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Abstract

The proofs-as-programs paradigm—a.k.a. the Curry-
Howard correspondence—is currently limited to functional
programming with control. We propose here a way to extend
it to imperative programming (yet in the call-by-name dis-
cipline) in connection with modal logic, using Kripke-style
worlds to represent any concrete or abstract notion of state,
such as machine stores or logic invariants.

For that, we present an extension of classical realizabil-
ity to second-order modal logic by introducing a combined
notion of Kripke-Krivine realizability model. We define an
adequate type system for this realizability model, and show
that the axioms of standard presentations of modal log-
ics (S4, S5, etc.) are realized if and only if the underlying
Kripke structure fulfils the expected frame condition.

As an application, we show how to type the access and
assignment operations through a store using specific modal
connectives.

1. Introduction

For a long time the proofs-as-programsparadigm—a.k.a.
the Curry-Howard correspondence—has been limited to in-
tuitionistic logic and pure functional programming. In the
90’s, the correspondence has been extended to classical
logic by the discovery of a possible interpretation of classi-
cal principles in terms of control primitives such as call/cc.
Several deterministic and non-deterministic typedλ-calculi
have been proposed to express the Curry-Howard corre-
spondence extended to classical logic.

A particularly expressive framework to express the cor-
respondence between programs and classical proofs is the
classical realizability model introduced by Krivine [8]. This
model provides realizers for all classical principles as well
as for several forms of the axiom of choice [7, 8], and it has
been recently extended to the calculus of constructions [11].

In this paper, we propose an extension of classical real-
izability to modal logic, by introducing a combined Kripke-

Krivine realizability model where the set of realizers of a
given formula depends on a worldw ∈ W , writing W an
arbitrary nonempty set of ‘possible worlds’.

This combined framework does not only contain Kriv-
ine’s usual realizability model (taking a singleton asW )
and the usual Kripke models (taking the empty set as a
pole⊥⊥) as degenerated cases, but it also suggests a con-
nection between Kripke’s worlds and side-effects through
the Curry-Howard correspondence, as we shall see with the
example of Section 7. The most noticeable feature of our
interpretation of modal logic is that realizers do not content
themselves to retrieve computational information from the
current world, but they may also modify it.

Many connections have been investigated between real-
izability and Kripke semantics (for instance in [10] or [1])
on one hand, and between modal logic and side effects (for
instance in [5]) on the other hand. But as far as we know, the
combined realizability model presented here is the first one
to provide realizers (written in direct style) for all provable
formulæ of well-known systems such as S4 or S5 [6].

2. The calculus of realizers

2.1. Terms and stacks

We consider a denumerable setX of (term) variables
(notation:x, y, z, etc.) The definition of terms and stacks
is parameterized by a setK of instructions(notation:κ, κ′,
etc.) containing at least an instruction writtencc (‘call-cc’).
Terms(notation:t, u, etc.) andstacks(notation:π, π′, etc.)
are defined by mutual induction as follows:

Terms

Stacks

t, u ::= x | λx . t | tu | κ | kπ

π ::= ⋄ | t · π (t closed)

Terms of theλc-calculus are the usualλ-terms enriched
with constants that consist of all instructionsκ ∈ K plus a
continuation constantkπ for every stackπ.
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Stacks are lists ofclosedterms.1 Unlike terms (that may
be open), stacks are closed objects—so that the continua-
tion kπ associated to every stackπ is really a constant.

The set of all closed terms (resp. the set of all stacks) is
writtenΛ (resp.Π). The set of free variables of a (possibly
open) termt is written FV (t) and the usual operation of
substitution is writtent{x := u}.

2.2. Worlds and processes

The calculus is also parameterized by a nonempty setW

of worlds (notation: w, w′, etc.)2 We call aprocess(no-
tation: p, q, etc.) any triple writtent ⋆ π ⋆ w formed by a
closed termt, a stackπ and a worldw:

Processes p, q ::= t ⋆ π ⋆ w (t closed)

The set of all processes is writtenΛ ⋆ Π ⋆ W .
We assume given a binary relationp ≻ p′ of evaluation

that satisfies (at least) the following axioms:

λx . t ⋆ u · π ⋆ w ≻ t{x := u} ⋆ π ⋆ w
tu ⋆ π ⋆ w ≻ t ⋆ u · π ⋆ w
cc ⋆ t · π ⋆ w ≻ t ⋆ kπ · π ⋆ w
kπ ⋆ t · π′ ⋆ w ≻ t ⋆ π ⋆ w

(for all t, u, π, π′, w). Although the evaluation rules given
above do not interact with worlds, the evaluation relation
may contain other rules (for extra instructions) that depend
on the current world (e.g. a read operation) or that may even
change the current world (e.g. a write operation).

Finally, we say that a set of processesS ⊆ Λ ⋆ Π ⋆ W

is saturatedwhen it is closed under anti-evaluation, that is:
p ≻ p′ andp′ ∈ S imply p ∈ S for all processesp, p′.

3. The realizability model

3.1. The language of 2nd-order modal logic

We consider a fixed first-order term algebra ofexpres-
sions(notation:e, e′, etc.) formed from a given first-order
signature. First-order variables (that shall not be confused
with term variables) are also denoted byx, y, z.3

An example is the algebra ofarithmetic expressionsthat
are formed from a constant symbol0 (‘zero’), a unary func-
tion symbols (‘successor’), two binary function symbols+

1In [8], infinitely many stack constants are introduced to give the possi-
bility of hiding extra information in the bottom of stacks. This is no more
necessary here, since worlds can now carry on such an extra information.

2At first reading, it is convenient to think of worlds as some kind of ma-
chine states (typically: a store) although worlds may contain much richer
contents (typically: logical invariants).

3There should be no ambiguity between term variables and first-order
variables, since terms and expressions do not occur in the same contexts.

(‘addition’) and× (‘multiplication’), and more generally
function symbols for all primitive recursive functions.

We consider an infinite set ofsecond-order variables
(a.k.a.predicate variables) for every arityk ≥ 0 (notation:
X , Y , Z, etc.) Formulæ (notation:A, B, C, etc.) of (mini-
mal) second-order modal logic are defined by

Formulæ A, B ::= X(e1, . . . , ek) | A⇒ B
| 2RA | ∀xA | ∀X A

Here, the necessity connective2RA is indexed by a binary
relationR ⊆ W × W . We assume thatR ranges over a
fixed set of relationsR ⊆ P(W ×W ), thus allowing several
notions of necessity to be expressed in the language.

