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Abstract. This paper focuses on the Aj-calculus, a formalism with
jumps inspired from linear logic, and based on the notion of multiplicity.
We consider terms with metavariables, and we prove metaconfluence of
the calculus equipped with an equivalence relation. This confers to Aj
all the good properties that one can expect.

1 Introduction

The structural E| calculus A\j [AKIO] corresponds to a lambda-calculus with
Jjumps which constitutes a term approach of a recent alternative [AG09] to
proof-nets [Gir87]. The Aj-calculus brings three main novelties which confers
originality:

— Usually, calculi decomposing the beta reduction such as calculi with explicit
substitutions are based on the notion of structure, that is substitutions go
through the structure of terms until variables are reached. The rules of these
systems are basically designed as being a case analysis on which term is
at the left of the substitution. Here, rules are only defined by case analysis
on the number of occurrences of the variable bound by the substitutions.
There exists other calculi specified in this way, but they also incorporate an
analysis on met constructors [KR09).

— When some substitution bounds only one occurrence of a variable, action at
distance is performed, that is the usual meta-level substitution is triggered.
This is why the term jump is used instead of explicit substitutions. Despite
the use of an implicit operator for substitution, Aj still belongs to the family
of calculi with explicit substitutions. Indeed, when Aj is implemented with
graphs, the substitution of a unique occurrence is an atomic operation which
does not require a global side-condition.

— The last one, which will make more complex our work, is the use of a non-
deterministic replacement to specify contraction, an operation once again
motivated by proof-nets.

The rewriting system of Aj consists of only four rules, and has all the good
properties that one can expect: confluence on terms, strong normalization of

! the notion of structure is the one of structural rules in logic (contraction, weakening),
not the one of term structure



typed terms, preservation of the [-strong normalization, simulation of the \-
calculus, and full composition.

In this paper we study metaconfluence, which is stronger than confluence
since it concerns metaterms i.e. terms containing metavariables E|which represent
incomplete proofs/programs. Metaterms can be used for instance to perform
higher-order unification [DHKP96/Hue76|] or implement metalanguages [Nad02].
Metaconfluence can be understood as confluence on terms enjoying some locality
property in the sense that it is not necessary to reduce deeply in the term to find a
common reduct between two terms having a common origin. This is not the case
for calculi enjoying confluence but not metaconfluence [ACCLI1BIo97ISFMO03].

To prove metaconfluence we combine the interpretation method [Har89] with
ideas from Tait-Martin Lof’s technique [Bar84]. However, before being able to
apply those standard methods, we need to specify some subtle properties of
the non-deterministic replacement used in the specification of the operational
semantics of A\j. As the equivalence (sub)relation is a strong bisimulation, we
will be able to extend metaconfluence to the stronger Church-Rosser property.

While the standard method for A-calculus and associated calculi is the one
from Tait-Martin Lof, it is the interpretation method, which seems to be the sim-
plest in this field. Indeed, one can benefit from the fact that almost all reduction
relations of explicit substitutions calculi can be split into a rule creating substi-
tutions and others propagating them. Furthermore, it is often easy to show that
this last set of rules is confluent and terminating. When dealing with terms, one
can show confluence of calculi with explicit substitutions thanks to the conflu-
ence of the A-calculus [ACCLITIKRI7], while with metavariables, it is necessary
to combine the notion of simultaneous reduction introduced by Tait and Martin
Lo6f to obtain the diamond property of the interpretation calculus [KR95Kes07].

The result will immediatly extend to the case where other equivalences defin-
ing strong bisimulations on A\j metaterms are added, such as the o-equivalence of
Regnier [Reg91]. Furthermore, our result implies metaconfluence on Aj-dags, the
graph formalism from which Aj is inspired, since there is a strong bisimulation
between those two systems.

Related works: Other techniques exist to show confluence of calculi with ex-
plicit substitutions such as the Yokouchi-Hikita [YH90] method, used for example
for Aoy [CHL96] and Ax [RBL09]; the Z-technique [vOO08D], used for example
for Aex [Kes09)]; the technique of decreasing diagrams [vO08al used for Ax||c
[Blo97].

Section [2] introduces the Aj-calculus and its properties; Section [3| defines
notations and basic lemmas needed to handle the non-deterministic notion of
replacement ; Section [4] presents the proof of metaconfluence strictly speaking;
Section generalizes metaconfluence to the Church-Rosser property, and Sec-
tion [9] concludes and presents future directions of work.

2 the terms instantiatable variable and open term can be found in the literature instead
of metavariable and metaterm



2 The meta Aj-calculus and some basic properties

We extend the grammar of A\j with metavariables X in order to denote in-
complete programs. To soundly instantiate metavariables with terms, the set of
variables A indexing X denote the set of variables which are free in it. Thus X
is a term whose free variables are A.

Definition 1 (Metaterms). Terms of the calculus are defined by the following
grammar: t,u =z | Axd |t u | tlz:=u] | Xy

The term z is a variable, Az.t an abstraction, ¢ u an application, [z :=u]
a jump, X a metavariable. In the abstraction and the jump, the variable x is
bound in t. We will follow Barendregt’s convention [Bar84] to avoid free variable
capture, and consider terms modulo a-conversion.

The metaterm y[z :=v] X, . can be instantiated for example by the term

yle:=v] y z or ylz:=v] ((Az.x2)[w:=y]).

Definition 2 (Variables and Occurences). The set of all free variables of t
is written £v(t) and defined by £v(Xa) = A for metavariables; as expected for
the other constructors. We write fmvar(t) for the set of all the free variables of
all the metavariables of t.

The notation © €, £v(¢) means that x appears free n times in ¢ (counting one
in the case of X5 with € A). Similarly, = €,, fmvar(¢) means that x appears
n times in the metavariables of ¢.

