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Abstract Krivine realizability model where the set of realizers of a
given formula depends on a world € #, writing % an
The proofs-as-programs paradigm—a.k.a. the Curry- arbitrary nonempty set of ‘possible worlds’.
Howard correspondence—is currently limited to functional ~ This combined framework does not only contain Kriv-
programming with control. We propose here away to extendine’s usual realizability model (taking a singleton #5)
it to imperative programming (yet in the call-by-name dis- and the usual Kripke models (taking the empty set as a
cipline) in connection with modal logic, using Kripke-gtyl pole 1) as degenerated cases, but it also suggests a con-
worlds to represent any concrete or abstract notion of state nection between Kripke’s worlds and side-effects through
such as machine stores or logic invariants. the Curry-Howard correspondence, as we shall see with the
For that, we present an extension of classical realizabil- example of Section 7. The most noticeable feature of our
ity to second-order modal logic by introducing a combined interpretation of modal logic is that realizers do not coiite
notion of Kripke-Krivine realizability model. We define an themselves to retrieve computational information from the
adequate type system for this realizability model, and showcurrent world, but they may also modify it.
that the axioms of standard presentations of modal log- ~ Mmany connections have been investigated between real-
ics (S4, S5, etc.) are realized if and only if the underlying jzapility and Kripke semantics (for instance in [10] or [1])
Kripke structure fulfils the expected frame condition. on one hand, and between modal logic and side effects (for
As an application, we show how to type the access andinstance in [5]) on the other hand. But as far as we know, the
assignment operations through a store using specific modalcombined realizability model presented here is the first one
connectives. to provide realizers (written in direct style) for all prdata
formulee of well-known systems such as S4 or S5 [6].

1. Introduction 2. The calculus of realizers

For along time the proofs-as-programs paradigm—a.k.a.
the Curry-Howard correspondence—has been limited to in-2.1. Terms and stacks
tuitionistic logic and pure functional programming. In the
90’s, the correspondence has been extended to classical We consider a denumerable setof (term) variables
logic by the discovery of a possible interpretation of dlass (notation: z, y,

cal principles in terms of control primitives such as fafl. s arameterized by a skt of instructions(notation: , «’,
Several deterministic and non-deterministic typedalculi etc.) containing at least an instruction writier(‘call-cc’).
have been proposed to express the Curry-Howard corré—rermg(notation:t, u, etc.) andstacks(notation:, 7, etc.)

spondence extended to classical logic. are defined by mutual induction as follows:
A particularly expressive framework to express the cor-

respondence between programs and classical proofs is theferms

classical realizability model introduced by Krivine [8]hiB

model provides realizers for all classical principles al we Stacks m

as for several forms of the axiom of choice [7, 8], and it has

been recently extended to the calculus of constructioris[11 ~ Terms of the)\.-calculus are the usuatterms enriched
In this paper, we propose an extension of classical real-with constants that consist of all instructionse K plus a

izability to modal logic, by introducing a combined Kripke- continuation constanit, for every stackr.

z, etc.) The definition of terms and stacks
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Stacks are lists aflosedterms?! Unlike terms (that may

(‘addition’) and x (‘multiplication”), and more generally

be open), stacks are closed objects—so that the continuafunction symbols for all primitive recursive functions.

tion k, associated to every stagkis really a constant.

We consider an infinite set afecond-order variables

The set of all closed terms (resp. the set of all stacks) is(a.k.a.predicate variablesfor every arityk > 0 (notation:

written A (resp.Il). The set of free variables of a (possibly
open) termt is written FV (¢) and the usual operation of
substitution is writtert{z := u}.

2.2. Worlds and processes

The calculus is also parameterized by a nonemptyg/set
of worlds (notation: w, w’, etc.f¥ We call aprocess(no-
tation: p, ¢, etc.) any triple writtert x = x w formed by a
closed ternt, a stackr and a worldw:

Processes p,q tHTxwW (t closed

The set of all processes is writtédnx IT x 7.
We assume given a binary relatipn- p’ of evaluation
that satisfies (at least) the following axioms:

At xu-mxw = t{lri=u} x7w * W
tu x *x w - txu-m *xw
T xt-T *xw > t * kp-m % w
ke x t-7 xw > tx T * W

(forall t, u, m, «’, w). Although the evaluation rules given
above do not interact with worlds, the evaluation relation
may contain other rules (for extra instructions) that depen

on the current world (e.g. a read operation) or that may even

change the current world (e.g. a write operation).

Finally, we say that a set of processes” A x II x #
is saturatedwhen it is closed under anti-evaluation, that is:
p = p andp’ € S imply p € S for all processep, p’.

3. The realizability model

3.1. The language of 2nd-order modal logic

We consider a fixed first-order term algebraexpres-
sions(notation:e, ¢/, etc.) formed from a given first-order
signature. First-order variables (that shall not be caedus
with term variables) are also denoteddayy, 2.2

An example is the algebra afithmetic expressionthat
are formed from a constant symhib{'zero’), a unary func-
tion symbols (‘successor’), two binary function symbols

1in [8], infinitely many stack constants are introduced teeghve possi-
bility of hiding extra information in the bottom of stackshi§ is no more
necessary here, since worlds can now carry on such an efdranation.

2At first reading, it is convenient to think of worlds as someckbf ma-
chine states (typically: a store) although worlds may dantauch richer
contents (typically: logical invariants).

