we mean that each generic atomic formula p(x, y, z, . . .)
associated to an experimental predicate symbol p comes with a ‘real world’
interpretation such as

The animal in box No. x is a cat

or

The concentration of alcohol in tube No. x is comprised between y
and z percent

or even

The 2nd-coordinate of the magnetic field in the universe cube No. x
has an average value comprised between y/w and z/w (in Tesla).

Since we work in arithmetic, sets of parameters of an experimental predicate p
are naturally expressed as tuples of natural numbers, hence the need for more
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or less clever codings to address the physical reality.1 (For instance in the 3rd
example, the use of a fixed sequence of universe cubes with discrete bounds to
address portions of the space, and the introduction of a precision parameter w
to express continuous quantities.) On the other hand, experimental predicates
come with no special meaning as mathematical entities, that is, they come with
no specific axiom or computational rule attached to them.

1.1 The language

The language of experimental arithmetic is defined from the following sets of
symbols:

• An infinite set of first-order variables (written x, y, z, etc.), that is: vari-
ables denoting natural numbers.

• For each arity n ≥ 0, an infinite set of second-order variables of arity n,
(written X, Y , Z, etc.), that is: variables denoting nary relations over
natural numbers.

• For each primitive recursive definition of a function—including zero and
successor—a function symbol (written f , g, h, etc.) representing the func-
tion described by the given definition. In particular, we respectively de-
note by 0 and s the constant symbol representing zero and the unary
function symbol representing the successor function. We will also freely
use well-known symbols such as + (addition), × (multiplication), etc.

• A finite set of predicate symbols (written p, q, r, etc.) representing exper-
imental predicates, each of them given with its arity.

The language of experimental arithmetic distinguishes two kinds of expres-
sions: numeric expressions (written e, e1, e′, etc.) that represent natural num-
bers; and formulæ (written A, B, C, etc.) that represent facts—possibly true
or false—built from the experimental predicates.

Numeric expressions The language of numeric expressions is inductively
defined from the following two construction rules:

• If x is a first-order variable, then x is a numeric expression;

• If f is a nary function symbol and if e1, . . . , en are n numeric expressions,
then f(e1, . . . , en) is a numeric expression.

The set of free variables of a numeric expression e is written FV (e). Given
a numeric expression e, a variable x and a numeric expression e′, we write
e{x := e′} the numeric expression obtained by replacing in e all the occurrences
of the variable x by e′.

For each closed numeric expression e, we call the value of e and write ↓e
the natural number computed by the expression e using the computation rules
attached to the function symbols f contained in e.

1We could easily enrich the language to express richer kinds of parameters such as relative
integers, rational numbers, lists, trees, etc. However, the parameters of a testable predicate p
should always remain discrete, independently from their representation.
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Formulæ The language of formulæ is inductively defined from the following
five construction rules:

• If p is a nary experimental predicate symbol and if e1, . . . , en are n numeric
expressions, then p(e1, . . . , en) is a formula;

• If X is a nary second-order variable and if e1, . . . , en are n numeric ex-
pressions, then X(e1, . . . , en) is a formula;

• If A and B are formulæ, then A⇒ B is a formula;

• If x is a first-order variable and if B is a formula, then ∀xB is a formula;

• If X is a nary second-order variable and if B is a formula, then ∀XB is a
formula.

The set of free (first- and second-order) variables of a formula A is writ-
ten FV (A). As usual, formulæ are considered up to α-conversion, regardless
from the names of bound variables. Formulæ are equipped with two different
operations of substitution:

• (First-order substitution) Given a formula A, a variable x and a numeric
expression e, we write A{x := e} the formula obtained by replacing in A all
the free occurrences of the variable x by e, taking care of renaming bound
(first-order) variables when needed in order to avoid variable captures.
More generally, we denote by

A{x1 := e1; . . . ;xn := en}

the formula obtained by simultaneously replacing in the formula A all the
free occurrences of variables xi (among x1, . . . , xn) by the corresponding
numeric expression ei. (Again taking care of renaming bound variables
when needed.)

• (Second-order substitution) Given a formula A, a nary second-order vari-
able X, a list of n variables x1, . . . , xn and a formula B, we denote by

A{X(x1, . . . , xn) := B} (or A{X := λx1, . . . , xn . B})

the formula obtained by replacing in A all the atomic subformulæ of the
form X(e1, . . . , en) (corresponding to free occurrences of X in A) by the
formula B{x1 := e1; . . . ;xn := en}, while taking care of renaming bound
(first- and second-order) variables when needed.

In this core language based on implication and (first- and second-order)
universal quantification, it is possible to encode all the other constructions of
logic: conjunction, disjunction, negation, (first- and second-order) existential
quantification, Leibniz equality, etc. using well-known second-order encodings [1]
(cf Fig. 1: abbreviations).
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1.2 Deduction rules and derivations

The language defined above is equipped with the standard notion of provability
in second order arithmetic (PA2), using a presentation based on intuitionistic
natural deduction extended with Peirce’s law to recover classical logic. Formally,
we work we asymmetric sequents of the form

Γ ` A (‘under the assumptions Γ, A holds’)

where Γ ≡ A1, . . . , An is a finite list of formulæ used as hypotheses (the subse-
quent), and where A is a formula (the consequent).