A list of jumps [z1:=uq]...[z, :=uy,] is abbreviated as [z:=u] or simply L if
the names of the variables and terms are not important. The list of substitutions
[x1:=u]...[T,:=u] can also be abbreviated as [x1, ..., T :=u].

Definition 3 (Non-deterministic replacement). When x €,, £v(t) withn >
2, we write ty.., for the non-deterministic replacement of i (1 < i < mn—1)
occurrences of x by y.

For instance, the term (z[z:=X;])z~., denotes either y[z:=X;] or z[z:=X,]

and @ Xp[2:=Zg], 1, 4,y denotes either z Xy, [z:=Zy,] or x X, [2:=Zy,].

Definition 4 (Implicit substitution). The implicit substitution t{x:=u} is
a meta-level operation yielding the term t where all the free occurrences of the
variable x have been substituted by u. This operation is defined by induction on
t only when x ¢ fmvar(t) E|

z{r:=u} =u
ylo=u} =y
Ayo){z:=u} = y.v{z:=u} £y

(v w){z:=u} =v{z:=u} w{r:=u}
v[y:=wl{z:=u} = v{z:=u}ly:=w{z:=u}] z #y
3 It makes no sense to define the implicit substitution when z appears in a metavariable

because by definition, we do not know what would be the result since the structure
of the metavariable is unknown



Considering implicit substitution in the context of metavariables, other ap-
proaches exist, consisting of changing back X {z:=u} into X4 [z:=u] even when
x appears in a metavariable [Kes07]. This makes an important difference because
doing so, one can move the implicit substitution downward the term and then
finally transform it in a jump. The implicit substitution thus switches from a
static to a dynamic status which is not that what one expects.

Implicit substitution enjoys the following well-known property:

Lemma 1. Let x,y ¢ fmvar(t) U fmvar(u). Then, t{z :=ul{y:=v} = t{y:=

vHz:=u{y:=v}}.
Proof. By induction on ¢.

We can now redefine rules of [AK10] in order to deal with metaterms as
follows:

Definition 5 (Aj reduction rules).

(Ax.t)L u —ap t[z:=u]L
t

[x:=u] —y b if x € £v(t)
tlx:=u] —q tH{z:=u} if v €1 £v(t) and © ¢ fmvar(t)
tlz:=u] e tpwylri=ully:=u] if v €, fv(t) withn > 1
tlr:=ully:=v] ~ tly:=v][z:=u] x ¢ tv(v) & y ¢ fv(u)

The reduction relation —; (resp. —qg) is defined to be the contextual closure
of the rules +—y,+—q and —. (resp. —>qp). The equivalence relation = is the
contextual closure of ~ and =* (resp. —7) is the transitive and reflexive closure
of = (resp. of any reduction relation — ). For sake of lightness, we will write
=" instead of =. The reduction relation —; is —qg U —j. For any reduction
relation x, t =, /= t'if t =u =, v’ =15t —>;‘;/E tif t =gz - == ot or
t =1t'. A term t irreducible with a reduction x is said to be in normal form and
written t € N F,.

For example, the reduction of the term (z z)[x:=y] gives either (z :c)[x =
Yl —re (x1 @2)[z1:=yl[ve:=y] =iy y or (z z)[z:=y] —c (22 21)[r1:=y][r2:=y].
Reduction of the metaterm ((Az.z z) X(z))[z :=y] gives ((Az.z 2) X{m})[ =
Yl —a (v 2)[z:=X(g][r=y] —a (@ Xpay)[wi=y] 2 (21 Xigpy) w1 :=y][22
y] —a (¥ Xiz,y)[r2:=y] with the last metaterm in normal form.

Notice that rule d is stated in the original version of Aj (defined only on
terms) by “t[x:=u] —q t{z:=u} if x €; £v(¢)”. In order to be consistent with
Definition {4 of implicit substitution we adopt here a slight variation. As stated
before, the propagation rules are defined by case analysis on the number of oc-
currences of the bound variable. The letters in the rules stand for weakening,
derelicition, and contraction. dB is the rule B which is the usual name for the
creation of jumps at a distance. The rule ¢ should be considered as rules schema.
It does not correspond to a single rule but to as many possible partitions between
x and y exist. In particular, one can choose a different partition for each possi-
ble c-reduction. Of course, when implementing the calculus, one should specify
a particular strategy to partition variables. However, since we work with the



calculus and not with a particular implementation of it, we will never specify it
in the sequel.

The Aj-calculus is firstly presented in [AK10] without = since the four rules
are enough for it to enjoy almost all properties including confluence on terms.
The equivalence relation is however needed to close the following critical pair:

Xy Zy)[x=ully:=u] +c (Xy Zy)[x:=u] —¢ (Xy Zy)[z:=u]ly:=u]

~a

(Xe Zy)ly:=u][z:=u]

Lemma 2 (Full composition). The Aj-calculus enjoys full composition on
terms [AK10] and metaterms i.e. if v ¢ fmvar(t), then t[z:=u] =}, _ t{z:=u}.

Proof. By induction on the number of occurrences of z in t.
Definition 6. Let — be a rewriting system and = an equivalence relation. Then,

1. — is confluent if *+ - —=* C =% . "«

2. — is confluent modulo = if "¢ -=- =" C =% . =. "«

3. — is Church-Rosser (CR) modulo = if <32 C —* - = - *+ where
L= (=U+UuU=)>

Lemma 3. CR modulo = is the stronger property i.e. 3 = 2 and 3 = 1 but
1+ 3 and 2+ 3.

Proof. Cf. [Tex03].

Lemma 4. The reduction —;,= is terminating and confluent on metaterms.
Thus for any term t, there is one unique normal form (up to =) written | (t).

Proof. For the termination property, the proof of [AK10] is modified by extend-
ing the notion of potential multiplicity to metavariables with M, (Xa) = 1 if
x € A, 0 otherwise ; and by adding the case of the equation.