3There should be no ambiguity between term variables andaiickir
variables, since terms and expressions do not occur in the santexts.

X,Y, Z, etc.) Formuleae (notatioM, B, C, etc.) of (mini-
mal) second-order modal logic are defined by

A B X(et,...,ex) | A=1B
| OrA | VzA | VXA

Here, the necessity connectiig; A is indexed by a binary
relationR C # x #'. We assume thaR ranges over a
fixed set of relation®t C P(# x #'), thus allowing several
notions of necessity to be expressed in the language.

We write F'V(A) the set of free (1st- and 2nd-order)
variables of the formulad, and both notions of substitu-
tion A{x := e} (1st-order) andd{X (z1,...,z) := B}
(2nd-order) are defined as expected [3, 8].

Formulae

Second-order encodings Absurdity, negation, conjunc-
tion and disjunction are defined using 2nd-order encodings

1 = VvZZ7z

-A = A:>J_
AANB = VYZ(A=B=2)=2)
AVB = VZ(A=2)=(B=2)=2)

as well as 1st- and 2nd-order existential quantification

Jx A(z) VZ (Vx (Alz) = Z) = Z)
IX A(X) VZ (VX (A(X) = Z) = Z)

and Leibniz equality:
e=¢ = VZ(Z(e)= Z()).

The connective A of possibility is then defined dually
to the connective of necessityr A by letting

OprA = —-0Opr—-A.
3.2. Truth values and falsity values

A (simple) falsity valuas a set of stackg, € J(II),
and amodal falsity values a set of paird” € P(II x #).
Equivalently, a modal falsity valu& € B(II x #') can
be considered as a functidn : # — PB(II) that assigns
a simple falsity value to every world, and given a modal
falsity valueF' € PB(II x #') and a worldw € % we shall
write F, = {w €1l : (m,w) € F}.

Symmetrically, asimple) truth valuds a set of closed
termsT, € P(A) whereas anodal truth values a set of
pairsT € PB(A x #'). As for falsity values, we identify
modal truth values with functiori : %7 — B (A).

In what follows we will often define (simple and modal)
truth values from (simple and modal) falsity values by or-
thogonality w.r.t. a given set of processesC A x I1 x #
(the ‘pole’) as follows:



e Given a simple falsity valuéy € B(I1) and aworld  3.4. Interpreting formulae
w € # we denote b)FéiL"“) € PB(A) the simple truth

value defined by Given af-monotonic saturated set C A x IT x #/,
we interpret every closed formuld of the enriched lan-
F'™) = [teA:vVreF (txrxw)e L} guage of formulee as two sets: a modal truth value writ-
= {teA:VreF (t,7) € Ly} ten |[A| € P(A x #) and a modal falsity value written
IA]] € B(II x #) that are defined by induction on the size
writing L., = {(t,7) : txmxw € L}. of the formula4 using the equations
e Given a modal falsity valué' € (Il x #') we denote 1E(er,. . en)lw = F(lesls-. ., [en])
by FL the modal truth value defined byFL),, = o v
(F,,)Hw) for all worldsw € #. [A= Bllw = [Alw-[Bllw

= {t-7w:t€|Aw, m€|Bllw}
Finally, we say that a set of processksC A xI1 x #

is monotonicw.r.t. a binary relationR C # x # when 1BrAll = U 1A
(w,w’") € Rimplies I, C 1L, forallw,w’ € #. We w €R{w)
then say thatl is R-monotoniavhen_LL is monotonic w.r.t. IVz All, = U |A{z == d}||w
all relationsRk € R. In what follows, we shall require that deD
the polell is both saturated art#-monotonic. .
VX Allw = U 114X = F}
3.3. Enriching the language FDE=R(ILA)
AL,
Al =4I

We now assume that closed expressions are interpreted
as elements of a fixed nonempty g2t writing [e] € D writing R{(w) = {w’ : (w,w’) € R}. Note that by orthog-
the denotation of a closed expressionWe then enrich the  onality we have
language of expressions with a constant symabfolr every
elementd € D, letting [d] = d: Va Al, = ﬂ |A{z := d}|w

. deD
Expressions e == - | d (d € D)

(and similarly for 2nd-order quantification) while

Similarly, we enrich the language of formulee with a predi-
cate symbolF” of arity k£ > 0 for every modal falsity func- ,
fon B Dk o B # 0 y y Brdle = () UAll)*™ € () Al
w’€R(w) w’ € R(w)
Formule  A,B == G| Fle1, k) (using the fact thatw, w’) € R implies L, C 1., and
thus (|| Al|w) L € (|[Allw) L=’ = |A]w). In general, the
set|drA|, is thussmallerthan the intersection of all the
sets| A|,,» whenw’ ranges oveR(w).