The notations FV (Γ), Γ{x := e}, Γ{X(x1, . . . , xn) := B}, etc. are extended
to lists of formulæ Γ = A1, . . . , An by setting:

FV (A1, . . . , An) = FV (A1) ∪ · · · ∪ FV (An)
(A1, . . . , An){x := e} = A1{x := e}, . . . , An{x := e}

(And similarly for the notation Γ{X(x1, . . . , xn) := B}.)
The deduction rules of the system are given in Fig. 1. They consist of:

• The deduction rules of minimal intuitionistic second-order logic, namely:
the axiom rule, plus the introduction and elimination rules of implication,
first- and second-order universal quantification.

• A specific rule for Peirce’s law, that entails all the other classical reasoning
principles: the excluded middle (A ∨ ¬A), double negation elimination
(¬¬A⇒ A) and reductio ad absurdum.

The axiom rule is extended with all the axioms of arithmetic, namely:

• The axioms expressing that the successor function is injective (Peano 3rd
axiom) and that zero is not in its image (Peano 4th axiom). Notice that
the formulation of these axioms relies on the encoding of equality and
negation given in Fig. 1 (‘abbreviations’).

• The defining equalities of the function symbols f representing primitive
recursive definitions of functions. Example of such equalities defining ad-
dition, multiplication, exponentiation, the factorial function, etc. are:

0 + y = y 0× y = 0
s(x) + y = s(x+ y) s(x)× y = (x× y) + y

x ↑ 0 = s(0) 0! = s(0)
x ↑ s(y) = (x ↑ y)× x s(x)! = s(x)× x!

Once deduction rules have been defined, we can construct proofs by assem-
bling instances of these rules such as in the following example:

∀x (Y (x)⇒ Z), Y (s(0)) ` ∀x (Y (x)⇒ Z)

∀x (Y (x)⇒ Z), Y (s(0)) ` Y (s(0))⇒ Z ∀x (X(x)⇒ Y (z + x)), Y (s(0)) ` Y (s(0))

∀x (Y (x)⇒ Z), Y (s(0)) ` Z

Formally, we call a derivation (or a proof ) any finite tree d whose nodes are
labelled with sequents, and such that for each node of d labelled with sequent S
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and whose children are labelled with sequents S1, . . . , Sn (n ≥ 0), there is a
deduction rule such that the inference S1···Sn

S is an instance of this rule.
Given a derivation d, the sequent S that labels the root of d is called the

conclusion of d, and d is called a derivation of S. When a sequent S has a
derivation d, we say that S is derivable. In particular, when a sequent of the
form ` A (without assumption, A being a closed formula) is derivable, we say
that the formula A is a theorem (of second-order arithmetic).

1.3 Arithmetic reasoning

The reader may have noticed that we presented axioms (cf Fig. 1) expressing
that the successor function is injective (3rd Peano axiom) and non-surjective
(4th Peano axiom), but that there is no axiom for the induction principle on
natural numbers (5th Peano axiom). The reason is that in second-order logic,
the induction principle can be obtained for free using a well-known trick [1] that
relies on the strength of second-order universal quantification.

The trick is to define a class of ‘well-formed natural numbers’ (delimited
by a predicate written Nat(x)) as the smallest class containing zero and closed
under the successor function s. Formally, we introduce the abbreviation

Nat(x) ≡ ∀X (X(0) ⇒ ∀y(X(y)⇒ X(s(y))) ⇒ X(x))

We can easily show that the class of well-formed natural numbers contains zero
and is closed under the successor function:

1. Nat(0) (1st Peano axiom)

2. ∀x(Nat(x)⇒ Nat(s(x))) (2nd Peano axiom)

Using this predicate, we can relativise universal and existential first-order
quantification to well-formed numerals using the following abbreviations:

∀Nx A[x] ≡ ∀x (Nat(x)⇒ A[x])
∃Nx A[x] ≡ ∃x (Nat(x) ∧A[x])

It is then a simple exercise to check that induction holds provided we restrict
universal quantification to the class of well-formed natural numbers:

∀X
(
X(0) ⇒ ∀Ny(X(y)⇒ X(s(y))) ⇒ ∀Nx X(x)

)
Using this principle, we easily show that all primitive recursive functions f

map well-formed numerals to well-formed numerals

∀Nx1 · · · ∀Nxn Nat(f(x1, . . . , xn))

and more generally that any numeric expression e[x1, . . . , xn] with free variables
x1, . . . , xn denotes a well-formed numeral provided its free variables x1, . . . , xn
are restricted to the class of well-formed numerals:

∀Nx1 · · · ∀Nxn Nat(e[x1, . . . , xn])

By systematically using the relativised first-order quantifications ∀N and ∃N

instead of the ‘pure’ first-order quantifiers ∀ and ∃, we can reason as in ordinary
first-order arithmetic.
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Syntax

(Numeric expressions) e, e′ ::= x | f(e1, . . . , en)

(Formulæ) A,B ::= p(e1, . . . , en) | X(e1, . . . , en)
| A⇒ B | ∀xA | ∀X A

Abbreviations

(Contradiction) ⊥ ≡ ∀XX
(Immediate truth) > ≡ ∀X (X ⇒ X)

(Negation) ¬A ≡ A⇒ ⊥

(Conjunction) A ∧B ≡ ∀X ((A⇒ B ⇒ X)⇒ X)
(Disjunction) A ∨B ≡ ∀X ((A⇒ X)⇒ (B ⇒ X)⇒ X)