For confluence, all critical pairs are easily joinable, and we can conclude by
Newman’s lemma.

In general, all the proofs for A\j are the same when extending to metaterms
since the kind (meta or not) of an occurrence is stable by reduction and substi-
tution.

Lemma 5. Metaterms in N'F; are of the following shape with u,v € N Fj:
x| Xa | Azvu | v | u[z:=v] with x €; fmvar(u) and ¢ €; £v(u)
For instance (X, y)[z:=u] is in j-normal form but (X, z)[z:=u] is not.
Lemma 6. Ift —3; t' then fmvar(t') C fmvar(t).

Proof. By induction of the rules of Aj.



Lemma 6| will be used implicitly for cases where we have t[y:=u] —3; t'[y:=u]
with z ¢ fmvar(t) and want to perform the rule t'[y:=u] —q t'{y:=u}. We need
to have = ¢ fmvar(t’'), which is true by the lemma.

Lemma 7. Lett be a metaterm and x a variable such that x ¢ fmvar(t) Then,
several properties from \j on simple terms hold:

1. Ift %ij/z t', u %jj/z u’' then t{x:=u} %ij/z t'{x:=u'}. In particular, if
t=t and u = then t{x:=u} =t'{x:=u'}.

2. Let t,u be metaterms in j-normal form. Then t{x:=u} is also in j-normal
form.

Lemma 8. If | (Az.v)L u) = (Ax.v")L o' then | (v[z:=u]L) =| (v'[z:=v|L)

Proof. We first notice that u’ is the normal form of u. Then we can notice that
v in (Az.v’)L'v’ is the normal form of v with substitutions and renamings only
determined by L. In the same way, L’ is determined by L and the number of
occurrences of variables it binds in v. To conclude, we remark that the normals
forms of the subterms of | (v[z:=u]L) are determined in the same way.

3 Non-deterministic replacement

We state several properties dealing with the most subtle aspect of Aj, the non-
deterministic replacement. The aim is to fully expand substitutions with respect
to the rules of j, thus obtaining a term which is renaming-independent. In this
section we will thus characterize | (¢[x :=w]) (with ¢,u in j-normal form) as
Loy oy W1 = U]...[yn = ul]{x := u} where this last term is ¢ where all free
occurences of = in a metavariable have been renamed into different fresh variables
Y1, ---, Yn With an explicit substitution introduced for every y;, anf finally an
implicit substitution to deal with occurences of x not in metavariables. The
main goal in this section will be to show that if ¢ —3; _ t' and u —%/= u’
then tyesy, .y, [y1:=1]...[yn =1 —>f\j/5 t gz Y1 =] [yn :=2/]. This is
necessary to show that the simultaneous reduction is included in —y; (point 1.
of Lemma .

All lemmas are completely independent from the confluence section and could
be used for other studies of \j.

Definition 7 (Position). A position in a term t describes a subterm in t by
means of a sequence (eventually empty) of 0 and 1. If t is either u v, or Ay.u
or uly:=v| then the subterm at the position 0 is u and that at the position 1 is
v (except for the abstraction where it is not defined). For instance, the subterm
at position 010 in y[z:=Az.v] v is v.

Definition 8. Let p be an injective function from positions of x €, fmvar(t)
to a set of fresh variables {y1,...,yn}. Then Lpizs{y1,...yn} denotes the meta-
level operation which applies p to t. All occurrences of © which do not appear in



metavariables of t are not modified. The set {y1,...,yn} is the image of p, written
img(p). Notice that the operation p is deterministic.

We also need a variant, which still renames all occurrences of x in metavari-
ables, but which is not injective: it is denoted by ty.0rsfy, ... yn}-

A renaming p : x is valid w.r.t. a term t if for every position defined by the
mapping there is a variable x in a metavariable in t.

In the sequel, we will only consider valid renamings w.r.t. the terms in
which they are applied. We will simply write t,., instead of t,.,.fy, .. y.} OF
Loz {y1,....yn} When names of fresh variables are irrelevant or clear from the
context. The metaterm ., qy, ...y, [Y1:=U]...[yn =] is abbreviated as ¢ .z -
If ¢ €y fmvar(t) then ¢, . should be read as t.

For instance, consider the metaterm Z,[y:=X,] Ty s where p maps the
occurrence of x at the position 0 to y; and the occurrence of = at the position 1
to yo is exactly Z,, [y:=X,,]. Taking the same p, the metaterm Z,[z:=X,]
is Zy, [2:=Xy, ] [y1 :=u][y2:=1u].

The metaterm (z X)) X, affected by the non injective renaming p associating
all occurrences of  in metavariables to y is: ((z X;) Xz) ..., = (z X)) X,

The notation ¢,.. . reflects our methodology: rename all occurrences of x
in metavariables to benefit from = which makes the renaming p irrelevant. Non
injective renamings will be used when talking about metaterms in which renamed
variables are not bound by independent, and thus permutable, substitutions.

piT,U

Lemma 9. The following assertions are true regardless the injectivity of the
renamings:

= Vp,3pv, pu st (V W), = Vp,w Upyia

— Yy, puw, p s.t. (v w)/mc = Vp,:z Wpy:a-

= Vp,3py s.t. (Ayv),., = Ay, .,

= Voo, Jlp st (AYv) 0 = AYVp,ia

= Vp, Apy, pu st v[yi=w] ., = Vp, Yy =wp, ]

= Yy, puw, 3p 8.t v[yi=w] =0, [y =Wwp, )

— Vp, 3y, pu 8.t v{y::wim = Vp, Yy =Wy} if y €1 £v(V)
= Vou, puw, p st v{yi=w} ., = v, 0{yi=wp, 2} if y €1 fv(v)

Furthermore we have img(p) = img(p,) U img(pw) for all cases except the
abstraction case where img(p) = img(p,).