We write FV (A) the set of free (1st- and 2nd-order)
variables of the formulaA, and both notions of substitu-
tion A{x := e} (1st-order) andA{X(x1, . . . , xk) := B}
(2nd-order) are defined as expected [3, 8].

Second-order encodings Absurdity, negation, conjunc-
tion and disjunction are defined using 2nd-order encodings

⊥ ≡ ∀Z Z
¬A ≡ A⇒ ⊥

A ∧B ≡ ∀Z ((A⇒ B ⇒ Z)⇒ Z)
A ∨B ≡ ∀Z ((A⇒ Z)⇒ (B ⇒ Z)⇒ Z)

as well as 1st- and 2nd-order existential quantification

∃xA(x) ≡ ∀Z (∀x (A(x)⇒ Z) ⇒ Z)
∃X A(X) ≡ ∀Z (∀X (A(X)⇒ Z) ⇒ Z)

and Leibniz equality:

e = e′ ≡ ∀Z (Z(e)⇒ Z(e′)) .

The connective3RA of possibility is then defined dually
to the connective of necessity2RA by letting

3RA ≡ ¬2R¬A .

3.2. Truth values and falsity values

A (simple) falsity valueis a set of stacksF0 ∈ P(Π),
and amodal falsity valueis a set of pairsF ∈ P(Π ×W ).
Equivalently, a modal falsity valueF ∈ P(Π × W ) can
be considered as a functionF : W → P(Π) that assigns
a simple falsity value to every world, and given a modal
falsity valueF ∈ P(Π×W ) and a worldw ∈ W we shall
write Fw = {π ∈ Π : (π, w) ∈ F}.

Symmetrically, a(simple) truth valueis a set of closed
termsT0 ∈ P(Λ) whereas amodal truth valueis a set of
pairsT ∈ P(Λ × W ). As for falsity values, we identify
modal truth values with functionsT : W → P(Λ).

In what follows we will often define (simple and modal)
truth values from (simple and modal) falsity values by or-
thogonality w.r.t. a given set of processes⊥⊥ ⊆ Λ ⋆ Π ⋆ W

(the ‘pole’) as follows:

2



D
R

A
FT

• Given a simple falsity valueF0 ∈ P(Π) and a world

w ∈ W we denote byF (⊥⊥w)
0 ∈ P(Λ) the simple truth

value defined by

F
(⊥⊥w)
0 = {t ∈ Λ : ∀π ∈ F0 (t ⋆ π ⋆ w) ∈ ⊥⊥}

= {t ∈ Λ : ∀π ∈ F0 (t, π) ∈ ⊥⊥w}

writing ⊥⊥w = {(t, π) : t ⋆ π ⋆ w ∈ ⊥⊥}.

• Given a modal falsity valueF ∈ P(Π×W ) we denote
by F⊥⊥ the modal truth value defined by(F⊥⊥)w =
(Fw)(⊥⊥w) for all worldsw ∈ W .

Finally, we say that a set of processes⊥⊥ ⊆ Λ ⋆ Π ⋆ W

is monotonicw.r.t. a binary relationR ⊆ W × W when
(w, w′) ∈ R implies⊥⊥w ⊆ ⊥⊥w′ for all w, w′ ∈ W . We
then say that⊥⊥ is R-monotonicwhen⊥⊥ is monotonic w.r.t.
all relationsR ∈ R. In what follows, we shall require that
the pole⊥⊥ is both saturated andR-monotonic.

3.3. Enriching the language

We now assume that closed expressions are interpreted
as elements of a fixed nonempty setD, writing JeK ∈ D
the denotation of a closed expressione. We then enrich the
language of expressions with a constant symbolḋ for every
elementd ∈ D, lettingJḋK = d:

Expressions e ::= · · · | ḋ (d ∈ D)

Similarly, we enrich the language of formulæ with a predi-
cate symbolḞ of arity k ≥ 0 for every modal falsity func-
tion F : Dk → P(Π ⋆ W ):

Formulæ A, B ::= · · · | Ḟ (e1, . . . , ek)

(Note that unlike 1st-order variables, the interpretationof
2nd-order variables depends on the world. We shall con-
sider an alternative approach in Section 6.)

Valuations We call avaluationany functionρ that maps
every first-order variablex to an elementρ(x) ∈ D and
every second-order variableX of arity k to a modal falsity
functionρ(X) : Dk → P(Π×W ).

Given an open expressione (resp. an open formulaA) of
the enriched language and a valuationρ, we writee[ρ] (resp.
A[ρ]) the closed expression (resp. the closed formula) of the
enriched language obtained by replacing every free occur-
rence of a first-order variablex by the constant symbolρ̇(x)
associated to the denotationρ(x) ∈ D, and by replacing ev-
ery free occurrence of a second-order variableX of arity k
by the predicate symbol̇ρ(X) associated to the modal fal-
sity functionρ(X) : Dk → P(Π×W ).

3.4. Interpreting formulae

Given aR-monotonic saturated set⊥⊥ ⊆ Λ ⋆ Π ⋆ W ,
we interpret every closed formulaA of the enriched lan-
guage of formulæ as two sets: a modal truth value writ-
ten |A| ∈ P(Λ × W ) and a modal falsity value written
‖A‖ ∈ P(Π×W ) that are defined by induction on the size
of the formulaA using the equations

‖Ḟ (e1, . . . , en)‖w = F (Je1K, . . . , JenK)w

‖A⇒ B‖w = |A|w · ‖B‖w
= {t · π : t ∈ |A|w, π ∈ ‖B‖w}

‖2RA‖w =
⋃

w′∈R〈w〉

‖A‖w′

‖∀xA‖w =
⋃

d∈D

‖A{x := ḋ}‖w

‖∀X A‖w =
⋃

F :Dk→P(Π⋆W )

‖A{X := Ḟ}‖w

|A|w = ‖A‖
(⊥⊥w)
w

writing R〈w〉 = {w′ : (w, w′) ∈ R}. Note that by orthog-
onality we have

|∀xA|w =
⋂

d∈D

|A{x := ḋ}|w

(and similarly for 2nd-order quantification) while

|2RA|w =
⋂

w′∈R〈w〉

(‖A‖w′)⊥⊥w ⊆
⋂

w′∈R〈w〉

|A|w′

(using the fact that(w, w′) ∈ R implies⊥⊥w ⊆ ⊥⊥w′ and
thus(‖A‖w′)⊥⊥w ⊆ (‖A‖w′)⊥⊥w′ = |A|w′). In general, the
set |2RA|w is thussmaller than the intersection of all the
sets|A|w′ whenw′ ranges overR〈w〉.