(1st order existence) ∃xA[x] ≡ ∀Y (∀x (A[x]⇒ Y ) ⇒ Y )
(2nd order existence) ∃X A[X] ≡ ∀Y (∀X (A[X]⇒ Y ) ⇒ Y )

(Leibniz equality) e1 = e2 ≡ ∀X (X(e1)⇒ X(e2))
e1 6= e2 ≡ ¬(e1 = e2)

Deduction rules

(Axiom) Γ ` A
(A∈Γ∪A )

(⇒-intro,-elim)
Γ, A ` B

Γ ` A⇒ B
Γ ` A⇒ B Γ ` A

Γ ` B

(∀1-intro,-elim)
Γ ` B

Γ ` ∀xB
(x /∈FV (Γ))

Γ ` ∀xB
Γ ` B{x := e}

(∀2-intro,-elim)
Γ ` B

Γ ` ∀X B
(X /∈FV (Γ))

Γ ` ∀X B
Γ ` B{X(x1, . . . , xn) := A}

(Peirce’s law) Γ ` ((A⇒ B)⇒ A)⇒ A

where A denotes the set of all axioms of arithmetic, that consists of:
• The axiom of injectivity: ∀x ∀y (s(x) = s(y)⇒ x = y)
• The axiom of non confusion: ∀x s(x) 6= 0
• The defining equalities attached to the function symbols f

(that recursively define the corresponding primitive recursive functions)

Figure 1: Language and deduction rules of PA2
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1.4 Experimental formulæ

Inside the language of formulæ, we distinguish three classes of formulæ repre-
senting experimental statements, namely: the class of elementary formulæ, the
class of testable formulæ and the class of testable universal formulæ.

Elementary formulæ. We call an elementary formula any (open or closed)
formula E0 that has of the following three forms:

(Experimentation)
(Falsity)
(Equality test)

E0 ≡ p(e1, . . . , en)
E0 ≡ ⊥ ≡ ∀XX
E0 ≡ e1 = e2 ≡ ∀X (X(e1)⇒ X(e2))

Intuitively, elementary formulæ are atomic formulæ built from experimental
predicates in a broader sense that includes the equality test (seen as a purely
mathematical experiment). We include falsity ⊥ (representing the experiment
that always fails) just for convenience, since the testable equality 0 = 1 would
have done the same job as well.

Testable formulæ. They are inductively built from the following three con-
struction rules:

• If E0 is an elementary formula, then E0 is a testable formula.

• If E0 is an elementary formula and if E is a testable formula, then the
formula E0 ⇒ E is a testable formula.

• If E0 is an elementary formula and if E is a testable formula, then the
formula ¬E0 ⇒ E is a testable formula.

In other words, a testable formula is a formula of the form

E ≡ ± E1 ⇒ · · · ⇒ ±Ek ⇒ E0 ,

where E0, . . . , Ek are elementary formulæ (here, the notation ±Ei refers to one
of both formulæ Ei or ¬Ei indifferently). From the point of view of classical
logic, a testable statement is thus nothing but a (disjunctive) clause formed
from elementary statements:

E ⇔ ∓ E1 ∨ · · · ∨ ∓Ek ∨ E0 .

Closed testable formulæ are called testable singular formulæ

Testable universal formulæ. Finally, we call a testable universal formula
any closed formula of the form

U ≡ ∀Nx1 · · · ∀Nxn E[x1, . . . , xn]

where E[x1, . . . , xn] is a testable formula whose free variables occur among the
set of variables {x1, . . . , xn}. Notice that each testable singular formula (as well
as each closed elementary formula) is a testable universal formula with a degree
of universality (i.e. the number of ∀N) equal to zero.

Testable universal formulæ are testable in the sense that all their instances
(corresponding to all possible combinations of parameters in Nn) can be tested
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separately. Of course, a testable universal formula cannot be verified globally—
which would require an infinite number of tests—but it can be falsified with a
single test corresponding to a single set of parameters.

Epistemologically, the notion of testable universal formula approximately
corresponds to (and is actually directly inspired from) K. R. Popper’s notion of
empirical (or falsifiable) statement [5].

(Elementary formulæ) E0 ::= ⊥ | p(e1, . . . , en) | e1 = e2

(Testable formulæ) E ::= E0 | E0 ⇒ E | ¬E0 ⇒ E

(Testable universal formulæ) U ::= ∀Nx1 · · · ∀NxnE[x1, . . . , xn]

Figure 2: The language of experimental formulæ

1.5 The experimental theory and the tools to test it

The notion of experimental theory We call an experimental theory any
finite list U1, . . . , U` of testable universal formulæ. In practice, such a theory
will be formed with three kinds of statements:

(1) Currently accepted scientific laws (according to a given theory)

(2) Initial conditions (of a particular experiment)

(3) Observed effects (of the experiment)

Typically, statements of the first kind will be formalised as testable universal
formulæ whereas statements of the second and third kinds will be formalised as
testable singular formulæ.

The situation we are interested in occurs when the experimental theory is
contradictory. In practice, the contradiction arises when an observed effect (3)
does not match a prediction derived from the initial conditions (2) using the
universal laws given by the theory (1). The aim of this paper is to present an
effective procedure that selects particular instances of the formulæ U1, . . . , U`
and test them successively until one of them fails—typically, an instance of one
of the universal statements of the accepted theory.