Since the truth valu¢A| and the falsity valug| A|| ac-
tually depend on the parametér, we shall sometimes use
Valuations We call avaluationany functionp that maps  the notationgA|, and||A| . to indicate this dependency
every first-order variable to an elemenp(z) € D and explicitly. In what follows, we shall write
every second-order variablé of arity k& to a modal falsity

(Note that unlike 1st-order variables, the interpretatién
2nd-order variables depends on the world. We shall con-
sider an alternative approach in Section 6.)

functionp(X) : D* — PIL x 7). o ¢, A(‘trealizesA in world w’) whent € |A|,;
Given an open expressiar(resp. an open formuld) of
the enriched language and a valuatipmwe writee|[p] (resp. e tIF A (‘t uniformly realizesA’) whent I, A for all

Alp]) the closed expression (resp. the closed formula) of the worldsw € #;

enriched language obtained by replacing every free occur-

rence of a first-order variableby the constant symbgl x) e tlI- A (‘tisauniversal realizer of’) whent I+ A for
associated to the denotatipf) € D, and by replacing ev- all ;k-monotonic saturated sets C A x I« 7.

ery free occurrence of a second-order variablef arity &

by the predicate symbgl(X) associated to the modal fal- (Note that only the first two notions depend on the choice
sity functionp(X) : DF — B(I1 x #). of the polell C AxITx %)



3.5. Why call/cc does not save the world This interpretation extends to the language enriched with
predicate symbolg’ associated to all modal falsity func-
The reader may have noticed that the gadlinstruction ~ tions ' : DF — (I1 x %), letting
only saves the current staek but not the current world. .
Dually, continuation constants, only restore previously o wiE Few... en)ly

| if
saved stacks without affecting the current world: E([efel],- - leslel])

w = 9.

Given a closed formulal and a worldw € # we write

w = Aforw = Alp] wherey is an arbitrary assignment.
(The definition does not depend @r)

This design choice that corresponds to the usual way of im- It is straightforward to check that this simple Kripke-
plementing calicc in imperative languages is justified by style semantics is mimicked by the realizability model in
the fact that calicc still realizes Peirce’s law in the extended the particular case where the paleis empty:

framework of modal realizability:

c xt-m xw - t % kp-m™* w
ke x t-7 x w — txm * w

Fact1l — If I = o, then for every closed formul& of the

Lemmal — Let A and B be closed formulee of the en- €nriched language and for every € 7
riched language. For alir € Il andw € #': 1 [[Allw = o iff = A:

1. Ifr € || Al|w, thenk, I+, A= B (negation ofA) _ _
2. |A|l, = A iff wE A, and |A], = @ otherwise.

2.clky ((A=B)=A) =4 (Peirce’s law) ) . )
Therefore, if a closed formuld has a universal realizer

On the other hand, it is a simple exercise to check thatt II- A, thenA'is true in the underlying Kripke model, in
a stronger version of caltc that would produce modi- the sense that |= Ain all worldsw € 7.
fied continuation constanks, ., encapsulating—and later
restoring—both the current stack and the current world 4 Typing
would simply not have the desired type in the model.

. j < :
3.6. Kripke semantics as a degenerated case 4.1 The judgments A< B and I'F¢: 4

To facilitate the construction of realizers, we introduce a

Besides the construction depicted above, the language Otype system based on two judgments, namely:

formulae given in 3.1 has a simple Kripke-style semantics

where individuals are interpreted as element® ahd pred- e A subtyping judgment writemd < B (‘A is a sub-
icate variables of arity > 0 as functionsf : D* — P(#). type of B’), where A and B are open formulae of the
Formally we define a binary relation = A between enriched language. We writd ~ B to express that

worlds and closed formulee. As usual, open formulee are A < B andB < A hold simultaneously.
closed using an assigmepthat maps every 1st-order vari-

ablez to an elementy(x) € D and every 2nd-order vari- e A typing judgment writtenl’ - ¢ : A (‘in contextT,
able X of arity £ > 0 to a functionp(X) : D* — B(¥). the termt has typeA’), where A is an open formula of
The relationw = A[] is inductively defined as follows: the enriched language ahda typing context mapping

i finitely many term-variables to open formulee.
o wk X(ey,...,en)lp] if

w € p(X)([erle]]s - - -, [exle]]); In what follows, we writedom(T") the domain of a con-
. textI’, and given two contexts andI" that coincide on the
e wi= (A= B)lg] if intersection of their domains we writg I their union.
w = Alp] impliesw = Blgl; The inference rules of both judgments are given in Fig. 1.
o wlh OpAlg if . 'Typing r.ules gontain the qsua! rules of.minimal propo-
forall '’ € R{w), w' = Alg]; sitional logic (axiom, weakening, introduction and elimin
' ' tion of implication) as well as introduction rules for 1st-
o wk (Vz Ay if and 2nd-order quantification (the corresponding elimina-
foralld € D, w = Alp, z — dJ; tions are performed via subtyping and subsumption). They
also comprise a subsumption rule, a typing rule for /call
o wk (VX Ay Iif (Peirce’s law) plus aecessitation typing rujehe only typ-
forall f: Dk — B(#), w = Alp, X « f]. ing rule directly involving a modal connective.