Since the truth value|A| and the falsity value‖A‖ ac-
tually depend on the parameter⊥⊥, we shall sometimes use
the notations|A|⊥⊥ and‖A‖⊥⊥ to indicate this dependency
explicitly. In what follows, we shall write

• t 
w A (‘ t realizesA in world w’) when t ∈ |A|w;

• t 
 A (‘ t uniformly realizesA’) when t 
w A for all
worldsw ∈ W ;

• t � A (‘ t is a universal realizer ofA’) when t 
 A for
all R-monotonic saturated sets⊥⊥ ⊆ Λ ⋆ Π ⋆ W .

(Note that only the first two notions depend on the choice
of the pole⊥⊥ ⊆ Λ ⋆ Π ⋆ W .)

3
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3.5. Why call/cc does not save the world

The reader may have noticed that the call/cc instruction
only saves the current stackπ, but not the current world.
Dually, continuation constantskπ only restore previously
saved stacks without affecting the current world:

cc ⋆ t · π ⋆ w ≻ t ⋆ kπ · π ⋆ w
kπ ⋆ t · π′ ⋆ w ≻ t ⋆ π ⋆ w

This design choice that corresponds to the usual way of im-
plementing call/cc in imperative languages is justified by
the fact that call/cc still realizes Peirce’s law in the extended
framework of modal realizability:

Lemma 1 — Let A and B be closed formulæ of the en-
riched language. For allπ ∈ Π andw ∈ W :

1. If π ∈ ‖A‖w, thenkπ 
w A⇒ B (negation ofA)

2. cc 
w ((A⇒ B)⇒ A)⇒ A (Peirce’s law)

On the other hand, it is a simple exercise to check that
a stronger version of call/cc that would produce modi-
fied continuation constantsk(π,w) encapsulating—and later
restoring—both the current stack and the current world
would simply not have the desired type in the model.

3.6. Kripke semantics as a degenerated case

Besides the construction depicted above, the language of
formulæ given in 3.1 has a simple Kripke-style semantics
where individuals are interpreted as elements ofD and pred-
icate variables of arityk ≥ 0 as functionsf : Dk → P(W ).

Formally we define a binary relationw |= A between
worlds and closed formulæ. As usual, open formulæ are
closed using an assigmentϕ that maps every 1st-order vari-
ablex to an elementϕ(x) ∈ D and every 2nd-order vari-
ableX of arity k ≥ 0 to a functionϕ(X) : Dk → P(W ).
The relationw |= A[ϕ] is inductively defined as follows:

• w |= X(e1, . . . , en)[ϕ] if
w ∈ ϕ(X)(Je1[ϕ]K, . . . , Jek[ϕ]K);

• w |= (A⇒ B)[ϕ] if
w |= A[ϕ] impliesw |= B[ϕ];

• w |= 2RA[ϕ] if
for all w′ ∈ R〈w〉, w′ |= A[ϕ];

• w |= (∀xA)[ϕ] if
for all d ∈ D, w |= A[ϕ, x← d];

• w |= (∀X A)[ϕ] if
for all f : Dk → P(W ), w |= A[ϕ, X ← f ].

This interpretation extends to the language enriched with
predicate symbolṡF associated to all modal falsity func-
tionsF : Dk → P(Π×W ), letting

• w |= Ḟ (e1, . . . , en)[ϕ] if
F (Je1[ϕ]K, . . . , Jek[ϕ]K)w = ∅.

Given a closed formulaA and a worldw ∈ W we write
w |= A for w |= A[ϕ] whereϕ is an arbitrary assignment.
(The definition does not depend onϕ.)

It is straightforward to check that this simple Kripke-
style semantics is mimicked by the realizability model in
the particular case where the pole⊥⊥ is empty:

Fact 1 — If⊥⊥ = ∅, then for every closed formulaA of the
enriched language and for everyw ∈ W :

1. ‖A‖w = ∅ iff w |= A;

2. |A|w = Λ iff w |= A, and |A|w = ∅ otherwise.

Therefore, if a closed formulaA has a universal realizer
t � A, thenA is true in the underlying Kripke model, in
the sense thatw |= A in all worldsw ∈ W .

4 Typing

4.1 The judgments A ≤ B and Γ ⊢ t : A

To facilitate the construction of realizers, we introduce a
type system based on two judgments, namely:

• A subtyping judgment writtenA ≤ B (‘A is a sub-
type ofB’), whereA andB are open formulæ of the
enriched language. We writeA ∼ B to express that
A ≤ B andB ≤ A hold simultaneously.

• A typing judgment writtenΓ ⊢ t : A (‘in context Γ,
the termt has typeA’), whereA is an open formula of
the enriched language andΓ a typing context mapping
finitely many term-variables to open formulæ.

In what follows, we writedom(Γ) the domain of a con-
textΓ, and given two contextsΓ andΓ′ that coincide on the
intersection of their domains we writeΓ, Γ′ their union.

The inference rules of both judgments are given in Fig. 1.
Typing rules contain the usual rules of minimal propo-

sitional logic (axiom, weakening, introduction and elimina-
tion of implication) as well as introduction rules for 1st-
and 2nd-order quantification (the corresponding elimina-
tions are performed via subtyping and subsumption). They
also comprise a subsumption rule, a typing rule for call/cc
(Peirce’s law) plus anecessitation typing rule, the only typ-
ing rule directly involving a modal connective.

4
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Typing rules

x : A ⊢ x : A
Γ ⊢ t : B

Γ, x : A ⊢ t : B

Γ, x : A ⊢ t : B

Γ ⊢ λx . t : A⇒ B
Γ ⊢ t : A⇒ B Γ′ ⊢ u : A

Γ, Γ′ ⊢ tu : B

Γ ⊢ t : A
Γ ⊢ t : ∀xA

x/∈FV (Γ)
Γ ⊢ t : A

Γ ⊢ t : ∀X A
X /∈FV (Γ)

Γ ⊢ cc : ((A⇒ B)⇒ A)⇒ A

Γ ⊢ t : A
2RΓ ⊢ t : 2RA

Γ ⊢ t : A A ≤ A′

Γ ⊢ t : A′

Subtyping rules

A ≤ A

A ≤ B B ≤ C

A ≤ C

A′ ≤ A B ≤ B′

A⇒ B ≤ A′ ⇒ B′
A ≤ A′

2RA ≤ 2RA′

A ≤ B

A ≤ ∀xB
x/∈FV (A)

