Lectures on Proof Theory,
Linear Logic and Proof Search
Lecture 3: Godel's completeness theorem for LK

4th march 2010



LK Rules (1)

Identity Rules (Axiom and Cut))

i MEAA T AR A
A A 7xiom MM AL A,

Cut

Structural Rules (Exchange, Weakening and Contraction)

M,B,AT,FA e M- Aq, B, A Ay rE
M,A BT FA - [ A A B A, F
IreEA TIEA
rArA W r-Aa W
MAARA M- A A A
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LK Rules (2)
Logical Rules (-, A, V, =, V¥, 3)

M- A A FAFA
F,ﬂAI—ALﬁ r--AA R=
MAFA rBFA r-AA TFB,A
SR T T LA N
FANBEA FAANBEA F-AAB.A
LAFA TBEA  — THAA A
rAavBra L travea VI rravea RV2
r-AA [LBFA MAFB,A
rAsBrA L= Tra=BAFR™
M Al /X - A M- A A
FvxAra LY rrvaa kv ()
rAFA [ Alt/x], A
[axAF A (+) [F3xA, A

(*) For these rules, x & FV(I', A).



Example of a proof in LK

F 3xVy(P(x) = P(y)) The Drinker Property
PO F Pl
P(y) F P(y), P(z)
P(t), P(y) F P(y), P(2)
P(t) - P(y), P(y) = P(2)
P(t) - P(y),Vz.(P(y) = P(2))
P(t) F P(y), Ix.Vy.(P(x) = P(y))
FP(t) = P(y),3x.Vy.(P(x) = P(y))
FVy.(P(t) = P(y)),3x.Vy.(P(x) = P(y))
F 3Ix.Vy.(P(x) = P(y)),Ix.Vy.(P(x) = P(y))
F 3x.Vy.(P(x) = P(y))

RW
LW




Alternative Rules for A and V

rABEA MFAA TokBA,
LANBFA L M LEAAB ALA,
,AFA; T0,BFA, r-ABA
M AVBE AL A, LY FEavB.a RY

These new rules are called multiplicative rules while the original
rules of LK are called additive rules.

Both sets of rules are equivalent thanks to the structural rules.



Symmetry of LK (1)

Sequents are now of the form: ' T.
Implication is a defined connective: A= B=-AV B

Negation only appears on atomic formulas, thanks to de Morgan's

laws:
—|(A vV B) = (—|A A —|B) —VxA = Ix—-A
—\(A A\ B) = (—\A V —\B) —3xA = Vx—-A

More precisely, when writing —A, we will always mean the negation
normal form of this formula for the obviously terminating and
confluent rewriting system:

~(AV B) — (AN -B) VXA — Ix-A
—(AAB) — (-AV —-B) —3xA — Vx—A



Symmetry of LK (2)

Identity Rules
'_/ /47 r '—, —\A, A

7 A A Aiom A
Structural Rules
HTBAA oroy o PAAT
FTABA HAT HAT
Logical Rules
H AT BT AT "B,

“angr " waver 't Faver '

- AT = AL/ T
oar ) EZ



Symmetry of LK (2)
Identity Rules

H AT H-AA

m Axiom FT. A Cut
Structural Rules
T, B, A A =T ' AAT
HT,AB,A AT AT
Logical Rules
H AT I—’B,F/\ H A B,T
H AANB,T H AV B,T
H AT ' Alt/x], T

(*)

XA, T H 3xA, T



Completeness and Soundness

Two important questions:

o Are all theorems true? Soundness

@ Are all the true formulas provable? Completeness
What do we mean by "true"?

@ Soundness is easily proved by induction on the deduction rules.

@ Completeness is more complicated.



Intuition of the proof

Actually, we will prove the contrapositive: if = F is not provable,
then we can find a model of the language in which F is not
satisfied, that is F is not valid.

The proof scheme will actually be the following: we will design a
proof search procedure that will search for a proof of - F. Since
there is no such proof, we cannot end up with an object which is a
proof: the resulting object will actually be a failure from which we
will build a counter-model for F by correctly choosing the truth
values for the predicates in order to falsify all formulas in the base
sequent.



Derivation Trees
Improper Rules

Iro pen L.0.0 Failure
Classification Rules
LT, ¢ iteral L:T; &, 3xA ) »
7,_; T itera 7L; IXA T & Existentia

Logical Rules
. LAT,® LB T;®
A-ALT® 2" [TTre ! LANB.T; 0

LABT,® L Aly/x],T; ® L; Alt/x]; &, 3xA
LAVBT,® ' "LVxAT:® L0 3xA, &




Example: the Return of the Drinker

P(y1), ~P(yo), P(yo), =P(to) ; 0 ; x¥y(=P(x) V P(y)) j’.j;f;’}
~P(0). P(o). ~P(t0) i P(n1) i FxFy(-P() vV P(y)
P(y0),~P(to) ; —P(yo),P(y1) ; 3IxVy(=P(x)V P(y)) ¥
P(0),~P(0) i (=P(0) V P()) i 3xvy(=P() v P(Y))

P(y0),~P(x0) ; Vy(=P(yo) vV P(y)) i 3xVy(=P(x)V P(y)) .

P(y0),~P(x0) ; 0 ; 3IxVy(=P(x)V P(y))
-P(x0) ; P(y) ; 3xVYy(=P(x)V P(y)

0 5 —P(x0),Pyo) ; IVy(=P(x)V P(y
0 (=P(x0) V P(y0)) ; IxVy(=P(x)V P(y))
0 5 Vy(=P(x)VP(y)) ; 3IxVy(=P(x)V P(y))
05 0 IXVyEP)VPY)

0 Sy (=P()V P(y)) ;: 0 existential




Systematic Derivation Trees

Definition: Systematic Derivation Tree

Let us consider € an enumeration of all terms in the language.