In what follows, we assume given an experimental theory U1, . . . , U`.

Test functions To test the experimental theory, we assume that each exper-
imental predicate symbol p comes with a test function

Val(p) : Nn → {0; 1}

which maps each n-tuple of parameters (x1, . . . , xn) ∈ Nn to a boolean value
representing the success (1) or the failure (0) of the experiment associated to
the atomic formula p(x1, . . . , xn).
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From an experimental point of view, we assume that the computation of
Val(p)(x1, . . . , xn) can be achieved using a finite amount of resources for all
tuples of parameters (x1, . . . , xn) ∈ Nn. In particular, we assume that this
computation can always be done (at least potentially) in finite time.

From a mathematical point of view, we make the only assumption that the
function Val(p) : Nn → {0; 1} is total. In particular:

1. We do not assume that the function Val(p) : Nn → {0; 1} is decidable,
or even semi-decidable. Effectiveness has to be understood here in the
(informal) sense of physics, not in the (formal) sense of recursion theory.
In this work, we never need the assumption that physically computable
functions are Turing computable (Church’s thesis).

2. More important, we do not assume that the set of test functions Val(p)
constitutes a model of the experimental theory, which means that we do
not assume that the experimental theory is valid. The extracted program
of tests has to be correct independently from the validity of the exper-
imental theory—it must perform correct computations even from wrong
experimental assumptions.

Evaluating testable singular formulæ From the test functions Val(p)
we define a generalised test function E 7→ Val(E) that associates a boolean
value Val(E) ∈ {0; 1} to each testable singular formula E, indicating whether
the experiment associated to E succeeds or fails. Formally, the boolean value
Val(E) ∈ {0; 1} is recursively defined on the structure of E by the equations

Val(⊥) = 0

Val(e1 = e2) =

{
1 if ↓e1 = ↓e2

0 otherwise

Val(p(e1, . . . , en)) = Val(p)(↓e1, . . . , ↓en)
Val(E0 ⇒ E) = sup(1−Val(E0), Val(E))

Val(¬E0 ⇒ E) = sup(Val(E0), Val(E))

Of course, if we assume that the test functions Val(p) are physically com-
putable, then the evaluation function E 7→ Val(E) of testable singular formulæ
is physically computable too, using a simple recursive procedure ultimately
based on the test functions Val(p), the equality test, and on the computation
rules of primitive recursive functions inside numeric expressions.

In what follows, we will say that a tuple (ν1, . . . , νn) ∈ Nn is a falsification
of a testable universal formula of the form

U ≡ ∀Nx1 · · · ∀Nxn E[x1, . . . , xn] ,

when Val(E[ν1, . . . , νn]) = 0.

2 Extracting a program from a proof

2.1 The programming language

The programming language we use here is an extension of Krivine’s language
λc [4] with a small set of extra instructions to test the experimental theory. This
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language is defined from three kinds of syntactic entities:

• Terms (written t, u, etc.), that represent programs defined independently
from their evaluation context. From the point of view of logic, terms are
the computational equivalents of proofs.

• Stacks (written π, π′, etc.), that represent evaluation contexts of programs.
Formally, stacks are defined as finite lists of closed terms (representing
function arguments) of the form π = u1 · . . . · un · �, where � denotes
the bottom of the stack. From the point of view of logic, stacks are the
computational equivalents of counter-proofs (or refutations). Notice that
stacks are only formed with closed terms, and thus are closed objects (i.e.
with no free occurrence of a term variable).

• Processes, written t ? π, that are just formed by putting a term t in front
of a stack π. From the point of view of logic, processes represent the
interaction (i.e. the ‘debate’) between a proof and a counter-proof within
a contradictory situation.

The formal definition of terms, stacks and processes of the programming lan-
guage is given in Fig. 3. The set of all closed terms is written T whereas the
set of all (closed) stacks is written Π.

Given two terms t, u and a term variable ξ, we write t{ξ := u} the term
obtained by replacing in t each free occurrence of the term variable ξ by the
term u. In practice, we will only use this operation when u is a closed term.
Term substitution immediately generalises to a notion of parallel substitution
written t{ξ1 := u1; . . . ; ξn := un}. Notice that when u1, . . . , un are closed terms,
parallel substitution may be computed sequentially by the equation

t{ξ1 := u1; . . . ; ξn := un} = (· · · t{ξ1 := u1} · · · ){ξn := un} .

Syntax of terms The language of terms includes all the constructions of
Krivine’s language λc, namely:

• The usual constructions of the λ-calculus: variables (written ξ, ζ, φ, etc.),
function abstractions (λξ . t) and function applications (tu). From the
point of view of logic, these constructions correspond to intuitionistic rea-
soning principles, and thus suffice to extract the computational contents
of all proofs of HA2, the intuitionistic fragment of PA2.

• Specific instructions to manipulate continuations: the constant cc (call
with current continuation, or call/cc, for short) and for each stack π, a
constant kπ representing the corresponding continuation. From the point
of view of logic, the constant cc (that generates constants kπ during the
evaluation process) implements Pierce’s law, from which we recover all
classical logic, and thus the full strength of PA2.