A ≤ B

A ≤ ∀X B
X /∈FV (A)

∀xA ≤ A{x := e} ∀XA ≤ A{X(x1, . . . , xk) := B}

∀x (A⇒ B) ≤ ∀xA⇒ ∀xB

∀X (A⇒ B) ≤ ∀X A⇒ ∀X B

2R(A⇒ B) ≤ 2RA⇒ 2RB 2RA ≤ 2SA
S⊆R

2idA ∼ A 2R;SA ∼ 2R2SA

∀x2RA ≤ 2R∀xA ∀X 2RA ≤ 2R∀X A

Figure 1. Typing and subtyping rules

Subtyping rules contain administrative rules (reflexivity,
transitivity and propagation rules across implication andne-
cessity) as well as the (subtyping) introduction and elim-
ination rules for 1st- and 2nd-order quantification. Then
comes thedistribitivity subtyping rulefollowed by admin-
istrive rules describing how different necessity connectives
combine (inclusion, identity, composition). These rules end

with 1st- and 2nd-orderBarcan subtyping rulesimplement-
ing the corresponding Barcan rules. (Note that the converse
inclusions can be derived from the preceding rules.)

4.2 Interpreting judgments in the model

We call asubstitutionany finite association list of the
form σ = [x1 := u1; . . . ; xn := un], wherex1, . . . , xn are
pairwise distinct term-variables and whereu1, . . . , un are
closed terms. The domain ofσ is writtendom(σ), and for
all termst we write t[σ] = t{x1 := u1; . . . ; xn := un}.
Given a substitutionσ, a world w ∈ W and a contextΓ
of closed formulæ, we writeσ 
w Γ when dom(σ) ⊇
dom(Γ) andσ(x) 
w Γ(x) for everyx ∈ dom(Γ).

With these notations, both judgmentsA ≤ B and
Γ ⊢ t : A are interpreted in the realizability model as fol-
lows: given a saturated set⊥⊥ we say that

• The subtyping judgmentA ≤ B is valid when for all
valuationsρ and for allw ∈ W we have‖A[ρ]‖w ⊇
‖B[ρ]‖w (reverse inclusion of falsity values). Which
immediately implies that|A[ρ]|w ⊆ |B[ρ]|w (direct in-
clusion of truth values), but is not equivalent to.

• The typing judgmentΓ ⊢ t : A is valid when for all
valuationsρ, for all worldsw ∈ W and for all substi-
tutionsσ 
w Γ[ρ] we havet[σ] 
w A[ρ].

We finally extend the notion of validity to inference rules,
saying that the rule

P1 · · · Pn

C

is valid when the validity of the premisesP1, . . . , Pn im-
plies the validity of the conclusionC. From the definition,
it is clear that the conclusion of any (sub)typing derivation
formed with only valid inference rules is valid.

Proposition 1 (Adequacy) — The inference rules of Fig. 1
are valid for all saturated sets⊥⊥.

Proof. The validity of the rules that do not involve modal-
ities is shown the same way as in ordinary classical realiz-
ability, whereas the validity of both the necessitation typ-
ing rule and the distributivity subtyping rule strongly relies
on the condition ofR-monotonicity. Validity of remaining
subtyping rules is straightforward. 2

Example. Using the typing rules of the simply typedλ-
calculus we easily derive

f : A⇒ B, y : ¬B ⊢ λz . y (f z) : ¬A

so that from the necessitation typing rule we get

f : 2(A⇒ B), y : 2¬B ⊢ λz . y (f z) : 2¬A .

5
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From the latter we easily derive the following judgment

⊢ λfxy . x (λz . y (f z)) : 2(A⇒ B)⇒ 3A⇒ 3B

(writing 3A ≡ ¬2¬A) expressing that the co-distributivity
formula2(A⇒ B) ⇒ 3A ⇒ 3B can be ‘proved’ with
the termλfxy . x (λz . y (f z)) in our system.

5 Logical interpretation

In this section, we fix a binary relationR ∈ R and write
2A = 2RA. Dually, we write3A = ¬2R¬A.

The minimal system of modal logic—system K—is im-
plemented in the type system described in Fig. 1 via the
necessitation and distributivity rules:

Γ ⊢ t : A
2Γ ⊢ t : 2A 2(A⇒ B) ≤ 2A⇒ 2B

In particular, every uniform realizer ofA is also a uniform
realizer of2A (necessitation), while the distributivity ax-
iom is uniformly realized by the identity termλz . z.

Depending on the properties of the relationR, we can
realize the axioms of many systems of modal logic.

5.1 Interpreting S4 and S5

From the modality subtyping rules (inclusion, identity
and composition) of Fig. 1 we immediately check that:

1. If R is reflexive (i.e.id ⊆ R), then the subtyping judg-
ment 2A ≤ A is derivable, and thus valid.

2. If R is transitive (i.e.R; R ⊆ R), then the subtyping
judgment2A ≤ 22A is derivable, and thus valid.

This means that whenR is a preorder, we can build univer-
sal realizers for all theorems of S4, realizing both axiomsT
and4 by the identity termλz . z.

To extend this result to S5, we first check that:

Fact 2 — If R is symmetric, then the subtyping judgment
A⇒ 2B ≤ 2(2A⇒ B) is valid.

From this we get¬¬A ≤ ¬A⇒ 2⊥ ≤ 2(2¬A⇒ ⊥),
that is:¬¬A ≤ 23A, hence

Fact 3 — If R is symmetric, then axiom (B): A ⇒ 23A
is universally realized by the termλxy . yx.

Which means that whenR is an equivalence relation, we
can build universal realizers for all theorems of S5.

5.2. Interpreting other axioms

More generally, many other conditions on the relationR
(seriality, Euclidianness, etc.) are captured by a particular
axiom of modal logic [6]. For some of them, we can extend
the result to realizability by providing both a realizer forthe
axiom and a sybtyping rule capturing the condition:

Proposition 2 — For every line of Table 1, the following
assertions are equivalent:

1. The relationR fulfils the condition of column 1.

2. The axiom of column 2 is valid (for allA, B, etc.) in
the underlying Kripke model (cf 3.6).

3. The term of column 3 is a universal realizer of the ax-
iom of column 2.

4. The subtyping rule of column 4 is valid.

Proof. The equivalence1⇔ 2 is standard [6]. For1⇒ 4:
check that the condition of column 1 implies the desired (re-
verse) inclusion of falsity values. For4⇒ 3: typecheck the
realizer of column 3 using the subtyping rule of column 4.
For3⇒ 2: set⊥⊥ = ∅ (cf 3.6). 2

5.3. Embedding intuitionistic logic into S4

It is well-known [6] that intuitionistic logic (LJ) can be
embedded into S4 using a translationA 7→ A2 mapping
provable formulæ of LJ into provable formulæ of S4 in a
conservative way (at least in the propositional case). We
easily adapt this translation to our framework as follows,
assuming that the relationR is a preorder so that all the
axioms of S4 are derivable (cf 5.1).