Typing rules

I'-t¢t:B

r:AFz: A I'z:A+t: B

Tz:AFt: B
'k Xx.t:A= B

I't:A=1B IMFu: A
I''I"+tu:B

I'Ht: A
I'Ht:Vo A

't A

EFVID) THi: VXA

X¢FV(T)

l'Fc:((A=B)=A4)= A

T'Ht: A A< A
FkHt: A

FHt: A
DRI‘l_tI\:\RA

Subtyping rules

A<B B<C
A<C

A/
OgrA’

A<
OpA <

A<

¢FV(A) _A < BY X¢FV(A)
¢ A <VXB

;B
A < VxB

Ve A< A{z:=e}  VXA<A{X(zy,...,74):= B}

V(A= B) < VxA=VzB

VX(A=DB) < VXA=VYXB

R

Or(A= B) < OrA= 0OgB OrA < OgA e

DidA ~ A DR;SA ~ DRDSA

VLL'DRA S DRVLL'A VXDRA § DRVXA

Figure 1. Typing and subtyping rules

Subtyping rules contain administrative rules (reflexivity
transitivity and propagation rules across implication aad
cessity) as well as the (subtyping) introduction and elim-
ination rules for 1st- and 2nd-order quantification. Then
comes thalistribitivity subtyping rulefollowed by admin-
istrive rules describing how different necessity connei
combine (inclusion, identity, composition). These ruled e

with 1st- and 2nd-ordeBarcan subtyping rulegnplement-
ing the corresponding Barcan rules. (Note that the converse
inclusions can be derived from the preceding rules.)

4.2 Interpreting judgments in the model

We call asubstitutionany finite association list of the
formo = [z1 := u1;...; Ty := uy), Wherexy, ..., z, are
pairwise distinct term-variables and where, . . ., u,, are
closed terms. The domain efis writtendom(o), and for
all termst we writet[o] = t{x; := u1;...;2n = Up}t.
Given a substitutiorr, a worldw € # and a context”
of closed formulee, we write I, T' whendom(s) 2O
dom(T") ando(x) Ik, T'(x) for everyz € dom(T).

With these notations, both judgments < B and
'+t : A are interpreted in the realizability model as fol-
lows: given a saturated sdit we say that

e The subtyping judgmemd < B is valid when for all
valuationsp and for allw € # we have||A[p]||. 2
| B[plllw (reverse inclusion of falsity values). Which
immediately implies thatA[p]|., C | B[p]|. (directin-
clusion of truth values), but is not equivalent to.

e The typing judgment’ F ¢ : A is valid when for all
valuationsp, for all worldsw € # and for all substi-
tutionso I+, I'[p] we havet[o] Ik, Alp].

We finally extend the notion of validity to inference rules,
saying that the rule

]D1 . Pn
C
is valid when the validity of the premiseB,, ..., P, im-
plies the validity of the conclusio@'. From the definition,
it is clear that the conclusion of any (sub)typing derivatio
formed with only valid inference rules is valid.

Proposition 1 (Adequacy) — The inference rules of Fig. 1
are valid for all saturated setdl .

Proof. The validity of the rules that do not involve modal-
ities is shown the same way as in ordinary classical realiz-
ability, whereas the validity of both the necessitation-typ
ing rule and the distributivity subtyping rule stronglyies

on the condition ofR-monotonicity. Validity of remaining
subtyping rules is straightforward. a

Example. Using the typing rules of the simply typed
calculus we easily derive

f:A=B, y:-BFXz.y(fz):-A
so that from the necessitation typing rule we get

f:0A=B),y:0-BFXz.y(fz):0-4.



From the latter we easily derive the following judgment

FAfey.a(MAz.y(fz2):0 A= B)=CA= OB
(writing & A = —-0O-A) expressing that the co-distributivity
formulad(A = B) = ¢A = <B can be ‘proved’ with
the term\fazy .z (Az.y (f z)) in our system.

5 Logical interpretation

In this section, we fix a binary relatioR € R and write
OA = OgA. Dually, we writeCA = —-Og—A.

The minimal system of modal logic—system K—is im-
plemented in the type system described in Fig. 1 via the
necessitation and distributivity rules:

I'Ht: A
Orkt:0A4

OA=B) < ODA=0B

In particular, every uniform realizer of is also a uniform
realizer of0A (necessitation), while the distributivity ax-
iom is uniformly realized by the identity tertkz . .
Depending on the properties of the relatifn we can
realize the axioms of many systems of modal logic.

5.1 Interpreting S4 and S5

From the modality subtyping rules (inclusion, identity
and composition) of Fig. 1 we immediately check that:

1. If Risreflexive (i.e.id C R), then the subtyping judg-
ment OA < A is derivable, and thus valid.

2. If Ris transitive (i.e.R; R C R), then the subtyping
judgment0OA < OOA is derivable, and thus valid.

This means that wheR is a preorder, we can build univer-
sal realizers for all theorems of S4, realizing both axidms
and4 by the identity term\z . z.

To extend this result to S5, we first check that:

Fact 2 — If R is symmetric, then the subtyping judgment
A= 0B < 0O(0OA = B) isvalid.

From thiswe get—A < -A =01 <O(0-4 = 1),
thatis:——A < OCA, hence

Fact 3 — If R is symmetric, then axionBj: A = 0OCA
is universally realized by the terdy . y.

Which means that wheR is an equivalence relation, we
can build universal realizers for all theorems of S5.

5.2. Interpreting other axioms

More generally, many other conditions on the relatidon
(seriality, Euclidianness, etc.) are captured by a pdgicu
axiom of modal logic [6]. For some of them, we can extend
the result to realizability by providing both a realizer the
axiom and a sybtyping rule capturing the condition:

Proposition 2 — For every line of Table 1, the following
assertions are equivalent:

1. The relationR fulfils the condition of column 1.

2. The axiom of column 2 is valid (for all, B, etc.) in

the underlying Kripke model (cf 3.6).

3. The term of column 3 is a universal realizer of the ax-

iom of column 2.
4. The subtyping rule of column 4 is valid.