This core language is extended with the following extra instructions:

• For each formula U of the experimental theory, a constant testU that tests
an instance of U (whose parameters are given as arguments) and whose
evaluation depends on the outcome of the experiment (cf Fig. 3).
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Syntax of the language

Terms t, u ::= ξ | λξ . t | tu | kπ | cc | testU | stop

Stacks π ::= � | t · π (t, π closed)
Processes p ::= t ? π

Evaluation rules (except test instructions)

(Push) tu ? π � t ? u · π
(Grab) λξ . t ? u · π � t{ξ := u} ? π

(Call/cc) cc ? t · π � t ? kπ · π
(Restore) kπ ? t · π′ � t ? π

stop ? π 6�

Evaluation rules of test instructions testU

U [x1, . . . , xn] ≡ ∀Nx1 · · · ∀Nxn E[x1, . . . , xn]
E[x1, . . . , xn] ≡ L1[x1, . . . , xn]⇒ · · · ⇒ Lk[x1, . . . , xn]⇒ R[x1, . . . , xn]

ν̄1, . . . , ν̄n ≡ Church numerals associated to the numbers ν1, . . . , νn

1. Case where Val(Li[ν1, . . . , νn]) = 0 (1 ≤ i ≤ k)

testU ? ν̄1 · . . . · ν̄n · π � λξ1 · · · ξk . ξi ? π (if Li positive)
testU ? ν̄1 · . . . · ν̄n · π � λξ1 · · · ξk . ξiI ? π (if Li negative)

2. Case where Val(R[ν1, . . . , νn]) = 1

testU ? ν̄1 · . . . · ν̄n · π � λξ1 · · · ξk . I ? π

3. Case where Val(E[ν1, . . . , νn]) = 0

testU ? ν̄1 · . . . · ν̄n · π � stop ? Ū · ν̄1 · . . . · ν̄n · π

Figure 3: The language λc with test instructions
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• A constant stop with no associated evaluation rule, and whose only pur-
pose is to report the failure of a test of the experimental theory.

Following the terminology of Krivine, we call a quasi-proof any term which
is built only from variables, abstractions, applications and the constant cc. In
other words, a quasi-proof is a term that contains neither the continuation
constants kπ nor the extra constants testU or stop. (The terminology of a
‘quasi-proof’ comes from the fact that programs extracted from proofs in pure
classical second-order arithmetic are all of this form.)

Church numerals To every natural number n ∈ N we associate a closed term
written n̄ (‘Church numeral n’) and defined by

n̄ = s̄ (· · · (s̄︸ ︷︷ ︸
n

0̄) · · · ) (where 0̄ = λξφ . ξ and s̄ = λνξφ . φ (νξφ))

Notice that with this definition, Church numeral n̄ is not in normal form in the
sense of λ-calculus (except when n = 0). 2

2.2 The relation of evaluation

The set of all processes is equipped with a binary relation of (one step) evalu-
ation written p � p′, whose rules are given in Fig. 3. These rules comprise the
usual evaluations rules of abstraction (Grab), application (Push) and of the
constants cc (Call/cc) and kπ (Restore), plus specific evaluation rules for
the constants testU we will describe with more details in subsection 3.4.

Notice that evaluation is deterministic, at least for a program that does not
use test instructions: for each process t ? π where t is not a test instruction,
there is at most one process t′ ? π′ such that (t ? π) � (t′ ? π′). In many
cases of course, there is no such process, typically when t is an abstraction (or
a constant cc or kπ) and when the stack π is empty, or simply when t is stop.

On the other hand, the evaluation rules of test instructions testU such as
presented in Fig. 3 are not deterministic (strictly speaking) since the three
cases that define the outcome of the evaluation are not mutually exclusive:
case 1 may happen for several values of k simultaneously, whereas case 2 may
happen simultaneously with case 1. (Only case 3 is exclusive from cases 1
and 2.) However, it is always possible to define a priority between case 1 and
case 2 (and inside case 1) in order to make the evaluation process completely
deterministic. We will not discuss further the choice of making evaluation of
test instructions deterministic or not: this is simply irrelevant in the realisability
model (section ???), where both alternatives are supported indifferently.

In what follows, we write �∗ the reflexive-transitive closure of �.

2.3 Extracting a program from a proof

The extraction mechanism actually consists of two extraction functions:

• A generic extraction function d 7→ d∗ that extracts an open term d∗ from
a derivation d of an arbitrary sequent Γ ` A in PA2. The term d∗ is
actually a quasi-proof (containing no test instruction) whose free variables
represent the hypotheses in Γ.

2Such a definition is necessary to use the storage operators we will introduce in ???.
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• A specific extraction function d 7→ d̂ (defined from the latter) that ex-
tracts a closed term d̂ from a derivation of the sequent U1, . . . , U` ` ⊥
(where U1, . . . , U` is the experimental theory). Unlike the (open) term d∗,
the (closed) term d̂ contains test instructions corresponding to the exper-
imental hypotheses that are used to derive the contradiction. This term
is ready to be evaluated against the empty stack.

The generic extraction function The generic extraction function d 7→ d∗

is recursively defined on the structure of the derivation using the equations of
Fig. 4. To define this function, we first need to associate a distinct variable ξA
to each formula A that appears as an hypothesis of a sequent somewhere in
the derivation, while keeping the names consistent across deduction steps. (The
map A 7→ ξA is naturally defined bottom-up in the derivation d.)