The syntactic translationA 7→ A2 To every formulaA
of the language of second-order minimal logic (i.e. without
the connective2) we associate a formulaA2 of second-
order modal logic defined by

(X(e1, . . . , en))2 = 2X(e1, . . . , en)
(A⇒ B)2 = 2(A2 ⇒ B2)
(∀xA)2 = ∀xA2

(∀X A)2 = ∀X A2

Note that we take advantage of Barcan laws by not putting
a box on the top of 1st- and 2nd-order quantifications.

This translation is extended to the formulæ of the en-
riched language (i.e. parametric formulæ) by letting

(Ḟ (e1, . . . , en))2 = 2Ḟ (e1, . . . , en) .

Proposition 3 — For every formulaA without modalities,
the judgmentA2 ≤ 2A2 is derivable.

6
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1. Condition onR 2. Axiom 3. Realizer 4. Subtyping rule
Reflexivity: ∀w (w R w) 2A⇒ A (T) λx . x 2A ≤ A
Transitivity: ∀w1w2w3 (w1 R w2 ∧ w2 R w3 ⇒ w1 R w3) 2A⇒ 22A (4) λx . x 2A ≤ 22A
Seriality: ∀w ∃w′ (w R w′) 2A⇒ 3A (D) λxy . yx 2⊥ ≤ ⊥
Symmetry: ∀ww

′ (w R w
′ ⇒ w

′
R w) A⇒ 23A (B) λxy . yx A⇒ 2B ≤ 2(2A⇒ B)

Euclidianness: ∀w w1w2 (w R w1 ∧ w R w2 ⇒ w1 R w2) 3A⇒ 23A (5) λx . x 2A⇒ 2B ≤ 2(2A⇒ B)

Table 1. Frame conditions, axioms of modal logic and their realizers

A consequence of the above fact is that the translation
A 7→ A2 is substitutive in the sense that

Proposition 4 (Substitutivity) — For all formulæA, B
without modalities:

1. (A{x := e})2 ≡ A2{x := e} (syntactic identity)

2. (A{X(~x) := B})2 ∼ A2{X(~x) := B2}

We now define the intuitionistic restriction of the type
system defined in Fig. 1, by removing all the typing and
subtyping rule involving modalities as well as the typing
rule ofcc (Peirce’s law). Formally, we writeA ≤LJ B (resp.
Γ ⊢LJ t : A) when the judgmentA ≤ B (resp.Γ ⊢ t : A)
can be derived by only using the typing and subtyping rules
of the intuitionistic fragment defined above.

Proposition 5 1. If A ≤LJ B, thenA2 ≤ B2.

2. If Γ ⊢LJ t : A, thenΓ2 ⊢ t : A2.

In other words, the translationA 7→ A2 extends to our
type system, becoming the identity on proof-terms.

Realizability interpretation Consider a fixed pole⊥⊥
(i.e. aR-monotonic saturated set of processes).

Given a closed formulaA of the language of 2nd-order
minimal logic (enriched with symbolṡd andḞ ) and a closed
term t we write t 
LJ A for t 
 A2 (that is: t ∈ |A2|w
for all w ∈ W ). Given a substitutionσ and a contextΓ of
closed formulæ we writeσ 
LJ Γ for σ 
 Γ2.

Combining the property of adequacy (Prop. 1) with the
results of subsection Prop. 5 we immediately get:

Proposition 6 (Intuitionistic adequacy) — If Γ ⊢LJ t : A
then for all valuationsρ and for all substitutionsσ such that
σ 
LJ Γ[ρ] one hast[σ] 
LJ A.

In the same way as S4-Kripke structures can be used to
interpret LJ via the embeddingA 7→ A2, we can thus use
the combined Kripke-Krivine realizability model to inter-
pret intuitionistic provability, the classical features of the
model being disabled by the embeddingA 7→ A2.

Note that the translationA 7→ A2 (and the correspond-
ing realizability interpretation) is useful to decompose Co-
hen’s forcing in terms of Kripke forcing (cf Section 8).

6. The restricted 2nd-order quantification

The choice to interpret 2nd-order variables usingmodal
falsity value functions allows us to instanciate 2nd-order
variables by arbitrary predicates with the elimination rule

∀XA ≤ A{X(x1, . . . , xk) := B}

without any restriction on the formulæA andB.
Another design choice is to restrict the interpretation of

2nd-order variables to simple falsity value functions. For
that, we introduce (in addition to the already existing ‘full’
2nd-order variables) a second set of 2nd-order variables of
all arities which we callrestricted 2nd-order variables(no-
tation:α, β, γ, etc.)

6.1. Extending the syntax

Formally, we extend the language of formulæ as follows:

Formulæ A, B ::= · · · | α(e1, . . . , ek) | ∀α A

We extend the notationFV (A) to include restricted 2nd-
order variables and define the corresponding form of 2nd-
order substitution writtenA{α(x1, . . . , xk) := B} in the
expected way. Finally we introduce the shorthands

A{X := α} ≡ A{X(x1, . . . , xk) := α(x1, . . . , xk)}
A{α := X} ≡ A{α(x1, . . . , xk) := X(x1, . . . , xk)}

to express the substitutions exchanging both forms of 2nd-
order variables (with the same arity).

6.2. Extending realizability and typing

Given a simple falsity value functionG : Dk → P(Π)
we writeG̃ : Dk → P(Π×W ) its modal extensiondefined
by G̃(d1, . . . , dk)w = G(d1, . . . , dk) for all w ∈ W and
d1, . . . , dk ∈ D. We then extend the realizability interpre-
tation defined in 3.4 to the new quantifier, letting

‖∀α A‖w =
⋃

G:Dk→P(Π)

‖A{X := ˙̃G}‖w

7
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Γ ⊢ t : A
Γ ⊢ t : ∀α A

α/∈FV (Γ)
A ≤ B

A ≤ ∀α B
α/∈FV (A)

∀αA ≤ A{α(x1, . . . , xk) := B}
(A amodal w.r.t.α)

∀α (A⇒ B) ≤ ∀α A⇒ ∀α B ∀α 2RA ≤ 2R∀α A

Figure 2. Typing and subtyping rules for ∀α A

for all formulæA of the extended language (enriched with
predicate constantṡF for all modal falsity value functions
F : Dk → P(Π×W )) and for all worldsw ∈ W .

