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Abstract

In this paper, we present applications of abstract interpretation tech-
niques in quantum computing. Quantum computing is a now well es-
tablished domain of computer science, and the recent developments of
semantic techniques show the vitality of this rapidly growing area. On
the other hand, the proof has been made that abstract interpretation is
a powerful theory (of ‘classical’ computer science) for comparing more
or less precise semantics of the same programming language. In a more
general picture, abstract interpretation can be seen as a framework for
comparing the precision of several representations of the same dynamic
system evolution. In this paper, we point out that abstract interpreta-
tion can be fruitfully used in quantum computing: (i) for establishing
a hierarchy of quantum semantics and (4¢) for analysing entanglement
evolution.

1.1 Introduction

The field of quantum information processing is growing rapidly. This de-
velopment is based on the exploitation of non classical phenomena like
superposition and entanglement, which gave rise to new protocols (cryp-
tographic protocols with unconditional security Bennett (1992); Bennett
and Brassard (1984), teleportation Bennett et al. (1993)), and new al-
gorithms (polynomial time factorisation Shor (1994), search algorithm
Grover (1996).)

Some recent developments in quantum information processing are
based on the use of high level methods, adapting and extending the
methods successfully used in classical computation Abramsky and Co-
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ecke (2004); Gay and Nagarajan (2005, 2006); Gay et al. (2008); Kashefi
(2003); Lalire and Jorrand (2004); Selinger (2004c,d). In particular the
development of semantic techniques is of key importance for the suc-
cessful development of quantum information processing. Abstract inter-
pretation, a powerful framework of classical computation introduced by
Cousot and Cousot Cousot and Cousot (1977), is an example of semantic
techniques that can be applied to quantum computing;:

¥ First, we have established Perdrix (2008a) in the framework of ab-
stract interpretation, that di! erent proposals of quantum semantics
(based on superoperators Selinger (2004d), on probabilistic functions
Abramsky (2004), and on admissible transformations Perdrix (2008a)
respectively) can be organised in a hierarchy of quantum semantics.
Indeed, abstract interpretation is useful for organising multiple se-
mantics in a hierarchy of semantics corresponding to levels of detail
Cousot (1997).

¥ Moreover, we have introduced Perdrix (2008b) an entanglement evo-
lution analysis based on abstract interpretation. Thus, abstract in-
terpretation techniques can be used to address one of the most fasci-
nating challenge in quantum computing, which is to understand the
role of entanglement in quantum protocols (e.g., teleportation Ben-
nett et al. (1993)), in quantum algorithms (e.g., Shor algorithm Shor
(1994)), and in alternative models of quantum computing, (e.g., the
one-way model Raussendorf et al. (2002); Danos et al. (2007), where
the quantum entanglement is used as a resource of the computation.)

These two applications of abstract interpretation techniques are pre-
sented in this chapter. First, a brief introduction to the abstract in-
terpretation theory (section 1.1.1) and to quantum computing basics
(section 1.1.2) are given. A simple quantum imperative language is in-
troduced (section 1.2). A hierarchy of semantics is established by means
of abstract interpretation (section 1.3), and finally an entanglement anal-
ysis is presented (section 1.4.)

This work is related to the works of Gay, Nagarajan, and Papaniko-
laou Gay et al. (2007, 2008) and Baltazar, Chadha, Mateus, Sernadas
Baltazar et al. (2007, 2008) which consist in using model checking tech-
niques in quantum information processing, especially for analysing and
proving properties on cryptographic protocols. An analysis based on
Typing system has also been proposed in Perdrix (2007). Prost and
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Zerrari Prost and Zerrari (2008) have recently introduced a logical en-
tanglement analysis for functional languages. Moreover

More generally, this work is also related to the developments of
quantum programming languages and their semantics, see Gay (2006);
Selinger (2004a) for a survey.

1.1.1 Abstract interpretation

Abstract interpretation has been introduced by Cousot and Cousot
Cousot and Cousot (1977, 1979). This is a general framework which
has been proved useful for analysing programs Cousot (1981), and for
organising multiple semantics of a given programming language into a
hierarchy of semantics corresponding to di! erent detail levels Cousot
(2002). In the following, we give an (incomplete) introduction to the
powerful theory of abstract interpretation, focusing on the aspect of the
framework which are used in the very first applications of abstract in-
terpretation in quantum computing presented in this paper. For a more
consistent introduction to abstract interpretation, please refer to Cousot
and Cousot (1979). In particular, only denotational are considered, while
the use of narrowing and widening, for instance, are left to further in-
vestigations. The following presentation of the abstract interpretation
formalism is illustrated with very usual static analysis examples, like
parity and interval analysis Cousot and Cousot (1976, 1977).
We consider the following toy classical programming language:

c +1
2

* X

X
X
2

X:
X:
X:
c;C

In this simple imperative language, there is a unique variable X repre-
senting an integer on which one can apply basic arithmetic operations.
Since there is a unique variable, the (denotational) semantics of the lan-
guage associates with any program C, a map !C" : N — N inductively
defined as follows:

IX:=x4+1" = y—y+1
IX:=x—-2" = yr—y—2
IX:=2xX" = y—2y

1C1;C" = 1Cy" o1 Ch"



For instance !X:=X—2; Xx:=2*X; X:=X+1"=y+— 2y — 3.

A first example of abstract interpretation is the parity analysis. For
a given program C, we would like to analyse the parity evolution, i.e to
know the parity, even or odd, of !C"(y), depending on the parity of y.
For instance, it is easy to see that !X := 2% X"(y) is even whatever the
parity of y is, and !X := X — 2"(y) has the same parity as y. In order to
realise an automatic parity analysis, one can define the following abstract
semantics ! C" : {evenodd} —{ evenodd} for any program C':

Ix:=x+1"*% = even— odd
odd — even
IX:=x—2" = pp
Ix:=2xX"" = pr— even
1C;C" = 10" ol

Definition 1.1.1 An abstract semantics '."t : D¥ — D! is an exact

abstraction of '." : D — D if there exists an abstraction function « :
D — D' such that ao!." =1"toq.
If 1."% is an exact abstraction of I." then the following diagram com-
mutes:
|t
Df —~ D*
e «a
|
D D

In the parity analysis example, one can prove that !."! is an exact
abstraction of !." where the abstraction function « : N — {evenodd}
associates with any integer its parity. It implies that if the parity of
y is p = a(y) then the parity of 1C"(y) is !C"%(p) (i.e. a(!C"(y)) =
1C" (a(y))-)

Another usual example of abstract interpretation is the interval anal-
ysis. The objective of this analysis is to know in which interval lies
1C"(y) if y lies in an interval [a,b]. This analysis is useful to know the
size of the memory that has to be allocated to a given variable and then
avoid memory overflow. In order to realise this analysis we consider the
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abstract domain of closed intervals of N: D = {[a,b] C N}, and the
following abstract semantics !."® : D® — D°:

Ix:=x+1" = [a,b] — [a+1,b+1]
Ix:=x—2" = J[a,b]— [a—2,b—2]
IX:=2%x"° = |[a,b] — [2a,2b]
!01;02"0 = !02"0 o !01"0
1."® is an exact abstraction of I.": o/ o!." =1."°0 ¢/, with o/ : D® —

N: y— [y,y]. In the following, we show that exact abstraction fails if
the following conditional structure is added to the language:

if x > 0 thenC elseC

The concrete semantics is extended as foll|ows:

1C(y) ify >0

lif x > 0 thenC; elseCy" =y —
105" (y) otherwise

Since, ify € [—1,1], then !if x > 0 then x:=x+ 1 else x=x—2"(y) €
[—3, —2] U (1, 2] which is not an interval, the abstract semantics !."° is
extended using approzrimation:

lif x > 0 then C; elseCy"® = [a, b] — 1C1"°([a, b]) W 1C3"°([a, b])

where [a, b W [¢, d] := [min(a, c), max (b, d)].
As a consequence, !if x > 0 then x:=x+ 1 else x=x—2"°([-1,1]) =
[—3,2]. 1."® is no more an exact abstraction of !.". However, it is a

sound approximation of the concrete semantics in the sense that for
any C, if y € [a,b] then !C"(y) € 1C"°([a,b]). Soundness is formalised
as follows in the abstract interpretation framework.