Proof. The equivalencé < 2 is standard [6]. Fot = 4:
check that the condition of column 1 implies the desired (re-
verse) inclusion of falsity values. Far=- 3: typecheck the
realizer of column 3 using the subtyping rule of column 4.
For3 = 2: setll = & (cf 3.6). O

5.3. Embedding intuitionistic logic into S4

It is well-known [6] that intuitionistic logic (LJ) can be
embedded into S4 using a translatidn— A“ mapping
provable formulae of LJ into provable formulee of S4 in a
conservative way (at least in the propositional case). We
easily adapt this translation to our framework as follows,
assuming that the relatioR is a preorder so that all the
axioms of S4 are derivable (cf 5.1).

The syntactic translation A — A" To every formulad

of the language of second-order minimal logic (i.e. without
the connectived) we associate a formuld® of second-
order modal logic defined by

(X(e1,...,ex)” = OX(e1,...,en)
(A= B)" = 0O(A" = BY)
(Vo A)° = Vz A"
(VX A)° — VX A°

Note that we take advantage of Barcan laws by not putting
a box on the top of 1st- and 2nd-order quantifications.

This translation is extended to the formulee of the en-
riched language (i.e. parametric formulae) by letting

ven))”

Proposition 3 — For every formulad without modalities,
the judgmentd” < OA" is derivable.

(F(ey,. .. = OF(e1,...,en).



1. Condition on R 2. Axiom 3. Realizer | 4. Subtyping rule
Reflexivity: vw (w Rw) OA= A (M) | \x.x OA< A

TranSitiVity: Ywiwaws (w1 Rwa A wa Rws = w1y ng) OA = 0ooA (4) AT . X OA S 0ooA

Seriality: vw 3w’ (w Rw') OA=<CA (D) | Azy.yx oL< L

Symmetry: Vww’ (w Rw' = w’ Rw) A=00A4 (B) | \azy.yx A= 0B<O(0OA= B)
Euclidianness: vw wiws (w Rwi A w Rwz = w1 Rwa) CA=00CA (5) AT . T 0OA=0B< \:\(\:\A = B)

Table 1. Frame conditions, axioms of modal logic and their realizers

A consequence of the above fact is that the translation6. The restricted 2nd-order quantification
A — A" is substitutive in the sense that

The choice to interpret 2nd-order variables usimgdal
falsity value functions allows us to instanciate 2nd-order
variables by arbitrary predicates with the eliminatiorerul

Proposition 4 (Substitutivity) — For all formulee A, B
without modalities:

1. (A{z:=e})? = A"z :=¢} (syntactic identity)
2. (A{X(Z) := B})? ~ A°{X (%) := B"}

We now define the intuitionistic restriction of the type Wwithout any restriction on the formulaéand 5.
system defined in Fig. 1, by removing all the typing and  Another design choice is to restrict the interpretation of
subtyping rule involving modalities as well as the typing 2nd-order variables to simple falsity value functions. For
rule ofc (Peirce’s law). Formally, we writd < j B (resp. that, we introduce (in addition to the already existingl'ful

VXA < A{X(z1,...,zx) := B}

'ty t: A) when the judgmentt < B (resp.I' ¢ : A) 2nd-order variables) a second set of 2nd-order variables of
can be derived by only using the typing and subtyping rules all arities which we caltestricted 2nd-order variable@o-
of the intuitionistic fragment defined above. tation: a, 3, v, etc.)

Proposition5 1. If A <1y B, thenA"” < B",
2. IfT FrLyt: A, thenI'® ¢ : A°.

In other words, the translatioA — A" extends to our Formally, we extend the language of formulee as follows:
type system, becoming the identity on proof-terms.

6.1. Extending the syntax

Formulee A,B == --- | aler,...,ex) | Va A

Realizability interpretation Consider a fixed polel. We extend the notatiol’'V (A) to include restricted 2nd-

(i.e. aR-monotonic saturated set of processes). order variables and define the corresponding form of 2nd-
Given a closed formula of the language of 2nd-order  ,qer substitution writtem{a(z1,. .., zx) = B} in the

minimal logic (enriched with symbotsandF’) and a closed expected way. Finally we introduce the shorthands
termt we writet I-p; A fort I- A" (thatis:t € |A"[,

for all w € #). Given a substitutiom and a context® of A{X:=a} = A{X(z1,....21) :=a(z,...,21)}

closed formulze we write I-,; T for o IF T'°. Ala=X} = Ala(zy,...,z) =X (x1,...,21)}
Combining the property of adequacy (Prop. 1) with the

results of subsection Prop. 5 we immediately get: to express the substitutions exchanging both forms of 2nd-

order variables (with the same arity).
Proposition 6 (Intuitionistic adequacy) — If 'yt : A

then for all valuationg and for all substitutiong such that

6.2. Extendi lizabilit d typi
o 1y T[p] one hasio] IFry 4 xtending realizability and typing

In the same way as S4-Kripke structures can be used to  Given a simple falsity value functio@ : DF — B(10)
interpret LJ via the embedding — A", we can thus use ~ we writeG : D* — (I x #') its modal extensiodefined
the combined Kripke-Krivine realizability model to inter- by G(ds,...,dk)w = G(di,...,dx) forallw € # and

pret intuitionistic provability, the classical featurekthe di,...,d; € D. We then extend the realizability interpre-
model being disabled by the embedditg— A". tation defined in 3.4 to the new quantifier, letting
Note that the translatiod — A" (and the correspond- )
ing realizability interpretation) is useful to decompose C IVa Al = U [A{X = G}l
hen’s forcing in terms of Kripke forcing (cf Section 8). GDF (1T



A<B

T'Ht: A <
A < VaB

Tht:vaa “*7VD

ad FV(A)

(A amodal w.r.to)

\V/OéASA{Oé(Jil,...,xk:) : B}

Va (A= B) < YVa A= VaB VaOrA < OgVa A

Figure 2. Typing and subtyping rules for Va A

for all formulae A of the extended language (enriched with
predicate constant® for all modal falsity value functions
F : DF — B(I1 x #)) and for all worldsw € 7.