The restricted form of 2nd-order quantification shares all
its typing rules with the non restricted form such as depicted
in Fig. 2, except the 2nd-order elimination subtyping rule.

Restricted 2nd-order elimination From our interpreta-
tion, it is clear that the 2nd-order elimination rule

∀α A ≤ A{α(x1, . . . , xk) := B}

cannot be proved valid without any restriction onA andB.
A naive way to achieve this goal would be to forbid full

2nd-order variables and modalities in the formulaB. Alas,
such a restriction would be incorrect: even if the formulaB
contains no modality and no full 2nd-order variable, its fal-
sity value‖B‖w may still depend onw for the reason that
the falsity value of implications (whichB may contain) re-
lies on the set⊥⊥w that generally depends onw.

However, we can still benefit from the 2nd-order elimi-
nation rule provided we introduce a restrictionon the for-
mulaA based on the following notions ofamodality:

Let A be a formula possibly depending on a 2nd-order
variableX . We say thatA is semantically amodalw.r.t.
the variableX when for every valuationρ, for every world
w ∈ W and for every pair of modal falsity value functions
F, F ′ : Dk → P(Π × W ) that coincide in worldw (i.e.
F (d1, . . . , dk)w = F ′(d1, . . . , dk)w for all d1, . . . , dk∈D)
one has

‖A[ρ; X ← F ]‖w = ‖A[ρ; X ← F ′]‖w .

In other words, the formulaA is amodal w.r.t.X when its
falsity value in worldw only depends on the falsity value
interpreting the variableX in world w (for all w ∈ W ).

By extension, we say that a formulaA is semantically
amodalw.r.t. a restricted 2nd-order variableα when the for-
mulaA{α := X} is semantically amodal w.r.t.X , whereX
is a fresh full 2nd-order variable. We easily check that:

Fact 4 (Restricted 2nd-order elimination) — If the for-
mulaA is semantically amodal w.r.t.α, then the subtyping
judgment ∀α A ≤ A{α(x1, . . . , xk) := B} is valid for
every formulaB (without any restriction onB).

Proof. We instanciate the variableα differently depending
on the worldw, taking in worldw ∈ W the simple falsity
value function that coincides with the interpretation of the
predicateB(x1, . . . , xn) in world w. 2

6.3. Syntactic amodality

The semantic notion of amodality can be approximated
with a syntactic notion of amodality that we inductively de-
fine as follows: we say thatA is (syntactically) amodal w.r.t.
a variableX when either:

• X /∈ FV (A);

• A is X(e1, . . . , ek);

• A is B ⇒ C, whereB andC are amodal w.r.t.X ;

• A is ∀xB, whereB is amodal w.r.t.X ;

• A is ∀α B, whereB is amodal w.r.t.X ;

• A is ∀Y B (Y 6= X), whereB is amodal w.r.t.Y .

(Intuitively, this definition expresses that no atomic subfor-
mula ofA of the formX(e1, . . . , ek) occurs below a modal
connective.) The syntactic notion of amodality w.r.t. a re-
stricted 2nd-order variableα is defined similarly.

Fact 5 — If A is syntactically amodal w.r.t.X (resp.α),
thenA is semantically amodal w.r.t.X (resp.α).

We can now complete the proof of the following:

Proposition 7 — The typing rules of Fig. 2 are all valid.

6.4. Logical consequences

In the general case, a full 2nd-order universal quantifica-
tion is a subtype of the corresponding restricted 2nd-order
universal quantification:∀XA ≤ ∀α A{X := α}. How-
ever, in the case whereA is amodal w.r.t.X , then both
quantifications are equivalent:∀XA ∼ ∀α A{X := α}.

An important consequence is that the standard 2nd-order
encodings of connectives and quantifiers (⊤,⊥, ∧, ∨, ∃) do
not depend on whether we use the full or the restricted form
of 2nd-order quantification. For instance, we have:

A ∧B ≡ ∀Z ((A⇒ B ⇒ Z)⇒ Z)
∼ ∀γ ((A⇒ B ⇒ γ)⇒ γ)

∃v A(v) ≡ ∀Z (∀v (A(v)⇒ Z) ⇒ Z)
∼ ∀γ (∀v (A(v)⇒ γ) ⇒ γ)
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(wherev is a variable of any kind). And similarly for⊥,⊤,
A∧B ande = e′, without any restrictions onA andB (but
the freshness condition on the variablesZ andγ).

Existential quantification and comprehension Dually,
the (encoded) restricted existential quantification is a sub-
type of the non-restricted one:∃αA(α) ≤ ∃XA(X) (in the
general case); and in the case whereA(α) is amodal w.r.t.α
this becomes an equivalence:∃αA(α) ∼ ∃XA(X).

A counter-intuitive consequence of this fact is that both
forms of the comprehension scheme

and

∃X ∀~y (X(~y)⇔ B(~y))

∃α ∀~y (α(~y)⇔ B(~y))

are equivalent w.r.t. subtyping (since the existentially quan-
tified formula is amodal w.r.t. the quantified variable) inde-
pendently from the shape ofB, and thus are both universally
realized by the termλz . z 〈I; I〉 (using the usual encoding
of pairing inλ-calculus and writingI = λx . x).

However, the second (and counter-intuitive) form of the
comprehension scheme cannot be eliminated to get a real-
izer of the formula ∀α A ⇒ A{α(~y) := B(~y)} (which
is wrong whenA is not amodal w.r.t.α) unless we have a
realizer of the following property of extensionnality:

∀α
(

∀y (α(~y)⇔ B(~y)) ⇒ (A⇔ A{α(~y) := B(~y)})
)

But to realize this property, we precisely need the condition
thatA is amodal w.r.t.α, hence the paradox vanishes.