Definition 1.1.2 (Soundness of abstract semantics Cousot and
Cousot (1977)) !."# : D — D* is a sound abstraction of !." : D — D,
if there exists a soundness relation o € D x D* such that for any C,

(u,v) €0 = (1C"(u),!C"*(v)) € o

In the interval analysis, we consider o := {(y, [a,b]) | a <y < b}. Thus
any interval which contains y is a sound approximation of y. However,
intuitively, if [a’, V'] C [a, ] then [a/,b] is a more precise approximation
than [a,b]. More generally, the precision of the approximation can be
measured if there exists an approximation partial order < on the abstract
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domain such that (u,v) € ¢ and v < w implies (u,w) € o. This is the
abstract soundness assumption. Moreover, there is a best approximation
(best abstraction assumption) if there exists an abstraction function « :
D — D! such that (u,a(u)) € o and if (u,v) € o then a(u) < v.

Theorem 1.1.1 (Soundness theorem) Under the abstract soundness
and best abstraction assumptions, !." is a sound abstraction of !." if | "
is <-monotonic and

ao!."j!."ﬁoa

[."ﬁ

Dt Dt
« >~ «
[ o
D D

Proof For a given program C, let (u,v) € o. According to the best
abstraction assumption, a(u) < v, so !C"#(a(u)) < 1C"¥(v). Thus,
a(!C"(u)) = 1C"#(v). Moreover (!C"(u),a(!C"(u))) € o, so according
to the abstraction soundness assumption, (!C"(u),!C"¥(v)) € o. J

In the interval analysis example, abstract soundness and best abstrac-
tion assumptions are satisfied if the approximation partial order is the set
inclusion, and « :: y — [y, y]. Moreover for any C, !C"® is C-monotonic
and ao!C" C1C" o q.

Notice that in general, an abstract semantics can be refined in order
to obtain a more precise analysis, the counterpart is often that this re-
finement makes the abstract semantics more complex to compute. For
instance, one can refine the abstract semantics of the conditional struc-
ture as follows:

#1C,"([a,b)) ifa>0
lif x > 0 then C; elseCy"°([a,b]) = , 1C5"*([a, b]) ifb<0
91C1"([a, b]) W1 Cy"°([a, b]) other.

This refined abstract semantics is sound and gives more precise re-
sults than the previous one. Indeed, the refined semantics is such that
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lif x > 0 then x:= 2« x else x=x+1"°([4,5]) = Ix:=2xx"°([4,5]) =
[8,10] instead of the less precise interval [5, 10] obtained with the previ-
ous version.

1.1.2 Quantum computing basics

The basic carrier of information in quantum computing is a 2-level quan-
tum system (qubit), or more generally a register of n qubits. According
to the first postulate of quantum mechanics Nielsen and Chuang (2000),
the state of a n-qubit register is a normalised vector of a Hilbert space
C2". The computational basis of a 2"-dimensional Hilbert space C2"
is an orthonormal basis denoted {| z),z € {0,1}"}. So, a general state
|¢) € C?" can be written as:

&
O‘X|$>7
xe{0,1} ™

with x€{0,1} lax|?> = 1. Vectors, inner and outer products are ex-
pressed in the notation introduced by Dirac. Vectors are denoted
|¢); the inner product of two vectors, |¢), |¢) is denoted by (p|v).
If |o) = xe{o,1}nax|$> and |[¢) = xe{o,1}nﬁx|$>v then (p|) =

(0,13 O Bx (where a* stands for the complex conjugate). The
left hand side (p| of the inner product is a bra-vector, and the right
hand side |¢) is a ket-vector. A bra-vector is defined as the ad-
joint of the corresponding ket-vector: if |p) = o 1yn ax|z), then
(el = lo) = yeroaynaxfzl. The braket notation can also be
used to describe outer products: |p)()| is a linear operator such that
(le)(W)le) = (Yle) |¢). The state of a register composed of 2 sub-systems
in state |p) € C?" and |¢)) € C*” respectively, is the normalised vector
lo)® ) € C¥" @C?" =~ C2""™ where ® is the tensor product. For any
x€{0,1}",y € {0,1}™, |z,y) denotes |z) ® |y).

An isolated system evolves according to a linear map U € L(C?")
transforming a state |p) € C?" into Ulg). This evolution has to be uni-
tary i.e., U U =UU = 1. A unitary transformation U is approximated
by V within € > 0 if ||[U — V|| < . Any n-qubit unitary transformation
U can be approximated within an arbitrary accuracy by composing uni-
tary transformations from the universal set of unitary transformations
{H,T," X}, composed of two 1-qubit and one 2-qubit unitary trans-
formations, called respectively Hadamard, Phase and Controlled-Not.
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Notice that there exist several universal families of unitary transforma-
tions in the literature Nielsen and Chuang (2000).

*

o O O =
o O = O

Moreover, we consider the following unitary transformations, called
Pauli operators o, := T%, oy := Ho, H and oy = T%26,T2%0,:

Co 1) Co o) (1o

10 YT i o %7 -1

ox =

A projective measurement is a probabilistic evolution described by a
complete family { B}ica of orthogonal projectors i.e., Vi,j € A,BF =
dij P (where § is the Kronecker delta) and ;.5 B = I. A measurement
produces a classical outcome i € A and transforms the state |p) € C2"
into —242l_ with probability (| P |p).

V{(elPile)

1.2 A quantum programming language

Several quantum programming languages have been introduced recently,
for a complete overview see Gay (2006) and Selinger (2004a). In this
paper, we introduce a Quantum Imperative Language (QIL), the syntax
is similar to the language SQPL introduced by Abramsky Abramsky
(2004), except for quantum measurements which are treated implicitly
in QIL, like in QML Altenkirch and Grattage (2005b,a).