(
Γ ` A

)∗
=


ξA if A ∈ Γ
λξ . ξ if A ∈ A \ {4th Peano axiom}
λξ . ξ (λφ . φ) if A = 4th Peano axiom

.... d
Γ, A ` B

Γ ` A⇒ B


∗

= λξA . d
∗

 .... d1

Γ ` A⇒ B

.... d2

Γ ` A
Γ ` B

∗ = d∗1d
∗
2

 .... d
Γ ` A

Γ ` ∀xB

∗ = d∗

 .... d
Γ ` ∀xB

Γ ` ∀B{x := e}

∗ = d∗

 .... d
Γ ` A

Γ ` ∀X B

∗ = d∗

 .... d
Γ ` ∀X B

Γ ` ∀B{X(x1, . . . , xn) := A}

∗ = d∗

(
Γ ` ((A⇒ B)⇒ A)⇒ A

)∗
= cc

Figure 4: Extraction of a term d∗ from a derivation d in PA2

The specific extraction function Given a derivation d (in PA2) of the
sequent U1, . . . , U` ` ⊥ expressing that the experimental theory is contradictory,
we let

d̂ := d∗{ξ1 := M1testU1 ; . . . ; ξ` := MntestU1}
where ξ1, . . . , ξ` are the term variables associated to the experimental hypotheses
U1, . . . , U`, respectively, and where M1, . . . ,Mn are closed quasi-proofs (called
storage operators) we will define and discuss in subsection ???.

The following theorem shows that the evaluation of the program d̂ (in front
of the empty stack) performs finitely many tests on the experimental theory
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(corresponding to the steps where a test instruction testU is evaluated) before
it finds a tuple of parameters invalidating one of the hypotheses of the experi-
mental theory:

Theorem 1 — If d is a derivation of the sequent U1, . . . , U` ` ⊥ (in PA2),
then the evaluation of the process d̂ ? � eventually reaches a state of the form

stop ? k̄ · ν̄1 · · · ν̄nk
· π

where k is the index of an hypothesis of the experimental theory

Uk ≡ ∀Nx1 · · · ∀Nxnk
Ek[x1, . . . , xnk

] (1 ≤ k ≤ `)

and where (ν1, . . . , νnk
) is a falsification of Uk.

The next section is devoted to the construction of a realisability model jus-
tifying the above constructions, and to the proof of Theorem 1.

3 The realisability model

3.1 Preliminaries

The saturated set ⊥⊥ The construction of the realisability model is param-
eterised by a set of processes ⊥⊥ which is saturated in the sense that

If p � p′ and p′ ∈ ⊥⊥, then p ∈ ⊥⊥

(The set ⊥⊥ is also said to be closed under anti-evaluation.)
In the sequel, we will need a particular choice of ⊥⊥, namely, the set ⊥⊥0

formed by all processes that eventually reach the stop in evaluation position:

⊥⊥0 = {p | ∃π p �∗ stop ? π} .

Extending the language of formulæ To define the interpretation function,
we need to enrich the language of formulæ by adding a new predicate symbol
Ḟ of arity n for each function F : Nn → P(Π) that associates a set of stacks (a
‘falsity value’) to each n-tuple of natural numbers:

A,B ::= · · · | Ḟ (e1, . . . , en) (F : Nn → P(Π))

(While doing this extension, the cardinality of the language of formulæ jumps
from the denumerable to the power of continuum.)

Valuations We call a valuation any function ρ that associates a natural num-
ber ρ(x) ∈ N to each first-order variable x, and that also associates a function
ρ(X) : Nn → P(Π) to each nary second-order variable X.

Given an open formula A (defined in the initial language) and a valuation ρ,
we write A[ρ] the closed formula of the extended language obtained by replacing
in the formula A each free occurrence of a first-order variable x by the natu-
ral number ρ(x) ∈ N (seen as a numeric expression), and by replacing each
free occurrence of a nary second-order variable X by the predicate symbol Ḟ
associated to the function F = ρ(X) : Nn → P(Π).
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3.2 The interpretation function

Let ⊥⊥ be an arbitrary saturated set. To each closed formula of the extended
language we associate two sets, namely:

• A set of closed terms |A| that we call the truth value of A.

• A set of stacks ‖A‖ that we call the falsity value of A.

The truth value |A| of a closed formula A is indirectly defined from the falsity
value ‖A‖ by the equation

|A| = ‖A‖⊥ = {t ∈ T | ∀π ∈ ‖A‖ t ? π ∈ ⊥⊥} .

(Literally: the truth value of A is the set of all closed terms that are able to
interact with all the refutation attempts given by the falsity value ‖A‖.)

Notice that the operation S 7→ S⊥⊥ that maps each falsity value to the
corresponding truth value is contravariant: the larger the falsity value, the
smaller the truth value, and vice-versa.

The falsity value of a closed formula A (of the extended language) is induc-
tively defined from the following equations:

‖Ḟ (e1, . . . , en)‖ = F (↓e1, . . . , ↓en)

‖p(e1, . . . , en)‖ =

{
{t · π | t ? π ∈ ⊥⊥} if Val(p)(↓e1, . . . , ↓en) = 1
Π if Val(p)(↓e1, . . . , ↓en) = 0

‖A⇒ B‖ = |A| · ‖B‖

‖∀X A‖ =
⋃

F :Nn→P(Π)

‖A{X := Ḟ}‖

(Remember that ↓e denotes the value of the closed numeric expression e.)
Since both sets |A| and ‖A‖ associated to each formula A depend on the

saturated set of processes ⊥⊥, we will sometimes write them |A|⊥⊥ and ‖A‖⊥⊥,
respectively, in order to prevent any confusion.