Proof. We only show the first case as the others are similar. For each mapping
like p(0p) = y; (resp. p(1p) = y;) with p a position, we construct p, (resp. pu)
like pu(p) = yi (vesp. puw(p) = ¥s)-

For instance, consider the metaterm Zm[y::XI]p:%Wyhy2 with a renaming
p associating 0 to y; and 1 to ys, then there exists two renamings p; and ps
(which respectively associate 0 to y1 and 0 to y2) such that Z,[y:=X] . ., ., =
Ly, [y::XyQ] =7 X

T p1:T~Y1 [y: $921$“’*y2]'

Lemma 10. For any metaterm t and renaming p, there exists unique p', 21, ..., 2m
such that | (pam{yy,...yn}) =+ (t)p,:wH{thzm} with img(p’) C img(p).



Proof. By induction on ¢ using Lemma [0

Ezample 1. Consider the metaterm (z z)[z:=X,] with the particular case where
the renaming p is injective such that (2 z)[z:=X;] ., = (z 2)[z:=X]. Thus
LG D)=X,) = (1 20) =X, 222X, = (1 20) e Kal (220K ) =
L ((z 2)[#:=X4]) 4. yy With p" being the renaming associating to each occur-
rence of x the variable y.

We can now state a technical property of the paper which let us deal with
the non-deterministic replacement in a ”deterministic” way.

Property 1. Let t,u be metaterms in j normal form. Then, for any p we have
1 (tlz:=u]) = tpp u{x:=u} and thus for any p, p', tpwu =ty zu-

Proof. Ifx €g fv(t) or x €1 £v(t) then this is straightforward. Otherwise, t[z:=u]
reduces in many c-steps to t,.,w(y, ..y} [T =U][y1 :=1u]...[yn =] for any p. We
can apply Full Composition and obtain ¢,.; ,{z:=u} which is in j-normal form
since Vi.y; €1 fmvar(t) and because implicit substitution preserves j-normal
form by Lemma

This property implies that the non-determinism is irrelevant thanks to sub-
stitutions permutation. We can easily generalize to the case where subterms are
not in j-normal form:

Corollary 1. Let t,u be metaterms. Then, for any p we have | (t[z:=u]) =
V() pe o {z=L ()} and thus for any p, p', L (8) e ) =4 @) i)

Lemma 11. Ift =t then for any p, there exists a unique p' s.t. tpy =t g

Proof. We first show that if ¢ = ¢’ then for any p, there exists a unique p’ such
that ¢y, =t/ ... If t = v[y:=w|[z:=u] = v[z:=u][y:=w] = ¢/, we have unique
Pos pu a0 Py St tpw =1 @ VpyiaV = Wpy a2 = Upyia] = Vppal2 = Up, ][y =
Wp,:z] =L.@ ' pe- The inductive cases are straightforward. The general case
when ¢ = t’ is done by induction.

Notice that the Lemma is not true for any p’. For instance, take the
reflexive case where t = ¢/ = X, X,. Two different assignments for ¢ are X, X,,
and X, X;,, but they are not equivalent modulo =.

Lemma 12. If u —>§j/z o then tp.q.q —>’;\j/z tpw,ur - In particular, if uw = v’
then tpi%u = tp:x,u"

Proof. Straightforward.
Lemma 13. Ift =t/, w = then for any p,p', tppu =t prigu - Furthermore,
tpau{r=ul =ty w{z:=u"}.

Proof. The second part is obvious from the first by Lemma [7{I} For the first, by
Lemma there exists a unique p” s.t. tp.; =t/ .5 As =is closed by context, we
have tp.p 0 =t g and t/ prg o =t iz by Lemma Property [1| concludes
with t/p//zw,u/ = t/p/:%u/.



We illustrate the first case by simply considering u = u’. Take for instance
t = vz :=X][z2 :=Z,] and consider the renamed metaterm t,., = vlz; ==
Xey|[22:=Z4,]. Then for t' = v[z9:=7Z,][21:=X,]| we have:

— if ty.p = v[20: =24, ][21:=X,,] then

tp:w,u =

v[z1: =Xy, | [22:=2y, | [x1:=u][z2:=u] =

V[22: =2y, |[21:=Xy, |[x1:=0][22:=1u] =

V][22 =2y, |[21:=Xq, |[x2:=u][x1:=u] =,
V[z0:=ZLg, |[21:=Xp, |[z1:=u][z2:=u] =t/ g n

tp:m,u =
v[z1:=Xy, [22: =20, | [x1:=0][x0:=1u] =

V(20 =2y, |[21: =Xy, ] [x1:=u][z2:=0] =t/ pr.pu
Lemma 14. If x ¢ fmvar(t) then | (t{z:=u}) =] (t){z:= (v)}

Proof. By induction on ¢. All cases are straightforward except the substitution
case. Let t = v[y:=w]. By a-conversion y ¢ fv(u).

I (ly=w]{z:=u})

1 ({z:=u}y:=w{z:=u}]) c.m
\: (U{W:U})p;y,uw{xm}){yizi (w{z:=u})} i.h.

Ei (WH{z:= (W) oy () oy (V= (@=L ()} =(a)
i)
+

b

(0)) pey oy {2 = (WHy:=L (w){z:= (u)}} =L
(U)pf;y,uw){y?:i (w)Hz:= (u)} =c.m
(vly:=w)){z:= (u)}

The next technical lemma will be useful in the next section (Lemma [23)).

Lemma 15. Lett be a metaterm and x a variable. Ift =3, ,_ t' and u —%y/= u’

then for any p,p', tpa.u —>f\j/5 ot -

Proof. We reason by induction on the length of the reduction from ¢ to t'.

If the length is zero then ¢ = ¢’. By Lemma taking u = u’, we have t .5, =
t' oz By Lemma |12t/ .5 4, —>§j/; t' prw,u which concludes this subcase.