A QIL program is a pair (Q,C), where Q ={qo,...,qn} is a finite set
of symbols representing a finite memory of qubits, and C' is a command
defined as follows:

C = skip
| C1;C2
| if ¢ thenCy elseCy
| whileg do C
| ox(q) | oy(q) | o2(q)
|
|

H(g) | T(q)
CNot(q, q)

Notice that QIL is not limited to a unitary fragment, since according
to the semantics of the language, quantum measurements are encoded
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into the conditional structures of the language: when a qubit ¢ is used
as a condition, ¢ is first measured, then the classical outcome of the
measurement plays the role of the boolean evaluation of the condition.
We introduce the operational semantics of the language. For a given
qubit g, let |trueg) (frue) and |false) (false) be the two basis states
of q. The state of ¢ is then a normalised vector of the Hilbert space
Hq = {aftrueq) + Olfalsq) | a, 8 € C} = C%. For a gigcn finite set @ of
qubits, the state of @ is a normalised vector of Hg = = (.o Hg = Czlm,
i.e. an element of the unit sphere H(lg ={l¢) € Ho | lllp)ll = 1} of
Hq. A pair [C,|g)] such that (Q,C) is a program and |p) € H§ is a
configuration. The final configurations are [Skip, |¢)] for any |p). The
operational semantics is given as a probabilistic transition system —p
defined as follows:
For any U € {ox, 0y,0,,H, T},

[U(q),¢)] —1 [skip, Ugle)]

[C1,l¢)] —p [C1, 1¢")]
[C1; Ca;|)] —p [CF; Cay |¢)]

[if g thenC} elseCs , aftrueg) ®|p)+Flfalse) @[1)] — |2 [Ch; [trueg)®|p)]
if gthenC| elseC , aftrueq)®|p)+Glfalsg) ®|v)] — 52 [Co; [false)®]y)]

[while g do C' ,|p)] —1 [if ¢ then (C;while ¢ do C') else skip, |¢)]

Let S(C,|¢), [¢)) be the set of all sequences [C,|p)] = [Co, [¥)o] —p,
[C1,l9)1] —ps 1 TP [Cx, l¢)k] = [skip,|¥)]. For any such sequence
¢, let #(c) = ik:1 pk. The probability (C)(|¢),|¥)) that an initial
configuration [C, |¢)] produces the state |¢) is defined as follows:

&
(O)p)s 1) = #(c)
ceS(Cule)[4))

Example 1 Let exl, ex2 and ex3 be three QlL-commands defined for a
memory composed of a unique qubit (Q ={q}):

ex1:while ¢ do H(q)
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ex2: whileq do H(q) ; ex3: whileq do H(q) ;
H(q) ; H(q) ;
if ¢ then if ¢ then
skip H(q)
else else
skip H(q)

The denotational semantics of these examples are given in examples 2,
3, and 4. For any |¢) € H{lq} ,

(exD(lg), Ifalsg) =1

Intuitively, ex1 is a false-state initialisation. Indeed, the computation
halts when the measurement of q projects the state of this qubit on the
basis state false, and if this measurement projects on true, then the
application of Hadamard creates a superposition that guarantees that the
next measurement projects the state of q on false with probability 0.5 so
that, even if the program may not terminate, the halting probability is 1.
For any |p) € H{lq} ,

(ex2(lg), [falsg) = 1/2
(€x9(lg), Itrue)) = 1/2

(©x3(I¢), %utrua + Ifalse)) = 1/2

1

(&x3(l»), 7

ex2 and ex3 can be seen as a coin tossing. €X2 produces true and false

(true) — |false)) = 1/2

with equal probabilities, while €X3 produces two superposition states with
equal probabilites.

1.3 Hierarchy of semantics

In this section three denotational semantics are introduced for the lan-
guage QIL. First, we review some basic notions of domain theory Abram-
sky and Jung (1994), a mathematical foundation for defining the seman-
tics of programs with recursions or loops by means of fixed points. We
introduce here only the notions we use.

A preorder (X,<) is a reflexive and transitive relation on X. An
element z € X is mazimal if Vy € X,z <y = x =y. Minimum
is defined dually. Given Y C X, an element z € X is an upper bound
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for YifyeY = y < z. If the set of all upper bounds of Y has a
minimum, it is called the least upper bound of Y or lub for short. LY
denotes the lub of Y if it exists.

Y C X is upward closed if forany y € Y andz € X,y <z = =z €
Y. Y C X is directed if for every finite set F' C Y, it exists an upper
bound y € Y of F.

Let (X, <) and (X', <’) be two preorders. A function f: X — X’ is
monotonic if t <y = f(z) <’ f(y).

A directed complete partial order (DCPO) is a partial order (D,C)
such that every directed subset of D has a lub. If (D,C) and (D’,C")
are two DCPO, a function f : D — D’ is continuous if it is monotonic
and for every directed subset X C D, f(UX) = Uf(X). A complete
partial order (CPO) is a DCPO with a minimum.

The following theorem is used for defining the denotational semantics
of programs with recursions or loops.

Theorem 1.3.1 (Fixpoint Theorem) Let D be a CPO. If f : D — D
is continuous, then f has a minimum fived point Ifp(f) i.e., the set of
d € D such that f(d) = d is not empty and has a minimum.

1.3.1 Probabilistic semantics

According to the postulates of quantum mechanics, the state of a quan-
tum system is a normalised vector in a Hilbert space, and its evolution
is probabilistic. Thus, a natural way to define a quantum semantics con-
sists in a quantum version of a classical probabilistic semantics, based
for instance on probabilistic power domains Jones and Plotkin (1989).

Since the evolution of a quantum system is probabilistic, the state of
memory is not, in general, a pure state but a probabilistic distribution
of pure states. Such a probabilistic distribution is represented by a
valuation on topological spaces. In the following, some definitions about
topological spaces and valuations are given.

For any set X, (X, 7) is a topological space if 7 C P(X) is a family of
subsets of X s.t.

¥(7)€T,X€T2'
¥FCr = Fer;
¥ Aj,AbeT = A NAyer.



12

The whole powerset (X, P (X)) is a topology on X called discrete topol-
ogy. Another example of topology is the Scott topology Scott (1972).
Let (D,C) be a DCPO. The Scott topology (D, 7) is defined as follows:
A € 7if A is upward closed and for every directed set Y C X, if UY € A,
then it exists y € Y s.t. y € A.

For a given topological space (X,7), v : 7 — [0,1] is a valuation if
and only if for every A, B € T:

¥ AC B = v(A) <v(B) (motonicity)
¥ v(0) =0 (Strictness)
¥ v(A)+v(B) =v(ANB)+v(AU B) (modularity)

A valuation v on a topolog'écal space (X, 7) is continuous if for every
directed subset A of (7, C), v( A) =supy ca ¥(Y). A discrete valuation
onaset X isamapv: X — [0,1]. A discrete valuation defines a unique
continuous valuation on the discrete topology by, for any Y C X,

vYl= " w(y)
yEeY

Since the set Y is not necessary finite, the sum over Y above is defined

as follows:
& &

fw) = s ()
yey ZCY and Z flmtezez

The support of a discrete valuation v on X is defined by supp(v) :={y €
X | v(z) # 0}. The set of discrete valuations on X is denoted Voo (X).

For any set X and any x € X, let nx : X — [0,1] be a discrete
valuation defined as follows:

1 ifx=y
h(y) = 0 otherwise

A valuation v on X is normalized if v(X) = 1 and sub-normalized
if v(X) < 1. Whereas normalized valuations are used to represent a
probability distribution, a sub-normalized valuation is adapted to the
representation of non terminating evolutions: a process which produces
a sub-normalized valuation v is a process that does not halt with prob-
ability 1 — v(X).

A continuous valuation on a DCPO (D, C) is a continuous valuation
on its Scott topology. Let V(D) be the set of continuous valuations on
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D. (V(D),C) is a DCPO as well Jones and Plotkin (1989), where C is
defined pointwise: v C p <= VA € 7,v(A4) < pu(A).