A systematic derivation tree for a sequent L;T; ® is a derivation
tree such that:

@ the axiom rule is applied as soon as it is possible. That means
that in a branch of a systematic derivation tree, there cannot
be two opposite literals in the left component of the sequent
except in the upmost sequent which must be followed by an
axiom rule;

@ when the 3 rule is used, the bound variable must be
instantiated with the first term (according to e that has not
yet been used in the instantiation of this formula lower in the
derivation tree.




Example [l

—P(t), P(yk-1),---, —P(t1), P(yo),—P(to) ; P(yx) ; 3xVy(=P(x)V P(y)) axiom

P(yk-1),. .-, =P(t1), P(y0),=P(to) ; —P(te), P(yk) ; 3IxVy(=P(x)V P(y))

literal

P(y1), ~P(t1), P(y0), ~P(to) ; @ ; 3IxVy(=P(x)V P(y)) laiteral
—P(t1), P(y0), ~P(to) ; P(y1) ; 3IxVy(=P(x)V P(y))
P(y0), 7P(to) ; —P(t1),P(y1) ; 3IxVy(=P(x)V P(y))
P(y0), 7P(to) ; (=P(t1)V P(y1)) ; 3xVy(=P(x)V P(y))
P(yo),~P(to) ; Vy(=P(t1)V P(y)) ; IxVy(=P(x)V P(y))
P(yo),~P(to0) ; 0 ; 3xVy(=P(x)V P(y))
—-P(to) ; P(yo) ; IxVy(=P(x)V P(y))
0 ; —P(t), P(yo) ;: IxVy(=P(x)V P(y))
0 ; (=P(to) V P(y0)) ; 3IxVy(=P(x)V P(y))
0 ; Vy(=P(to) VP(y)) : 3xVy(=P(x)V P(y))
0 ; 0 IxVy(=P(x)VP(y)
05 vy (PO P(y)) : 0 existential

literal

literal

literal




Corollaries and Extensions

Definition: Systematic w-Derivation Tree
We add the following rule:

L,-F;®
L;0; ¢

w for Fe%

Compactness Theorem

If a set S of formulas is such that all its finite subsets are satisfiable
then S itself is satisfiable.

v




Disjunction and Existence Properties

Thanks to cut-elimination we have:

Disjunction Property
If-1; AV B, thent; Aort; B

Existence Property
If b1y 3xA, then there exists a term t such that b, Alt/x]

In LJ, we have constructive proofs for an empty theory:

- F

So that we have such a result for purely logical proofs, not for
mathematical proofs.

How to extend this?



Harrop theories

Definition: Harrop theories

e A(n occurrence of a) subformula B of A is said to be strictly
positive Iff it does not appear on the left of an implication or
under a negation;

@ a Harrop formula is a formula A such that the V and 3
connectives never appear as principal connectives of a strictly
positive subformula of A;

@ a Harrop theory is a set of Harrop formulas.

Theorem/ Exercise: Harrop theories are constructive.
IfT is a Harrop theory, the following properties hold:
o ifT 1 AV B then T AorT 1 A
@ ifI k- 3xA then there is a term t such that T -, A[t/x].

We say that Harrop theories are constructive.




Strong Normalization

rEAAA
F-AA A A
LI EA A

cut

F-AAA [ AFA
rrEAnA Y mara
NN
' RC&LC
AW

cut



Strong Normalization (2)

AFAa<AFAiC AFA“'AFAz;
AVAFA A AAFANA
AvAara RC AFAAAcﬂj

AVAFANA

AVAEAA _ AFA AFA :
AVAEA RC A AraAna AVAF A A
AVAAFAANA Ut TAVAF A
AVAAVAEANA

AVAEANA

cut

LC



Size of the cut-free proof

Proposition/Exercise: Size of the Cut Free Proofs
o S(0,h) = h
o S(d+1,h) = 45




LL Sequent Calculus

Identity Rules:

AT FASA .
AL A FT,A cu
Structural Rule:
FI,B,A A

FT.AB A



LL Sequent Calculus
Logical Rules:

FF.GT . FFT FGA
FFG,T FFRG.TA

FRT G AN S6r
FF&G,T FFaGr ™ FFagr ?
T
[ .
- F.T - F,r

=Fr '  FIFr

Cr Ly, CIRET
2 FT F7F,T

e



Important Characteristics of Linear Logic

Thanks to the additional structure put in the sequents
themselves, we can capture more things at the logical level and
not at the term level like in classical logic;

The control on structural rules allows a careful study of
cut-elimination, which via Curry-Howard corresponds to
execution of a functional program;

Thanks to the richness of the sequents it is possible to
consider the sequents as storing a state of the computation in
a process of proof-search (logic programming paradigm).

Lots of other directions...



Conclusion

The rules that at first seemed to be the less significant in logic (at
such an extent that they are missing in Natural Deduction) are
eventually crucial in the proof theoretic analysis of logic. Indeed, it
is by controlling these rules that we can choose the focus we want
to put on logic and the level of detail we desire: Controlling the
structural rules, we can zoom and catch more details of the proofs.

From the computer science point of view, the very structured
object that a LL proof is allows for various uses and applications.

Less formally and more informally, an interest of this study of
structure is that we came from a logical study driven by the notion
of truth and that now we can do logic as study of geometrical
properties of proofs, the logical character being assured by some
formal requirement such as cut-elimination, symmetrical
properties...