Otherwise, ¢ —>§j/z t1 —»j/= t'. By induction hypothesis, for any p, there
exists a p1 8.t tpiau —>§j/; U pyizur - FOT the last step, we have to show that for
any py, if t1 —yj/= t' there exists a p’ s.t. t1,,.5.4 —3/= ' priz,u- It is actually
enough to show that for any p1, p, if t; —x; t’ then t1, ., , —3/= t iz We
reason by cases on t; —Aj t':



—t;1 = (A\y.v)L w =g v[y:=w]L =t/

tlp:ac,u =

(A\yv)L w), pozlz=1] =L.
((/\y-qu,:z)LpL:m w,’)wii)[z::u] —dB
Vpyial¥i=Wp,a|lppia2:=u] =L
(v[y:=w]L) .y z[2:=1] =cmt pew

— t; = v[y:=w] =4 v{y:=w} = t' As y appears exactly once in v, we have
the same number of z; in ¢; and in #’. Notice that we can apply the rule —4
since the multiplicity of y cannot be changed by a renaming of x.

tlp:z,u

ly:=w]),, pzlz=u =L@

Vpyia Y =Wy, ) [2:=1]

Vpya Y =Wpy et [2i=0] =1,

({y=w}) v l2=u] =cmt'pau
— t; =v[yi=u] =y v =1t with y ¢ fv(v)

R

tlp:a:,u -
(v[y::u])pl:xwz[zl::u]...[zn::u] =7 [
Vp o {2] .zt Y Y= Up, ) [21:=0] [2n = 0] =y
with {21, ...,20,} a subset of {z1, ..., 2,}
Upv:w«/»{zi.“z:”}[zl::u}"'[zn::u] %3

Vpyizs {2zl } [21:=u]...[2), =] =cmt p,:z,u

— t1 = v[yi=w] = Uy [yi=w][zi=w] =t/ with y €, fv(v) and n > 1

tlpl:x,u =
(U[y::w])p1:xW{Zh...,Zn} [Zl :’U,][Zn:u] =I. [0
Vpyiz [V =Wp, ) [21:=1]...[ 20 :=1] —e

(Vs p g U= sl =0 ol =) =] =

(,Uywz)p,u:w [y::wpw:zw{zi...z;n}]

[2:=wp, s {20, )]
[21:=1]...[2n:=1]
(with {2]...2],} a subset of {z1...2,,} s.t.
{21,020} = {20, 2 U210 20 })

(Uywz)pv:z[y::wpwzxw{z;...z;n}} [Z::wpw:xw{z;...z;n}]

[

[
(Uywz)pv:z[y::wpw:wW{z{...z;n}} [Z::wpw:xwzi’...z;,@]

[

[

[



4 Confluence on metaterms

We combine the interpretation method with the idea of simultaneous reduction
defined in Tait-Martin Lof’s technique.

We first isolate the difficulties thanks to the interpretation method and reduce
the confluence of A\j to the confluence of a system defined on j-normal forms,
called the interpretation calculus. There are several possibilities to define this
latter one leading to different proofs. We follow ideas from Tait-Martin Lo6f and
choose a calculus reducing simultaneously metaterms.

The second part of the proof is to finally show that the interpretation calculus
enjoys the diamond property, which implies that it is confluent. This finally
implies that Aj is confluent.

The interpretation method can be easily generalized in the case where there
is an equivalence relation:

Lemma 16 (Interpretation method modulo). Let R = Ry U Ry/ =~ where
Ry is terminating on A, Ry an arbitrary reduction, and = an equivalence relation
on A. If there exists a reduction = on the set of Ry normal forms satisfying:

2.t R/~ t = ‘J/Rl (t) ~ \I/Rl (t/)
3.t Ry /~ t = J/Rl (t) 3*J/Rl (tl)

then confluence of = implies confluence of R.

Proof. Suppose t —>}‘z/% ty and t —>*R/z to. By definition, t; —>*R1/Q¢Rl (t1),
ts =% odr (t2), t =% lr, (f). It is easy to show by induction on the
length of the derivation that if u —p/~ v/, then |g, (u) =*|r, (u'). Hence
Ir, (t) =%g, (t1) and {gr, (t) =*|gr, (t2). By confluence of =, it exists t3
such that |g, (t1) =" t3* & |g, (f2). Finally the first hypothesis ensures that
t1 %}k?,/z tz and to _>>;2/z t3.

Taking R = A\j, R1 = j , Ry = dB, and ~== we thus have to find a relation
=, prove Points 1 and 3 since Point 2 was proved by Lemma [ and of course,
show that = is confluent.

If we had wanted to show confluence on terms and not on metaterms we
would be in the situation where normal forms are actually lambda terms. We
could thus easily conclude by using the fact that the A-calculus is confluent.

In the rest of this section we will this:

1. Following Tait-Martin Lof, define = as a simultaneous reduction wich mimics
B reductions by taking the j-normal form after each dB step.

2. Prove Points 1 and 3 of Lemma [16][1]

3. Prove confluence of = by showing that it enjoys the diamond property, that
is any critical pair can be closed in one step.

4 instead of showing —-C=C—" as done in the Tait-Martin Lof’s technique since it
is not true in our case



There are several ways to define the simultaneous reduction relation. We
choose this high-level definition, which let us use all the properties we have
proved in Section

Definition 9 (Simultaneous reduction). We define the simultaneous reduc-
tion = on j-normal forms as follows:

—r=x

- X=X

— If u= v then A\z.u = Az

—Ifu=v andv=1 thenuv=u v

—Ift=>t, usu forany p,p , tpau =t prww
—Ifv=v,u=v, L= L (Azwo)l u=] (V]e=d|L)

Ezample 2. For instance, (Az.(Xy x)(X; v))[y:=%] u can simultaneously reduce
to ((Xg, u) (Xy, 2))[z1:=u][ze:=u] or to ((Xy, u) (Xg, 2))[z1:=u][ze:=u]. The
two terms are equivalent modulo =.