Lemma 1.3.1 For any set X, the set Voo (X) of discrete valuations on
X, ordered pointwise, is a DCPO.

Proof Let (X, <) be a flat DCPO, ie. Vz,y € X,z <y = z =y.
Since (X, <) is a DCPO, (V(X),C) is a DCPO as well. Moreover the
Scott topology of Voo (X) is nothing but the discrete topology. L]

Let Vo = Vio(Hg) = {v € H§ — [0,1]} be the set of discrete
valuations on H (12 According to lemma 1.3.1, (Vg, C) ordered pointwise
is a DCPO. Moreover (Vo,C) is a CPO with 0 (an evaluation with
empty support) as least element.

Now we are ready to define the denotational semantics of the lan-
guage QIL. The semantics of the language, called pure semantics, acts
on probabilistic distributions of pure states. Notice that a unitary trans-
formation and a projective measurement have foundamentaly di! erent
behaviors since the former is determinsitic and the latter is probabilistic.

Since any unitary transformation U is reversible, with U~ = U , the
probability that a quantum system is in state |p) after the application
of U is equal to the probability that the system was in state U |p)
before the application of U. Thus, U transforms a discrete valuation v
into Alp).v(U |¢)). Notice that the A-notation is used for representing
functions: A\z.y is a function which associates y with x, i.e. the function
T —y.

A projective measurement {P}icg, which is not reversible, pro-
duces the classical outcome ¢ € B and transforms a state |p) into

% with probability (¢|P|¢). Thus, { P }ieg produces the clas-
elPily

sical outcome i € B, and transforms a discrete valuation v into
o) Esupp() v(le)){plBle)n_ prie  (up to a normalisation).

(el P;le)
A measurement in the standard basis of a qubit g is represented by two

functions 77};“9 , W;alse

which describe how a discrete valuation v evolves
if the qubit ¢ is measured in the standard basis. Let ¢ € @ and x €
{true, falsg :

X
Yy

V, — V
q Q &Q

v [ lzg) v (10))1 deg) eabier
[{elzg)l
|¢)Esupp(v)
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Thus, the measurement of the ¢ in the standard basis transforms the
valuation v into mg"®(v) + ﬂaalse(y). The probability for the outcome to
be true is Wg”e(u)(Hé).

Definition 1.3.1 (Pure semantics) For any finite set Q, for any
command C, let [C], : Vo — Vg be defined as follows:

[skip, = I
[C1;Coly = [Calpo[Cily
[0(@]p = AvAlp).v(ogle))
[T@ly = Awde)v(Tyle))
[H@ly = Avg).v(Hyle))
[CNot(g1, g2)]p = Av.Alp)v(" Xq, q2|<p>)
lif ¢ then Cy elseCy |, = )\V-gcl]]p true +[Ca]p o false(y)
[whilegdoC ], = Ifp Afaw.f [[C]]p owgue(u) +7rg"|5e(y)

where Mq means that M is applied on qubit q.

Theorem 1.3.2 For any command C, [C], : Vo — Vq is continuous.

The proof is by induction on the command. Note that the continuity
of [C], guaranties the existence, thanks to the fixed point theorem 1.3.1,
of the least fixed point in the definition of the semantics of the while.

Example 2 The pure semantics of the programs defined in example 1
are given. The pure semantics of exlis

[ex]], = [while ¢ do H(q) [, = A\v.njraise)

Thus, this program outputs the state |falsé with probability 1, for any
initial valuation. Notice that if the Hadamard transformation is replaced
by a phase transformation, the pure semantics of the program is

&
[while ¢ do T(q) [, = Av. v(le)){plfalse|* nitaise

|p)Esupp(v)

Thus, the program while g do T(q) is a false state initialisation as well,
but with a halting pobability which depends on the im’tial valuation. For
instance if the initial state is a uniform superposition —= (|true> +|false)
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then the halting probability is 0.5:
. 1
[while ¢ do T(gq) ]]10(77(|true>+|false))/ \/5) = 577|false>

The pure semantics of €x2 and ex3 are

( L)

1
[exZ, = Av. inltrue) + 577|false>
and
(, , )
[ex3, = Av. §W(|true)+|fa|se>)/ vzt 577(|true>7|false>)/ V2)

which illustrates that these programs can be seen as a randomised prepa-
ration of the states |true) and |false for ex2 and (|true) +|false)/v/2 and
(Jtrue) — [false)/v/2 for ex3

Now we establish the adequacy between the operational semantics and
the probabilistic denotational semantics of the language.

Theorem 1.3.3 (Adequacy) For any program (C,Q), and any
o), 1) € Hg,

(@)1#);19)) = [Clo(my) (1)

Proof The proof is by induction on C. The adequacy for the condi-
tional command if ¢ then C; elseCy is detailed. If |p) = altrueg) ®
1)+ Blfalsey) @ |02) then 75U (n4)) = l*Nwue)@)pr) and () =
|81 faise) 2] 2) -

Thus, [if ¢ then C; else Co Jo(me)(l¥) = [Cilp o
T4 (M) (19)) + [Calp 0 T (mypy) (19)) = [l [Crlo (Mitruey wior) ) (1)) +
1B [Callp (Mitase @1¢2) ) (11)) = lo*(C1) (Itrue) @ le1))(l¥))  +
[817(C2) (Ifalse @ |@2))(14)) = (C) (1)) (19))- U

1.3.2 Indistinguishability

An external observer does not have access to the full description of a
quantum state. The distinction between two quantum states can only be
based on observations, i.e. on the classical outcomes of measurements.
If for any measurement, two probability distributions produce every pos-
sible classical outcomes with the same probability then these two states
are called indistinguishable, since there is actually no experimentation
for distinguishing these two states. More formally,
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Definition 1.3.2 (Indistinguishability) For any finite set Q, v, u €
Vg are indistinguishable, if for any measurement { P.}icg , and any i €
B,

&
v(lo) (el Ple) = u(le)) (el Ble)
) Esupp(v) lp) Esupp (1)
For instance, v = %nltrue> + %mfalse) and p = %n(|true>+|false>)/\/§ +

%77(|true)7|false))/ /3 are indistinguishable. Indeed, for any { P}icg , and
any i1 € B,

Z,u(|! NP %((true\PAtrue} + (true|P;|false) + (false|P;|true)

|1 yEsupp(p)
+ (false| P;|false)) + %((true|Pi\true) — (true|P;|false)
—(false| P;|true) + (false| P;|false))
= %((true|P¢\true> + (false| P;|false))
=3 e e

|! y€supp(")

1.3.3 Observable semantics

The pure semantics introduced above does not take indistinguishability
into account. Indeed for any v, [exZ,(v) and [ex3,(v) are indistin-
guishable, while [exd, # [ex3p.

In order to take into account the indistinguishability phenomenon,
probability distributions of pure states are abstracted into matrices,
called density matrices, using the following abstraction function

apo: V(CT) - CQ”;L?"

v v(le)le) (ol
|¢) €supp(v)

Lemma 1.3.2 Two probability distributions on pure states v, u are in-
distinguishable if and only if op o (V) = apo(1).