The restricted form of 2nd-order quantification shares all
its typing rules with the non restricted form such as deplicte
in Fig. 2, except the 2nd-order elimination subtyping rule.

Restricted 2nd-order elimination From our interpreta-
tion, it is clear that the 2nd-order elimination rule

amk) .

VaA < A{a(zy,... B}
cannot be proved valid without any restriction drand B.

A naive way to achieve this goal would be to forbid full
2nd-order variables and modalities in the formBlaAlas,
such a restriction would be incorrect: even if the formBla
contains no modality and no full 2nd-order variable, its fal
sity value| B||., may still depend onw for the reason that
the falsity value of implications (whiclB may contain) re-
lies on the setil,, that generally depends an

However, we can still benefit from the 2nd-order elimi-
nation rule provided we introduce a restriction the for-
mula A based on the following notions amodality

Let A be a formula possibly depending on a 2nd-order

variable X. We say thatd is semantically amodabv.r.t.
the variableX when for every valuatiop, for every world

w € W and for every pair of modal falsity value functions
F,F" : DF — B(I1 x #) that coincide in worldw (i.e.
F(dy,...,dg)w = F'(di1,...,dg)w forall dy,...,dp,€D)
one has

[Alp; X = Flllw = [[Alp; X — F']]lu -

In other words, the formula is amodal w.r.t.X when its
falsity value in worldw only depends on the falsity value
interpreting the variabl& in world w (for all w € #).

By extension, we say that a formukais semantically
amodalw.r.t. a restricted 2nd-order variablevhen the for-
mulaA{a := X} is semantically amodal w.rX, whereX
is a fresh full 2nd-order variable. We easily check that:

Fact 4 (Restricted 2nd-order elimination) — If the for-
mula A is semantically amodal w.r.tv, then the subtyping
judgmentvVa A < A{a(z1,...,z;) := B} is valid for
every formulaB (without any restriction or3).

Proof. We instanciate the variabtedifferently depending
on the worldw, taking in worldw € # the simple falsity
value function that coincides with the interpretation of th
predicateB(z1, . . ., x,) in world w. O

6.3. Syntactic amodality

The semantic notion of amodality can be approximated
with a syntactic notion of amodality that we inductively de-
fine as follows: we say thai is (syntactically) amodal w.r.t.

a variableX when either:

e X ¢ FV(A);
o AisX(eq,...,ex);

e Ais B = C,whereB andC are amodal w.r.tX;
e AisVzx B, whereB is amodal w.r.t.X;

o AisVa B, whereB is amodal w.r.t.X;

AisYY B (Y # X), whereB is amodal w.r.tY.

(Intuitively, this definition expresses that no atomic subf
mula of A of the formX (eq, . . ., ex) occurs below a modal
connective.) The syntactic notion of amodality w.r.t. a re-
stricted 2nd-order variable is defined similarly.

Fact5 — If A is syntactically amodal w.r.tX (resp.ca),
thenA is semantically amodal w.r.X (resp.a).

We can now complete the proof of the following:
Proposition 7 — The typing rules of Fig. 2 are all valid.
6.4. Logical consequences

In the general case, a full 2nd-order universal quantifica-
tion is a subtype of the corresponding restricted 2nd-order
universal quantificationX A < Va A{X := a}. How-
ever, in the case wherd is amodal w.r.t.X, then both
quantifications are equivalentX A ~ Vo A{X := a}.

An important consequence is that the standard 2nd-order
encodings of connectives and quantifiefs (, A, Vv, 3) do
not depend on whether we use the full or the restricted form
of 2nd-order quantification. For instance, we have:

AANB = VYZ(A=B=2)=2)
~ V(A= B=7)=7)
Jv A(v) VZ (Vv (A(w) = Z) = Z)

Tl

vy (Vo (A(v) = v) =)



(wherew is a variable of any kind). And similarly fat, T,
A A B ande = ¢, without any restrictions od and B (but
the freshness condition on the variableand-).

Existential quantification and comprehension Dually,
the (encoded) restricted existential quantification isla su
type of the non-restricted on8uA(a) < IXA(X) (inthe
general case); and in the case whé(e) is amodal w.r.ta
this becomes an equivalencgiA(«) ~ IX A(X).

A counter-intuitive consequence of this fact is that both

forms of the comprehension scheme
AX Vi (X(9) < B(®))

and Ja vy ((y) < B())

are equivalent w.r.t. subtyping (since the existentiallgior
tified formula is amodal w.r.t. the quantified variable) inde
pendently from the shape &, and thus are both universally
realized by the term\z . z (I; I) (using the usual encoding
of pairing in A-calculus and writind = Az . x).