The difficulty of the proof relies on the fact that Aj combines non-deterministic
replacement and action at distance. Indeed, in all calculi defined by a case anal-
ysis on the constructor at the left of the substitution, it is possible to have a
rule Xalz1 :=u1]...[2, =u,] = Xalzy :=u]]...[z, :=u),] with z; ¢ fv(u;) and
u; = uj, instead of the complex tp. 0 = /g

As a normal form may contain jumps we need to handle equations in the
simultaneous reductions. To do so, we introduce a new reduction:

Definition 10 (Simultaneous reduction modulo). The simultaneous reduc-
tion modulo t == t' occurs if there exists t1,t3 s.t. t =t =ty =1t'.

Lemma 17. Ift = ¢, u = «/, x ¢ fmvar(t) then t{z:=u} == t'{z:=u'}.
Proof. By induction on ¢t = t'. We only consider the interesting cases:

— Vpyw = Vpry coming from v = ¢ and w = w'. By a-conversion
x # y and y ¢ fv(u). By induction hypothesis, v{z :=u} = v'{z:=u'}
and w{z :=u} = w'{x:=u'}. By definition of the implicit substitution,
tim::u}/: v{x::u}p:y’w.{mzzf} and by de/ﬁnition/ of =, v{z=u},, \ismy =
v{z=u'}, o (smry Which is equal to ¢'{z:=u'}.

- (Ayw)L w =] (V]y:=w'|L’) coming from v = v', L = L/, and w = w'.
By a-conversion x # y. By induction hypothesis, v{z:=u} = v'{z:=u},
w{z:=u} = w{x:=v'} and L{z:=u} = L'{z:=u'}.

t{x:=u}
(Ay.v{x:zu})L{x::u} w{z:=u}

b (W {z=u}y:=w{z:=u}](L{z:=u'}))
b (v [y==w]L){z: —U’}) =L@
b (V' y:=wL){z:= (u')} =(WeNF;)
L ('y:=w|L){z:=u'}

TR



Lemma 18. Ift =t and u = u/ then | (tx:=u]) ==] (t'[x:=u']).
Proof. By hypothesis, both ¢t and u are in j-normal form. Then,

1 (tlx:=u)) =p
tpzu{Ti=u} == (hyp, def and L.
'z w{z=u'} =pm

L (¢ ai=u))

It is thanks to our definition of simultaneous reduction that this proof is
short. Otherwise, a proof by induction on = is needed, and it can take several
pages as in [Kes07]. We can generalize the previous lemma to the case where the
terms ¢t and ¢’ are affected by a list of substitutions:

Lemma 19. Ift = ¢, L= L' and u = v then | (t[z:=u|L) ==| (t'[z:=u/]L).

Proof. By hypothesis, both ¢, v and L are in j-normal form. We proceed by
induction on the length of L. If the length is equal to 0 we then fall in Lemma
Otherwise,

 (t=ult) -

1 (tlz:=u][yr:=w1]...[yn :=wy)) =pm

b (tz=ul[yr:=wi]...[yn—1:=wn1]) iy, 0, {Un=wn} =ih. def and L.
L (e=ully=wi]Jyn1:=wi i),y Ayni=wn} =pm

b (@ [z=u]lyr:=wi ] [yn:=w)]) =

b (@ [x:=u/L’

This technical lemma will be useful to show an admissible rule necessary to
show the diamond property. It is the only one allowing to go from an injective
renaming to a non injective one and vice-versa.

Lemma 20. Ift = t' then for any p there exists a unique non injective p’ and
variables z1, ..., zm such that

1. tp:xw{yl...yn} = t/p’:w—»{zl“.zm} with img(pl) C lmg(p)
2. L (U priamsfzr ot Y1 = ua ] [yn 1= Uy ]) = t'mzmw{zimz;}[zi =] [z =y
for any pa and u; € NFj.

Proof. 1. By induction on ¢t = t'.

— The case t = v = x = t’ is straightforward.

— The case t = Xa = Xa =t/ is only interesting when = € fv(A). Then
there is only one renaming possible since = appears only once and thus
taking z; = y we have Xa,.., = Xa,,,,. Furthermore, | (Xa,..,[y:=
u]) = Xayyly:=1u], since by hypothesis y is a fresh variable and thus
cannot appear in A which is equal to t/,,.; , with ps being the unique
injective renaming possible in ¢'.



—t=vw=v w =t.
(vw>p:xw{y1...yn} =L Upvzmw{yi...yé} wﬂwixw{yi'-uy;’}
By induction hypothesis,
Vo (gt} = Ve (zfnzgy} D Wpfyf gy S Wy an oy
with img(p;,) € img(py) and img(py,) € img(pw)
/ !/
Thus, vpipw iy .y} Woans {yy oty =V plo{zfal,} Wl wm {2y 2}
which is equal by Lemma (9| to (v’ w’)p,:xH{Zi”_z, 21r...2ry- Furthermore,
img(p’) = img(p),) U img(p,,) which are a subset of img(p,)U img(py) by
hypothesis and img(p,) U img(p,,) = img(p) by Lemma[9]
— Cases A\z.v = Az.v" and Vpz00 = V' 1,0 are similar (i.h. and Lemma@.
— (Azo)L w =] (V[z:=w']L).

(Az.v)L w) =L.[@
(Az'vl)vrﬁcwyimy&)LpL:xwy’l”...yi{/ wpwiafwyi’...yg =

\l’ (U;J;:w«f»{zi ..‘z(’s} [Z::wlp,,wIZW{ZY‘..Zé'}]Llp,,_:CEW{Z{”...ZIC”}) =L.

\I/ ((UI [Z::w/]L/)p”:zw{zi...z(’;,zi’...zé’,zi”...z’!}) =L.