Proof Let v, 1 be two valuations such that oy, o(v) = apo(pt). For any
measurement { B }icg and any i € B, tr(F ap,o(v)) = tr(F ap,o (1)) since
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Qp,o (V) = ap,o(p), where tr(M) is the trace of the matrix M. Moreover,

tr(Papo(v) = tr(@ap,o(u))
= v(le)tr(Ple)(pl) = u(lo))tr(Ble) (el)
|w>6§upp(l/) |w>6§upp(u)
= v(lp)tr((plPly)) = p(le)tr((elBle))
|¢>Esuprél/) |¢>E§lep(u)
= v(lo) (el Ble) = 1)) (el P )

|¢)€supp(v) l¢)€supp(K)

So v and p are indistinguishable.

For the ’only if’ part, let M = ap,o(v) — ap.0(1t), and |¢) a normalised
eigenvector of M such that M|p) = Ale). So tr(|¢)(p|M) = A. Moreover
tr(le) (el M) = tr(lo){elap,o(v)) — tr(le)(plapo(p)) = 0. Thus, A =0,
50 Qp,o(¥) = apo(p)- O

Property 1.3.1 For any finite set Q, and any v € Vg, p = apo(V)
is a self-adjoint (p = p ) positive semidefinite (all the eignenvalues of p
are non-negative) complex matrix of trace less than one.

Proof For any v, oy, o(v) is self-adjoint, moreover for any |¢) € supp(v),
[©) (| is positive and,v(|¢)) > 0, thus apo(v) is positive semidefinite.
Finally, tr(ap,o(v)) = o) Esupp(v) v(le)) < 1. U

Let Dy € CNXN be the set of a self adjoint positive semidefinite
complex matrix of trace less than one.
Property 1.3.2 a,, : V(C?") — Dgn := loyesupp(v) Y@D)e) (¢l is
surjective.
Proof Let p = Ailgi){(¢i| be the spectral decomposition of a given
density matrix p. Let v be a valuation such that supp(v) ={| ¢i),i € A},
and v(|ei)) = Ai, then ap (V) = p. O

The action of unitary transformations and projective measurements
can be easily described in the density matrices formalism. For any den-
sity matrix p there exists a valuation v such that p = a; (V). Since,
a unitary transformation U maps v with A|p).v(U |¢)), U maps p with
p,o(Alp) V(U |9))) = Uap,o(V)U =UpU .
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Similarly, a projective measurement { P} }icg produces a classical out-
come i € B and transforms p into P pP with probability tr(F p).

For a finite set of variables @ = {qo,...,qn}, let Dg = D(Hqg) be
the set of density matrices on (). Selinger Selinger (2004c¢) has proved
that (Dg, C) where C is the Lowner partial order, is a complete partial
order:

Theorem 1.3.4 (Selinger (2004c)) The poset (Dq,C) is a complete
partial order with O as least element, where M T N if N — M 1is positive
(Lowner partial order).

The observable semantics of the language QIL, which is a denotational
semantics acting on density matrices, is defined as follows:

Definition 1.3.3 (Observable semantics) For any finite set Q, for
any command C, let [C], : Do — Dq be defined as follows:
[skiplo=1
[C1; Co]o=[C2]6 © [Ci]o
[o(a)]o=Ap.0qp0q
[H(@)lo=Ap.HapH,
[T(@)]o=Ap.TqpTy
[CNot(q1, C_I2)]]o=)\p-"3Xq1,q2P" qu,qz 4
[if ¢ then C; elseC, ]]O:)\pg [[Cl]]%(Pér”epPg”e) + [Calo(PEsep PR
[while ¢ do C' ],=lfp i\& FAp. fo[Clo(Py e pPy e+ P pPietse

=Ap. (Fprase o ([Clo © Fpwe )™ (p))

nen
where PYe :( Lo ) and Pfalse:( 00 ) Fy = p.MpM
0 0 01 7 ’ ’
(, )
Example 3 [ex1], = \p.P™¢ [exT, = \p. (2) 1 and [exd, =
(. ) 2
Ap. 2
0 3

Lemma 1.3.3 For any finite set Q and any command C, [C], : Dg —
Do is a superoperator i.e. tr([Clo(p)) < tr(p) and (I« @ [Clo)(p') is
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positive for any k > 0 and any p, p' positive, where Iy : CK — CX is the
identity map.

Proof The proof is by induction on the command C. For instance, if
C = if g then C; elseCy then for any positive matrix p, [C]o(p) =
Fy (P pPiU®) 4 Fy(PRSepPRse) where Fy and F are superoperators
by induction hypothesis.

tr([Clo(p)) tr(Fy (p(t‘rueppérue)) + tr(Fy (Pchalseppcgalse))
tr(P(t‘ruepPérue) 4 tr(péalseppcflalse)
tr(Pér“ep) 4 tr(Péalsep)

tr((Pe + tr(PRe)p)

tr(p)

A

Moreover, for any k > 0, P} pP! is positive, so Ik @ F} (P! pP)) is positive,
thus Iy ® [C]o(p) is positive. O

Observable and probabilistic semantics of QIL are not equivalent,
as it is illustrated in examples 2 and 3: [exd, = [ex3, whereas
[ex?, # [ex3,. However, observable semantics is an exact abstrac-
tion (see section 1.1.1) of the pure semantics:

Lemma 1.3.4 [.], is an ezact apo-abstraction of [.]p, i.e. for any
command C,

[Clo o apo = apo o [Clp

Dq Dq
ap,o Oép o
|
Vo = Vo

Proof The proof is by induction on the command C. The proof is im-
mediate for the commands skip, the composition and the unitary trans-
formations o, H, T, and CNot. For the if case, the main two ingredients
of the proof are:
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— for any v € Vg,

*

&
Qp,o [{ltrueg) 20 (19))1 (eg) teghier | = Py, o (1) P8
|¢)€supp(v) {eltueg) |

— Qp,o 1s linear: for any vy, ve, apo(v1 + 12) = apo(V1) + ap,o(12)
For the while case, in order to preserve the least fixed point, the conti-
nuity of ayp,,, is used. U]

Lemma 1.3.4 establishes a connection between two domains used in
quantum computation Abramsky (2004); Selinger (2004c). Observable
and pure semantics are not equivalent, however the observable semantics
is an abstraction of the pure one. This abstraction carries the indistin-
guishability to the pure semantics: let C; and C5 be two commands such
that [C1]p # [C2lp and [Ci]o = [C2]o, then for any v € Vg, [Ci],(v)
and [C1]p(v) are indistinguishable. However, even if observable and
pure semantics are not equivalent, none of them violate the postulates
of quantum mechanics.

1.3.4 Admissible semantics

According to the Krauss representation theorem Choi (1975), for any
superoperator F', there exists a set of linear maps { M }jca such that F' =
p—  iea MipM; and ;.o M; M; C I. Such a set of linear maps is
called an admissible transformation or general measurement. Admissible
transformations can also be used to group two postulates of quantum
mechanics into one. Indeed, the postulate on unitary evolutions and the
one on projective measurements can be seen as special cases of a more
general postulate on admissible transformations. In this formulation,
a quantum system (isolated or not) evolves according to an admissible
transformation { M;}ica, such that the application of { M;}ica on a state
|¢) produces the classical outcome i € A with probability (p|M; M;|p),
and the state of the system becomes %]\/L [o).
V{eIM M i]e)

If an admissible transformation is composed of a unique unitary trans-
formation U, then there is a unique classical outcome which probability
to occur is one, and the admissible transformations maps |¢) with Uly),
thus one can recover the postulate on isolated systems. Moreover, if an
admissible transformation is composed of projectors only, then this is
nothing but a projective measurement.
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In this section, we introduce an admissible semantics, which associates
with any program an admissible transformation.