7. Realizability and side effects

7.1. Stores as worlds

We consider a setL of locationsand letW = N
L ,

viewing each worldw ∈ W as a store mapping every loca-
tion ℓ ∈ L to a natural numberw(ℓ) ∈ N. We enrich the
setK with instructionsgetℓ andsetℓ for all ℓ ∈ L , with the
evaluation rules

getℓ ⋆ t · π ⋆ w ≻ t ⋆ w(ℓ) · π ⋆ w
setℓ ⋆ n̄ · t · π ⋆ w ≻ t ⋆ π ⋆ w{ℓ := n}

writing n̄ = s̄n0̄ the canonical representation of the nu-
meraln ∈ N such as defined in [8].4

For every(ℓ, n) ∈ W ×N we define two binary relations
Rℓ=n?, Rℓ:=n ⊆ W ×W by

Rℓ=n? = {(w, w) : w(ℓ) = n} ⊆ idW

R′ℓ:=n = {(w, (w; ℓ← n)) : w ∈ W }

and letR = {Rℓ=n?; Rℓ:=n : (ℓ, n) ∈ L×N} ⊆ P(W 2).

4For an explanation why numbers are not represented using Church
encoding in classical realizability, see [4].

7.2. The language of formulæ

We now consider the following language of formulæ

Formulæ A, B ::= X(e1, . . . , ek) | ∀XA
| A⇒ B | {e} ⇒ B | ∀xA
| {ℓ = e}A | [ℓ := e]A

introducing two modal constructions, namely:

• {ℓ = e}A (‘A holds providedℓ equalse’), and

• [ℓ := e]A (‘after settingℓ to e, A holds’).

Moreover, we introduce the ‘type’{e} ⇒ A of functions
building a proof ofA when applied to the canonical repre-
sentation ofe (see [8, 4] for more explanations).

We extend the realizability interpretation as follows:

‖{e} ⇒ B‖w =
{

JeK
}

· ‖B‖w

‖{ℓ = e}A‖w =

{

‖A‖w if w(ℓ) = JeK

∅ otherwise

‖[ℓ := e]A‖w = ‖A‖w;ℓ←JeK

In the realizability model, the construction{ℓ = e}A
(resp.[ℓ := e]A) is thus interpreted exactly as the necessity
connective2Rℓ=e?

A (resp.2Rℓ:=e
A), with this subtlety that

the underlying relation now depends on the value ofe—and
thus on the interpretation of the free variables ofe. Despite
these differences, the property of adequacy (Prop. 1) still
holds, and all the inference rules of Fig. 1 are still valid
(taking care of restricting 1st-order Barcan subtyping rule
to the case where the modality does not depend onx).

In this modal language, the type system of Fig. 1 can be
enriched with the rules of Fig. 3 that give typings forgetℓ
and setℓ as well as subtyping and commutation rules for
both modalities{ℓ = e}A and[ℓ =: e]A, since:

Proposition 8 — For everyR-monotonic saturated set⊥⊥,
the judgments of Fig. 3 are valid.

8 Future work

8.1 More on side effects

The language described in Section 7 to typecheck access
and assignement in a store is still very rudimentary—and
puts severe conditions on the set of possible poles⊥⊥ via
the condition ofR-monotonicity. The expressivity of this
system should be more investigated, as well as alternative
presentations.

Also note that the modality[ℓ := e]A is close to the
modalities used in Dynamic Logic [5], and further work
should be done to clarify the possible connections.
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⊢ getℓ : ({e} ⇒ A)⇒ {ℓ = e}A

⊢ setℓ : {e} ⇒ [ℓ := e](A⇒ A)

A ≤ {ℓ = e}A

{ℓ = e}(A⇒ B) ∼ {ℓ = e}A⇒ {ℓ = e}B

{ℓ = e}{ℓ′ = e′}A ∼ {ℓ′ = e′}{ℓ = e}A

[ℓ := e][ℓ′ := e′]A ∼ [ℓ′ := e′][ℓ := e]A (ℓ 6= ℓ′)

[ℓ := e][ℓ := e′]A ∼ [ℓ := e′]A

{ℓ = e}[ℓ′ := e′]A ∼ [ℓ′ = e′]{ℓ = e}A (ℓ 6= ℓ′)

{ℓ = e}[ℓ := e]A ∼ {ℓ = e}A

[ℓ := e]{ℓ = e}A ∼ [ℓ := e]A

Figure 3. Typing/subtyping rules for access
and assignment operations

8.2 A modal decomposition of forcing

D. Scott remarked that P. Cohen’s forcing can be decom-
posed in terms of Kripke forcing by combining a particular
A-translation with the embedding of LJ into S4:

w 

CohenF ⇔ w 


Kripke (F¬¬)2

where2 is defined from the binary relationw ≥ w′ (‘w is
a weaker condition thanw′’), and whereF 7→ F¬¬ is an
A-translation with a suitable formulaA.

In terms of realizability, this seems to indicate that real-
izers ofw 
 F (in Cohen’s sense) could be obtained from
proofs ofF (in the sense of Fig. 1) using a CPS-translation
(the embedding from LJ to S4 being the identity on proof-
terms, as shown in 5.3).

Such a decomposition could provide a better understand-
ing of the connections between classical realizability and
forcing, and constitutes a promising tool to analyze the
method described in [9] to realize the axiom stating the ex-
istence of a selective ultrafilter overN.
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Tableaux and läuchli countermodels.Ann. Pure Appl.
Logic, 81(1-3):187–239, 1996.

[11] A. Miquel. Classical program extraction in the calcu-
lus of constructions. In J. Duparc and T. A. Henzinger,
editors,CSL, volume 4646 ofLecture Notes in Com-
puter Science, pages 313–327. Springer, 2007.

10



D
R

A
FT

A Proofs

Proof of Lemma 1 p. 4 (Peirce’s law).1. Assume thatπ ∈
‖A‖w and take an arbitrary element of‖A⇒ B‖w, that is:
a stack of the formu · π′ whereu ∈ |A|w andπ′ ∈ ‖B‖w.
We havekπ ⋆ u · π′ ⋆ w ≻ u ⋆ π ⋆ w ∈ ⊥⊥ (sinceu ∈ |A|w)
hencekπ 
w A⇒ B.

2. Consider an element of‖((A ⇒ B) ⇒ A) ⇒ A‖w,
that is: a stacku · π, whereu ∈ |(A ⇒ B) ⇒ A|w and
π ∈ ‖A‖w. We havecc ⋆ u · π ⋆ w ≻ u ⋆ kπ · π ⋆ w ∈ ⊥⊥
(sincekπ · π ∈ ‖(A ⇒ B) ⇒ A‖w by item 1) therefore
cc 
w ((A⇒ B)⇒ A)⇒ A. 2

Proof of Prop. 1 p. 5 (Adequacy).We first consider the
validity of the typing rules of Fig. 1.

• Axiom and weakening. Both cases are obvious.