\l/ (U/[Z::w/]L/)p’WW{m4..Zm} :J, (t/)p’:xw{zlu.zm}

The fact that img(p’) C img(p) is easy using Lemmas [J] and
2. By applying rules w and c.

Ezample 3. Take t = (\y.y y) X, = X, X, = ¢’ together with the unique
valid renaming for ¢ which associates the variable z to the unique occurrence
of z. Then ¢,z = Wy y) X, = X, X, =t .5 () with p’ the renaming
associating to all the occurrences of = in ¢’ the variable z.

To illustrate the second point of Lemma take any u € N F; and notice
that | (X, X,)[y:=u]) can reduce either to (X,, X,,)[y1 :=u][y2 :=u] or to
(Xy, Xy,)[y1:=u]ly2:=u] which correspond to t',,.;w(y, y.1 [Y1 : = u][y2 :=u] or
t o {yn o} W1 7= 1] [y2:=1], p2 and p5 being the two valid renamings for ¢'.

Lemma 21. We have the following admissible rules:

1 Ift=t, u= 1, ¢ € fovar(t) then tlz:=u] =] (¢'[z:=u']).

2. Ift =1, ui = uj then typ gy, V=il 2 oo,y [2i=10]]
Lemma 22. Ift =g t' then | (t) ==/ (¢).

Proof. By induction on the relation ¢ —4g t'. If the reduction occurs at the root
of t ie. if t = (Az.w)L u —gg v[z:=u|L = ¢/, notice that | (¢) = (Az.v")L’ o'
Then by Lemmalg] | (') =/ (v/[z:=v/]L’) and we conclude by definition of =.
Otherwise, for the subterm u where the dB redex is performed we have u = u’.
We easily conclude by induction hypothesis except for the two following cases:

—t=vfr=u =g vz=u] =t 1 ) =), wlz= (v} with
1 (u) 2! (v') by induction hypothesis. By Lemma [17] and definition of =
we et that L (0) 40 1= ()} = L (0) 0y (i3 ()

— The case t = u[x:=v] —¢g v/ [x:=v] = t’ is similar to the previous one.



We can now deduce Point 3 of Lemma
Corollary 2. Ift —4p/= t' then | (t) ==| ().
And Point 1 of Lemma [T6}
Lemma 23. Ift =_t' thent —>§\j/z t.

Proof. The case t = t' is straightforward. Otherwise, it is enough to show that
t = t; implies t _>§\j/5 t1. Indeed if t = tg = ¢, = t1 then by hypothesis,
to —)j\ /= t, and thus ¢ —>/\

The interesting case is tﬁe followmg one:

— t = Vpizu = V iz, = t1 coming from v = v', u = u'. By induction hypoth-
esis, v =3,/ v’ and u —3;,_ u’. We can then conclude with Lemma

Lemma 24. Ift ==t', u== v then for any p, p' tppu ==t pww

Proof. By hypothesis, t = t; = to = t/, u = u; = uy = /. By Lemma
tpzu = 11 pizu, - By hypothesis and definition of =, for any p, t1 5.5 4, = t2p:2,u, -
Again, by Lemma t2pizus =t pizwr Which concludes.

Lemma 25 (== has the diamond property). Ift; €=t == ts, then there
exists tz such that t1 == t3 &= ts.

1. We first prove that if ¢/ é t =! t; then it exists ¢} st t' =t} é t1. We
proceed by induction on =!. The base cases are the following ones:
— (Wp, 0 )py:y,w, & u[x.—v} [y:=w] =! uly:=w|[z:=v] with:
e x ¢ fv(w) and y ¢ fv(v)
o z,y € fmvar(u)
ceu=uv,v=0, w=w

Then,
uly:=w]x:=v] =
(“Hp;,zyyw”)p 7 =
(U pr iy (b1 b [b:=10"] ])p e {ar an}[azzv”} =L.[
(u”p;:yw{bh_ ) iz {an,. ’a”}[b =w"][a:=0"] =
U SN = | = I
(UHPZJ?IW{M’ <7an})p gLy, bm}[a::v”][b::w”} =
(" -zt . .aw})p T m}[azzv”}[b::w”} =I. @
(u//p;c:xw{al’.“,an}[a =v’ ng:yw{bl,...,bm}[b::wu]
O -

By hypothesis, &' & u ="' u, v' v ='v, and v & w =' w. Thus, by
induction hypothesis, v’ = v” € u, v/ =v” & v, and v’ = w"” & w. We
thus have:



" —
(U pg:a:7v”)p;/:y7w// =
li —
(U’ pg:w,v’)pg:y’w/ =p.

(v i )py !

— Uiz E Upaw =! U1, .50~ By induction hypothesis, v' = u} < u,
[—— / — /! — /
v =1 =0 and thus u plxv’ =L. mulp’l:z,v’ = ulp’l:a;,'u’l = Ulpy iz,

/ -
UWpriav & “p:IW{y1,--~71yn}[y'_”]

Upy sz {yr ooy } [y1:=v]...[y5:=v1]-..[yn =]

By induction hypothesis, v = v} < v and v/ = v| < v;.
By Lemma Upy s {yr ooy } Y1 0] [Yi =01 ] [Yn i =0] 2 Ut
Flnally up’lzw,vi =L. up’lzw,v’ =pr.d U/p’:a:,v“

— | (W[r:=w']l") & (Az.w)L w = (A\r.v)L; w with L =! L;. By induction
hypothesis, v’ = w] € w, v = v} € v, L' =L} & L;. We thus have to
show that | (v'[z:=w']L") =| (v}[x:=w}]L}) which is true by definition
of 4 ().

— The cases | (v'[z:=w']l") € (Az.v)L w = (Az.v1)L w and | (V'[z:=
w'|Ll") & (Az.v)L w = (Az.v)L w; are similar to the previous case.