However, the second (and counter-intuitive) form of the
comprehension scheme cannot be eliminated to get a real-

izer of the formulavVa A = A{«(y) := B(y)} (which
is wrong whenA is not amodal w.r.ta)) unless we have a
realizer of the following property of extensionnality:

Vo (Vy (a(7) & B(§) = (A« A{a()) = B(@)}))

But to realize this property, we precisely need the condlitio
that A is amodal w.r.te, hence the paradox vanishes.

7. Realizability and side effects
7.1. Stores as worlds

We consider a set” of locationsand let#” = N-<,
viewing each worldv € % as a store mapping every loca-
tion £ € £ to a natural numbew(¢) € N. We enrich the
set/C with instructionget, andset, for all ¢ € ., with the
evaluation rules

gety xt-m  xw = txwl)wxw
sety x -tk w > ¢ kT * w{l:=n}

writing 7 = 50 the canonical representation of the nu-
meraln € N such as defined in [8].

For every(¢,n) € # x N we define two binary relations
RZ:n?; RE::n g W X W by

{(w,w) : w) =n} C idy
{(w, (w; £ —mn)) : we W}

RZ:n? =
/ —
RZ::n -

and letR = {Ry—2; Rp.—pn : (£,n) € LxN} CB(#?).

4For an explanation why numbers are not represented usingclthu
encoding in classical realizability, see [4].

7.2. The language of formulse

We now consider the following language of formulee

Formulee A, B = X(e1,...,ex) | VXA
| A= B | {e}=B | VzA

| {t=e}A | [t:=e]A
introducing two modal constructions, namely:
e {{=¢}A (‘Aholds provided equals’), and
o [(:=¢]A (aftersetting/toe, A holds’).

Moreover, we introduce the ‘typge} = A of functions
building a proof ofA when applied to the canonical repre-
sentation ot (see [8, 4] for more explanations).

We extend the realizability interpretation as follows:

[{e} = Bllw = {H} || Bllw

& [Allw if w(l) = [e]
I{e= e} Al {@ otherwise
(16 :=elAlln = ||A||w;€<—|le]]

In the realizability model, the constructioif = e} A
(resp.[¢ := e]A) is thus interpreted exactly as the necessity
connectivedg,__, A (resp.Og,._. A), with this subtlety that
the underlying relation now depends on the value-efand
thus on the interpretation of the free variableg oDespite
these differences, the property of adequacy (Prop. 1) still
holds, and all the inference rules of Fig. 1 are still valid
(taking care of restricting 1st-order Barcan subtyping rul
to the case where the modality does not depend)on

In this modal language, the type system of Fig. 1 can be
enriched with the rules of Fig. 3 that give typings fsit,
andset, as well as subtyping and commutation rules for
both modalities ¢ = e} A and[¢ =: ¢] A, since:

Proposition 8 — For everyR-monotonic saturated set,
the judgments of Fig. 3 are valid.

8 Future work
8.1 More on side effects

The language described in Section 7 to typecheck access
and assignement in a store is still very rudimentary—and
puts severe conditions on the set of possible pdlesia
the condition ofR-monotonicity. The expressivity of this
system should be more investigated, as well as alternative
presentations.

Also note that the modality¢ := e]A is close to the
modalities used in Dynamic Logic [5], and further work
should be done to clarify the possible connections.



Fget,: ({e} = A) = {{=¢€}A
Fset;: {e} = [ :=€](A= A)
A< {{=e}A
{{=e}(A=B) ~ {{=e}A={{=¢}B

(t=e}l = A ~ {' =}l =c}A

[:=e][ll :=€|A ~ [t/ :=¢][l:=¢]A (C£1)
[0 :=e][t:=¢]A ~ [(:=¢]A

{{=e}lll :=e]A ~ [¢! =€|{l=¢}A (£1)
{{=e}[l:=€A ~ {{=e}A
[(:=e{{=e}A ~ [{:=¢c]A

Figure 3. Typing/subtyping rules for access
and assignment operations

8.2 A modal decomposition of forcing

D. Scott remarked that P. Cohen’s forcing can be decom-

posed in terms of Kripke forcing by combining a particular

A-translation with the embedding of LJ into S4:

w H_CohenF o w ”_Kripke (Fﬁﬁ)lj

whereO is defined from the binary relatiom > w’ (‘w is
a weaker condition than’"), and whereF' — F™7 is an
A-translation with a suitable formula.

In terms of realizability, this seems to indicate that real-

izers ofw I F' (in Cohen’s sense) could be obtained from

proofs of ' (in the sense of Fig. 1) using a CPS-translation
(the embedding from LJ to S4 being the identity on proof-

terms, as shown in 5.3).

Such a decomposition could provide a better understand-
ing of the connections between classical realizability and
forcing, and constitutes a promising tool to analyze the
method described in [9] to realize the axiom stating the ex-

istence of a selective ultrafilter ovBl:
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A Proofs

Proof of Lemma 1 p. 4 (Peirce’s law).1. Assume that <
| Al and take an arbitrary element|pfl = B|,,, that is:
a stack of the formu - 7’ whereu € |A|,, and7’ € || B||w.
We havek, xu -7’ xw = uxmxw € I (sinceu € |A|,)
hencek, IF, A = B.