Let M xy be the set of all,countable multisets { Mj}ieca such that
Vie A,M; € L(Hx ,Hy) and ;.5 M; M; € Iy . Let mg (x) be the
multiplicity of x in the multiset K, i.e. the number of occurrences of x
in K. For any two multisets K and L, K C L if for any z, mg (z) <
my (). The join KW L is such that for any x, mg w_ (z) = mk (x) +
my (z). Moreover, composition o of admissible transformations is defined
as follows: for any {Mi}ien € Myz ,{M/}jes € M xy , {Mi}iea ©
{M}jes ={MiM}ij)eaxs EMxz .

Let Ex :=M yx , where Hy = C. A linear map M € L(C,Hx ) = Hx
is a quantum state preparation which associates with the state of an
empty system, the state M (1) = |¢) € Hg. A quantum state prepara-
tion can be identified with the prepared state. The elements of Ex , called
ensemble states, are multisets of (not necessary normalised) pure states
¢biea such that cp (ailer) = ea lleDI? < 1. fl@i)}bica € B
can be interpreted as an encoding of a probability distribution where
the probability is encoded in the norm of the vector: {%, %} means
|0) with probability 0.5 and |1) with probability 0.5. Such an encoding
is used in Danos et al. (2007).

An admissible transformation L € M xy can be interpreted as a map
Ex — Ey such that for any £ € Ex, L(E) = Lo E.

For any finite set @, let M g := M g . In order to define an admis-
sible semantics for the language QIL, the completeness of partial order
set (M g, Q) is proved:

Theorem 1.3.5 (M o, Q) is a complete partial order with {0} as least
element.

Proof Let Ly C Lq... be an increasing sequence. Assume w.l.0.g that
Li ={M;}c, where J; is an interval of N such that 0 € [j and I; C I; 4.
The increasing sequence Iy C I; C ... has a limit J C N, thus the least
upper bound of Ly C Ly ...1is L = {Mi}icy. Moreover, i€j M; M; =

limn — oo ielnMMgLsoLeMQ. [}

Definition 1.3.4 (Admissible semantics) For any finite set Q, for
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any command C, let !1C", € M g be defined as follows:

Iskip's, = {I}
100" = 10", 010",
!U(q)l|a = {Uq}
'H(q)"a = {Hq}
T(g)"a = {Tg}
ICNot(q1,q2)"s = {3 Xoy,a2} 4 3 4
lif g then Cy elseCy "y = 101", o { Py} & 10y, o{P;a'Se}
i 53 fal 4
Iwhilegdo C ", = { P o (1C" o { PyUe})"
k=0
Example 4 ( )
; true \n 1 10
Since for any n > 1, (HP™)" = 5 Lo
lexl'. — {(0 0)}5{( 0 O)}
hte T 0 1 sim 0 M0
oo 1 o) 1 o)
e = V5 00 a0 -1
( 1 0 ) 0 0 )
] 2(n+1)/2 , N
R
’ 1( 0 1 ) 1( 0 -1 )
el =5 g1 03 9 1}
( 1 ) L ( )
__1__ 1 _-1_ 9
W { 2(n+2)/2 = 2(n+2)/2 } 0
swimr 0’2 gewmpm 007

Notice that the admissible semantics of a program is a multiset of
linear maps, such that each linear map is associated with a branch of the
program. The admissible semantics is not equivalent to the observable
semantics since !ex2', # 1ex3',, whereas [exZ), = [ex3,. Moreover, one
can prove that [ex1],, = [whileq do H(q) ], = [H(q); while ¢ do H(q) ],
but !ex1', # ! H(q);while ¢ do H(q) ", so the admissible semantics is

not equivalent to the pure semantics.

In the following, we show that observable and pure semantics are exact

abstraction of the admissible semantics.
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Definition 1.3.5 (Abstraction function aap) For any Q, let aap :
Eq — Vo such that for any E = {|¢i)}ien € Eq, supp(aap(E)) =
{iertien and aan(B)(250) = (wiler).

Lemma 1.3.5 [.], is an ezact oy p-abstraction of 1.",, i.e. for any
command C,

[Clpotap =aapo!C"s

Vg ——— Vo

Qa,p Qa,p

B — " E

Proof The proof is by induction on the command C, and based on
the continuity of o, and its linearity: aap({Mitica W{Nj}jeg) =
a‘d,P({M}iEA)+aa,p({]\]j}jEB)- [

Definition 1.3.6 (Abstraction function aa o) For any Q, let o :
Eq — Dg it apooap:

&
aso{li)tiea) = loi)(wil
ieA

Lemma 1.3.6 [.], is an exact o, o-abstraction of 1.",.

[Clo © Qtayo = tap 0 1C"y

Lo

Dq Dq
Qa0 Qa0
o
Eq Eo

Proof [Jootao = [Jo00p,000ap = poo[.Jpoap = apootapo!l.s

| n
Qa0 !y

O
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Exact abstractions between the semantics established in lemmas 1.3.4,

1.3.5, and 1.3.6 lead to a semantic hierarchy:

Theorem 1.3.6 (Hierarchy of quantum semantics) For any com-
mands Cy,Cs,

1oy, =10y", — [[Cl]]p = [[CQ]]p
[[Cl]]p [[CZ]]p = [[Cl]]o = [[02]]0

Lo

Va Vo
A
Ofa'p aa,p
Lo
Eq Eo

1.4 Entanglement analysis

Quantum entanglement is a non-local property of quantum mechanics.
The entanglement reflects the ability of a quantum system composed of
several subsystems, to be in a state which cannot be decomposed into
the states of the subsystems. Entanglement is one of the properties
of quantum mechanics which caused Einstein and others to dislike the
theory. In 1935, Einstein, Podolsky, and Rosen formulated the EPR
paradox Einstein et al. (1935).

On the other hand, quantum mechanics has been highly successful in
producing correct experimental predictions, and the strong correlations
associated with the phenomenon of quantum entanglement have been
observed indeed Aspect et al. (1981).

Entanglement leads to correlations between subsystems that can be
exploited in information theory (e.g., teleportation scheme Bennett et al.
(1993).) The entanglement plays also a decisive, but not yet well-
understood, role in quantum computation, since any quantum algorithm
can be e$ ciently simulated on a classical computer when the quantum
memory is not entangled during all the computation. As a consequence,
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interesting quantum algorithms, like Shor’s algorithm for factorisation
Shor (1994), exploit this phenomenon.

In order to know what is the amount of entanglement of a quantum
state, several measures of entanglement have been introduced (see for
instance Nielsen and Chuang (2000)). Recent work consists in character-
ising, in the framework of the one-way quantum computation Van den
Nest et al. (2006); Danos and Kashefi (2006); Browne et al. (2007), the
amount of entanglement necessary for a universal model of quantum
computation. Notice that all these techniques consist in analysing the
entanglement of a given state, starting with its mathematical descrip-
tion.

In the following, an entanglement analysis based on the framework
of abstract interpretation is presented. The representation of entangle-
ment, i.e. the design of the abstract domain is a key issue. A repre-
sentation of entanglement as a partition of the memory is chosen. An
abstract semantics is introduced, and the soundness of the approxima-
tion is proved.

