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Motivation

@ Understanding (ML-style) pattern-matching

= Want for better granularity

o Filling some holes in the operational semantics

Introduction

Separation
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Elimination

Functions Abstraction

Application

Constructed values Constructor

What does it mean. ..
e ... to apply an argument to a constructor?

Case analysis

e ... to perform case analysis on an abstraction?

Typing arguments reject these constructions. . .

... but is it sufficient to deduce they are meaningless?

Conclusion
o]
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Case analysis on constant constructors (1/2)

To the \-calculus we add:
o Constructors (i.e. constants)
true, false, O, S, ..., ¢, d,
o Case construct
{er— My, ... cn— My N (ci#cj if i)

= match Nwithca - M| -+ | cn — My (Caml)

@ Reduction rule

(CaseCons) {er—= Mi;..oicn— Moo — M,
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Case analysis on constant constructors (2/2)

o Example: Booleans
if = Abxy.{truem— x; false— y}.b
if true My M, = {true — My; false — M,}.true
5 M
if false Ml M2 i> M2

@ How to add arguments to constructors?
© Introduce variable binding in patterns
c(x1,...yXn) = Mi{xt;...;xn}

© Go to next slide

Conclusion
o]
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Entering THE TWILGHT ZONE ... (1/2)

@ A bizarre reduction rule
(CaseApp) {10F.(MN)  —  ({6}. M)N
... that allows to write the predecessor function:

pred = M.{0—0; S+ Az.z}.x

o Computational behaviour:
pred 0 —g {0+—0; S— Az.z}.0 —caecons O

pred (8 M) —p {0—0; S+ Az.z}. (8 M)
—caenpe ({0 0; S Az.z}.8) M
7 CaseCons (/\Z . Z) M
—g M
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Entering THE TWILGHT ZONE ... (2/2)

@ Reduction rule CaseApp goes against typing:

{ob.(Mn) - — (ﬂ9l}% M)N

Ve
M is applied... M is pattern-matched
.. thus M has an arrow type ... thus M has a sum type

@ Intuitions:

e Case construct is a form of head-linear substitution

o Application and pattern-matching commute
10n}. -+ {62} M Ny -+ N
= Evaluation contexts with two independent stacks

(Actually, case constructs can be merged using a rule CaseCase)
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Syntax of AB¢

Terms (M, N) and case bindings (0, ¢)

M,N == x | Ax.M | MN (A-calculus)
| X (daimon)
| ¢ (constructor)
| {0} M (case analysis)
0,0 = c— My;...;c,— M, (ci # ¢j when i # j)

Composition of case bindings (6 o ¢):

0o {C,' — Mi}i:L.n = {C,‘ = {]9]} Mi}i:lun

Note:  fo(pop)Z(fod)op  but  00($0p) —Casecase (PO P)0p
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Reduction rules of A\B¢

AppLam (f3) (Ax.M)N
AppDai N
LamApp (1) Ax . Mx
LamDai Ax M
CaseCons {0}. ¢
CaseDai {6} &
CaseApp {6}. (MN)
CaseLam {0} Ax. M
CaseCase 10} o). M

Church Rosser
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Separation
[e]e]e}

M{x := N}

A

m (x¢FV(M))
Y

m ((e—M)€0)
B

({6} M)N

Ax . {0} M (x¢FV(9))
{6 o o). M

Be = union of all reduction rules but AppLam (3)

Lemma:

The Bc-calculus is SN

Conclusion
o]
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Encoding ML-style pattern-matching

@ ML-style pattern-matching:

match N with c(X) = M |
becomes {e—AX.M; ... }.N

@ Predecessor function

pred = Ax.{0+— 0; S— Az.z}.x

o Addition on unary integers:

plus. = Y (Mxy. {0 y; S— Az.S(fzy)}.x)

@ Variadic constructors: cnMy --- M,

Conclusion
o]
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Critical pairs: an example

The critical pair CaseApp/AppLam

16} (Ax . M)N)

16). M{x := N} ({6} Ax. M)N
(x¢FV(0)) \LCaseLam
(\x. {6} M)N

M

({6} M){x := N}

. is solved using the rule CaseLam:

(CaseLam) {0} Ax. M —  Ax.{0}. M (x ¢ FV(6))

Conclusion
o]
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The 13 critical pairs

The critical pair... . is solved using
AppLam/LamApp

AppLam/LamDai AppDai
LamApp/AppLam

LamApp/AppDai LamDai
CaseApp/AppLam AppLam, CaseLam
CaseApp/AppDai AppDai, CaseDai
CaseLam/LamApp LamApp, CaseApp
CaseLam/LamDai LamDai, CaseDai
CaseCase/CaseCons | CaseCons
CaseCase/CaseDai | CaseDai
CaseCase/CaseApp | CaseCase, CaseApp
CaseCase/CaseLam | CaseCase, CaseLam
CaseCase/CaseCase | CaseCase

@ 6 critical pairs introduce an extra rule

= Closure conditions
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Chasles criterion

6 closure
conditions!