2. Consider an element §f (A = B) = A) = A||w.
that is: a stack: - =, whereu € |(A = B) = A|, and
7 € ||Allw- We havex xu - m*w > uxky - mxw € I
(sincek, -7 € ||(A = B) = A||, by item 1) therefore
clky (A= B)= A) = A. O

Proof of Prop. 1 p. 5 (Adequacy).We first consider the
validity of the typing rules of Fig. 1.

e Axiom and weakening. Both cases are obvious.

¢ Introduction of implication. Assume that the judgment

I'z: A+ t: Bisvalid, and consider a valuatign a
world w € # and a substitutioa I, I'[p]. To show
that(Az .t)[o] Ik, (A = B)[p], consider an arbitrary
elementof| (A = B)[p]||w. thatis, a stack of the form
u - whereu € |A[p]|, andr € || B[p]||.. We have

Az . t)olxu-mrw = tojr:=ulxmrw € AL

(by hypothesis), hendet \z .t : A = Bis valid.

e Elimination of implication. Assume that both judg-

mentsT' H¢: A = BandI”+ u: A are valid, and
consider a valuatiop, a worldw € # and a substitu-
tion o I, (I',T7)[p]. To show thattu)[o] Ik, B|p],
consider an arbitray stacke || B[p]|». We have

(tu)[o] * T *xw = tlo]xu[o] 7w € L

sincet[o] I, A = B andu[o]-7 € ||A = B, (from
our initial assumptions), hendet tu : B is valid.

¢ Introduction of first-order universal quantification. As-

sume that the judgmert + ¢ : A is valid (with
x ¢ FV(I')) and consider a valuatiop, a world
w, and a substitutiorr I, T'[p]. To show that

tlo] Iky (Vz A)lp], let us consider an arbitrary el-
ement of ||(Vx A)[p]|lw, that is, an arbitrary stack

w € ||Alp;z « d]||» for somed € D. Since
x ¢ FV(T), we havel'[p] = T'[p;x « d] and thus
o by Tlpsz — dl.
gett[o] Ik, Alp; z «— d], hencetfo] xw € L. There-
fore the judgment' I ¢ : Vx A is valid.

¢ Introduction of second-order universal quantification.

Assume that the judgment - ¢ : A is valid (with
X ¢ FV(I')) and consider a valuation a worldw,
and a substitutiowr |-, I'[p]. To show that[o] I,

11

From our initial assumption we

(VX A)[p], let us consider an arbitrary element of
[(VX A)lp]||lw, that is, any stackr € ||A[p; X <
F)||ls for someF : DF — PB(II x #). Since
X ¢ FV(T'), we havel'[p] = ['[p; X <« F] and thus
o Ik T[p; X «— F]. From our initial assumption we
gett[o] Iy Alp; X — F], hencelo]*x7 € L. There-
fore the judgment' ¢ : VX A is valid.

Peirce’s law. This case is given by lemma 1.

Necessitation rule. Assume that the judgmniehrtt : A
is valid, and consider a valuation a worldw € #
and a substitution IF,, OzT'[p]. To showthat[o] I,
OgrA[p], take an arbitrary element 91z A[p]|| o, that
is, a stackr € ||A[p]||.- for some worldw’ € # such
that R(w,w’). From the assumptiotio]| I, O A[p]
we gett[o] Ik, A[p], hencet[o] x m € L. Therefore
the judgment ' F ¢ : OrAis valid.

Subsumption rule. Let us assume that both judgments
T'kt: AandA < A’ are valid, and consider a valua-
tion p, aworldw € # and a substitution I, I'[p].

To show that[o] I, A’[p], consider an arbitrary stack

m € ||A'[p]llw. From the validity of the judgment

A < A we getr € ||A]p]||w hencelo]xm € L (from

the validity of the judgment + ¢ : A). Therefore the
judgmentl’ ¢ : A is valid.

We then consider the validity of the subtyping rules of
Fig. 1. Most cases are obvious, and we only deal with the
cases concerning modalities:

Covariance of necessity. Assume thiaK A’ is valid,
and consider a valuatiomand a worldw € #. We
have:

10rAR. = U 1Al
w’ € R(w)
> U 140l = 1940l
w’ € R(w)

Distributivity. For all valuations» and for all worlds
w € W we have:

10r(A = B)lplllw = U [ollw - 1 Blplllw)
w’ € R(w
2 ﬂ |A |w//' U ||B ||w’
w” €R(w w’€ R(w)
2 lDRA/) w " U ||BP ||w’
w’ € R(w)

2 |(OrA = OrB)pllw

Relation inclusion. Assumeth& C R C % x ¥'.



For all valuationg and for all worldsw € # we have:

IBsAlle = |J Al
w’ €S (w)
g U HAHW' = HDRAHU)'
w’ € R(w)

Identity modality. For all valuationg and for all
worldsw € # we have:

10Alle = J 4o = 1Al

w’ €id(w)

Sequence modality. For all valuatiopsand for all
worldsw € # we have:

IOrsAle = |J 1Al

w’ €(R;S)(w)

= U U 14w
w’ € R{w) w”’ €S{w’)
HDRDSAHU)'

First- and second-order Barcan laws. For all val-

uationsp and for all worldsw € % the equal-
ity |[VxOgrA[plllw = ||OrVz Alp]|l., @mounts to a

straightforward commutation of unions. The same

holds for second-order Barcan law. O
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