Given a closed term t and a closed formula A, we say that t realises A and
write t 
 A when t ∈ |A| (relatively to a fixed saturated set ⊥⊥). In the case
where ⊥⊥ = ⊥⊥0, we write t 
0 A for t ∈ |A|⊥⊥0 .

3.3 Realising the proofs of PA2

The rules given in Fig. 4 define an extraction function that transforms any proof
done in PA2 (cf Fig. 1) into a term d∗. This generic extraction mechanism is
correct w.r.t. the realisability model in the following sense:

Lemma 1 (Adequacy) — Let A1, . . . , An ` B be a derivable sequent of PA2
(using the rules of Fig. 1) and let d be a derivation of this sequent. For all
saturated sets ⊥⊥, for all valuations ρ and for all closed terms u1, . . . , un such
that u1 
 A1, . . . , un 
 An (relatively to the set ⊥⊥), we have

d∗{ξ1 := u1; . . . ; ξn := un} 
 B

where ξ1, . . . , ξn are the term variables associated to the assumptions A1, . . . , An
in the extraction process.
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Proof. The proof is done by structural induction on the derivation d. The
cases corresponding to purely logical rules is standard (see for instance [2, 4]).
Regarding the axioms of PA2, it suffices to check that the term I = λξ . ξ is a
realiser of the third Peano axiom (injectivity of successor) and of all defining
equalities of primitive recursive function symbols, whereas the term λξ . ξI is a
realiser of the fourth Peano axiom (non-confusion). 2

3.4 Evaluating test instructions

Storage operators Let us first enrich the language of formulæ with a new
syntactic construct {e} ⇒ B (where e is a numeric expression and where B a
formula) whose falsity value is defined by

‖{e} ⇒ B‖ = ↓e · ‖B‖

(in the case where both e andB are closed). The truth value |{e} ⇒ B| is defined
from the falsity value ‖{e} ⇒ B‖ the usual way: |{e} ⇒ B| = ‖{e} ⇒ B‖⊥⊥.

Given a natural number n, we call a storage operator of arity n any closed
quasi-proof Mn such that for all formuæ A[x1, . . . , xn] (possibly) depending on n
first-order variables x1, . . . , xn, we have

Mn 
 ∀x1 · · · ∀xn ({x1} ⇒ · · · ⇒ {xn} ⇒ A[x1, . . . , xn])
⇒ ∀Nx1 · · · ∀Nxn A[x1, . . . , xn]

Intuitively, a storage operator Mn is a ‘wrapper’ that transforms any pro-
gram t whose computational behaviour is specified only when its arguments
are fully developed Church numerals (that we can understand as ‘intuitionistic
integers’) into a program whose behaviour is specified when its arguments are
arbitrary realisers of the predicate Nat(x) (that we can understand as ‘classical
integers’), using the very same formula.

Krivine showed [2, 4] that such terms Mn exist for all arities n ≥ 0. For
instance, we can take

M0 ≡ λφ . φ
M1 ≡ λφ . λν . ν φ (λψ . λξ . ψ (s̄ ξ)) 0̄
Mn ≡ λφ .M1(λν .Mn−1(φ ν)) (n ≥ 2)

How test instructions work Consider a testable universal formula

U ≡ ∀Nx1 · · · ∀Nxn E[x1, . . . , xn] ,

that belongs to the experimental theory, writing

E[x1, . . . , xn] ≡ L1[x1, . . . , xn]⇒ · · · ⇒ Lk[x1, . . . , xn]⇒ R[x1, . . . , xn] ,

where each formula Li[x1, . . . , xn] is either elementary or the negation of an
elementary formula, and where the formula R[x1, . . . , xn] is elementary.

The evaluation mechanism of the test instruction testU associated to the
universal formula U is the following: each time the instruction testU comes
into evaluation position in front of a stack starting with n Church numerals
ν̄1, . . . , ν̄n, the instruction tests the formula E[ν1, . . . , νn] by computing its truth
value (using the functions Val(p) associated to the experimental predicates).
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When the test succeeds, the instruction testU consumes the n top-most ar-
guments of the stacks and evaluates to a quasi-proof t that realises the for-
mula E[ν1, . . . , νn]. This quasi-proof may depend on the way the implication
E[ν1, . . . , νn] is satisfied:

• We can take t ≡ λξ1 · · · ξk . ξiI when a premise Li[ν1, . . . , νn] is falsified for
some i ∈ [1..k] (Fig. 3, item 1).

• Or we can take t ≡ λξ1 · · · ξk . I when the conclusion R[ν1, . . . , νn] is satis-
fied (Fig. 3, item 2).

Notice that in both cases, the quasi-proof t is a realiser of the testable formula
E[ν1, . . . , νn] independently from the choice of the saturated set ⊥⊥.

When the test fails, the instruction testU does not consume the n top-most
arguments of the stack, but pushes on the stack the Church numeral (written Ū)
of the index of the formula U in the experimental theory, and evaluates to
the instruction stop. Of course, the term stop Ū ν̄1 · · · ν̄n does not realise the
formula E[ν1, . . . , νn] for an arbitrary choice of the saturated set ⊥⊥, but it
realises this formula in the case where ⊥⊥ = ⊥⊥0, from the very definition of this
set. The latter remark explains why the instruction testU is correct only w.r.t.
the saturated set ⊥⊥0.