1.4.1 Entanglement

Quantum entanglement is a non local property which has no classical
counterpart. Intuitively, a quantum state of a system composed of sev-
eral subsystems is entangled if it cannot be decomposed into the state
of its subsystems. A quantum state which is not entangled is called
separable.

More precisely, for a given finite set of qubits @, let n = |Q|. For
a given partition A, B of @), and a given p € Dayn, p is biseparable
according to A, B (or (A, B)-separable for short) if and only if there
exist K, px > 0, pft and pf such that

& A B
pP= DPkPk D pg
keK

p is entangled according to the partition A, B if and only if p is not
(A, B)-separable.

Notice that biseparability provides a very partial information about
the entanglement of a quantum state, for instance for a 3-qubit state p,
which is ({1},{2, 3} )-separable, qubit 2 and qubit 3 may be entangled
or not.

One way to generalise the biseparability is to consider that a quantum
state is m-separable — where 7 = {Q;,j € J} is a partition of @ — if and



26
only if there exist K, px > 0, and pg’ such that
* -

& 6
p= o pl
keK jed
Notice that the structure of quantum entanglement presents some

interesting and non trivial properties. For instance there exist some 3-
qubit states p such that p is bi-separable for any bi-partition of the 3
qubits, but not fully separable i.e., separable according to the partition
{1},{2},{3}} . As a consequence, for a given quantum state, there is
not necessary a best representation of its entanglement.

Example 5 Quantum entanglement between two qubits g2 and q3 can
be created for instance by applying H and " X on an appropriate state.
Such an entangled state can then be used to teleporte the state of a
third qubit g1. The protocol of teleportation Bennett et al. (1993) can be
described as (teleportation { ¢, g2, g3} ), where

teleportation: H(gz);
CNot(qa, g3);
CNot(q1, g2);
H((Il);
if ¢, then
if g2 then skip elser(gs)
else
if g2 then o,(g3) elseoy(gs)

The program (teleportation {q1, g2, q3}) realises the teleportation from
¢ to g3, when the qubits g2 and g are both initialised in state P™€: for
any p € Do,

*

&

[teleportatior], (p ® P™¢ @ P™¢) =, PKe P! ©p

R

k,I { true,false}

1.4.2 Standard and diagonal basis
For a given state p € D? and a given qubit ¢ € Q, if p is ({¢}, Q\{ ¢} )-
separable, then ¢ is separated from the rest of the memory. Moreover,
such a qubit may be a basis state in the standard basis (s) or the diagonal
basis (d), meaning that the state of this qubit can be seen as a ’classical
state’ according to the corresponding basis.
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More formally, a qubit g of p is in the standard basis if there exists
po,p1 > 0, and pg,p1 € DO such that p = pePy ® po + p1P1 ®
p1. Equivalently, ¢ is in the standard basis if and only if Péq) pqu) =
qu)pP(()q) = 0. A qubit ¢ is in the diagonal basis in p if and only if ¢ is
in the standard basis in H@ pH @

Notice that some states, like the maximally mixed 1-qubit state %(PoJr
P;) are in both standard and diagonal basis, while others are neither in
standard nor diagonal basis like the 1-qubit state THPoHT .

We introduce a function 3 : D — B, where B? = Q — {s,d, T, L},
such that 3(p) describes which qubits of p are in the standard or diagonal
basis:

Definition 1.4.1 For any finite Q, let 3: DR — B such that for any
p € DR, and any q € Q,

g L if q is in both standard and diagonal basis in p
Blp) = s if q is in the standard and not in the diagonal basis in p
Pl gd if q is in the diagonal and not in the standard basis in p
0
-

otherwise

1.4.3 Analysis of entanglement evolution

What is the role of the entanglement in quantum information theory?
How does the entanglement evolve during a quantum computation? We
consider the problem of analysing the entanglement evolution on a clas-
sical computer, since no large scale quantum computer is available at
the moment. Entanglement analysis using a quantum computer is left
to further investigations. Notice that this is not clear that the use of a
quantum computer avoids the use of the classical computer since there is
no way to measure the entanglement of a quantum state without trans-
forming the state.

In the absence of quantum computer, an obvious solution consists in
simulating the quantum computation on a classical computer. Unfortu-
nately, the classical memory required for the simulation is exponentially
large in the size of the quantum memory of the program simulated.
Moreover, the problem SEP of deciding whether a given quantum state
p is biseparable or not is NP HardGurvits (2003). Furthermore, the in-
put of the problem SEP is a density matrix, which size is exponential
in the number of qubits. As a consequence, a classical simulation is not
suitable for an e$ cient entanglement analysis.
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To tackle this problem, a solution consists in reducing the size of the
quantum state space by considering a subspace of possible states, such
that there exist algorithms to decide whether a state of the subspace
is entangled or not in a polynomial time in the number of qubits. This
solution has been developed in Gay et al. (2007), by considering stabiliser
states only. However, this solution, which may be suitable for some
quantum protocols, is questionable for analysing quantum algorithms
since all the quantum programs on which such an entanglement analysis
can be driven are also e$ ciently simulable on a classical computer.

In this paper, an approach based on approximation is rather preferred.
This solution is based on the framework of abstract interpretation. Since
a classical domain for driving a sound and complete analysis of entan-
glement is exponentially large in the number n of qubits, we consider an
abstract domain of size n and we introduce an abstract semantics which
leads to a sound approximation of the entanglement evolution during
the computation.

1.4.8.1 Abstract semantics

The entanglement of a quantum state can be represented as a partition
of the qubits of the state (see section 1.4.1), thus a natural abstract
domain is a domain composed of partitions. Moreover, for a given state
p, one can add a flag for each qubit g, indicating whether the state of this
qubit is in the standard basis s or in the diagonal basis d (see section
1.4.2).

Definition 1.4.2 (Abstract Domain) For a finite set of variables Q,
let AQ = BQ x! Q be an abstract domain, where B = Q — {s,d, T, 1}
and ! Q is the set of partitions of Q:

7
19 = {7 C p(QV 0}] X=Qand (VX,Y €7, XNY =0or X =Y)}

X em

The abstract domain A is ordered as follows. First, let ({s,d, T, L}, <
) be a poset, where < is defined as: 1L <s < Tand L <d<T. (B?,<)
is a poset, where < is defined pointwise. Moreover, for any m, 7 € ! Q|
let m1 < o if w1 rafines mo, i.e. for every block X € m; there exists a
block Y € m, such that X C Y. Finally, for any (by,7), (by, m) € AQ,
(bl,ﬂ') S (bg,ﬂ'g) if b1 S bg and 1 S 2.
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Proposition 1.4.1 For any finite set @, (AQ, <) is a complete partial
order, with L = (A.L,{{ ¢},q € Q}) as least element.

Proof Every chain has a supremum since @ is finite. L]

Basic operations of meet A and join V are defined on AQ.