2. We prove ' &t = t; implies ' = t| € t;.

Proof. By induction on the number k of = steps between ¢t and t;. If £k =0,
then this is straightforward. If k = k/ + 1, we conclude with the following
diagram:
t = to= ... t1
Point 1 i.h.

= = ..t
3. We prove t' &=t =t; implies t' =t} & t;.

Proof. If t <= t = t; then we have ¢y and ¢, s.t. ' = t{, &€ t9 = t1. By
the previous point, tg = t(,. We can conclude by applying one more time the
previous point.

4. We prove t; &t = to implies there exists t3 such that t; == t3 &= ts.

Proof. By induction on =. The interesting cases are the following ones:

— (Az.v1)Ly up € (Az.v)L u = (Az.va)Le ug with u = uy, u = ug, v = vy,
v = vy. We can conclude by induction hypothesis.

— Azl up € (Azw)l u = (vafr :=us]Ly) with u = uy, u = ug,
v = v1, v = vo. By induction hypothesis, u; = uz < us and v = vz E
vg. By hypothesis, (Ax.v1)Ly u3 =| (vs[x :=us|Ls) and by Lemma
J (vg[z:i=us]Ls) =] (v3]x:=u3]Lz) which concludes.

— The case | (vi[x:=u1]L1) & (Ax.v) u =] (vo[z:=uz|Ly) is similar to the
previous one.



= Yprizun € oz = 2p0i2,u,- Byi-h-, L ==t E=thandu) == uz E=
Ug. By Lemma@ t1p1 Uy = tgpj x,ug and t2p2 LU 3_ t3p§:x,u3' We
can conclude with Property |1} I since €3,,.2,u5 = 13 p4:2,us-

5. We finally prove that t; &= t == t, implies there exists t3 such that
1 ==13 == ta.

Proof. Let t; &= t = u = u' = t5. By the third point, there is u; such that
t1 = u; < u and by the fourth point there is t3 such that u; == t3 &= u'.
We conclude that ¢ == t3 &= ts.

We finally conclude since the diamond property obviously implies confluence:

Corollary 3. The simultaneous reduction == is confluent.

Theorem 1 (Metaconfluence of —45/=). The reduction relation —gpy;/=
is confluent on metaterms.

Proof. Thanks to Lemmal[I6] it is implied by Lemmas[23]and 4 and Corollaries 2]
and Bl

4.1 Confluence Extensions

Several strong extensions can be easily implied by metaconfluence thanks to the
fact that the equivalence = can always be postponed with respect to Aj because
it is a strong bisimulation, the strongest property that an equivalence relation
can define over terms.

Lemma 26. The reduction relation = is an internal strong bisimulation i.e. if
t =wu then t =5 t' implies u —x; u' =t'.

Proof. Assume t = t’ holds in n steps, which is written as t =" ¢/, and that ¢’ —y;
s'. We show that it exists s s.t. ¢ —; s and s = s'. We proceed by induction on
n. The proof is almost the same as the one for Aj and is straightforward.

Lemma 27 (= postponement). If ¢ —>f\j/; t' then t 3= t'. Furthermore,
the number of \j steps is preserved during the reduction.

Proof. By definition of internal strong bisimulation.

Confluence modulo and Church-Rosser modulo: As shown in Lemmal3]
there exists stronger properties than metaconfluence for a given reduction rela-
tion modulo.

Theorem 2. The reduction relation \j is confluent on metaterms modulo =.

Proof. 1f t1 )\J<— t=t —>)\J ty then by Theorem Lt —>§J/_ t3 ’:\j/E% t3. By
Lemma@ we can postpone = and get t; —3;=t3 = };¢ l2 which concludes.



Theorem 3. The reduction relation \j is Church-Rosser modulo = on metaterms.

Proof. Let t <+% t' in n steps. We proceed by induction on n. The case n =1 is
straightforward. Otherwise, we analyse the first step.

— If t =) t1 <L ¢’ then we have t; —>ij 74— by induction hypothesis and
can immediately conclude.

— Ift =t; <L ¢’ then we have t; —>§j 51 =582 ;4 . By Theoremt —j S0 =
s1 and we can conclude by transitivity of =.

—If t \j¢ t1 <L t' then we have t; —>3‘\j 51 = sp [+ . By Theorem
t—5jt3 =50 §j<— s1. To conclude, we transform the reduction ¢’ —>§j S9 =
51 9aj=S0 =tz int/ =3} 2 —Aj= 8o = t3 with Lemma

Sigma equivalence: Other equivalence relations are defined in [AK10] in-
cluding o-equivalence on A-terms [Reg91]. It is specified by means of the following
equations:

oy Ay tzi=u| y & fv(u)
oo txi=ul vz ¢ fv(v)

The equivalence relation = U =,, U =,, also defines a strong bisimulation
on terms, and metaterms. We can thus extend the Church-Rosser property as we
have done for =, thus obtaining that the reduction relation Aj is Church-Rosser
modulo = U =,, U =,, on metaterms.

Aj-dags: An other easy consequence of our work is that Aj-dags [AGQ9], the
graph formalism of \j, extended with metaterms is confluent. Indeed, there is a
strong bisimulation between the two formalisms. All the notions of equivalence
on terms do not apply in this graphical representation since they become simply
equalities.

5 Conclusion

We have first defined different properties on the non deterministic replacement
operation used by the Aj-calculus. All of them are indepedent from any notion of
confluence and could be thus used to show other properties. We also proved that
the reduction relation Aj equipped with an equivalence relation enjoys meta-
confluence by using relatively standard techniques. This was possible thanks to
the efforts done to fully expand substitutions with respect to, among others, the
non deterministic replacements. We finally proved the Church-Rosser modulo
property which is the stronger property that a calculus can enjoy, thanks to the
fact that the equivalence relation can be always postponed.
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