Lemma 2 — For every formula U of the experimental theory, one has:

testU 
0 ∀x1 · · · ∀xn ({x1} ⇒ · · · ⇒ {xn} ⇒ E[x1, . . . , xn]) .

Proof. Let ν1, . . . , νn ∈ N and π ∈ ‖E(ν1, . . . , νn)‖. We have to show that
testU ? ν̄1 · . . . · ν̄n · π ∈ ⊥⊥0. We distinguish two cases:

1. Either Val(E[ν1, . . . , νn]) = 1. In this case, we have

testU ? ν̄1 · . . . · ν̄n · π � t · π ,

where t is a quasi-proof given by the first item of Fig. 3 (depending on an
hypothesis of the testable formula E[ν1, . . . , νn] is falsified or its conclusion
is satisfied). In all cases, we easily check that t 
 E[ν1, . . . , νn], hence we
have t ? π ∈ ⊥⊥0, and thus testU ? ν̄1 · . . . · ν̄n · π ∈ ⊥⊥0 by anti-reduction.

2. Either Val(E[ν1, . . . , νn]) = 0. In this case, we immediately get

testU ? ν̄1 · . . . · ν̄n · π � stop ? Ū · ν̄1 · . . . · ν̄n · π ∈ ⊥⊥0 . 2

Corollary 3 — For every formula U of the experimental theory, we have:

MntestU 
0 ∀Nx1 · · · ∀Nxn E[x1, . . . , xn]

(where Mn is a storage operator of arity n).

Proof. Immediately follows from the latter proposition and the definition of
storage operators. 2
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3.5 Correctness of the specific extraction function

We can now give the

Proof of Theorem 1. Consider a derivation d of the sequent U1, . . . , U` ` ⊥ (in
PA2). From Lemma 1 (Adequacy) we know that

d∗{ξ1 := u1; . . . ; ξ` := u`} 
 ⊥

for all realisers u1 
 U1, . . . , u` 
 U` (and for an arbitrary choice of the saturated
set ⊥⊥). If we now take ⊥⊥ = ⊥⊥0 and let ui = Mni

testUi
(for all 1 ≤ i ≤ `), we

immediately deduce from Corollary 3 that

d̂ = d∗{ξ1 := Mn1testU1 ; . . . ; ξ` := Mn`
testU`

} 
0 ⊥ .

Which means that d̂ ? π ∈ ⊥⊥0 for all stacks π ∈ ‖⊥‖ = Π, and in particular for
π = �. From the definition of ⊥⊥, there exists a stack π such that

d̂ ? � �∗ stop ? π .

But since by construction the term d̂ does not contain the instruction stop (only
the constants cc and testU may appear in d̂), the final state stop ? π necessarily
comes from a failing experiment (Fig. 3, item 3), so that the stack π is actually
of the form

π ≡ k̄ · ν̄1 · · · ν̄nk
· π′ ,

where ν1, . . . , νnk
is a tuple of parameters falsifying the testable universal for-

mula Uk (1 ≤ k ≤ `). 2

3.6 The experimental modus tollens

Let us now consider an experimental theory formed by testable universal for-
mulæ U1, . . . , U`, as well as a testable universal formula

V ≡ ∀Nx1 · · · ∀Nxn F [x1, . . . , xn]

such that U1, . . . , U` ` V is derivable in PA2.

Theorem 2 (Experimental modus tollens) — From a derivation (in PA2)
of the sequent U1, . . . , U` ` V and a falsification (ν1, . . . , νn) ∈ Nn of the for-
mula V , it is possible to construct a term t such that the evaluation of the
process t ? � eventually reaches a final state that gives a falsification of one of
the formulæ U1, . . . , U` in the sense of Theorem 1.

Proof. Let us write the formula F [x1, . . . , xn] as

F [x1, . . . , xn] ≡ L1[x1, . . . , xn]⇒ · · · ⇒ Lk[x1, . . . , xn]⇒ R[x1, . . . , xn] ,

where each formula Li[x1, . . . , xn] is either elementary or the negation of an ele-
mentary formula, and where the formula R[x1, . . . , xn] is elementary. From the
derivation of the sequent U1, . . . , U` ` V , we easy build (in PA2) a derivation d
of the sequent

U1, . . . , U`, L1[ν1, . . . , νn], . . . , Lk[ν1, . . . , νn], ¬R(ν1, . . . , νn) ` ⊥
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By applying Theorem 1 to the above sequent (whose hypotheses are testable
universal formulæ), we know that the process d̂ ? � eventually reaches a fi-
nite state that gives a falsification (in the sense of Theorem 1) of one of the
hypotheses of the sequent, that is

1. either a falsification of one of the formulæ U1, . . . , U`;

2. either a falsification of one of the formulæ Li[ν1, . . . , νn];

3. either a falsification of the formula ¬R[ν1, . . . , νn].

But since Val(F [ν1, . . . , νn]) = 0, we know that

Val(Li[ν1, . . . , νn]) = 1 and Val(R[ν1, . . . , νn]) = 0 (1 ≤ i ≤ k)

Hence cases 2 and 3 are impossible, and case 1 is the only possible case. There-
fore the falsification coming from the evaluation of d̂ ? � is a falsification of one
of the formulæ U1, . . . , U`. 2
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