Theorem (Church-Rosser)

For all 2° = 512 subsystems s C {AppLam; ..
the following are equivalent:

Church Rosser

00e00

AppLam,
LamApp,
CaseApp,
CaseApp,
CaselLam,

CaselLam,

LamDai
AppDai
AppLam
AppDai
LamApp
LamDai

T T T T T T

@ s fulfills the 6 closure conditions (248/512)

@ s is locally confluent

@ s is confluent (Church-Rosser)

Separation
[e]e]e}

AppDai
LamDai
CaseLam
CaseDai
CaseApp
CaseDai

. CaseCase}

Conclusion
o]

Note: The full system obviously fulfills the closure conditions!

1

r,rptr3 means: rn €s A nEs = r3eEs
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Proof of Church-Rosser theorem

Consider the more general commutation problem o %
. 1 2
for all pairs (s1, ;) of subsystems? N
[ ] [ ]
@ Define 11 binary closure conditions (BCC) \ P
. . Sz S1
Analogous to 6 closure conditions, but for pairs (s1,s2) °

Theorem (General commutation)

For all pairs of subsystems (s, s,) the following are equivalent:
@ (s1,52) fulfills the binary closure conditions
@ s1 and s locally commute

© s and s, commute

@ 3= 2= 1: Obvious
@ 1 = 2: Induction on top term
@ 2 = 3: Divide and conquer technique (next slide)

2There are 512 x (512 + 1)/2 = 131 328 (unordered) pairs of subsystems



Introduction The calculus Church Rosser Separation Conclusion
00000 [e]e]e} [ele]e]e] ) [e]e]e} o

Divide and conquer technique (computer assisted)

@ 131,328 pairs (s1,s2) (of subsystems)

e 13,396 BCC-pairs (s1,52)

We know they locally commute =- candidates for commutation

@ 5,612 BCC-pairs (s1,52) not involving AppLam (= ()

We know they commute (since local commut. + SN)

What about the 7,784 BCC-pairs involving AppLam?

Propagation lemma
If s//s1 and s // s, then s // (s1Usp)

@ Reduces the whole problem to... 12 commutation lemmas

’5'612 SNBCCpairs ‘ ™ Closure under — | All 13,396 BCC-pairs

12 extra pairs | Propagation lemma
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Observers

Contexts with one hole C[] are defined as usual

Evaluation contexts

El] a= [INNo | {05[IN--- N,

Daimon ¥X absorbs all evaluation contexts: E[H] - K

Undefined terms

Terms of the form: AX. ({0 c)Ny - - - N, (c ¢ dom(#))

Undefined terms absorb all evaluation contexts too!

Completely defined normal terms

Normal terms with no subterm of the form {0}. c (c ¢ dom(6))
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Separation theorem

Notions of separation

Two terms M; and M, are

o Weakly separable if there exists C[] such that either

o C[Mi] 5"« and C[M.] = undef; or
o C[Mi] = undef and C[M,] 5 .

@ Strongly separable if there exists Ci[] and G,[] such that
o Ci[Mi] 5" and Ci[M:] 5 undef; and
] Cz[M1] i> undef and Cz[Mz] i> ’I*

Theorem (Separation)

Let My and M, be completely defined normal terms.
If My £ M, then My and M, are weakly separable.
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The proof of separation

Lots of technicalities, nothing really new...

(variations on the Béhm-out technique)

but an interesting zoology:

{]9[} <M1; 000 Mk; *n—k>
Case + Tuple = Casuple

i> {[9| Ml;-~-;Mk;*n—k>>

Conclusion
o]

= cf paper for details
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Conclusion

Pattern-matching as a head-linear substitution

{0}. (MN) —  ({0}. M)N
10). Ox. M) — Ax.{0}. M

is expressive and computationally consistent:
@ Church-Rosser theorem

@ Separation theorem

Future work:
@ Confluence by “divide and conquer” for other systems?
@ Which Bohm trees for A\B¢?
@ Which type system for AB:? (logical meaning)

@ Are other design choices possible?
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