• Introduction of implication. Assume that the judgment
Γ, x : A ⊢ t : B is valid, and consider a valuationρ, a
world w ∈ W and a substitutionσ 
w Γ[ρ]. To show
that(λx . t)[σ] 
w (A ⇒ B)[ρ], consider an arbitrary
element of‖(A⇒ B)[ρ]‖w, that is, a stack of the form
u · π whereu ∈ |A[ρ]|w andπ ∈ ‖B[ρ]‖w. We have

(λx . t)[σ] ⋆ u · π ⋆ w ≻ t[σ; x := u] ⋆ π ⋆ w ∈ ⊥⊥

(by hypothesis), henceΓ ⊢ λx . t : A⇒ B is valid.

• Elimination of implication. Assume that both judg-
mentsΓ ⊢ t : A ⇒ B andΓ′ ⊢ u : A are valid, and
consider a valuationρ, a worldw ∈ W and a substitu-
tion σ 
w (Γ, Γ′)[ρ]. To show that(tu)[σ] 
w B[ρ],
consider an arbitray stackπ ∈ ‖B[ρ]‖w. We have

(tu)[σ] ⋆ π ⋆ w ≻ t[σ] ⋆ u[σ] · π ∈ ⊥⊥

sincet[σ] 
w A⇒ B andu[σ]·π ∈ ‖A⇒ B‖w (from
our initial assumptions), henceΓ ⊢ tu : B is valid.

• Introduction of first-order universal quantification. As-
sume that the judgmentΓ ⊢ t : A is valid (with
x /∈ FV (Γ)) and consider a valuationρ, a world
w, and a substitutionσ 
w Γ[ρ]. To show that
t[σ] 
w (∀xA)[ρ], let us consider an arbitrary el-
ement of ‖(∀xA)[ρ]‖w, that is, an arbitrary stack
π ∈ ‖A[ρ; x ← d]‖w for somed ∈ D. Since
x /∈ FV (Γ), we haveΓ[ρ] = Γ[ρ; x ← d] and thus
σ 
w Γ[ρ; x ← d]. From our initial assumption we
gett[σ] 
w A[ρ; x ← d], hencet[σ] ⋆ π ∈ ⊥⊥. There-
fore the judgmentΓ ⊢ t : ∀xA is valid.

• Introduction of second-order universal quantification.
Assume that the judgmentΓ ⊢ t : A is valid (with
X /∈ FV (Γ)) and consider a valuationρ, a worldw,
and a substitutionσ 
w Γ[ρ]. To show thatt[σ] 
w

(∀X A)[ρ], let us consider an arbitrary element of
‖(∀X A)[ρ]‖w, that is, any stackπ ∈ ‖A[ρ; X ←
F ]‖w for someF : Dk → P(Π × W ). Since
X /∈ FV (Γ), we haveΓ[ρ] = Γ[ρ; X ← F ] and thus
σ 
w Γ[ρ; X ← F ]. From our initial assumption we
gett[σ] 
w A[ρ; X ← F ], hencet[σ]⋆π ∈ ⊥⊥. There-
fore the judgmentΓ ⊢ t : ∀X A is valid.

• Peirce’s law. This case is given by lemma 1.

• Necessitation rule. Assume that the judgmentΓ ⊢ t : A
is valid, and consider a valuationρ, a worldw ∈ W

and a substitutionσ 
w 2RΓ[ρ]. To show thatt[σ] 
w

2RA[ρ], take an arbitrary element of‖2RA[ρ]‖w, that
is, a stackπ ∈ ‖A[ρ]‖w′ for some worldw′ ∈ W such
thatR(w, w′). From the assumptiont[σ] 
w 2RA[ρ]
we gett[σ] 
w′ A[ρ], hencet[σ] ⋆ π ∈ ⊥⊥. Therefore
the judgment2RΓ ⊢ t : 2RA is valid.

• Subsumption rule. Let us assume that both judgments
Γ ⊢ t : A andA ≤ A′ are valid, and consider a valua-
tion ρ, a worldw ∈ W and a substitutionσ 
w Γ[ρ].
To show thatt[σ] 
w A′[ρ], consider an arbitrary stack
π ∈ ‖A′[ρ]‖w. From the validity of the judgment
A ≤ A′ we getπ ∈ ‖A[ρ]‖w hencet[σ]⋆π ∈ ⊥⊥ (from
the validity of the judgmentΓ ⊢ t : A). Therefore the
judgmentΓ ⊢ t : A′ is valid.

We then consider the validity of the subtyping rules of
Fig. 1. Most cases are obvious, and we only deal with the
cases concerning modalities:

• Covariance of necessity. Assume thatA ≤ A′ is valid,
and consider a valuationρ and a worldw ∈ W . We
have:

‖2RA[ρ]‖w =
⋃

w′∈R〈w〉

‖A[ρ]‖w′

⊇
⋃

w′∈R〈w〉

‖A′[ρ]‖w′ = ‖2RA′[ρ]‖w

• Distributivity. For all valuationsρ and for all worlds
w ∈ W we have:

‖2R(A⇒ B)[ρ]‖w =
⋃

w′∈R〈w〉

(

|A[ρ]|w′ · ‖B[ρ]‖w′

)

⊇
⋂

w′′∈R〈w〉

|A[ρ]|w′′ ·
⋃

w′∈R〈w〉

‖B[ρ]‖w′

⊇ |2RA[ρ]|w ·
⋃

w′∈R〈w〉

‖B[ρ]‖w′

⊇ ‖(2RA⇒ 2RB)[ρ]‖w

• Relation inclusion. Assume thatS ⊆ R ⊆ W × W .
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D
R

A
FT

For all valuationsρ and for all worldsw ∈ W we have:

‖2SA‖w =
⋃

w′∈S〈w〉

‖A‖w′

⊆
⋃

w′∈R〈w〉

‖A‖w′ = ‖2RA‖w .

• Identity modality. For all valuationsρ and for all
worldsw ∈ W we have:

‖2idA‖w =
⋃

w′∈id〈w〉

‖A‖w′ = ‖A‖w .

• Sequence modality. For all valuationsρ and for all
worldsw ∈ W we have:

‖2R;SA‖w =
⋃

w′′∈(R;S)〈w〉

‖A‖w′′

=
⋃

w′∈R〈w〉

⋃

w′′∈S〈w′〉

‖A‖w′′

= ‖2R2SA‖w .

• First- and second-order Barcan laws. For all val-
uations ρ and for all worldsw ∈ W the equal-
ity ‖∀x2RA[ρ]‖w = ‖2R∀xA[ρ]‖w amounts to a
straightforward commutation of unions. The same
holds for second-order Barcan law. 2
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