A removal operation on partitions is introduced as follows: for a
given partition 7 = {Qj,i € I}, let 7\ ¢ ={Qi\{ q¢},i € I} U{{ q}}.
Moreover, for any pair of qubits ¢1,q2 € @, let [q1,92]) = { ¢ | ¢ €
QM a1, a2} A, a2} -

Finally, for any b € B9, any q,q € Q, any k € {s,d, T, L}, let
!
po—k _ ko ita=qo

d bq otherwise

We are now ready to define the abstract semantics of the language:

Definition 1.4.3 (Denotational abstract semantics) For any pro-
gram (C,Q), let 1C", : A° — AR be defined as follows: For any
(b,m) € AC,

I'skip'a (b, )= (b, 7)
1C1; Co" o (b, m)=1C5", 0 1 C1"a(b, )
to(q)"a(b, m)=(b, )

TH(g)"a(b, m)=(b9"9 1) if bg = s
=975, 7) if bg =d
=(b, ) otherwise

IT(q)"a(b,m)=(9"T,7) if bg =d
=0Y7%,7) ifbg = L
=(b, ) otherwise

ICNot(q1, g2)"a(b,m)=(b,m) if bg, =s orbg, =d
=178, m)  ifbg, = L and by, > L
=99 1) ifbg, > L and bg, = L
=(p0—=s92=d 1) if b, = L and by, = L
=(b92=T 7V [q,q2]) otherwise
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lif ¢ then C; elseCs ", (b, ) = (1C1"a(b973,w\ q) V1", (6973, 7\ q))

!while g do C ", (b, 7T):gp()\fg\w.(fO!C"a(qus,z\ q) Vv (b973, 71\ q)))
= ey Fio(1C"ao FE)"

where F(? = A(b,m).(b9% 7\ q).
Intuitively, quantum operations act on entanglement as follows:

¥ A 1-qubit measurement makes the measured qubit separable from the
rest of the memory. Moreover, the state of the measured qubit is in
the standard basis.

¥ A 1-qubit unitary transformation does not modify entanglement. Any
Pauli operator o € {oy,0y,0,} preserves the standard and the diago-
nal basis of the qubits. Hadamard H transforms a state of the stan-
dard basis into a state of the diagonal basis and vice-versa. Finally
the phase T preserves the standard basis but not the diagonal basis.

¥ The 2-qubit unitary transformation " X, applied on ¢; and ¢o may
create entanglement between the qubits or not. It turns out that if
q1 is in the standard basis, or ¢ is in the diagonal basis, then no
entanglement is created and the basis of ¢; and ¢o are preserved.
Otherwise, since a sound approximation is desired, " X is abstracted
into an operation which creates entanglement.

Notice that the space needed to store a partition of n elements is O(n).
Moreover, meet, join and removal and can be done in either constant or
linear time.

Example 6 The abstract semantics of the teleportation (see ex-
ample 5) is lteleportation, : Afaugzasd . Alddzdsl -
A(b, 7). (b092=8A3=T " | ) Thus, for any S-qubit state, the state of the
memory after the teleportation is fully separable.

Assume that a fourth qubit qq is entangled with q; before the telepor-
tation, whereas qo and qs are in the state P™®. So that, the state of
the memory before the teleportation is [q1, qa]-separable. The abstract
semantics of (teleportation {¢1, q2, s, qa}) is such that

lteleportationt', (b, [q1, qa]) = (b%92=58=T a0 g4])

Thus the abstract semantics predicts that qs is entangled with q4 at
the end of the teleportation, even if q3 never interacts with q4.
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Example 7 Consider the program {(trap,{qi, q2}), where
trap = CNot(q1, g2); CNot(q1, ¢2)

Since " X is self inverse, [trap], : D{9a2} — pladzt — \p p. For
instance, [[trap]]o(%(])true 4 Pfalse) ® Ptrue) — %(Ptrue 4 Pfalse) ® ptue,
However, if by, = d and by, = s then

ttrap”a (b, {{ a1} {2} ) = (6% "9 T {{ g1, @21} )

Thus, according to the abstract semantics, at the end of the computa-
tion, 1 and gy are entangled.

1.4.3.2 Soundness

Example 7 points out that the abstract semantics is an approximation,
so it may di! er from the entanglement evolution of the concrete seman-
tics. However, in this section, we prove the soundness of the abstract
interpretation (theorem 1.4.1).

First, we define a function 3 : D? — B such that 3(p) describes
which qubits of p are in the standard or diagonal basis:

Definition 1.4.4 For any finite Q, let 3 : DR — B such that for any
p €DV, and any q € Q,

g s if P;rue# P;alse - P;alse#P;rue =0
d Zf (Pérue+ P;alse)#(P;rue _ P;alse)z( P;rue_P;alse)#(P;rue_'_ P;alse) =0

"y

A natural soundness relation is then:

B(p)g

otherwise

Definition 1.4.5 (Soundness relation) For any finite set Q, let 7 €
©(DQ,AQ) be the soundness relation:

T ={(p, (b,7)) | p is w-separable and B(p) < b}

The approximation relation is nothing but the partial order <: (b, )
is a more precise approximation than (b',7’) if (b,7) < (¥, 7’). Notice
that the abstract soundness assumption is satisfied: if p is m-separable
and m < 7’ then p is n’-separable. So, (p,a) € 7 and (p,a) < (p',d’)
imply (p,a’) € 7.

However, the best approximation is not ensured. Indeed, there exist
some 3-qubit states Eggeling and Werner (2001); Bennett et al. (1999)
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which are separable according to any of the 3 bipartitions of their qubits
{a,b,c} but which are not {{ a},{b},{c}} -separable. Thus, the best
approximation does not exist.

However, the soundness relation 7 satisfies the following lemma:

Lemma 1.4.1 For any finite set Q, any p1,p2 € D9, and any a1,as €
AQ,

(p1,a1), (p2,a2) €T = (p1+pa,m V) €T

Moreover, the abstract semantics is monotonic according to the ap-
proximation relation:

Lemma 1.4.2 For any command C, !C", is <-monotonic: for any
T, T € AQ,

m < Ty —> !C"a(ﬂl) < !C"a(ﬁg)
Proof The proof is by induction on C. |

Theorem 1.4.1 (Soundness) For any program (C,Q), any p € D,
and any a € AQ,

(p,a)er = (1C"(p),!C"s(a)) €T

Proof The proof is by induction on C.
O

In other words, if p is m-separable and S(p) < b, then 'C"(p) is 7'~
separable and B(1C"(p)) < V', where (V/,7") =1C",(b, 7).

1.5 Conclusion and perspectives

In this paper, two applications of abstract interpretation in quantum
information processing have been presented: for establishing a hierar-
chy of quantum semantics ; and for analysing entanglement evolution.
These works demonstrate that abstract interpretation techniques can by
successfully applied in quantum computing.

There are several perspectives for development of this work. First,
more general settings can be considered. Indeed, the simple quantum
imperative language considered in this paper is expressive enough to en-
code any quantum evolution. However, a perspective is to develop such
abstract interpretations in a more general setting allowing high-order



Abstract Interpretation Techniques for Quantum Computation 33

functions, representation of classical variables, or unbounded quantum
memory.

Regarding the entanglement analysis, a perspective in order to reach
a more precise entanglement analysis, is to refine the abstract domain,
adding for instance a third basis, since it is known that there are three
mutually unbiased basis for each qubit. The objective is also to provide a
practical tool for analysing entanglement evolution of more sophisticated
programs, like Shor’s algorithm for factorisation Shor (1994).

Another perspective is to consider that a quantum computer is avail-
able for driving the entanglement analysis. Notice that such an analysis
of entanglement evolution is not trivial, even if a quantum computer is
available, since a tomography White et al. (2007) is required to know
the entanglement of the quantum memory state.
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